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ABSTRACT

Temporal logics enable formal specification of robotic tasks with explicit timing con-
straints. Signal Temporal Logic (STL) operates over continuous-time signals with real-
valued predicates and has established quantitative robustness measures, while Time Win-
dow Temporal Logic (TWTL) expresses sequential tasks with bounded time horizons through
explicit time windows but previously lacked quantitative semantics. Traditional min-max
robustness for STL focuses on critical time points, creating non-smooth optimization land-
scapes. This dissertation introduces the first quantitative semantics for TWTL, developing
both traditional min-max and Arithmetic-Geometric Mean (AGM) robustness. AGM eval-
uates specification satisfaction holistically across all time points while maintaining sound-
ness guarantees.

We make three main contributions. First, we develop AGM robustness semantics for

TWTL using arithmetic means for mixed-sign values and geometric means for uniform-
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sign values. We prove soundness, introduce interval semantics for partial trajectories, and
present efficient incremental monitoring algorithms. Similarly, for STL AGM robustness,
we also introduce interval semantics for partial trajectories to monitor the robustness value.

Second, we present RRT", integrating AGM robustness into sampling-based motion
planning for STL specifications. We introduce interval semantics for trajectory prefixes,
Direction of Increasing AGM Satisfaction (DIAS) vectors for gradient-like guidance, and
Fulfillment Priority Logic (FPL) for principled multi-objective composition. We prove
probabilistic completeness and asymptotic optimality of the planning algorithm. Experi-
ments demonstrate AGM-based methods discover feasible solutions where traditional ro-
bustness approaches fail, with computational advantages through FPL-based composition.

Third, we develop Accelerated Proximal Policy Optimization (APPO), combining a hy-
brid policy architecture with TWTL-based reward shaping for reinforcement learning under
delayed rewards. We introduce temporal logic progress measures for credit assignment and
prove monotonic improvement with bounded optimality gap (2¢ya?)/(1 — ¥)2, where o
is the mixing parameter, Y is the discount factor, and ¢ bounds the expected advantage,
and optimal policy preservation under general value function approximation. Experiments
demonstrate successful learning for tasks with sparse, delayed rewards where standard RL
approaches struggle, including game-playing and sequential manipulation tasks.

AGM robustness provides a unifying framework across temporal logic formalisms and
application domains, with smooth optimization landscapes, formal guarantees, and demon-

strated benefits on diverse robotic systems.
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Chapter 1

Introduction

1.1 Motivation and Context

The increasing autonomy and complexity of robotic systems demands formal methods that
can specify, verify, and synthesize correct-by-construction behaviors. From autonomous
vehicles navigating urban environments to robotic manipulators performing delicate as-
sembly tasks, modern applications require robots to satisfy complex spatiotemporal re-
quirements with quantifiable guarantees of correctness. Traditional planning and control
approaches, while effective for trajectory tracking and stabilization, often struggle to en-
code and reason about high-level task specifications involving temporal ordering, explicit
timing constraints, and sequential objectives.

Temporal logics have emerged as powerful specification languages for cyber-physical
systems, enabling the formal expression of complex behavioral requirements (Baier and
Katoen, 2008). Signal Temporal Logic (STL) and its variants provide rich formalisms
for specifying properties over continuous signal (Maler and Nickovic, 2004), while Time
Window Temporal Logic (TWTL) offers efficient representations of sequential tasks with
explicit time bound (Vasile et al., 2017a). These logics bridge the gap between high-level
human-interpretable task descriptions and low-level control implementations, enabling au-
tomated synthesis of correct behaviors.

A critical challenge in leveraging temporal logic specifications for robotic systems lies
in quantifying specification satisfaction beyond binary yes-no decisions. While Boolean

semantics determine whether a trajectory satisfies a specification, they provide no infor-



mation about satisfaction quality, robustness to disturbances, or distance to satisfaction
boundaries. This limitation becomes particularly acute in three scenarios. First, during
motion planning and control synthesis, optimization algorithms require continuous objec-
tive functions to guide search toward high-quality solutions. Second, in online monitoring
and runtime verification, systems must assess partial trajectories before complete specifi-
cation evaluation becomes possible. Third, in reinforcement learning settings with delayed
rewards, agents need immediate feedback signals that correlate with eventual specification
satisfaction.

The quantitative semantics problem asks: how can we measure the degree to which a
trajectory satisfies a temporal logic specification? Traditional robustness metrics based on
min-max operations provide soundness guarantees—positive robustness implies Boolean
satisfaction—but suffer from brittleness. They focus exclusively on the most critical time
points and subformulae, ignoring the broader context of satisfaction across entire trajecto-
ries. This creates non-smooth optimization landscapes with sharp decision boundaries that
hinder gradient-based methods and sampling-based planners. Moreover, when compos-
ing multiple temporal objectives, simple selection mechanisms fail to balance competing

requirements adequately.

1.2 Broader Impact and Vision

The techniques developed in this dissertation aim to increase the autonomy and reliability
of robotic systems through formal specifications and quantitative guarantees. Potential
application domains include:

Autonomous Vehicles: Temporal logic specifications can encode traffic rules, safety
requirements, and mission objectives. AGM robustness provides continuous measures for
optimization of driving policies while maintaining safety guarantees.

Medical Robotics: Surgical robots and rehabilitation devices require precise spatiotem-



poral control with stringent safety requirements. Formal specifications with quantitative
semantics enable verification and synthesis of high-confidence behaviors.

Manufacturing and Logistics: Robotic manipulation and warehouse automation in-
volve complex sequential tasks with timing constraints. The frameworks developed here
can enable more flexible and robust automation.

Search and Rescue: Emergency response robots must satisfy complex objectives un-
der time pressure while adapting to uncertain environments. The combination of formal
specifications and learning-based adaptation could improve performance in such scenarios.

However, increased autonomy also raises important considerations regarding safety,
transparency, and accountability. Formal specifications provide interpretability—a human
can understand what behavior the robot is supposed to exhibit—but they cannot guaran-
tee that specifications correctly capture human intent in all situations. The quantitative
robustness measures provide continuous feedback about satisfaction quality, but threshold
selection for “sufficient" robustness remains a design choice requiring domain expertise
and safety analysis.

As robotic systems become more autonomous, ensuring their behaviors align with hu-
man values and societal norms becomes increasingly critical. Formal methods and temporal
logic specifications provide one tool in this broader challenge, but they must be integrated
with complementary approaches including human oversight, fail-safe mechanisms, and on-

going monitoring during deployment.

1.3 Central Thesis and Contributions

This dissertation develops a unified framework for temporal logic specifications in robotics,
centered on Arithmetic-Geometric Mean (AGM) robustness as a quantitative semantics that
addresses the limitations of traditional approaches. We establish that AGM robustness pro-

vides a mathematically principled measure that evaluates specification satisfaction holis-



tically across all time points and subformulae, creating smoother optimization landscapes
while maintaining soundness guarantees. Building on this foundation, we develop practi-
cal algorithms for runtime monitoring, sampling-based motion planning, and reinforcement
learning that leverage AGM robustness to achieve superior performance in complex robotic
tasks.

The central thesis of this work is:

Arithmetic-Geometric Mean robustness provides a unifying quantitative se-
mantics for temporal logic specifications that enables efficient online monitor-
ing, improves sampling-based motion planning through smoother exploration
landscapes, and accelerates reinforcement learning in delayed reward settings

through principled reward shaping.

This thesis is validated through four main contributions spanning theory, algorithms,

and applications.

1.3.1 Quantitative Semantics and Monitoring Algorithms

We develop traditional min-max robustness from which we derive AGM robustness seman-
tics for TWTL specifications (Ahmad et al., 2023), establishing their soundness through
formal proofs. Unlike traditional min-max robustness that focuses on critical points, AGM
robustness aggregates satisfaction information across all time points using arithmetic means
when values have mixed signs and geometric means when values share signs. This creates
continuous, smoother measures of satisfaction quality.

For online monitoring of partial trajectories, we introduce interval semantics that bound
possible robustness values over all completions of incomplete trajectories. We develop ef-
ficient incremental monitoring algorithms that update robustness intervals as new observa-
tions arrive, with complexity linear in formula size per observation, compared to quadratic

in trajectory length for non-incremental approaches. For typical planning scenarios with a



trajectory length 20 — 50 time units and formula complexity 10 — 20, this reduces monitor-
ing overhead by one order of magnitude of operations per trajectory evaluation.

The monitoring algorithms maintain soundness: for any partial trajectory and any pos-
sible completion, the true robustness value is guaranteed to lie within the computed inter-
val bounds. As trajectories extend, intervals shrink, converging to exact robustness val-
ues when trajectory horizon reaches formula horizon. These properties enable informed

decision-making during incremental planning.

1.3.2 Sampling-Based Motion Planning with STL. AGM Robustness

We present RRT", a sampling-based motion planning algorithm that integrates AGM ro-
bustness for STL specifications. The key insight is that AGM’s holistic evaluation across
time points and subformulae provides more consistent guidance for tree exploration com-
pared to traditional robustness’s sharp decision boundaries.

Our contributions include three components. First, we develop Direction of Increasing
AGM Satisfaction (DIAS) vectors that leverage AGM’s smooth gradients to guide steering
during tree expansion. These vectors naturally encode specification structure without the
abrupt changes characteristic of traditional robustness gradients. Second, we introduce
principled multi-objective composition using Fulfillment Priority Logic (FPL) (Mabsout
et al., 2025), enabling systematic balancing of competing temporal requirements. FPL-
based composition computes gradient-based weights that prioritize less-fulfilled objectives,
providing 1.5 — 2x computational advantages over stochastic methods. Third, we prove
that RRT" maintains probabilistic completeness and asymptotic optimality guarantees of
RRT* despite the more complex robustness measure.

Experimental validation on unicycle and 7-DOF manipulator systems demonstrates
substantial advantages. On sequential reach-avoid tasks, traditional robustness-based plan-
ning fails to discover satisfying trajectories (negative lower bounds throughout planning)

while AGM-based methods achieve high-quality solutions with robustness 17 ~ 0.93-0.95.



For high-dimensional systems, augmented state representation with inverse kinematics-
based sampling achieves computational speedup for tight workspace constraints, reducing

planning time until convergence.

1.3.3 Reinforcement Learning with Delayed Rewards

We develop Accelerated Proximal Policy Optimization (APPO) (Ahmad et al., 2025), ad-
dressing the fundamental challenge of delayed rewards where control actions leading to
successful outcomes may not receive immediate feedback. APPO combines two innova-
tions: a hybrid policy architecture and TWTL-based reward shaping.

The hybrid architecture mixes an offline policy trained on expert demonstrations with
an online policy optimized through PPO, maintaining the offline policy as an active guide
throughout training rather than using it merely for initialization. We prove monotonic im-
provement guarantees over both the offline policy and previous iterations, with bounded
performance gap (2¢ya?)/(1 — y)? where « is the learned mixing parameter, ¥ is the dis-
count factor, and ¢ bounds the expected advantage. The mixing parameter automatically
adapts based on relative policy quality, providing robustness to offline demonstration qual-
ity.

For reward shaping, we use TWTL robustness with trajectory prediction to provide
immediate feedback about specification satisfaction. Using potential-based shaping (Ng
et al., 1999), we prove optimal policy preservation while transforming sparse delayed re-
wards into dense immediate signals.

Experimental validation on robotic control benchmarks demonstrates substantial im-
provements. On the lunar lander task with a delayed reward achieved at the end of a suc-

cessful landing, APPO achieves better performance compared to vanilla PPO.



1.3.4 Unified Framework Across Domains

A key contribution of this dissertation is demonstrating AGM robustness as a unifying
mathematical framework applicable across diverse robotic domains. The same core mea-
sure provides benefits in motion planning (smoother exploration), reinforcement learning
(dense reward signals), and runtime monitoring (efficient incremental computation). This
unification suggests AGM robustness captures fundamental properties of specification sat-

isfaction that transcend specific application contexts.

1.4 Research Context and Related Work

This dissertation builds upon three interconnected areas of research: formal methods for
robotics, sampling-based motion planning, and reinforcement learning.

Temporal logics have emerged as powerful tools for formalizing high-level robotic tasks
(Baier and Katoen, 2008). Linear Temporal Logic (LTL) has been widely employed for
planning and synthesis problems (Vasile et al., 2020; Belta et al., 2017; Kress-Gazit et al.,
2018), enabling specification of qualitative properties such as “eventually visit region A”
or “always avoid obstacle B.” To express tasks with explicit timing constraints, logics such
as Signal Temporal Logic (STL) (Maler and Nickovic, 2004) and Metric Temporal Logic
(MTL) (Koymans, 1990) operate over continuous-time signals with real-valued predicates.
These logics admit quantitative robustness semantics that measure how strongly a trajec-
tory satisfies a specification (Donzé and Maler, 2010; Fainekos and Pappas, 2009), enabling
optimization-based synthesis approaches. Time Window Temporal Logic (TWTL) (Vasile
et al., 2017a) provides an alternative concrete-time formalism that efficiently expresses
sequential tasks through explicit time windows and admits efficient automata-based veri-
fication. However, unlike STL and MTL, TWTL previously lacked quantitative semantics
for measuring satisfaction degree.

Quantitative semantics have enabled robustness-maximizing approaches for both mo-



tion planning and control synthesis. For STL specifications, robustness measures have
been integrated into sampling-based planners (Vasile et al., 2017b), trajectory optimization
(Sadraddini and Belta, 2015; Raman et al., 2014), and control barrier function synthe-
sis (Ahmad et al., 2022; Yang et al., 2025). The traditional min-max robustness focuses
on the most critical time points and constraints, creating non-smooth optimization land-
scapes. Recent work introduced Arithmetic-Geometric Mean (AGM) robustness for STL
(Mehdipour et al., 2019), which evaluates satisfaction holistically using arithmetic and ge-
ometric means, producing smoother gradients for optimization. However, AGM robustness
has not been developed for TWTL, nor has it been systematically integrated into motion
planning frameworks with formal convergence guarantees.

In the context of reinforcement learning, temporal logics have been increasingly used to
specify complex tasks beyond simple reward functions. Approaches range from automata-
guided learning (Li et al., 2017; Icarte et al., 2022) to reward shaping from temporal logic
specifications (Asarkaya et al., 2021; Balakrishnan and Deshmukh, 2019). Policy gradient
methods, particularly Proximal Policy Optimization (PPO) (Schulman et al., 2017), have
demonstrated strong performance across diverse domains. However, PPO can struggle in
environments with delayed rewards where the temporal gap between actions and conse-
quences creates sparse gradient signals. Offline reinforcement learning methods leverage
expert demonstrations (Ball et al., 2023; Ravari et al., 2024; Hu et al., 2023), but typi-
cally treat offline data as a fixed initialization rather than an active component throughout
training. Combining temporal logic specifications with offline data to accelerate learning
in delayed-reward settings remains an open challenge.

This dissertation addresses these gaps by developing quantitative semantics for TWTL,
integrating AGM robustness into sampling-based planning with formal guarantees, and
combining temporal logic reward shaping with hybrid policy architectures for reinforce-

ment learning. The following chapters present detailed related work for each contribution



area.

1.5 Dissertation Organization

The remainder of this dissertation is organized as follows:

Chapter 2: Background and Preliminaries establishes foundational concepts includ-
ing dynamic systems, temporal logic syntax and semantics (STL and TWTL), and tra-
ditional quantitative robustness measures. We present the standard min-max robustness
semantics that serve as baseline for comparison throughout the dissertation.

Chapter 3: Quantitative Semantics and Runtime Monitoring develops traditional
and AGM robustness semantics for TWTL and AGM robustness monitor for STL specifi-
cations. We introduce interval semantics for reasoning about partial trajectories and present
efficient incremental monitoring algorithms. Formal proofs establish soundness, chain in-
clusion properties, and convergence guarantees.

Chapter 4: Sampling-Based Motion Planning from STL Specifications presents the
RRT" framework for motion planning with AGM robustness. We develop DIAS vectors
for informed tree exploration, introduce FPL-based composition for multi-objective bal-
ancing, and prove probabilistic completeness and asymptotic optimality. Case studies on
unicycle, and 7-DOF manipulator systems validate the approach, demonstrating superior
performance over traditional robustness-based planning.

Chapter 5: Reinforcement Learning with Delayed Rewards introduces APPO for
learning under delayed rewards using TWTL specifications. We develop the hybrid pol-
icy architecture combining offline and online learning, establish monotonic improvement
guarantees, and present TWTL-based reward shaping with optimality preservation proofs.
Experimental validation on inverted pendulum and lunar lander environments demonstrates
effectiveness for delayed reward.

Chapter 6: Conclusion and Future Directions synthesizes contributions across do-
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mains, discusses limitations of current approaches, and proposes directions for future re-

search including probabilistic specifications, and dynamic obstacles for motion planning.

1.6 Notation and Conventions

Throughout this dissertation, we adopt the following notational conventions:

Sets and Spaces: 2, %, and ¢ denote the state space, the control space, and the
observation space, respectively. We use calligraphic letters for spaces and Roman letters
forelements: x€ 2, uc %,o0€ 0.

Trajectories and Words: Bold notation denotes sequences: Xy, s, = X Xs, 41 -+ X1, iS @
state trajectory, Oy, ;, = 0;,0s,+1** 0, 1s an observation word. We use subscripts to denote
time indices and superscripts to denote episodes or iterations.

Temporal Logic: We use ¢ (lowercase phi) for TWTL formulae and ¢ (lowercase
varphi) for STL formulae. Greek letters tt, & denote atomic propositions. The satisfaction
relation is |=, and ||¢|| denotes formula time horizon.

Robustness Measures: We use p (varrho) for traditional min-max robustness of TWTL,
p (rho) for traditional min-max robustness of STL, and 1) (eta) for AGM robustness of both
TWTL and STL. Interval semantics are denoted by brackets: [n] = [n,7] represents a
robustness interval with lower bound 1 and upper bound 7.

Policies and Values: In reinforcement learning contexts, 7 denotes a policy (function
from states to action distributions), V" denotes state value function, O denotes state-action
value function, and A" denotes advantage function. We use 0 for policy parameters, with
Tg denoting a parameterized policy.

Probabilities and Expectations: P(-) denotes probability, E[-] denotes expectation.
When the distribution is clear from context, we write [, to emphasize expectation over
actions sampled from policy 7.

Optimization: argmax, argmin denote arguments that maximize or minimize func-
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tions. We use V for gradients and || - || for norms (Euclidean unless otherwise specified).

1.7 Scope and Limitations

This dissertation focuses on discrete-time systems with finite time horizons in deterministic
or stochastic but model-free settings. While the temporal logic frameworks (STL, TWTL)
can in principle handle continuous-time signals and infinite horizons, our algorithms and
theoretical results assume discrete-time observations and finite planning/learning horizons.

For motion planning, we consider systems with Lipschitz continuous dynamics for
which sampling-based methods are appropriate. We do not address hybrid systems with
discrete mode switches, though extensions to such systems would be natural future work.
The experimental validation focuses on 2-D mobile robots and robot arms in relatively sim-
ple environments; real-world deployment would require addressing additional challenges
including perception uncertainty, environmental disturbances, and hardware constraints.

For reinforcement learning, we assume access to a simulator or environment for sample
collection, and we assume availability of some offline demonstrations for the hybrid archi-
tecture (though we show graceful degradation with poor demonstration quality). We do not
address purely offline RL. where no environment interaction is possible, nor do we address
the problem of learning from human preferences without explicit specifications.

The AGM robustness framework requires differentiable predicates for gradient-based
methods, limiting applicability to specifications with non-differentiable predicates (e.g.,
mode switches, logical constraints). Extensions to broader classes of specifications remain

open research questions.



Chapter 2

Background and Preliminaries

This chapter establishes the formal foundations for temporal logic specifications and quan-
titative semantics. We begin with Signal Temporal Logic (STL), a widely-used formalism
for specifying properties of continuous-time signals with explicit timing constraints. We
then introduce Time Window Temporal Logic (TWTL), which provides an efficient syn-
tax for expressing sequential tasks common in robotics applications. After presenting the
traditional min-max robustness semantics for STL, we introduce the Arithmetic-Geometric
Mean (AGM) robustness measure, which addresses key limitations of min-max semantics
by providing smoother optimization landscapes. Finally, we formalize the class of dynam-

ical systems considered in this dissertation.

2.1 Signal Temporal Logic

Signal Temporal Logic (STL) (Maler and Nickovic, 2004) provides a formal language
for specifying temporal properties of real-valued signals. Unlike Linear Temporal Logic
(LTL), which operates over discrete sequences of Boolean valuations, STL can express

specifications with explicit, concrete time bounds.

12
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2.1.1 Syntax and Semantics

Consider discrete-time signals where signal valuations s; € R are sampled at discrete time

points t € Z>p. An STL formula ¢ over signals is defined recursively as follows:

=l |0 | PN OV 2| Gy 1 | Flap 1 2.1

where [ is an atomic predicate of the form h(s;) > o with 4 : R — R a linear function
and o € R a threshold. The operators —, A, and V denote negation, conjunction, and
disjunction, respectively. The temporal operators Gy, ; (Globally, or Always) and Fy, 4
(Finally, or Eventually) specify time bounds a,b € Z>( with a < b. We denote the set of
all STL formulae as $g7;.

A signal sequence sy, s, := $; 5,415y, represents the signal over the time interval

[t1,72]. The Boolean satisfaction relation sy, ;, = ¢ is defined recursively as follows:

- iff h(s,) > & 2.2)
Sty =9 iff 51,4, = @ 2.3)
St = QLA @2 iff (5.0, = Q1) A (51,0, = 92) (2.4)
St = @1V @2 iff (s, = Q1) V (51,0, = 92) (2.5)
Stit = Glap @ iff Ve € [t1 +a,t1 +b], 51, = @ (2.6)
St F[aﬂ(p iff 3r € [t +a,t1 +b], 51, = @ 2.7)

Definition 2.1.1 (STL Time Horizon). The time horizon ||@|| of an STL formula ¢ repre-

sents the minimum time required to evaluate the formula. It is defined recursively as:

(

0 ifo=u
max(|[@i], [|@2l]) ife € {1 AP, 01V}
ol := . (2.8)
1] if @ =-0
Lo+ o] if 9 € {Glap)91,Fla 01}
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Example 2.1.1 (Obstacle Avoidance). Consider a robot navigating in a plane with position
(x,y) € R%. The signal s; = (x;,y;) represents the robot’s position at time t. An obstacle
avoidance specification requiring the robot to maintain distance dy, 5. = 1.0 from an obsta-
cle centered at (x¢,y.) = (5,5) for the entire trajectory of length T = 20 can be expressed

as:
Pavoid = G0 20]Hsafe (2.9)

where the predicate U,z is defined as:

hst) = /(= %)+ (3 = 0% — dyage > 0 (2.10)

The formula Qgy,iq has time horizon ||Qgyial| = 20.

Example 2.1.2 (Sequential Reach-Avoid). Building on Example 2.1.1, suppose we require
the robot to visit a goal region 4 = {(x,y) | (x — 10)> 4 (y — 10)? < 1} within the time

window [5,15] while continuously avoiding the obstacle. This can be expressed as:

Grask = F515)lgoal N\ G0,20] Msafe (2.11)

where Ugoal is defined by h(s;) =1~ \/(xt —10)2+ (yy —10)2 > 0. The time horizon is
| @rask|| = max(15,20) = 20.

2.2 Time Window Temporal Logic

Time Window Temporal Logic (TWTL) (Vasile et al., 2017a) provides an alternative tem-
poral logic formalism specifically designed for specifying sequential tasks with explicit
timing constraints. TWTL offers advantages for robotics applications through its expres-

sive syntax for sequential compositions and its efficient translation to automata.

2.2.1 Syntax and Semantics

Consider a discrete-time system with state x € 2~ C R? and observable output o, = I(x;)
at time ¢, where [ : 2~ — 2! is a labeling function and IT is a set of atomic propositions.
An atomic proposition 74 € IT takes Boolean value T at output o; if o, € A where A := {o |

h(o) > o} with h: 21 — R? and 6 € R?, and L otherwise.
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A TWTL formula ¢ is defined recursively as:

¢ = Himy | HI=my [ 1 A G2 | 61V 02| =9 | 0102 | (9]0 (2.12)

where H is the hold operator with duration d € Z>, - is the concatenation operator, and
[](a,] is the within operator with time bounds a,b € Z>¢ and a > b.

An output word oy, 4, 1= 04,01, 1As - - - Or, TEprEsents the sequence of outputs over the time
interval [f1,#,] with sampling time Az. The Boolean satisfaction relation oy, s, |= ¢ is defined

recursively as:

o1, =Hmy iff (0, € A,V € [ty,0]) A (12 — 11 > dAY) (2.13)
011, = HI-my iff (0, ¢ A, Yt € [t1,1]) A (1 — 1) > dAY) (2.14)
Onpn E QLA iff (01,1, = @1) A (01,1, = 92) (2.15)
O E 0LV $2 iff (01,4, = 01) V (01,1, E $2) (2.16)
On 1, 9 iff or, 1, = @ (2.17)
O =012 iff Jt = arg en[}li’ftlz]{Otl 1t E YA (oA, F ) (2.18)
0112 = [9][a.5) iff (It >t+ast oy =Q)AN({t2—1t1 > D) (2.19)

Definition 2.2.1 (TWTL Time Horizon). The time horizon ||@|| of a TWTL formula ¢ is

defined recursively as:

(max(|g]], 1 921) i & € {01 A d2, 61V 62}
el if o =
@11 == S o1l + @2l + A7 if o = ¢1- (2.20)
dAt if o = Himy
b if 0 = [91]1a)

Definition 2.2.2 (Feasible TWTL Formula (Vasile et al., 2017a)). A TWTL formula ¢ is
called feasible if each time window’s deadline is sufficiently large to accommodate its en-

closed task. Formally, for every within operator [§'] la,b] ApPearing in @, the window dura-
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tion b — a must be at least as large as the time horizon ||@’|| of the enclosed subformula.

We denote the set of all feasible TWTL formulae as ®7wryr.

Example 2.2.1 (Lunar Lander Sequential Task). Consider the lunar lander environment
with state x = (px, Py, Dx, Py, ¥, /) € R representing position, velocity, angle, and angu-
lar velocity. The landing sequence requires hovering, aligning, descending, and finally
landing, each with specific duration and timing constraints. This can be expressed using
TWTL as:

Otanding = [H' Thover]0,150] - H" Tatign][100,300] - H" Taescenal(250.450] - (H* Frand] 400,500]

(2.21)
where each T represents a predicate over the appropriate state variables defining hovering
altitude, alignment tolerance, descent velocity, and landing conditions. The time horizon is
| randing|| = 1403At. The concatenation operator - ensures the correct sequential ordering
of subtasks.

2.2.2 Relationship between STL and TWTL

While both STL and TWTL express temporal properties with explicit time bounds, they dif-
fer in expressiveness and computational complexity. STL’s G and F operators can express
properties over any subset of the time horizon, whereas TWTL’s concatenation operator

naturally enforces sequential ordering.

2.3 Traditional Min-Max Robustness for STL

Beyond Boolean satisfaction, quantitative semantics provide a measure of how robustly
a signal satisfies a temporal logic specification. The traditional robustness metric for
STL, introduced by Donzé and Maler (Maler and Nickovic, 2004) and Fainekos and Pap-
pas (Fainekos and Pappas, 2009), uses min-max operations to compute a real-valued mea-

sure of satisfaction degree.
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2.3.1 Definition and Properties

The STL robustness p(s;, ,,, @) of a signal sequence s;, ;, with respect to an STL formula ¢

is defined recursively as:

p(se, ) :==h(s))— 0 (2.22)

P (511,05 2@P) := —P (51, 15, P) (2.23)

P (St @1 @2) :=min{p (51, 1, 1), P (51,1, P2) } (2.24)
P (St @1V @2) := max{P (51,1, P1), P (51115, P2) } (2.25)
P (51112, Glap @) = oy p(s.,0) (2.26)
PlsnarFlap9) = max p(sne: ) (2.27)

Theorem 2.3.1 (Soundness of STL Robustness (Donzé and Maler, 2010)). For any signal

sequence s;, 1, and STL formula @, the following implications hold:

P (S, @) >0=5,1 F @ (2.28)
P (St 2, P) <O =511, = @ (2.29)

The robustness value provides a signed distance to the decision boundary: positive
values indicate satisfaction with magnitude reflecting the safety margin, while negative

values indicate violation with magnitude reflecting the severity.

2.3.2 Advantages and Limitations

The min-max robustness semantics offers several advantages. First, it provides a quanti-
tative measure that extends Boolean satisfaction, enabling optimization-based control syn-
thesis. Second, the soundness property (Theorem 2.3.1) ensures that positive robustness
implies specification satisfaction, making it suitable for safety-critical applications. Third,
robustness can guide synthesis algorithms toward solutions with higher safety margins.

However, min-max robustness has significant limitations for planning and optimization
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applications. The robustness value is determined entirely by the most critical time point or
subformula, effectively masking contributions from all other parts of the signal and speci-
fication. This creates a non-smooth optimization landscape with sharp decision boundaries

where small changes in the signal can produce abrupt shifts in the critical constraint.

Example 2.3.1 (Limitations of Min-Max Robustness). Consider two robot trajectories sat-
isfying the obstacle avoidance specification Q,,iq from Example 2.1.1. Trajectory s
maintains distances {1.01,1.01,1.01,...} from the obstacle at each time step, while tra-
jectory s maintains distances {5.0,5.0,1.01,5.0,...}. Both trajectories have identical
robustness p(s(l),(pavoid) = p(s(z),(pavoid) = 0.01 because the minimum distance domi-
nates the computation. However, intuitively, trajectory 52 provides substantially better
safety margins overall, with only one critical moment, whereas trajectory st operates

near the constraint boundary throughout execution. The min-max semantics fails to distin-

guish these qualitatively different safety profiles.

2.4 Arithmetic-Geometric Mean Robustness for STL

To address the limitations of min-max robustness, Mehdipour et al. (Mehdipour et al., 2019)
introduced the Arithmetic-Geometric Mean (AGM) robustness for STL. Rather than focus-
ing solely on critical points, AGM robustness evaluates satisfaction holistically across all
time points and subformulae, creating smoother optimization landscapes while maintaining

soundness guarantees.

2.4.1 AGM Operators

The AGM robustness builds on two key aggregation functions that generalize min and max
operations. For robustness values rq,...,ry € R, we first define the positive and negative
part extraction:

r ifr>0
[r]+ = , - ==+ (2.30)
0 otherwise

where r = [r]4 + [r]—.
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The AGM disjunction operator is defined as:

VT, (1 =r)+1 ifVie{l,....N},r; <0
AGM,(r1,...,ry) i= (2.31)

YN )+ otherwise

The AGM conjunction operator is defined as:

N (I+r)—1 ifVie{l,....N},r>0
AGM(r1,...,rN) = (2.32)

]%/ YN [ri]- otherwise
These operators use geometric mean when all values share the same sign (capturing
compound effects) and arithmetic mean otherwise (averaging the contributing parts). This
design provides smooth transitions while preserving key properties of min and max opera-

tions.

2.4.2 AGM Robustness Definition

Definition 2.4.1 (Normalized STL Formula). An STL formula ¢ is normalized if all predi-
cates L are defined over normalized functions: W := hporm(St) > Onorm Where hpopy : R —
[—1,1] and Gporm € [—1,1].

Throughout the remainder of this dissertation, we assume all STL formulae are normal-

ized unless explicitly stated otherwise.

Definition 2.4.2 (STL AGM Robustness (Mehdipour et al., 2019)). Given a normalized
STL formula ¢ and signal sequence sy, 1,, the AGM robustness 1 (s;, 1,, Q) is defined recur-
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sively using (2.31) and (2.32) as:

N, T) =41, NSty L) = —1 (2.33)
(siott) = 5 ()~ 0) 2.34)

N (St 7P) := =N (81,10, Q) (2.35)

N (8100, @1 A Q2) := AGMA(N (11,1 01): M (11,10, P2)) (2.36)
NSty .1, 01V @2) ' =AGM (N (St,.47, 1), N (81, 12, P2)) (2.37)
N(St.12,Glap @) :=AGMA(M (51,4, 9) | 1 € [t +a,t1 +b]) (2.38)
n@nm 10) := AGMy (N (51,4, @) |t € [t1 +a,t1 + b)) (2.39)

Theorem 2.4.1 (Soundness of AGM Robustness (Mehdipour et al., 2019)). For any signal

sequence s, 1, and normalized STL formula @, the following equivalences hold:

N(St12:P) >0 P (81,0, 9) >0=5,4 = @ (2.40)
T’(SIIJZ, (P) < O == p(stlh, q)) < 0 = Stl~,[2 I}& (P (241)

Theorem 2.4.1 establishes that AGM robustness is sound and agrees with traditional
robustness on the sign of satisfaction. However, the magnitude differs: AGM robustness
aggregates contributions from all time points and subformulae rather than selecting only

the critical ones.

2.4.3 Advantages of AGM Robustness

AGM robustness addresses key limitations of min-max semantics while preserving sound-
ness. First, the holistic evaluation across all time points and subformulae creates more
informative gradients for optimization-based synthesis. In Example 2.3.1, AGM robust-
ness would assign higher values to trajectory s(2) because the arithmetic mean in AGM,,
rewards the larger distances at most time steps. Second, the use of arithmetic and geo-
metric means produces continuously differentiable aggregation functions (except at sign
boundaries), yielding smoother optimization landscapes than the sharp min-max operators.

Third, AGM robustness naturally balances competing objectives in specifications with mul-
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tiple subformulae by considering all contributions rather than focusing only on the worst
case.

The computational complexity of evaluating AGM robustness is comparable to min-
max robustness: both require O(|¢@| - |s|) time for a formula ¢ of |¢| number of operators
and signal s of length |s|. The key difference lies not in computational cost but in the

structure of the resulting optimization landscape when used for synthesis.

2.5 Dynamical Systems

We consider discrete-time dynamical systems of the form:

X1 = f (g, uge) (2.42)

where x; € 2 C R” is the state at time step k, uy € 2 C R™ is the control input, .2~ is the

state space, %/ is the control space, and f: 2" X % — 2 is the dynamics function.

Definition 2.5.1 (Lipschitz Continuity). The dynamics function f is Lipschitz continuous if
there exists a constant L > 0 such that for all (xy,uy), (xa,uz) € X X U :

1 Gers ) = f (2, u2) 12 < L\/H)q — 2|3+ [Jur — w213 (2.43)

where || - ||2 denotes the Euclidean norm.

Lipschitz continuity ensures that small changes in state or control produce bounded
changes in the next state, which is essential for convergence guarantees in sampling-based
planning algorithms.

A control sequence u = ugu; - - -ur—_1 applied to system (2.42) from initial state xy gen-
erates a state trajectory & = xox; - - - x7 satisfying the dynamics. For specifications defined
over observable outputs, we define an observation function / : 2~ — R? that maps states to

signal values. The signal sequence corresponding to trajectory & is so. 7 = I(x0)l(x1) - - - I(xT).



22

In the context of temporal logic specifications, we are interested in synthesizing control

sequences that generate trajectories satisfying given STL or TWTL formulae.



Chapter 3

Quantitative Semantics and Runtime Monitoring

This chapter presents our contributions to quantitative semantics and runtime monitoring
for temporal logics. Building on the STL AGM robustness framework introduced in Chap-
ter 2, we develop quantitative semantics for Time Window Temporal Logic (TWTL), en-
abling optimization-based planning for sequential robotic tasks. We then address the chal-
lenge of runtime monitoring: evaluating robustness for partial trajectories whose length
is less than the formula’s time horizon. Our main contributions are: (1) traditional and
AGM robustness measures for TWTL with soundness proofs, (2) interval semantics for
STL AGM robustness that bound possible robustness values for any completion of partial
signals, (3) efficient incremental monitoring algorithms achieving linear speedup over non-
incremental approaches, and (4) interval semantics for both traditional and AGM TWTL
robustness. These results enable real-time monitoring and informed decision-making dur-

ing motion planning before complete trajectories are generated.

3.1 Background and Related Work

3.1.1 Temporal Logics for Dynamical Systems

Temporal logics (TLs) (Baier and Katoen, 2008) have been widely used to formulate high-
level, expressive specifications for cyber-physical systems. Formal verification and synthe-
sis algorithms have been employed to analyze and control such systems from TL specifica-
tions. Linear Temporal Logic (LTL) (Pnueli, 1977) has been employed to specify tasks for
planning problems (Wolff et al., 2013; Kress-Gazit et al., 2018; Luo et al., 2021; Kantaros

23
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and Zavlanos, 2020) and for formal synthesis problems for discrete-time systems (Belta
et al., 2017). LTL formulae can be translated to automata, which can encode the progress
towards task satisfaction. Automata-theoretic tools are typically used with finite abstrac-
tions of the system to produce policies that guarantee the satisfaction of tasks, or prove that
they cannot be satisfied (Belta et al., 2017; Kloetzer and Belta, 2008). Other approaches
overcome some scalability issues through sampling-based planning algorithms guided by
specification automata (Vasile and Belta, 2014; Kantaros and Zavlanos, 2020; Luo et al.,
2021; Vasile et al., 2020).

Signal Temporal Logic (STL) (Maler and Nickovic, 2004), Metric Temporal Logic
(MTL) (Koymans, 1990), and Time Window Temporal Logic (TWTL) (Vasile et al., 2017a),
unlike LTL, can express specifications with explicit, concrete-time constraints. For exam-
ple, one can specify: “Perform task A between times t| and ty; right after that, spend ts
time units between times t3 and t4 performing task B; and for all times do not perform task
Cc”

The semantics of both STL and MTL are defined over real-time signals. They both
have quantitative semantics, or robustness, which quantifies the degree of satisfaction of a
formula by a signal (Fainekos and Pappas, 2009; Donz¢ and Maler, 2010). Most existing
works that use STL and MTL for specifications find controllers by maximizing robustness,
yielding runs of the system that robustly satisfy the specifications (Sadraddini and Belta,
2015; Raman et al., 2014; Donzé and Maler, 2010; Vasile et al., 2017b; Leung et al., 2020).
The work in (Castro et al., 2013) considers planning for syntactically co-safe LTL using
RRT*, where in addition to task specifications, other spatial requirements are expressed
using fragment-STL and its robustness is used as the optimality criterion. In (Rodionova
et al., 2021), the authors synthesize controllers for time-critical systems for which they

quantify a temporal robustness measure that needs to be optimized.
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3.1.2 Robustness Measures for STL

The traditional robustness metric for STL is not differentiable and is mostly determined
by one value of the signal—it “masks” most of the signal’s contribution to satisfaction.
These issues are addressed by the authors of (Mehdipour et al., 2019), who introduced an
arithmetic and geometric mean (AGM) robustness measure for STL. The AGM robustness
provides a smoother measure suitable for gradient-based optimization while maintaining
soundness guarantees. This approach has been shown to improve performance in trajectory

optimization and control synthesis problems.

3.1.3 Time Window Temporal Logic

TWTL (Vasile et al., 2017a) has several advantages over STL, MTL, and other concrete-
time TLs. First, its syntax and semantics can express serial tasks in an efficient and explicit
way. This is important in many applications, especially in robotics. Second, TWTL formu-
lae can be efficiently translated into automata. The complexity of the translation algorithm
is independent of the formula time bounds (Vasile et al., 2017a). This makes this logic
suitable for automata-based synthesis and planning problems (see (Penedo et al., 2020) for
a motion planning application).

TWTL, however, has lacked quantitative semantics that measure the degree of satisfac-
tion or violation of a formula. This limitation has prevented TWTL from being used in
optimization-based synthesis and planning problems that rely on maximizing robustness.
Furthermore, the lack of quantitative semantics has hindered the development of runtime
monitoring algorithms that can provide real-time feedback on how well a system is satisfy-

ing its specification during execution.
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3.1.4 Runtime Monitoring

Runtime verification techniques provide lightweight algorithms to monitor the satisfaction
of temporal logic specifications given partial system runs (Deshmukh et al., 2017). Differ-
ent techniques have been employed for monitoring various temporal logics. The work in
(Bonnah and Hoque, 2022) uses a rewriting technique to monitor the Boolean satisfaction
of TWTL. In (Deshmukh et al., 2017), the authors introduced interval semantics to moni-
tor the robustness degree of STL specifications. This technique considers partial runs, and
with the set of all possible completions of the run, it computes the best and worst possi-
ble robustness values. The interval semantics provide sound bounds that contain the true
robustness value for any completion of the partial trajectory, enabling informed decision-

making before complete trajectories are available.

3.1.5 Contributions of This Work

This chapter addresses these gaps by introducing the first quantitative semantics for TWTL.
We develop both traditional min-max robustness (adapted from STL) and AGM robustness
for TWTL, proving soundness for both measures. We introduce interval semantics that
enable runtime monitoring of robustness for partial trajectories, with efficient incremental
algorithms that avoid redundant computation. These contributions enable TWTL to be
used in optimization-based planning and learning applications while maintaining the logic’s

advantages for expressing sequential tasks with bounded time horizons.

3.2 TWTL Traditional Robustness

We first extend the traditional min-max robustness semantics from STL to TWTL, adapting
the recursive structure to handle TWTL’s unique operators including the hold, concatena-

tion, and within operators.
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3.2.1 Definition and Soundness

Given a TWTL formula ¢ and an output word oy, ;, generated by a discrete-time system,

we define the robustness degree p(oy, 1,,¢) recursively as follows:

minte[tl,tlerAt] h(o;) ifty—1; > dAt

(01 1,, Hmy) := (3.1)
pL otherwise

P (011,191 A 92) := min{p (01, 1,,91), P (01,1, 92) } (3.2)

P (014, 91V ¢2) := max{p(0s, 1, $1), P (01,15, $2) } (3.3)

P(01,1y,79) := —p(01.1,, 9) (3.4)

P (0t 1, P1 - 92) 1= g[l?f;){mm{P(Orl £01),P (01 A1y, 02)}} (3.5)

max;>; +a{P(0t,t +5,0)} iftr—t1>b
P(0n12,9]las) = | | (3.6)

pL otherwise

where p, denotes a large negative value indicating Boolean false, and 7 : 2'T — R is the
predicate function from the atomic proposition 74.

The concatenation operator (3.5) requires special attention. It computes the maximum
over all possible split points + where ¢; could complete and ¢ could begin, taking the
minimum robustness between the two subformulae at each split point. This reflects the
sequential nature of concatenation: the overall robustness is limited by the weaker of the

two consecutive subformulae, but we choose the split point that maximizes this minimum.

Theorem 3.2.1 (Soundness of TWTL Robustness). For any output word oy, s, and TWTL
formula @, the following implications hold:

P(014,,0) > 0= 041, = @ (3.7)
P(01,1,,9) <O= 01,1, = O (3.8)

Proof. We prove the soundness by structural induction over the formula ¢. The base case
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for TWTL is the Hold case, which we prove as follows.
Hold: First, if t) —t; < dAt then p(oy, ,tz,Hdﬂ'A) = p, < 0 which implies that o, ;, =
¢. Second, if 1, —t; > dAt, let p(o,h,z,Hd?rA) > 0. Assume that there is ¢’ € [r,1 +

dAt] such that p(o,,74) < O then we get p(0;, 1,,H'Ta) = min  h(o,) <0, whichis a
tE€[ty 1 +dAT]

contradiction, then oy, ;, = Hermy. Third, if 1, — t; > dAt, let p (o, ,tz,HdﬂA) < 0. Assume

that for all ¢’ € [t1,¢; +dAt] such that p(o,, 74) > 0 then p(oy, ,,, H 7)) = [minA | h(o) >
tefty t+Ar

0, which is a contradiction, then oy, ,, = Hmy.

Then we have the following induction cases:
Conjunction: Let p(0s4,,¢1 A ¢2) > 0. Assume that one or both p(o; s,,9:) <0, i =
1,2, then p(0;, 1,, 91 A ¢2) = min{p (04, 1,,91), P (0, 4,,$2) } < 0, which is a contradiction.
Then by induction oy, ;, = ¢ A ¢o. In the case when p(0;, 1,91 A ¢2) < 0. Assume that
p(otlJza (Pl) >0,i=1,2, then p(Otl,l27¢1 A ¢2) = min{p (011J27 O )7p(011,f27 ¢2)} > 0, which
is a contradiction. Then by induction oy, ;, = ¢1 A §».
Disjunction: Follows similarly to the conjunction case with two key changes: (1)
replacemin with max in the robustness computation, so pP(0; 4,91 V ¢2) = max
{p (01,4, 01), P (01, 4,, 92) }, and (2) use the fact that max{p;, p2} > 0 implies at least one of
p1 > 0 or p > 0 (hence, at least one subformula is satisfied by the induction hypothesis),
which suffices for disjunction satisfaction.
Negation: Let ¢ = —¢ and p(o;4,,9) > 0. We get p(o,4,,9) < 0, and by induction
hypothesis o;, s, = @; hence, o;, ;, = ¢. Similarly, if p(o; ;,,¢) > 0 we get o, = @;
hence, o;, 1, K~ ¢.
Within: Similar to the hold case, with the time window [t,1,] replacing the single time
point. We verify that there exists some ¢ € [f1,2] such that o, , satisfies ¢; and 0,5,
satisfies ¢, following from p(o;, ,, 91 - ¢2) > 0 by the semantics of concatenation..
Concatenation: Given that the language of TWTL is assumed to be unambiguous !, we

modify the syntax of the concatenation operator as follows.

0 =00 =\ o Ed A0, =R (3.9)

te(ty o]

Thus, the soundness of p(0y, ;,, 91 - ¢2) follows directly from the soundness of the robust-

ness of the disjunction and conjunction cases. [

IFor any formula ¢; - ¢, a satisfying trajectory has a unique decomposition into a prefix satisfying ¢; and
a suffix satisfying ¢,. This ensures concatenation is well-defined and prevents multiple interpretations of the
same trajectory (Vasile et al., 2017a).
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Figure 3-1: Demonstration of TWTL robustness and monitoring. (top-left) Depiction of
the valuation of words 01, 0,, and 03 w.r.t. time. The evolution of the min-max robustness
(dashed-line with triangles) and the AGM robustness (solid-lines with circles) for words o1,
0; (bottom-left), and 03 are shown in the top-right, bottom-left, and bottom-right figures,
respectively.

Example 3.2.1. Consider a TWTL formula ¢ = [HOm,]1%1, where A= {0 | 0 > 4}, which
reads as: “Within time 0 and time 10, hold in ©y for 6 time steps; and three output words
01, 0> and 03, which are depicted as blue, green, and red traces in the top-left figure of
Fig. 3-1, respectively. One can see that 01 and 0, satisfy the task specification where
p(01,0) = p(02,9) = 0.099, whereas 0, violates the task, where p(02,¢) = —2.

3.2.2 Limitations

Like STL min-max robustness, TWTL robustness focuses solely on critical points. For the

hold operator, only the minimum predicate value over the duration matters. For concate-
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nation, only the optimal split point and the minimum of the two subformulae at that split
contribute to the robustness. This creates the same non-smooth optimization landscape and

lack of holistic evaluation that motivated AGM robustness for STL.

3.3 TWTL Arithmetic-Geometric Mean Robustness

We now extend the AGM robustness framework to TWTL, enabling smoother optimization

landscapes for planning with sequential task specifications.

3.3.1 Definition and Soundness

Definition 3.3.1 (Normalized TWTL Formula). A TWTL formula ¢ is normalized if
all atomic propositions s are defined over normalized predicate functions: A := {o |
Bnorm(0) > Onorm } Where hpopm : 21 — [— 1,119 and 6o € [—1,1]%.

Throughout the remainder of this chapter, we assume all TWTL formulae are normal-
ized unless explicitly stated otherwise.
Definition 3.3.2 (TWTL AGM Robustness). Given a normalized TWTL formula ¢ and

output word oy, ;,, the AGM robustness 1(0y,+,,9) is defined recursively using the AGM
operators (2.31) and (2.32) as:

N0, T)i=+1, N(0f4,L):=—1 (3.10)
(o) 1= 5 (h(0r) ~ o) @11
N(01 1, 91 A 92) := AGMA(N (01,1, 91), 1 (01, 1, 92)) (3.12)
N(01.12, 901V $2) := AGMy (N (01, 1,,$1),M (011, 92)) (3.13)
N(011,79) == =1 (011, 9) (3.14)

AGM\ (N (0s,7t4) | 8 € [t1,01 +dAt])  ifty—t; > dAt

(01,10, HIs) : (3.15)

—1 otherwise

AGMy (N (01 4,+5,9) |t € 1 +a,t1 +b]|) ifta—1t1 > Db
(0115 [0)ap)) = vt @) [1€ [+ an+bl) ifn—h (3.16)

—1 otherwise

n(0l1,l27¢1 ' ¢2) = AGM\/(AGM/\(TI(OH,U ¢1)7 n(01+m,127¢2)) | re [t17t2)) (317)
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The concatenation operator (3.17) aggregates contributions from all possible split points
using AGM,,, where at each split point we use AGM,, to combine the robustness of the two
consecutive subformulae. This holistic evaluation considers all possible ways to satisfy the
sequential composition rather than selecting only the optimal split point.

Theorem 3.3.1 (Soundness of TWTL AGM Robustness). For any output word oy, 4, and
normalized TWTL formula @, the following equivalences hold:

n<0115t27¢)>O<:>p(0t],l‘27¢)>O:>0t|,tz }:(P (318)
N(01,1,,9) <0 p(014,,9) <O= 01,1, = ¢ (3.19)

Proof. We prove the soundness by structural induction over the formula ¢. The base case
for TWTL is the Hold case, which we prove as follows.

Hold: First, if t —t; < dAt then 1 (oy, 4,, H 41, ) = —1 which implies that 0, 1, = ¢. Second,
if p —1; > dAt, let n(oy, 7,2,Hd7rA) > 0. Assume that there is ¢’ € [t1,¢; + dAt] such that

T](Ot/,TCA) < 0 then by (2.32) we get T](Otl’tz,HdTCA) = m Z [T[ (0,/, 7'L'A)]_ <0,
TN e[t 1 +d AT

which is a contradiction, then o, ;, |= Hemy,. Third, if t —t; > d, let n(0t17,2,Hd7tA) <
0. Assume that for all ¢’ € [t,t; + dAt] such that n(oy,7s) > O then by (2.31) we get

N0y, 1, H my) = [l1n-+dad]] [T (1+4+mn(o,ma)—1>0, which is a contradiction,
t' ety 1 +dAt]

then o, ;, = H .

Then we have the following induction cases:
The soundness for the cases T, | and m, and the conjunction, disjunction, and negation
cases, follow directly from Theorem 2 in (Mehdipour et al., 2019).
Within: Similar to the hold case, but instead of requiring the predicate to hold for the entire
duration dd d, the within operator requires the formula to be satisfied at some point within
the time window [t1,7;]. The key changes are: (1) replace the product (conjunction over all
time points) with a disjunction (existence of at least one satisfying point), and (2) use AGM
disjunction operator instead of AGM conjunction. If 1 (o, Jz,W[t”ﬂq)) > 0, then by AGM
disjunction semantics, there exists some ¢ € [f],1;] where 1 (0, ¢) > 0, which by induction
implies o, = ¢.
Concatenation: Given the Boolean semantic (3.9), the soundness of 17 (0;, 1,, 91 - ¢2) follows
directly from the soundness of the AGM robustness of the disjunction and conjunction

cases. O]

Example 3.3.1. (Continued) Consider the same formula and words of Example 3.2.1.
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n(o;,¢) =0.061, n(02,¢) =0.010, where, unlike their p value, the AGM robustness mea-
sure M rewards words with more satisfying valuations instead of being dominated by the
most critical valuations while also preserving the soundness property. The word o1 (the
blue trace in top-left figure of Fig. 3-1) has more valuations that robustly contribute to
satisfying the formula. In p(01,9), the 4™ point of the trace, which is close to lead to vi-
olating the task, dominates the robustness computation. Even if we assume that the 4 is
2 (which would lead to violating the task), its 1 value would be —0.35 that is higher than
its corresponding p value, —2. The computation of 1 considers the fact that the trace has
promising valuations which contribute to satisfying the task. For 03 (the red trace in the
same figure), on the other hand, 1(03,¢) = —0.61 which is higher than p(03,9) = —2, is
more realistic violation measure given that some valuations of 03 are close to contributing

in satisfying the task.

3.3.2 Computational Complexity

Computing TWTL AGM robustness requires evaluating the recursive definition over the
formula structure. For a formula ¢ with |@| operators and an output word o of length |o|,
the complexity is O(|¢| - |o|), identical to traditional TWTL robustness. The concatenation
operator requires considering all O(|o|) possible split points, each requiring O(1) aggre-
gation operations. Despite the holistic evaluation, AGM robustness maintains the same

computational complexity as min-max robustness.

3.4 STL AGM Robustness Interval Semantics

Runtime monitoring requires evaluating robustness for partial signals whose length is less
than the formula’s time horizon. We develop interval semantics that bound all possible ro-
bustness values for any completion of the partial signal. This section presents our contribu-
tion of AGM robustness intervals for STL, which enables efficient incremental monitoring

during motion planning.
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3.4.1 Preliminaries

Definition 3.4.1 (Prefix and Completions). Consider a signal sequence s, ; where t <
|@||, called a prefix. A completion of s;, p is any signal sequence s, ;, with ty > ||@|| such
that s;, 1, (t) = s;, ¢ (t) for all t € [t1,1"]. We denote the set of all completions as (s, ;) :=

{Sn,tz | Sty,t! is a prefix Ofstl.,tz}-
Definition 3.4.2 (Interval Arithmetic for AGM Operators). Consider intervals I; = [I,,1;]

fori=1,...,N where I; < I;. We define interval extensions of the AGM operators as:

AGM, ({I}L)) :==[AGM\y (I, ..., Iy),AGMy (I}, ..., Iy)] (3.20)
AGM,({I}Y)) :=[AGMA(L;,...,Iy), AGMA(T, ... Iy)] (3.21)

A singleton interval [n,m] is denoted {n}.

3.4.2 Incremental Modification Functions

A key innovation in our approach is the development of incremental modification functions
that efficiently update AGM robustness values when new observations become available,
avoiding full recomputation.

Definition 3.4.3 (Incremental AGM Modification Functions). When monitoring a formula
with N time points or subformulae, and given the current AGM robustness 11 computed from

N — 1 values, we define functions that incorporate the N-th observation 0 incrementally.

For disjunction:

Y/ (1-nN-1-1-n)+1 ifn<0An <0
mdf_AGM,(n,N, 1) := [n19+ ifn<0An >0 (3.22)

N otherwise

For conjunction:

VA+n)VT-(1+n)—1 ifn>0An">0
maf_AGH, (n,N,n') == q - ifn>0An'<0  (3.23)

otherwise
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Lemma 3.4.1 (Correctness of Incremental Modification). Let 1 = AGM,(ry,...,ry_1)

where o € {V,\}. For any new observation n’:
mdf_AGH,(1,N,1') = AGMa(r1,...,rv—1,1") (3.24)

Proof Sketch. The proof proceeds by case analysis on the signs of 1 and 1/, corresponding
to the three cases in equations (3.23) and (3.23).

Geometric Mean Case (n < 0,7’ <0 for v; n > 0,n’ > 0 for A): Since 7 re-
sulted from geometric mean aggregation, we have (1 Fn)VN~! = i\; jl( 1 F r;) (where
F is — for disjunction, + for conjunction). Incorporating the new value 1’ yields
AGM,(r1,...,rn—1,1") = ¥/ (1FN)N-1(1Fn’) £ 1, which exactly matches the first
case of each modification function.

Transition Case (n < 0,1’ > 0 for VV; n > 0,1’ < 0 for A): When all previous val-
ues had one sign and the new value has the opposite sign, the AGM switches from ge-
ometric to arithmetic mean. Since all previous contributions were zero in the arithmetic
formulation ([r;]+ = 0 when signs differ from required), only the new value contributes:
AGM,(...,n") = =,

Arithmetic Mean Case (otherwise): When at least one previous value had the ap-
propriate sign for arithmetic aggregation, we have (N — 1)n = Y '[;] . However, [n]+

n_ !
captures the result rather than the sum of inputs, so the correct update is Ul [n]]\f)ﬂn Lt

Arithmetic Mean Case (otherwise): When at least one previous value had the appro-
priate sign for arithmetic aggregation, we have n = Z?/: ]1 [ri]+ (N —1). To incorporate the
new value 7/, we extract its contribution [1’]+ (applying the positive or negative part ex-
traction based on the aggregation sign). Since 1) represents the average of N — 1 values, the
sum of previous contributions is (N — 1)1. Adding the new contribution and re-averaging
over N values yields: AGM,(...,n’) = %

The full proof with detailed algebraic manipulations is provided in Appendix A.1. [

3.4.3 Incremental Runtime Monitoring Algorithm

Algorithm 1 presents our incremental runtime monitor for STL AGM robustness. The
algorithm maintains an AGM robustness interval [1], that bounds all possible robustness
values for any completion of the current partial signal. At each new observation s,/, the

algorithm recursively updates the interval by traversing the formula’s abstract syntax tree.
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Algorithm 1: IRTM(9¢, [n], [N]aux, Syt ,15)

IHPUt: (p’ [n]’ [n]aux, St/a t/’ts
Output: [n]'(¢)

1 if [N]aux # 0 then
| return [n],

[

w

else if ¢ = u then
L [n]aux A [h(S,/),]’l(St/)]

else if ¢ € {A\ ¢, ¢;} then
E—0

5

6

7 | foreachic {l,...,N} do

8 | €« CU{IRTM(¢;, [n], [M]aux,Sr,7s85)}
9 if AND then

10 ‘ [M]aux(9) < AGM,(€)

1 else

12 L [M]aux(9) < AGM,,(€)

13 elseif ¢ =Gy, ) ¢1 then

14 | [N]aux < IRTM(¢1,[Nn],0,s,,7 1)

15| [N]aux < IRTMT([N], [N]aux, ', 15,a,D,[9]],G) > Algorithm 2
16 elseif ¢ = F|, ;¢ then

17 [rl]aux — IRTM(¢1, [n],(b,s,/,t’,ts)

18 | [Naux < IRTME([N], [N]aux,t’, 25, a, b, ][9], F) > Algorithm 2

19 return [1]aux ()

£

For temporal operators, the subroutine Algorithm 2 handles the time-dependent logic, using
the incremental modification functions from Definition 3.4.3 to efficiently incorporate new

observations.

3.4.4 Theoretical Properties

Lemma 3.4.2 (Soundness of AGM Robustness Intervals). For any STL formula ¢, partial
signal s, y, and completion s € €(s;, ;1), the AGM robustness value is contained in the

computed interval:

n(s, @) € nls,.p = 0.7] (3.25)
where [1]s,.¢ < IRTM(@,[1]5,.¢,0,5/,t,10).

Proof Sketch. We prove by structural induction over ¢. For predicates, the interval is a
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singleton containing the exact value. For Boolean operators, the interval arithmetic in
Definition 3.4.2 preserves the containment property. For temporal operators, Algorithm 2
constructs intervals by considering best-case and worst-case completions: the lower bound
assumes all future values are —1, while the upper bound assumes all future values are
+1. By Lemma 3.4.1, the incremental updates correctly maintain these bounds as new
observations arrive. The full proof is provided in Appendix A.2. [

Theorem 3.4.1 (Chain Inclusion Property). Given partial signals s, 7 and s;, 7 where t| <
th < ty, the AGM robustness intervals satisfy:

(Mlsy0 S Ml 0 (3.26)

Proof Sketch. As the partial signal grows from s, AR the set of possible completions
shrinks: €(s;, 1) € €(s;, ;7). By Lemma 3.4.2, the interval contains all possible robustness
values of completions. Fewer possible completions yield narrower robustness value ranges,

resulting in the inclusion property. The full proof is in Appendix A.3 [

Corollary 3.4.1 (Convergence to Exact Value). When the partial signal extends to or be-

yond the formula horizon, t' > ||@||, the AGM robustness interval converges to a singleton:

[n]s,/,(p ={N(sy,0,0)} (3.27)

3.4.5 Complexity Analysis

For a formula ¢@ with || operators and a signal of length |s|, each invocation of Algo-
rithm 1 processes a single new observation by traversing the formula’s abstract syntax tree
in O(]@|) time. The incremental modification functions (Definition 3.4.3) execute in O(1)
time by Lemma 3.4.1. Therefore, monitoring a complete signal requires O(|s| - |¢|) total
operations.

In contrast, a non-incremental implementation that recomputes the entire robustness
interval from scratch at each time step requires O(|s| - |@|) operations per update, yielding
O(|s|* - |@|) total complexity. Our incremental approach achieves a linear speedup factor
of O(|s|). For typical planning scenarios with |s| ~ 20 — 50 and |¢| ~ 10 — 20, this reduces

monitoring overhead from thousands to hundreds of operations per trajectory evaluation.
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3.5 TWTL Robustness Interval Semantics

We now present interval semantics for runtime monitoring of both traditional and AGM ro-
bustness for TWTL. While the STL interval semantics in Section 3.4 provided the founda-

tion, TWTL’s unique operators (particularly concatenation) require specialized treatment.

3.5.1 Interval Semantics for Traditional TWTL Robustness

Given a partial output word o, » where t’ < ||¢||, we define the traditional robustness inter-

val [p](oy, v/, ¢) recursively as:

5] lzaHd if tp — Z dA

0] (01, 1, Hmp) := 1P (ons, Hm0)) flmh t (3.28)
[P minyep, 4 1aagh(or)]  otherwise

[p](oh,lzv(pl A (PZ) = min([p](oll.fza ¢1)a [p](0t17l27¢2>) (3.29)

[p](0t1,lz7¢1 V ¢2) = maX([p](OflJza q)l)? [p]<0117f27 ¢2)) (3.30)

[P1(01),00, 91 - 92) := tg[:az)(min([i)] (01,6, 01), [P (011811, 92))) (3.31)
{p(on 15, ()10} ifrr,—1t1>2b

[P1(01 5 [9]a) = “?) * (3.32)

[max;>s+a{P (014 +5,9)},p7] otherwise

where p1 denotes a large positive value representing the best-case completion, and the min
and max operations on intervals are defined in (3.21) and (3.20) (specialized to min/max

rather than AGM operators).
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3.5.2 Interval Semantics for TWTL AGM Robustness

The AGM robustness interval [n](oy, », ¢) for partial TWTL words follows a similar recur-

sive structure, using the AGM interval arithmetic from Definition 3.4.2:

[M](0r,,1, 91 A ¢2) := AGMA([N](01, 17, 01), [N] (01, 11, 92)) (3.33)
[n](oll,t’v q)l Vv ¢2> = AGMV([TI](OH,I'? ¢1)7 [n](otl,t/a ¢2>) (334)

(3.35)

—

[T’](Om J’?HdnA) = [ﬂ?ﬁ

For the hold operator (3.35), the lower and upper bounds are computed based on the

observed partial word and worst-case/best-case assumptions about future observations:

/

d+1\/ H (1 +n(0t77[A))(1 +nmax)‘[t/’d” - 1;
te

[[l vt,]

if Ve € [t1,¢'],n(01,a) > 0N (' —11) < d

S|
I

+1 )y [77 (Ol’ nA)]_;

t€ft']

Q

if 3t € [t1,1'],m (0, ma) <ON(F' —11) < d

(04, 1, H'Tp); If(t'—1)>d
\

(

(3.36)

(t'd .
[t1 74” Nmins

if Ve € [11,1'],n (0, a) > 0N (F —11) < d

n= ﬁ (zez [n(otvnA)]_+Ht/?dHTImin);

[[l vt,]

if 3r € [11,¢'],n (0, a) <OA(F —11) < d

| (0 1, Ha); If (/' — 1) > d

where Ny, = —1 and 1,,,4x = +1 represent the bounds on normalized predicates.
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For the within operator:

oy, 11 [9)iap)} ift' —t, > b
(01,012 [9] ) = @t ! (337)

AGM. ([n](011,15,9) | t € 11 +a,1'])  otherwise

For the concatenation operator:

[M)(0r, 11+ 01 - $2) := AGM (AGM A ([n](01,1,91), [M](01 11, 92)) [ £ € [11,1)))  (3.38)

Example 3.5.1. (Continued) Given the TWTL unnormalized formula ¢ = [HOm,)1% with
time horizon ||¢|| = 10, we demonstrate the proposed runtime monitors by observing the
robustness intervals [p]| and [n] of partial words of 01, 03, and 03 (see the top-left figure
of Fig.3-1). Consider the time series T ={0,...,10}. For each partial word we compute
[p] and [n] at every t € T as the partial words 01(t), 05(t), and 03(t) become available.
The evolution of the intervals [p] and [n] for 01, 02, and 03 are depicted in the top-right,
bottom-left, and bottom-right figures of Fig. 3-1, respectively, where the evolution of [p] is
depicted in dashed-lines with triangles and the evolution of [n] is depicted in solid-lines

with circles. Notice how the intervals become tighter as the partial word grows, where

eventually when t' = ||9||, [p] and [n] converge to the true p and M values, respectively.
In this example we consider pt = 10 and p, = —10; one can notice how the evolution of
[n] is smoother than the evolution of [p], due to using the AGM in the computation of 1.
Note that we normalize the TWTL formula before computing 1 robustness values. Thus, in

Fig. 3-1, N stays within [—1,1].

3.5.3 Soundness and Convergence

Theorem 3.5.1 (Soundness of TWTL Robustness Intervals). For any TWTL formula ¢,

partial output word oy, 1, and completion o € €(oy, y):

p(0,9) € [pl(or 1, @) (3.39)
n(07¢) € [n](otl,t’7¢) (3.40)

Proof Sketch. The proof proceeds by structural induction over ¢, following similar rea-
soning to Lemma 3.4.2. For the hold operator, the interval bounds are constructed by

considering best-case (1,4, for all future observations) and worst-case (1, for all future
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observations) completions. The recursive cases follow from the interval arithmetic proper-

ties combined with the induction hypothesis. [

The convergence property (analogous to Corollary 3.4.1) also holds for TWTL: when

' > ||¢||, the intervals converge to singletons containing the exact robustness values.

3.6 Case Study: Planar Robot Navigation

We demonstrate the proposed robustness semantics, by monitoring p and 7 for pre-
computed runs of a simple planar robot system. Assume the time step, Az, of the runs
is 1. We consider a simple sequential navigation task with deadlines and a safety require-
ment. In the following unnormalized TWTL formula, we encode the task that reads: Within
time 0 and 8, visit region A and stay there for 3 time steps; right after that, within time 0
and 10, visit region B and stay there for 4 time steps, right after that, within time 0 and 11,
visit region C and stay there for 3 time steps, and for all execution time avoid region O.

See the left figure of Fig. 3-2 for a depiction of the planar regions A, B,C, and O.

0 = ([ 7] - (1 5) 1) (12 7)1 ) A g (3.41)

The atomic propositions 74, 7Tg, ¢, and 7o are defined as predicated regions over the xy —
plane; where A := {(x,y)|l <x<4A1<y<4}, B:={(x,y)[8 <x<11A3<y<},
C:={(x,y)[1 <x<4N9<y<12},and O :={(x,y)[S <x<TA5<x<T}.

We monitor two runs of the robot, 0; and 0p, which are shown as the blue and
green traces in the left figure of Fig. 3-2, respectively. The robustness of 0; and o0, are
p(o1,¢) =0.4 and p(02,¢) = 0.3, whereas their AGM robustness are 17(01,¢) = 0.00076
and 1 (02,¢) = 0.00015. To monitor the robustness measures at runtime, consider the time
series T = {2,10,15,20,25,30,35,40,42}. For each partial word we compute [p| and [n]
at every ¢ € T as the partial words 0;(¢) and 0,(¢) become available. The valuations of

the intervals [p] and [n] for 01, and o, at every ¢ € 7 are depicted in the middle, and right
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Figure 3-2: Demonstration of monitoring the TWTL robustness and AGM TWTL robust-
ness of precomputed planar robot runs, 01 and 01, against satisfying formula (3.41). Words
0; and 07 in an xy — planar environment are shown in the blue and green traces in the left
figure, respectively. The valuations of the intervals [p] and [n] for oy, and o, at every
t € {2,10,15,...,40,42} are depicted in the middle, and right figures, respectively, where
[p] is depicted in dashed-lines with triangles and the [n] is depicted in solid-lines with cir-
cles.

figures of Fig. 3-2, respectively, where [p] is depicted in dashed-lines with triangles and
the [n] is depicted in solid-lines with circles.
Observe that monitoring convergence of [1] is smoother than the convergence of [p],

which is more useful in some applications.

3.7 Summary

This chapter presented our contributions to quantitative semantics and runtime monitoring
for temporal logics. We developed traditional and AGM robustness measures for TWTL,
extending the STL framework to handle sequential task specifications with hold, concate-
nation, and within operators. We proved soundness of both measures, showing that positive
robustness implies specification satisfaction.

For runtime monitoring with partial trajectories, we developed AGM robustness interval
semantics for STL, introducing incremental modification functions that enable efficient
updating without full recomputation. Our algorithms achieve O(|s|) speedup over non-

incremental approaches. We established theoretical properties including soundness, chain
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inclusion, and convergence to exact values.

Finally, we presented interval semantics for both traditional and AGM TWTL robust-
ness, adapting the STL framework to TWTL’s unique operators. These runtime moni-
tors enable informed decision-making during motion planning before complete trajectories
are generated, which is essential for the sampling-based planning algorithms presented in

Chapter 4.
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if [n] = 0 then
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Chapter 4

RRT": Sampling-Based Motion Planning with
AGM Robustness

4.1 Introduction

Chapter 3 introduced quantitative semantics for Time Window Temporal Logic, develop-
ing both traditional min-max robustness and Arithmetic-Geometric Mean (AGM) robust-
ness. We demonstrated that AGM robustness provides smoother, more holistic evaluation
of specification satisfaction while maintaining formal soundness guarantees. The incre-
mental monitoring algorithms enable efficient computation of robustness intervals for par-
tial trajectories, providing sound bounds that narrow as trajectories extend. These theoret-
ical foundations and computational tools now enable us to integrate AGM robustness into
sampling-based motion planning frameworks.

Sampling-based motion planning algorithms such as Rapidly-exploring Random Trees
(RRT) (LaValle, 1998) and RRT* (Karaman and Frazzoli, 2011) have proven effective for
exploring high-dimensional configuration spaces without explicit discretization. When
combined with Signal Temporal Logic (STL) specifications, these methods can address
complex spatiotemporal constraints beyond simple point-to-point navigation. However,
existing robustness-based planning approaches rely on traditional min-max semantics that
focus exclusively on critical time points and subformulae, creating non-smooth optimiza-
tion landscapes with sharp decision boundaries that hinder efficient tree exploration.

This chapter presents RRT"T (Ahmad et al., 2026), which integrates AGM robustness

44
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semantics with RRT* for STL-guided motion planning. While Chapter 3 developed AGM
robustness for TWTL with efficient monitoring algorithms, this chapter adapts these con-
cepts to STL specifications in the context of sampling-based planning. Our framework
introduces three key innovations that leverage the AGM foundation from Chapter 3: (1)
AGM robustness interval semantics specialized for STL, enabling evaluation of partial tra-
jectories during tree construction using the incremental monitoring approach; (2) Direction
of Increasing AGM Satisfaction (DIAS) vectors that exploit AGM’s smooth gradients to
guide exploration; and (3) Fulfillment Priority Logic (FPL)-based composition for princi-
pled multi-objective balancing. We prove that RRT" maintains the probabilistic complete-
ness and asymptotic optimality guarantees of RRT* while providing superior exploration

behavior in scenarios with multiple competing temporal objectives.

4.2 Background and Related Work
4.2.1 Sampling-Based Motion Planning

Sampling-based methods have significantly advanced motion planning and control synthe-
sis for robotic systems in complex, high-dimensional environments. Algorithms such as
Rapidly-exploring Random Trees (RRT) (LaValle, 1998) and variants (Otte and Frazzoli,
2016; Kobilarov, 2012; Wu et al., 2020; Ahmad et al., 2022; Yang et al., 2025) efficiently
explore configuration spaces without explicit discretization, particularly useful for nonlin-
ear dynamics. RRT* (Karaman and Frazzoli, 2011) extends RRT with rewiring to ensure
asymptotic convergence to optimal paths. These algorithms have proven effective for kin-
odynamic planning where dynamic constraints must be satisfied.

Recently, researchers have integrated control barrier functions (CBFs) with sampling-
based planners (Ahmad et al., 2022; Perez et al., 2012; Majd et al., 2021) to synthesize
controllers guaranteeing set invariance while eliminating explicit collision checking. These

approaches combine the exploration efficiency of sampling-based methods with the safety
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guarantees of CBFs, enabling navigation in complex environments with formal safety cer-

tificates.

4.2.2 Temporal Logic Specifications in Motion Planning

Temporal logic specifications enable richer task descriptions beyond basic reachability, en-
coding complex sequences of goals with explicit timing constraints. Two main paradigms

have emerged for integrating temporal logics with sampling-based planning.

Automata-Based Approaches

Methods such as (Penedo et al., 2020; Vasile and Belta, 2013; Vasile and Belta, 2014)
leverage finite-state abstractions to guide tree construction toward specification satisfaction.
These approaches translate temporal logic formulae into automata, then guide sampling
toward automaton states indicating progress. While effective, automata-based methods
provide only binary satisfaction guarantees without quantitative robustness measures that

could guide the search toward more robust solutions.

Robustness-Based Methods

An alternative paradigm uses quantitative semantics to both verify satisfaction strength
and guide synthesis. Within this paradigm, optimization-based approaches (Sadraddini and
Belta, 2015; Raman et al., 2014) formulate the problem as Mixed-Integer Linear Programs
(MILP) or nonlinear optimization. These methods can find optimal solutions but suffer
from scalability limitations in high-dimensional spaces.

Sampling-based robustness methods like STL-RRT* (Vasile et al., 2017b) guide tree
exploration through the Direction of Increasing Satisfaction (DIS) vector, which provides
gradient-like information toward regions of higher specification satisfaction. The DIS
leverages the robustness gradient to steer sampling and tree expansion.

However, STL-RRT* and related approaches rely on traditional min-max robustness
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metrics that evaluate satisfaction based solely on the most critical time points and subfor-
mulae. As discussed in Chapter 3 for TWTL semantics, this creates fundamental limita-
tions: the robustness value is determined by a single critical constraint, causing small tra-
jectory changes to produce abrupt shifts in which constraints dominate the evaluation. This
results in non-smooth optimization landscapes that provide inconsistent gradient informa-
tion during tree expansion. Furthermore, when specifications contain multiple competing
objectives expressed through Boolean operators (e.g., ¢; /A @), traditional approaches use
simple selection mechanisms (typically choosing the subformula with lower robustness)

that fail to provide principled balancing of requirements.

4.2.3 AGM Robustness for STL

Chapter 3 developed AGM robustness semantics for TWTL, demonstrating that holistic
aggregation across all time points and subformulae produces smoother evaluation land-
scapes while maintaining soundness guarantees. The AGM approach uses geometric mean
when all satisfaction values have the same sign (capturing compound effects) and arith-
metic mean when values have mixed signs (averaging contributions). We also introduced
interval semantics for partial trajectories, enabling sound robustness bounds to be computed
incrementally as trajectories extend.

Prior work by Mehdipour et al. (Mehdipour et al., 2019) introduced AGM robustness
for STL specifications in the context of continuous trajectory optimization and control syn-
thesis. Their work demonstrated that AGM robustness provides more consistent gradient
information throughout the state space compared to traditional min-max approaches, lead-
ing to improved performance in gradient-based optimization.

However, neither the original AGM robustness work for STL (Mehdipour et al., 2019)
nor our TWTL extension in Chapter 3 addressed integration into sampling-based planning
frameworks. Key open challenges include: (1) developing interval semantics for STL that

enable reasoning about partial trajectories during tree construction, (2) adapting the Di-



48

rection of Increasing Satisfaction concept to leverage AGM’s smooth gradients, and (3)
maintaining the probabilistic completeness and asymptotic optimality guarantees of RRT*
when using AGM-based guidance.

This chapter addresses these challenges by specializing the AGM robustness and in-
cremental monitoring framework from Chapter 3 to STL specifications in the context of
sampling-based motion planning. We adapt the interval semantics and monitoring algo-
rithms to handle STL’s temporal operators (Globally, Finally) and develop enhanced direc-

tion vectors that exploit AGM’s holistic evaluation properties.

4.2.4 Multi-Objective Composition

The challenge of principled objective composition extends beyond temporal logic. Recent
work in Fulfillment Priority Logic (FPL) (Mabsout et al., 2025) has demonstrated nuanced
decision-making frameworks that prioritize less-fulfilled objectives using power mean op-
erators. FPL provides a family of aggregation operations parameterized by a power param-
eter p, where p — —oo approaches minimum (conservative/conjunctive behavior), p = 1
gives arithmetic mean, and p — oo approaches maximum (optimistic/disjunctive behavior).
This principled framework enables smooth interpolation between worst-case and best-case
aggregation while maintaining mathematical guarantees on minimum fulfillment levels.
The power mean framework aligns naturally with AGM robustness: both use aggrega-
tion operators that smooth the optimization landscape while providing formal guarantees.
We integrate FPL’s power mean derivatives into our Direction of Increasing AGM Satis-
faction vectors, enabling principled composition of objectives from multiple subformulae

based on their current fulfillment levels rather than simple stochastic selection.

4.2.5 Contributions of This Work

This chapter makes three main contributions that build upon the AGM robustness founda-

tion from Chapter 3:
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(1) AGM Robustness Interval Semantics for STL. We specialize the interval seman-
tics and incremental monitoring algorithms from Chapter 3 to STL specifications. While
Chapter 3 addressed TWTL with its explicit time windows and Hold operators, STL uses
Globally and Finally operators with different temporal semantics. We develop efficient al-
gorithms (Algorithms 1-2) that compute AGM robustness intervals for partial trajectories,
enabling informed tree expansion decisions before complete paths are formed. We prove
soundness (Lemma IV.2) and interval convergence properties (Theorem IV.1, Corollary
IV.D).

(2) Direction of Increasing AGM Satisfaction (DIAS). We enhance the Direction of
Increasing Satisfaction concept from STL-RRT* to leverage AGM robustness. Unlike tra-
ditional DIS that relies on min-max gradients, DIAS exploits the smooth, holistic gradients
of AGM robustness. For Boolean operators, we introduce two composition approaches:
a stochastic baseline that preserves asymptotic optimality through randomization, and an
FPL-based method that uses power mean derivatives to prioritize less-fulfilled objectives.
The FPL approach provides principled weighting based on fulfillment contributions while
maintaining probabilistic completeness through controlled randomization.

(3) Formal Guarantees. We prove that RRT" maintains the fundamental properties of
RRT*: probabilistic completeness (Theorem V.1) ensures that feasible solutions are even-
tually found with probability one, and asymptotic optimality (Theorem V.2) guarantees
convergence to optimal AGM robustness values. These proofs extend existing RRT* con-
vergence analysis to handle AGM robustness intervals, DIAS guidance, and FPL composi-
tion while preserving the theoretical guarantees.

We validate RRT" on unicycle robots with nonholonomic constraints and 7-DOF ma-
nipulators in high-dimensional configuration spaces, demonstrating that AGM-based meth-
ods discover feasible solutions where traditional robustness-based planning fails, while

FPL composition provides computational advantages over stochastic baselines.
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4.3 Problem Formulation

Consider a robot with state ¢ € 2 C R” evolving according to the discrete-time dynamics:

Gir1 = f (i, ug) 4.1)

where u; € 27 C R™ is the control input at time step k, and f : 2 x % — 2 is Lipschitz
continuous (Definition 2.5.1).

A control sequence u = ugu; ---ur—_1 applied from initial state gy generates a state
trajectory & = qoq - - - g7 satisfying (4.1). For specifications over observable signals, we
define an observation function / : 2 — R that maps states to signal values, yielding signal
sequence so. 7 = [(qo)l(q1)---1(qr).

Definition 4.3.1 (Control-Trajectory Pair). A control-trajectory pair ¢ = (u,&) consists of
a control sequence u of length T and the corresponding state trajectory & of length T + 1
satisfying the dynamics (4.1).

Given an STL specification ¢ with time horizon ||¢||, we evaluate satisfaction using

the AGM robustness 1 (so.7,¢) from Definition 2.4.2, where so,r 1s the signal sequence

corresponding to trajectory &.

Definition 4.3.2 (Feasible Control-Trajectory Set). Given initial state q;y;; and STL formula

O, the set of feasible control-trajectory pairs is:

4 :={(w,$) [ 90 = Ginir; N (s0,7,9) > 0,7 < [|lo]|} (4.2)

Problem 4.3.1 (Robust Planning Problem). Given robot dynamics (4.1), initial state qini; €
2, and STL specification @, find the control-trajectory pair ¢* € 4 that maximizes AGM

robustness:
*=arg max , 4.3
" —arg max 1(s0r,9) (4.3)
Problem 4.3.1 seeks control sequences that not only satisfy the specification (positive

AGM robustness) but do so with maximum strength across all aspects of the specifica-

tion. The AGM robustness objective creates a non-convex optimization landscape, but one
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that is significantly smoother than traditional min-max robustness due to its arithmetic and

geometric mean aggregations.

4.4 Direction of Increasing AGM Satisfaction

To guide tree expansion toward regions that improve specification satisfaction, we adapt the
Direction of Increasing Satisfaction (DIS) concept from STL-RRT* (Vasile et al., 2017b)
to leverage AGM robustness gradients. Our Direction of Increasing AGM Satisfaction
(DIAS) uses information from the AGM robustness intervals computed by the monitoring

algorithms in Section 3.4.

4.4.1 Base Cases and Temporal Operators

For a trajectory & generated by system (4.1), we define the DIAS function x;, : R” x ®g7y %
Z>y — R" that maps a trajectory, formula, and time point to a direction vector in the state
space.

For the base cases:

an(E,T,1) =0, (4.4)
N (se, )" Jp(qru) i Van(se, )" - Tp(grur) - u >0
5 10.1) Vy f q f 4.5)
otherwise
where J¢(qr,u;) = [a—f ,g—] is the Jacobian matrix of the dynamics function f eval-

uated at state ¢, and control u;. The gradient V,n(s;, i) is computed from the predicate
function &(s;) through the chain rule.

The condition in (4.5) checks whether the system dynamics naturally increase the pred-
icate’s satisfaction at the current state under the current control. If the dot product is pos-
itive, the DIAS points in the direction of the gradient; otherwise, it returns the zero vector

indicating no preferred direction.
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For temporal operators, we delegate to the subformula:

xn(€7G[a,b](plvt) :Xn(éaF[a,b](Plﬁ ::xn(éaq)lat> (4.6)

Example 4.4.1 (DIAS of Fixed Control Action). Consider a 2D discrete-time dynamical
system with state q = [x, y]—r € R? and control input u € R?. The system dynamics are given
by qx+1 = qi +u. The Jacobian with respect to the state is Jy = I, where I, € R?*2 s the
identity matrix.

Let the spatial predicate be = {q | ||q — c||*> < r*} with center ¢ = [3.5,3.5

1" and

radius r = 1. The robustness is 1(q,lt) = r — ||q — ¢||, normalized to range [—1,1]. The

. . o q—c . . . . .
gradient is Vyn(q, L) = o=’ which points toward the center ¢ with unit magnitude.

For a fixed control input u = [0.5,0.5]", the DIAS is xn(q,1t) = V1 (q,p) .

However, Xn(q,1t) is nonzero only where the condition V1 (q, i) " - (qe1 — qi) > 0 is
satisfied, i.e., where the state transition aligns with the direction of increasing satisfaction.
Figure 4-1 visualizes this: the DIAS field (d) is active only in regions where the gradient
field (b) and the state transition direction (c) point in similar directions, ensuring that the

control action moves the system toward higher robustness.

4.4.2 Boolean Operators and Composition Challenge

For Boolean operators ¢ = @ o ¢, where o € {A,V}, we must compose DIAS vectors from

multiple subformulae:

Xn (&, @10 @,1) := compose(xn (&, @1,1), Xn (&, @2,1), [Ne, 0,5 Mg, ) (4.7)

where [1]¢ ,, are the AGM robustness intervals from Section 3.4.
The composition function is critical as it determines how the planner balances compet-
ing objectives. We present two approaches: a stochastic baseline that preserves theoretical

guarantees, and our principled FPL-based method that provides superior performance.
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Figure 4-1: Illustration of the Direction of Increasing Satisfaction (DIAS) for a spatial
predicate . = {q | ||g — c||*> < r*} with center ¢ = [3.5,3.5]" and radius r = 1. (a) The
robustness landscape 71 (g, 1) showing the satisfaction region (red circle) where 1 > 0.
(b) The gradient field V,n(q, 1) pointing toward the direction of increasing satisfaction.
(c) The state transition field J¢(g) - u resulting from the control input u = [0.5,0.5]" and
discrete-time dynamics with Jacobian Jy = I,. (d) The DIAS field x,(q,u) = Vn(q, w)"-
J 7, which is nonzero only in regions where V1 (q,ut)" - (gx+1 — qx) > 0 (condition satis-
fied).
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4.5 Composition Strategies for Multi-Objective Balancing

4.5.1 Stochastic Composition Baseline

We first adapt the stochastic composition from STL-RRT* (Vasile et al., 2017b) to work

with AGM robustness intervals. Let x; = xn(&,¢1,t) and x, = xn(&, @2,1) denote the

DIAS vectors for two subformulae, with corresponding intervals [1]; = [0, 7] and [n], =

[ﬂy ﬁZ] :

Definition 4.5.1 (Stochastic Composition). The stochastic composition function is:

Composestoch(%l:%b [71]17 [77]2) = bz’endﬂ (%caxﬁc)
where (c,—c) = choosen([N]1,[N]2) with the stochastic choice function:
(172) l:fﬁl<ﬂz/\ﬂl<ﬁ2

choosen([n]1,[n]2) :== ¢ (2,1) fMm>n,An,>n
(1+Ber(p),2—Ber(p)) otherwise

where Ber(p) is a Bernoulli random variable with parameter:

(n,+m)—(n,+1)
p=0.5+ 3

The blend function combines the selected directions geometrically:

Xet+X-e Wx.Lx.
blendy, (Xer X ) =

X otherwise

(4.8)

4.9)

(4.10)

(4.11)

The rationale for this design is twofold. First, when DIAS vectors are orthogonal, they

provide complementary information that does not conflict, so we combine them additively.

Second, when vectors are not orthogonal, prioritizing the chosen direction prevents oscil-

latory behavior from conflicting guidance. The stochastic choice mechanism is crucial for

asymptotic optimality: by introducing randomness when the dominance relationship be-
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tween intervals is ambiguous, we ensure the algorithm maintains non-zero probability of

exploring all potentially optimal directions.

4.5.2 FPL-Based Principled Composition

To provide more principled composition that explicitly balances competing subformulae
based on their fulfillment levels, we introduce an approach leveraging Fulfillment Priority

Logic (FPL) (Mabsout et al., 2025).

Fulfillment Values and Power Means

FPL provides a family of aggregation operators based on power means that unify minimum
and maximum operations. We derive fulfillment values f € [0, 1] from AGM robustness

intervals by mapping from [—1, 1] to [0, 1]:

fi= (4.12)

where [n i,ﬁi] is the AGM robustness interval for subformula ¢;.
The power mean operator t,, : [0, 1]* — [0, 1] provides a continuous family of aggrega-

tion operations:

| I/p
1 (f) = (; Zf,f’) (4.13)
i=1

The parameter p controls composition behavior: p — —oo approaches minimum (con-
servative aggregation suitable for conjunction), p = 1 gives arithmetic mean, and p — o
approaches maximum (optimistic aggregation suitable for disjunction). This provides a
principled way to interpolate between worst-case and best-case aggregation while main-

taining smooth transitions.
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FPL-Based Direction Composition

Definition 4.5.2 (FPL-Based Composition). For subformulae @y, ..., @, with DIAS vectors
X; and AGM robustness intervals [n];, we define:

i1 Xi ;L x;vVi#j

composerpr ({ (X [Mi)}it1,0) = _ (4.14)
T wi-X; otherwise
where the weights w; are computed using derivatives of the power mean:
p . OHp(f)
P ) (4.15)
L m fP . 3[.L1,(f) ! )
=15 af;

with p = —1 for conjunction (o = N\) and p = 1 for disjunction (o = V).

The randomization term ¢; preserves asymptotic optimality while producing more prin-

cipled compositions than purely stochastic selection:

o= r- (l—maxlfi—fﬂ) (4.16)
J#i

where 8 is a small scaling factor (typically 0.1), r; € [—1,1] is uniformly sampled, and
the term (1 —max;;|f; — f;|) ensures randomness diminishes as fulfillment differences
increase.

The gradient-based weights in (4.15) naturally prioritize less-fulfilled objectives, pro-
viding principled balancing. When evaluating competing subformulae during tree expan-
sion, such as whether to prioritize reaching region A or region B, FPL computes fulfillment
values f; from the current AGM robustness intervals. These fulfillment values indicate how
well each subformula is currently satisfied. FPL then uses power mean derivatives to com-
pute weights that guide exploration toward states balancing all specification requirements

rather than optimizing only the most critical constraint.
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Minimum Fulfillment Guarantees

A key theoretical advantage of FPL is the power mean’s minimum fulfillment bound:

Theorem 4.5.1 (Minimum Fulfillment Bound (Mabsout et al., 2025)). For any p € R and
fe[0,1]"

min(f) > {/n((up(5)7 —1)+1 4.17)

This bound guarantees that when a power mean outputs value y, every input component
must have at least fulfillment {/n(y? — 1)+ 1. For conjunction operations with negative p
values, this provides stronger guarantees on minimum fulfillment, ensuring all subformulae

are adequately satisfied rather than focusing predominantly on the most critical one.

4.6 Steering Functions

The steering function plays a critical role in extending the tree toward promising re-
gions. We define the basic steering function steer : 2 X % X Z~y — £, where gg <
steer(gy,,u,Ar) applies control input u to system (4.1) starting from initial state g, for
duration At, resulting in final state g;.

For exact steering between states, we define steer_exact : 2 x 2 — Uz (% i
2" U {0}, where ¢ + steer_exact(qsuarq fina) returns the control-trajectory pair ¢ =

(w,&) if q fina is reachable from g4/, and O otherwise.

4.6.1 DIAS-Guided Steering

The guided steering using DIAS leverages the direction of increasing satisfaction to com-
pute optimal control inputs. For a nearby vertex v € .4 in the tree with time difference
At, :=t,—V .t, we compute the optimal control input u* by solving:

u’ < arg mi;l Jy(u,steer(v.q,u,At.),v.q,v.Q,q,,Atr, 1) (4.18)
uev”
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where the cost function balances two objectives:
Ty (W,q5,V.q.V 9,07, At5 ) = Algs — (Vg +dy - M) |3+ (1= D)[lgs — a3 (4.19)

Here, dy := x5 (V'.£,V. @,V .1) represents the DIAS vector at vertex v/, and A € [0,1] is
a weighting factor balancing movement along the DIAS direction versus toward the random

sample g,

4.6.2 Optimization Considerations

Solving the optimal control problem (4.18) exactly is generally intractable for nonlinear
systems, as it requires optimizing over the control space %/ subject to nonlinear dynamics
f(+,+). The problem is non-convex due to the coupling between control inputs and resulting
states through the steering function, and the cost landscape may contain local minima,
particularly when the DIAS vector d,, points away from the sampled configuration g;.

In practice, we employ gradient-based local optimization initialized from random sam-
ples in %/. For systems with differential constraints (such as the unicycle robot in Sec-
tion 4.9.1), we use trajectory optimization with finite-horizon discretization. For kinematic
systems (such as the KUKA manipulator in Section 4.9.2), the problem reduces to selecting
among feasible inverse kinematics solutions based on the cost function. The computational
cost per optimization is O(Njer - Tr), where Njer = 10 — 50 iterations and 77 is the forward
dynamics evaluation time.

This local optimization approach trades global optimality for computational efficiency,
which is acceptable in the RRT" framework since multiple steering attempts occur during
tree construction, and suboptimal individual connections can be improved through subse-

quent rewiring operations.
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4.7 RRT" Algorithm
4.7.1 Tree Structure and Vertex Attributes

The RRT" algorithm constructs a tree .7 = (¥, &) where ¥ represents the set of vertices
(nodes) and & = 7" x ¥ denotes the set of edges. Each vertex v € ¥ contains the following

attributes:

* v.q € 2: system configuration

v. € Ogrp: active STL specification
* vt € Z>(: time when state is reached

e v.traj= (u,&): control-trajectory pair from root to this vertex, where w = uguy - - - tt,,; |

and & = qoq1 -~ qvs
* v.parent € ¥ U{0}: parent vertex
e y.children C ¥: set of children vertices

* v.[n] =[n,M]: AGM robustness interval from Section 3.4

4.7.2 Main Algorithm

Algorithm 3 presents the main RRT" procedure. The algorithm initializes the tree with the
initial state (Lines 2-3), then iteratively expands the tree toward satisfying the specification
with maximum AGM robustness.

At each iteration, the algorithm samples a time-state pair (f.,q,) biased toward re-
gions relevant to the STL specification (Line 5), using the sampling procedure from STL-
RRT* (Vasile et al., 2017b) that identifies active predicates and generates configurations
within those regions. The algorithm then determines nearby vertices ./#” respecting causal-
ity constraints (Line 6) and generates a random convex coefficient A for balancing DIAS

guidance versus random exploration (Line 7).
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For each nearby vertex v/ € .4 (Lines 9-16), the algorithm computes the DIAS vector
(Line 11) and solves the optimal control problem (4.18) to find the control input that best
balances movement along the DIAS direction and toward the sampled configuration (Line
12). The resulting state g, is evaluated (Line 14), and if it improves the current best solution
while being reachable, it becomes the new best candidate (Lines 15-16).

After identifying the best parent vertex, the algorithm creates a new vertex (Line 18)
and invokes the update procedure (Line 19) which adds the vertex to the tree and computes
its AGM robustness interval using the incremental monitoring algorithms from Section 3.4.

The rewiring phase (Lines 20-23) considers whether nearby vertices would benefit from
connecting through the newly added vertex v, rather than their current parents. This is
where our approach differs fundamentally from traditional RRT*: while RRT* rewires to

minimize path cost, RRT" rewires to maximize AGM robustness.

4.7.3 Update Procedure with AGM Robustness

Algorithm 4 extends the update procedure from STL-RRT* to work with AGM robustness
intervals. The key innovation is the use of the incremental monitoring algorithm IRTM
(Algorithm 1) to efficiently compute AGM robustness intervals as new trajectory segments
are added.

The procedure begins by retrieving the parent vertex’s AGM robustness interval and
time (Lines 1-2), then obtains the trajectory segment connecting parent to child (Line 3).
For each state in the segment, the incremental monitor IRTM updates the AGM robustness
interval (Lines 4-7), using the modification functions from Definition 3.4.3 to avoid full
recomputation.

For new vertices (Lines 9-13), the algorithm only adds the vertex if the upper bound 7,
is non-negative, indicating that some completion of the partial trajectory could satisfy the
specification. For rewiring (Lines 14-22), the algorithm selects connections that improve

the lower bound 717, while maintaining formula consistency. The lower bound optimization
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strategy provides conservative guarantees: since 1) represents the worst-case robustness
over all possible trajectory completions (Lemma 3.4.2), maximizing 7 ensures that even
the least favorable completion maintains high robustness.

When rewiring changes a vertex’s parent, all descendants must have their AGM robust-
ness intervals recomputed (Lines 19-22), as their trajectories from the root have changed.
This recursive update maintains the correctness of the AGM robustness intervals through-

out the tree.

4.8 Theoretical Analysis

We now establish that RRT" maintains the fundamental theoretical properties of RRT*

despite the more complex AGM robustness measure.

4.8.1 Probabilistic Completeness

Theorem 4.8.1 (Probabilistic Completeness of RRT"). Consider RRT" (Algorithm 3) ap-
plied to a dynamical system with Lipschitz continuous dynamics (4.1), an STL specification

O, and initial state qinj;. Let G denote the set of feasible control-trajectory pairs (Defini-
tion 4.3.2). If 9 # 0, then:

lim P(RRT" finds ¢ € 9) =1 (4.20)

n—yoo

where n is the number of iterations.

Proof. The proof relies on two key properties:

Stochastic Exploration. The sampling procedure (Line 5 of Algorithm 3) combined
with the randomized composition mechanisms (Definitions 4.5.1 and 4.5.2) ensures non-
zero probability of exploring all regions of the state space. For FPL-based composition,
the randomization term ¢ in (4.16) maintains exploration. For stochastic composition, the
Bernoulli choice in (4.9) ensures no region is permanently excluded. Combined with the
random weighting A in (4.19), this provides sufficient exploration to eventually sample
near any feasible state.

Sound Robustness Bounds. By Lemma 3.4.2, the AGM robustness intervals computed
by IRTM (Algorithm 1) are sound: for any completion s € &(s;, /), we have n(s, @) €
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[N]s,,9- This ensures that Algorithm 4 correctly identifies when a partial trajectory can
potentially reach positive AGM robustness (Line 10), preventing premature pruning of fea-
sible paths.

Given sufficient iterations, the stochastic exploration guarantees that feasible regions
are eventually sampled, and sound robustness bounds ensure these samples are correctly
identified and added to the tree. By standard probabilistic arguments for sampling-based
planning (Karaman and Frazzoli, 2011), the probability of finding a feasible solution con-

verges to 1 as n — oo. 0

4.8.2 Asymptotic Optimality

Theorem 4.8.2 (Asymptotic Optimality of RRT"). Under the conditions of Theorem 4.8.1,
let * = argmaxgycy 1 (s, Q) denote the optimal solution to Problem 4.3.1, where s is the
signal corresponding to trajectory & in @*. Let ¢, = (uy,&,) denote the control-trajectory
pair returned by RRT" after n iterations, with corresponding signal s,. Then for any € > 0:

lim P(n(sp, @) > n(s*, ) —€) =1 (4.21)

n—yoo

Proof Sketch. The proof builds on probabilistic completeness (Theorem 4.8.1) and estab-
lishes convergence to optimality through three key observations:

Monotonic Refinement. By Theorem 3.4.1, as partial trajectories extend, AGM robust-
ness intervals satisfy [n]s,.p C [N]s,p for ¢/ > . This monotonicity ensures that longer
trajectories provide increasingly precise robustness estimates, allowing the algorithm to
systematically identify and pursue high-robustness paths through the rewiring mechanism
(Lines 20-23 of Algorithm 3).

Convergence to Exact Values. By Corollary 3.4.1, when a trajectory reaches ¢’ > || @],
the interval converges to exact AGM robustness: [1]s,.o = {7 (s, ®)}. This enables accurate
comparison and selection of optimal solutions.

Rewiring with AGM Cost. The rewiring procedure in Algorithm 4 uses AGM robust-
ness as the cost metric, selecting parent connections that maximize 1 (the lower bound of
the robustness interval) while maintaining formula consistency (Line 14). Combined with
continuous exploration from stochastic mechanisms, this ensures that as n — oo, the tree
progressively improves toward the optimal AGM robustness value.

The formal proof parallels the RRT* optimality proof (Karaman and Frazzoli,
2011), substituting path length cost with AGM robustness maximization and leveraging
Lemma 3.4.2, Theorem 3.4.1, and Corollary 3.4.1.
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4.9 C(Case Studies

We validate RRT" on two robotic systems with increasing complexity: a unicycle mobile
robot with nonholonomic constraints, and a 7-DOF manipulator. Each case study demon-
strates specific advantages of AGM robustness and FPL-based composition over traditional

approaches.

4.9.1 Unicycle Mobile Robot

Consider a unicycle-drive robot operating in a planar environment with sequential visi-
tation requirements and continuous avoidance constraints. The robot has configuration
g = [x,y,0]" € R? x [~x, 7], where (x,y) € R? is position and 6 € [, 7] is heading an-

gle. The dynamics evolve according to:

X1 = X + v cos( Oy ) At (4.22)
Vi1 = Yk + vgsin(6; ) At (4.23)
i1 = O+ AT (4.24)
Vipl = ULk, Oy = U (4.25)

where v € [—0.3,0.3] m/s is translational velocity, @ € [—1, 1] rad/s is angular velocity,
u; = (uy g, uz ) are the control inputs, and Az = 0.1 s. The augmented state space is X =

(x,y,0,v,0)" € R°.
Environment and Specification
The planar workspace # = [0,4] x [0,4] m? contains three rectangular regions:

* Region 1 (initial target): x € [2.0,3.0], y € [1.0,2.0] m
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* Region 2 (final target): x € [0.5,1.5],y € [2.5,3.0] m
* Obstacle region (forbidden): x € [0.5,1.5],y € [1.0,2.0] m

The obstacle is positioned directly between the two target regions, requiring the robot
to navigate around it. The task requires sequential region visitation with temporal ordering

and continuous obstacle avoidance:

Qunicycle = F[O,lS] (“Regionl) A F[15,40} (“Regiorﬂ) A G[0720] (.uavoid) (4.26)

The predicates are:

MRegionl ‘= (20 <x< 30) A (10 <y< 20) (4.27)
URegion2 = (0.5 <x < 1.5) A (2.5 <y <3.0) (4.28)
Uavoid == (x < 0.5)V (x> 1.5)V (y < 1.0) V (y > 2.0) (4.29)

Results and Analysis

Figure 4-2 shows performance comparison between traditional STL-RRT* using standard
robustness and RRT" with both composition approaches. Traditional robustness demon-
strates catastrophic failure: even after normalization from [—4,4] — [—1, 1] to account for
different robustness scales, the lower bound remains persistently negative (1 ~ —0.35), in-
dicating the planner cannot discover any trajectory satisfying the specification. The upper
bound reaches only 1 ~ 0.05, and the gap plateaus at approximately 0.4, confirming the
planner is trapped exploring infeasible state space.

The fundamental limitation of traditional robustness in this scenario stems from its
min-max semantics. When evaluating paths through the temporal sequence, traditional
robustness takes the minimum over all time steps, causing any momentary low-robustness
configuration (such as when navigating near the obstacle boundary) to dominate the entire

trajectory evaluation. This pessimistic semantics prevents the planner from recognizing
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that brief proximity to constraint boundaries can be acceptable if compensated by high
robustness elsewhere.

In stark contrast, both AGM-based methods successfully find high-quality solutions.
The stochastic composition (choose-blend, red curves) achieves 1 ~ 0.93 and 1 = 0.90
with gap approximately 0.1, while FPL-based composition (green curves) reaches 1 ~
0.95 and ) =~ 0.98 with gap less than 0.05. The additive structure of AGM robustness
enables both methods to balance constraint satisfaction across the trajectory: states with
moderate robustness near the obstacle can be accepted if they enable high-robustness states
in the target regions, and this trade-off is quantified explicitly through AGM’s aggregation
mechanism.

Among AGM methods, FPL demonstrates superior efficiency through gradient-based
objective balancing. When evaluating competing subformulae during tree expansion, such
as whether to prioritize reaching Region 1 or maintaining obstacle clearance during time
t € [2,7], FPL computes fulfillment values f; from current AGM robustness intervals (equa-
tion (4.12)). These fulfillment values indicate how well each subformula is currently sat-
isfied. FPL then uses power mean derivatives (equation (4.15)) to compute weights that
naturally prioritize less-fulfilled objectives, guiding exploration toward states that balance
all specification requirements rather than optimizing only the most critical constraint.

The gap metric (panel c) quantifies this difference: FPL reaches gap less than 0.05
within 400 iterations (approximately 17 seconds), while choose-blend achieves gap ap-
proximately 0.1 at 800 iterations (approximately 35 seconds), demonstrating FPL’s 2 x
computational advantage among AGM methods. The tree visualization (panel d) shows
the final solution path with temporal progression indicated by color (blue to yellow to red),
successfully visiting Region 1, navigating around the obstacle via an upper arc, and termi-

nating in Region 2.
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4.9.2 7-DOF KUKA iiwa Manipulator

We evaluate RRT" on a 7-DOF KUKA iiwa manipulator operating in a constrained
workspace with multiple target regions and an obstacle. This scenario presents a cascading
choice problem where the planner must make sequential decisions about which regions to

visit while satisfying temporal constraints and continuous safety requirements.

System Model and Workspace

The robot has joint configuration ¢ = (¢1,...,q7) € 2 C R” with joint limits g; € [¢"™", g"*].
The end-effector pose lies in SE(3), parametrized locally by position p = (x,y,z) € R® and

orientation represented by Euler angles O = (yy, ¥, y,) € [—7,7]>. The forward kine-

matics mapping is:

F:2 W CSE(3), ZF(q)=(p,0) (4.30)

To facilitate STL specification in task-relevant workspace coordinates while maintain-

ing computational efficiency, we employ an augmented state representation:

X=(q1,-.,q7, 50,2, Vr, Yp, ¥y)T €RP (4.31)

The workspace # C R? contains four target regions defined as 3D bounding boxes and

one spherical obstacle:

* Region A (yellow): x € [0.40,0.55], y € [0.15,0.30], z € [0.50,0.65] m

Region B (cyan): x € [—0.10,0.10], y € [0.25,0.40], z € [0.55,0.70] m

Region D (blue): x € [0.45,0.60], y € [-0.10,0.10], z € [0.65,0.80] m

Region E (magenta): x € [—0.15,0.15], y € [0.35,0.50], z € [0.75,0.90] m

Obstacle (sphere): center at (0.20,0.30,0.60) m, radius r,p; = 0.12 m
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Task Specification and Cascading Choices

Each target region is formalized as a workspace predicate. For example, Region A:

1s := (x € [0.40,0.55)) A (v € [0.15,0.30]) A (z € [0.50,0.65]) (4.32)

The obstacle avoidance constraint ensures safe clearance with safety margin dy,r. =

0.03 m:

Hobs— free := \/ (x—0.20)% + (y—0.30)2 + (2 — 0.60)% > Fops + dsare (4.33)

The task requires sequential region visitation with temporal constraints:

Pxuka :=Fp7(taV up) ANFig 15(1p V UE) A Go15) (Hobs— free) N Glo,15] (Kjoint —timits)
(4.34)

min ,max

where Wjoin—1imits := /\,7:1 (gi € [¢"",q"*]) enforces joint limits.

This specification creates a complex decision-making scenario with four possible solu-
tion paths: A-then-D, A-then-E, B-then-D, or B-then-E. However, not all paths are feasible
due to kinematic constraints and obstacle placement. The planner must choose between
visiting Region A (0.15 m wide box on the right) or Region B (0.20 m wide box in the cen-
ter) during the first time window 7 € [2,7] s, and this choice constrains subsequent options

for visiting Region D (0.15 m wide box on the right) or Region E (0.30 m wide box in the

center) during ¢ € [8,15] s.

Augmented State Representation and IK-Based Sampling

The augmented state representation (4.31) provides crucial computational advantages for
this high-dimensional problem. Rather than sampling blindly in the 7D joint space 2, we

employ task-space sampling with inverse kinematics (IK):

1. Sample candidate workspace poses w = (p, O) directly within target region bounds
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(for example, uniformly in [0.40,0.55] x [0.15,0.30] x [0.50,0.65] for Region A)
2. Solve IK to compute joint configurations: g = .% ~!(w)

3. Construct augmented state x = [¢, W] caching workspace coordinates

This approach offers two significant benefits. First, sampling is biased toward task-
relevant workspace regions rather than the larger joint space, dramatically improving the
probability of generating states that satisfy the specification. Second, forward kinematics
computations during robustness evaluation are eliminated since workspace coordinates are
pre-computed and cached in x. For each state x, predicate evaluation 1 (s, .uregion) reduces
to comparing cached (x,y,z) values against region bounds, requiring simple arithmetic op-
erations rather than expensive trigonometric computations.

For the KUKA iiwa with n = 7 joints, forward kinematics computation via Denavit-
Hartenberg transformations takes approximately 50 microseconds while cached lookups re-
quire less than 1 microsecond, yielding a 50x speedup in predicate evaluation. Combined
with FPL’s faster convergence (requiring approximately 60% fewer iterations to achieve
gap less than 0.1 compared to traditional methods), the overall computational improvement
is substantial: planning times are reduced from approximately 180 seconds to approxi-
mately 70 seconds for convergence to high-quality solutions.

For tight workspace constraints, the efficiency gain is even more dramatic. Consider a
workspace constraint defining a spherical region of radius » = 0.1 m within workspace vol-
ume Vi ~ 4 m>. The constraint volume is Vg = %‘nr3 ~ 0.0042 m?, yielding acceptance
probability paec = Veonst/Vyr = 0.001. Rejection sampling in configuration space requires
an expected 1/p,.. ~ 1000 attempts per successful sample, each costing O(n) for forward
kinematics computation, giving total expected cost of O(1000n) per successful sample.
IK-based sampling achieves IK success rate approximately p;x ~ 0.9 for well-designed

workspace constraints, requiring expected 1/pjx ~ 1.1 attempts per successful sample.



69

With caching at rate p = 0.9, the cost per attempt is O(0.1n%), yielding total expected cost
of O(O.lln3 ) per successful sample. The speedup factor is approximately 185x for n =7

joints.
Results and Analysis

Figure 4-3 shows performance comparison across different STL-RRT* variants. Traditional
robustness (blue curves) demonstrates the undirected exploration characteristic of min-max
semantics: after normalization to account for different robustness scales ([—6.3,6.3] —
[—1.0,1.0]), the lower bound plateaus at 1 ~ —0.35 and upper bound at 7 ~ 0.08, with
gap approximately 1.2 indicating continued exploration of low-quality solutions.

Traditional STL-RRT* must explore all four region pairs with roughly equal priority,
as min-max semantics provide limited guidance about which choices lead to higher over-
all robustness. In contrast, both AGM-based methods leverage the additive structure of
AGM robustness to systematically resolve the choice dilemma. Rather than treating each
disjunction as an isolated decision, AGM robustness accumulates contributions from both
branches, allowing the planner to recognize that certain region pairs maintain consistently
higher robustness throughout the trajectory.

Both AGM methods demonstrate structured convergence: choose-blend (red curves)
achieves 1 ~ 0.60 and 1 ~ 0.80 with gap approximately 0.8, while FPL (green curves)
reaches 1 = 0.95 and 1 = 0.98 with gap less than 0.1, both substantially outperforming the
traditional baseline.

While both AGM methods vastly outperform traditional robustness, FPL demonstrates
superior efficiency through gradient-based objective balancing. When evaluating compet-
ing subformulae during tree expansion—such as whether to prioritize reaching Region A
or Region B during ¢ € [2,7]—FPL computes fulfillment values f; from the current AGM
robustness intervals (Equation 4.12). These fulfillment values indicate how well each sub-

formula is currently satisfied. FPL then uses power mean derivatives (Equation 4.15) to
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compute weights w; that naturally prioritize less-fulfilled objectives, guiding exploration
toward states that balance all specification requirements rather than optimizing only the
most critical constraint.

The gap metric (panel ¢) quantifies this difference: FPL reaches gap less than 0.1 within
1000 iterations (approximately 70 seconds), whereas choose-blend requires approximately
2500 iterations (approximately 100 seconds) to achieve gap approximately 0.2, demon-
strating FPL’s 1.5x computational advantage among AGM methods.

Figures 4-3(d-f) visualize the final reference trajectory from multiple viewpoints using
a ghost trail representation with 10 time-sampled configurations where opacity indicates
temporal progression (transparent to opaque). The robot successfully visits Region A (yel-
low) during the first temporal window and terminates at Region E (magenta) in the second
window, maintaining safe clearance from the obstacle sphere throughout execution. The
smooth progression of overlaid poses demonstrates feasible motion respecting joint ve-
locity constraints, with the final fully-opaque pose confirming specification satisfaction at

t=15s.

4.10 Summary

This chapter presented RRT", our sampling-based motion planning framework that synthe-
sizes robot control sequences satisfying STL specifications with maximum AGM robust-
ness. Building on the quantitative semantics and runtime monitoring from Chapter 3, we
developed Direction of Increasing AGM Satisfaction vectors that leverage smooth gradients
from holistic robustness evaluation. We introduced principled multi-objective composition
using Fulfillment Priority Logic, providing gradient-based balancing of competing specifi-
cation requirements with theoretical minimum fulfillment guarantees.

We proved that RRT" maintains probabilistic completeness and asymptotic optimality

despite the more complex AGM robustness measure. Experimental validation on unicycle
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and manipulator systems demonstrated substantial advantages over traditional approaches:
AGM-based methods discovered high-quality solutions where traditional robustness failed
entirely, and FPL-based composition achieved 1.5-2x computational speedup through for-
ward prediction and principled objective balancing.

The integration of AGM robustness with sampling-based planning addresses funda-
mental limitations of min-max semantics, enabling more effective synthesis for complex
temporal specifications in high-dimensional spaces. The next chapter extends these tech-
niques to reinforcement learning settings with delayed rewards. In our future work, we
consider incremental planning for TWTL tasks for which we require runtime monitors to

use as a heuristic to maximize the satisfaction of the task.
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Algorithm 3: RRT" Algorithm

1 Input: g,,; — Initial configuration
2 Input: ¢ — STL formula in positive normal form
Output: u - a satisfying control policy w.r.t. ¢ with maximum AGM
robustness
T =(V:=0,E=0)
V < (VGinis < Qinits V-9 < ¢, vt + 1, v.control_StateTraj.§ «
0, v.parent < 0,v.ch < 0)
fork=1:N"*do

3

L7 N

D-TE-LREEN B

10
11
12
13

14

15
16
17
18

19

20

21
22
23

24
25
26

27
28

L

t",q" < sample(2,7,0)

N < near(7,q",1")

A < Unif([0,1])

v.parent < 0,J* <— oo, g* < 0
foreach v/ € ./ do

A" =t"—Vi1
// Compute DIAS vector using AGM robustness intervals
dy < xn(V'.control_stateTraj.§,v.¢,v1)
// Compute optimal control using DIAS and random sample
u* < arg mi;]x(u, steer(v.q,u,At"),v.q,v.¢,q4",At" 1)
ucu
g’ + steer(V.q,u*,At")
JS — Jg(u*,qs,v'.q,v’.(p,qr,dn,?l,)
if J* <J* A steer_exct(V'.q,q°) then
| J* <« J,vparent «V,¢" ¢’

Vemp-9 <= 4" Viemp-¢® < 0, Viemp-f < 0, Viemp.control_StateTraj <
0,

// Update with AGM robustness interval calculation
update,, (v.parent, Viemp)

for v’ € Near(7 ,q*,t") do

if steer_exct(q*,q") then
L // Rewiring based on AGM robustness intervals update,, (Veemps V")

if extstsSolutiondGH() then

Vbest = bestAGM(Y)
return vyeg.control_StateTraj

else

return 0
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Algorithm 4: update, (vi,12)

1
2
3
4
5
6
7
8
9

1

>

11
12
13
14
15

16
17

18
19
20
21
22
23
24
25
26
27
28

29

// Initialize AGM robustness interval with parent’s interval

[N ]curr = v1.[N]

teurr < V1.1

/l Get trajectory points from steering function

(u12812) < steer_exct(vy.q,v2.q)

// Incrementally compute AGM robustness interval for each observation
fori=1tondo

[rl]curr < IRTM(VI -d): [rl]curra é],Z(i);tcurr)
Teurr < tourr + 1

[ﬂlzaﬁ/z] < [N]ecur
if 9o = 0 then
if 75 > 0 then
v2.[n] « [15, 7]
V2.0 < simplify(vy.0)
YV VU{n}, & EU{(vi,m)}

else if 75 > 0 AN}, > min(v2.[1]) A ¢1 = ¢, then
va-[n] < [n, )]
&+ (&\{(vo.parent,v2)}) U{(vi,v2)}
Viupa = ch(v2) /l children of v,
while V,,; # 0 do
v 4 Vypa-pop(), V' < v.parent
/l Recompute intervals for affected branches recursively
[M]eurr <= v'.[n]
fourr < V't
(Uy v, &y ) < steer_exct(v'.q,v.q)
fori=11 |, ,| do

[M]eurr <= IRTM(V. 0, [N]curr; &vr v (), Zeurr)
L feurr < feurr + At

v n] < [N]eurr
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Figure 4-2: Performance comparison on unicycle sequential reach-avoid task. (a) Lower
bounds: Traditional robustness (blue, normalized) fails with 1 ~ —0.35; choose-blend
(red) achieves 1 &~ 0.93; FPL (green) reaches 1 =~ 0.95. (b) Upper bounds show similar
trends. (c) Gap metric: FPL converges to gap < 0.05 at 400 iterations, choose-blend at
800 iterations, demonstrating 2x speedup. (d) Tree construction showing successful path
(color indicates temporal progression) visiting Region 1, navigating around obstacle via
upper arc, and terminating in Region 2.
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Figure 4-3: Performance comparison on KUKA cascading choice problem. (a) Lower
bound evolution: FPL (green) shows rapid, structured convergence; traditional (blue) and
choose-blend (red) show slower exploration. (b) Upper bound evolution shows similar
trends. (c) Gap metric: FPL reaches near-zero gap (< 0.1) within 1000 iterations; tradi-
tional and choose-blend plateau at 1.2 and 0.8 respectively. (d-f) Ghost trail visualization
from multiple viewpoints showing reference trajectory with 10 time-sampled configura-
tions (opacity indicates temporal progression). The robot successfully executes the A-
then-E path with red spheres marking joint positions throughout motion.



Chapter 5

Accelerated Proximal Policy Optimization with
TWTL Reward Shaping

5.1 Introduction

The preceding chapters developed quantitative semantics for temporal logics and demon-
strated their application to motion planning. Chapter 3 introduced TWTL robustness mea-
sures, both traditional min-max semantics and AGM robustness, with efficient incremental
monitoring algorithms. Chapter 4 integrated these concepts into sampling-based motion
planning, showing that AGM robustness creates smoother optimization landscapes that im-
prove exploration and solution quality. These developments enable a new application: us-
ing TWTL quantitative semantics to address the delayed reward problem in reinforcement
learning.

Reinforcement learning in environments with delayed rewards presents a fundamental
challenge: actions that lead to successful outcomes may not receive immediate positive
feedback, making it difficult for learning algorithms to identify and reinforce beneficial be-
haviors. This challenge is particularly acute in complex sequential decision-making tasks.
For example, in robotic manipulation, the value of intermediate positioning actions may
only become apparent after multiple time steps when the final grasp attempt succeeds or
fails. Similarly, in the lunar lander domain, maintaining proper hover altitude early in
the descent only contributes to mission success through its impact on later alignment and

landing phases.
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Policy Gradient methods, particularly Proximal Policy Optimization (PPO) (Schulman
et al., 2017), have demonstrated remarkable success in reinforcement learning tasks. How-
ever, in settings with delayed rewards, even PPO’s carefully constructed optimization land-
scape becomes difficult to navigate, as the temporal gap between actions and their conse-
quences creates a sparse and uninformative gradient signal.

This chapter presents Accelerated Proximal Policy Optimization (APPO), which ad-
dresses the delayed reward challenge through two key innovations that leverage TWTL
semantics from Chapter 3. First, we develop a hybrid policy architecture that combines an
offline policy (trained on expert demonstrations) with an online PPO policy, maintaining
the offline policy as an active guide throughout training rather than using it merely for ini-
tialization. Second, we develop a reward shaping mechanism using TWTL robustness that
provides immediate, semantically meaningful feedback about progress toward satisfying
temporal specifications. The TWTL robustness serves as a potential function, enabling us
to prove optimal policy preservation while providing dense reward signals that bridge the
temporal gap between actions and outcomes. We prove monotonic improvement over both
the offline policy and previous iterations with a bounded performance gap, and demonstrate

significant performance improvements on robotic control tasks with delayed rewards.

5.2 Background and Related Work
5.2.1 Policy Gradient Methods

Policy Gradient (PG) methods optimize a parameterized policy by following gradients of
expected cumulative reward. Trust Region Policy Optimization (TRPO) (Schulman et al.,
2015) introduced theoretical guarantees of monotonic policy improvement by constraining
policy updates to remain within a trust region defined by KL divergence. The algorithm
optimizes a surrogate objective while ensuring that the new policy does not deviate too far

from the current policy, providing stable learning dynamics.
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Proximal Policy Optimization (PPO) (Schulman et al., 2017) simplifies TRPO’s imple-
mentation while maintaining similar theoretical properties. PPO uses a clipped surrogate
objective that limits the magnitude of policy updates, achieving stable learning without ex-
pensive second-order optimization. The clipped objective penalizes large policy changes
that would move far from the current policy, providing an implicit trust region constraint.
This design has made PPO one of the most widely used policy gradient algorithms across
diverse domains.

However, both TRPO and PPO face challenges in environments with delayed rewards.
The temporal gap between actions and their consequences creates sparse gradient signals
that provide little guidance for policy improvement. Early actions in a trajectory may have
a significant impact on eventual success or failure, but receive no immediate feedback to
guide learning. This credit assignment problem becomes particularly acute when reward
horizons span tens or hundreds of time steps, as in many robotic manipulation and naviga-

tion tasks.

5.2.2 Temporal Logics in Reinforcement Learning

Temporal logics have been increasingly used in reinforcement learning to specify complex
tasks beyond simple reward functions. Most work investigating temporal logics (TL) in
RL focuses primarily on task specification (Asarkaya et al., 2021; Cai et al., 2023; Icarte
et al., 2022; Xu et al., 2020; Neider et al., 2021; Alshiekh et al., 2018; Balakrishnan and
Deshmukh, 2019; Li et al., 2017; Aksaray et al., 2016). TLs formalize high-level tasks into
propositional and temporal constraints (Baier and Katoen, 2008), with some logics like
Time Window Temporal Logic (TWTL) (Vasile et al., 2017a) naturally handling delayed
rewards through explicit temporal constraints.

In (Asarkaya et al., 2021), a Q-learning algorithm learns optimal policies for TWTL-
modeled tasks while maximizing external rewards. However, this approach is limited to

discrete state-action spaces and does not directly address the credit assignment problem
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inherent in delayed reward settings. The work focuses on specification satisfaction rather
than using temporal logic semantics to provide intermediate feedback signals.

Recent works like (Cai et al., 2023) and (Icarte et al., 2022) have shown promising re-
sults in combining TL with deep RL. Reward machines (Icarte et al., 2022) use automata
representations of temporal logic specifications to structure the learning problem, decom-
posing complex tasks into simpler subtasks. However, these approaches primarily focus on
task decomposition rather than providing dense reward signals through quantitative seman-
tics.

Our approach differs fundamentally by actively using TWTL quantitative semantics for
reward shaping. By leveraging the TWTL robustness measures developed in Chapter 3,
we provide immediate feedback about progress toward satisfying temporal specifications.
This creates a dense reward signal that guides learning even when the sparse task reward is

delayed, effectively bridging the temporal gap between actions and outcomes.

5.2.3 Offline Reinforcement Learning

Offline RL algorithms learn from fixed datasets of expert demonstrations without online
environment interaction during initial training phases. The authors of (Ball et al., 2023;
Ravari et al., 2024) developed algorithms demonstrating benefits of learning from demon-
strations, but typically treat offline data as a fixed dataset for initialization rather than an
active policy component throughout training.

Methods like AWAC (Nair et al., 2020), BCQ (Kumar et al., 2020), and CQL (Kumar
et al., 2020) use offline data to initialize policies or constrain policy updates to remain
close to the data distribution. These approaches help with sample efficiency and provide
reasonable starting policies, but do not maintain the offline policy as an active component
that continuously guides online learning.

In (Hu et al., 2023), the policy chooses between an imitation learning (IL) policy trained

offline and an online RL policy based on which action has a higher Q-value. This represents
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a form of policy combination, but the selection mechanism is deterministic and based on
value estimates that may be inaccurate early in training.

Our work differs in that we treat the mixing mechanism as a learnable parameter in
the context of deep RL. Rather than switching between policies based on value estimates,
we learn a continuous mixing parameter  that gradually shifts from relying on the offline
policy to trusting the online policy as learning progresses. We prove that maintaining the
offline policy as an active component guarantees monotonic improvement over both the
offline policy and previous policy iterations. This is crucial in delayed-reward settings
where the online policy may initially perform poorly due to insufficient exploration, and
the offline policy provides a safety net that guides learning toward promising regions of the

state space.

5.2.4 Reward Shaping with TWTL Semantics

Reward shaping has been widely studied as a method to accelerate RL by providing addi-
tional feedback signals beyond the sparse task reward (Ng et al., 1999). The potential-based
reward shaping framework (Ng et al., 1999) provides a critical theoretical guarantee: if the
shaping function can be expressed as a difference of a potential function at different states,
the optimal policy of the original problem is preserved. This ensures that the additional
reward signals guide learning without fundamentally changing what constitutes optimal
behavior.

Previous work has explored reward shaping from temporal logic specifications (Ak-
saray et al., 2016; Balakrishnan and Deshmukh, 2019), but typically in discrete settings or
without formal guarantees of optimal policy preservation. Most temporal logic approaches
focus on Boolean satisfaction rather than quantitative robustness, providing binary feed-
back (satisfied or violated) rather than continuous measures of progress.

Chapter 3 developed quantitative semantics for TWTL, introducing robustness mea-

sures that quantify the degree of satisfaction or violation of a specification. The traditional
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TWTL robustness p uses min-max operations to identify the most critical constraint, while
AGM robustness 11 aggregates satisfaction across all time points and subformulae using
arithmetic and geometric means. Both measures provide continuous values indicating how
strongly a trajectory satisfies a specification, with positive values indicating satisfaction
and negative values indicating violation.

These quantitative semantics enable a natural approach to reward shaping: we can use
TWTL robustness as a potential function to define shaped rewards. However, comput-

ing TWTL robustness requires access to future observations spanning the formula’s time

horizon ||¢

, which are not available at the current time step during online learning. This

necessitates trajectory prediction.

5.2.5 Trajectory Prediction for Reward Shaping

Computing TWTL robustness for reward shaping requires predicting future observations
to evaluate specifications with time horizons that extend beyond the current time step. Ex-
isting approaches for trajectory completion include trajectory prediction (Salzmann et al.,
2020) and the runtime monitoring techniques developed in Chapter 3 (Ahmad et al., 2023).

We employ a Long Short-Term Memory (LSTM)-based trajectory predictor, similar
in spirit to Trajectron++ (Salzmann et al., 2020) but adapted for single-agent scenarios.
The predictor takes a window of past states and generates predicted future observations
spanning the TWTL formula horizon. This enables evaluation of TWTL robustness at
each time step, providing immediate feedback about predicted satisfaction or violation of
temporal requirements.

The predictor is trained on expert demonstrations to minimize mean squared prediction
error, ensuring that predicted trajectories reflect feasible system behavior. During online
learning, the predictor is called at each time step to generate trajectory completions, which
are then evaluated against the TWTL specification to compute robustness values for reward

shaping.
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Importantly, the prediction errors do not affect the optimal policy preservation guaran-
tee. As long as the predictor is trained on expert demonstrations (which by definition satisfy
the specification), the predicted robustness values maintain the potential function structure
necessary for the shaping framework. Even with imperfect predictions, the shaped reward
function guides learning toward specification satisfaction while preserving the optimal pol-

icy of the original sparse reward problem.

5.2.6 Contributions of This Work

This chapter makes two main contributions that leverage TWTL quantitative semantics
from Chapter 3 to address delayed rewards in reinforcement learning:

(1) Hybrid Policy Architecture with Theoretical Guarantees. We develop a policy
architecture that combines an offline policy 7, (trained on expert demonstrations) with an
online PPO policy 7z through a learnable mixing parameter o: 7 (u|x) = (1 — o) 7y (ufx) +
ang(ulx). Unlike previous approaches that use offline data merely for initialization, we
maintain the offline policy as an active component throughout training. We prove mono-
tonic improvement over both the offline policy and previous iterations (Proposition 7 and
Theorem 8), with a bounded performance gap of (2¢ya?)/(1 — 7)?, where ¢ bounds the
expected advantage, ¥ is the discount factor, and « is the mixing parameter. This architec-
ture provides a safety net during exploration while gradually learning to improve upon the
offline policy.

(2) TWTL-Based Reward Shaping with Optimality Preservation. We develop
a reward shaping mechanism using TWTL robustness as a potential function. Given
the TWTL robustness predictor Pred(x;) — 0, +¢|» We define the shaping function:
F(xp up,x41,0) = k- (p(Pred(x;),¢) — p(Pred(x;41),9)), where 0 < Kk < 1 is a scal-
ing parameter. We prove that this potential-based shaping preserves the optimal policy
of the original problem (Lemma 4), ensuring that additional feedback does not fundamen-

tally change optimal behavior. The TWTL robustness provides semantically meaningful
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feedback about progress toward specification satisfaction at each time step, bridging the
temporal gap in sparse reward signals.

The chapter demonstrates that TWTL quantitative semantics developed for monitoring
(Chapter 3) and planning (Chapter 4) extend naturally to reinforcement learning, providing

a unified framework for formal methods across diverse robotic applications.

5.3 Problem Formulation

We consider a model-free reinforcement learning setting where an agent interacts with an
environment formalized as a Markov Decision Process.

Definition 5.3.1. A finite horizon MDP is a tuple (2", % ,P(+|-,-),r(-,"),l(.), O), where Z,
U and O are the state, control, and output spaces, respectively; P(-|-,-) is the state-action

pair transition probability; r: 2" X U + [0,1] is the reward function; andl: 2" +— O is a

labeling function that maps the state to an output observation.

5.3.1 Value Functions and Advantages

Let w: 2" — % be a stochastic policy. In an episodic RL setting (Sutton and Barto, 2018)
with K learning episodes, we define the state value function and state-action value function

at iteration ¢ of episode k as:

VP () = Er | Y )| x =x] 5.1

™M= 1=

OF*(x,u) :=E,

"f'((xiaui) X = X, Uy = M] (5.2)

Il
&

1

where E; denotes expectation over the stochastic policy 7.
The advantage function quantifies how much better or worse a specific action is com-

pared to the policy’s average action:

AFK (e u) == O (1) — VK (x) (5.3)
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A positive advantage indicates that action u is better than 7’s average action in state x,
while a negative advantage suggests it is worse. This function plays a crucial role in policy
gradient methods by identifying which actions to encourage or discourage during policy

updates.

5.3.2 Concrete-Time Rewards from TWTL Specifications

To address the temporal credit assignment challenge in delayed reward settings, we intro-
duce a reward function based on TWTL specifications that provides immediate feedback

about task progress. Recall from Section 2.2 the TWTL syntax and Boolean semantics.

Definition 5.3.2 (Concrete-Time Reward). Let ¢ € Orwrr be a feasible TWTL formula
(Definition 2.2.2). For a finite-horizon MDP trajectory X, ;,||¢|| produced by applying con-
trol sequence W;_y ;y|p|—1 ‘= Ui—1Ui* - Uiy|p|—1, We define an episodic concrete-time re-

ward over the generated observation word 0; ;4| af time t as:

L ifo o) E 9
0 o g =9

(0 9)]) = (5.4)

where k denotes the training episode and t denotes the time instance.

This reward formulation creates a fundamental challenge: computing r’q‘m requires a
complete trajectory spanning the entire task horizon ||¢||, but during online learning, we
must make decisions at each time step without access to future states. This temporal gap
between action selection and reward observation is precisely the delayed reward problem

we aim to address.

Problem 5.3.1 (Optimal Policy Learning with Delayed Rewards). Given a finite-horizon
MDP with episodic concrete-time reward r]q‘) » compute the optimal parameter 6™ of the

stochastic policy Tg that maximizes the total expected episodic reward:

g+ = argmax E
Eloco ™

N
) r](;?,] (5.5)
t=1
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Problem 5.3.1 is challenging because the concrete-time reward provides feedback only
after entire task sequences complete, creating a sparse and delayed reward signal that makes

gradient-based optimization difficult.

5.4 Background: Proximal Policy Optimization

Before presenting our enhancements, we briefly review the Proximal Policy Optimization
algorithm that forms the foundation of our approach.

PPO is a policy optimization algorithm that uses policy gradients to optimize a pa-
rameterized policy while providing stability through constrained policy updates (Schulman
et al., 2017). At each iteration, PPO aims to find an improved policy that remains close to
the previous iteration, preventing degenerate policy updates that can destabilize learning.

For a parameterized policy 7y where 6 € © is the parameter vector, PPO optimizes the

policy at each iteration according to:
Oiy1 argrglaé(E[Jk(x,u, 6,6;)] (5.6)
S

where J*(x,u, 0, 6;) is a clipped surrogate objective:

Tt (u|x) ~mo k

7o () (x, 1), g(&, A0 (x,u)) (5.7)

Jk(x,u,9,9,-) = min

The clipping function g is defined as:

g(g,A) = (5.8)
(1—¢)A

=
>
VAN
=)

where € € (0,1) is a hyperparameter controlling the trust region size.

X ~Tlg. .k . . . . .
The advantage estimate A, s computed using Generalized Advantage Estimation
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(GAE) (S. etal., 2015):

ATlg. .k _
AT =8+ ()88 o (NS (5.9)
Lk Lk
where 8F := rk 4 }/the” - V;_rf’l is the temporal difference residual, y € (0,1) is the dis-

count factor, and A € (0, 1) controls the bias-variance trade-off.

The choice of maximizing the clipped objective (5.7) provides several benefits. First, it
ensures stable policy updates by preventing large policy changes. Second, maximizing this
objective is equivalent to maximizing the advantage function, which yields low-variance
gradients. Third, the advantage function directly measures how much better or worse the

policy is compared to the baseline, providing clear direction for improvement.

5.5 Hybrid Policy Architecture

We now present our first main contribution: a hybrid policy architecture that combines an
offline policy trained on expert demonstrations with an online policy optimized through
PPO. Unlike previous approaches that use offline data merely for initialization, our method

maintains the offline policy as an active component throughout training.

5.5.1 Policy Mixing Architecture

Let 94, denote the set of probability distributions over the control space %/. We introduce a
deep policy architecture g € P4, that combines two parallel policies. The first component
is an offline policy 7, € P trained on expert demonstrations, with fixed parameters p that
remain constant throughout training. The second component is an online policy 75 € P
that is continuously optimized through PPO, with learnable parameters 3 that adapt based
on experience.

These policies are combined using a fully connected layer (FCL) with learnable mixing
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Figure 5-1: The Actor-Critic RL framework. The Actor’s architecture, policy g, consists
of an offline policy, 7, and an adaptive policy, 7z, where the two policies are mixed using
the parameters of the FCL, a. The critic consists of an MLP that approximates the value
function. The task predictor LSTM network and the reward shaping are depicted in cyan.

parameter o € [0, 1]:
g (ulx) == (1 — @) - 7y (ulx) + a - g (ulx) (5.10)

where the overall parameter is 6 = (p,f3, ). See Figure 5-1, where we depict the full
architecture.

The mixing parameter & controls the relative influence of the offline and online policies.
When o ~ 0, the hybrid policy relies primarily on expert demonstrations; when o ~ 1, it
relies primarily on learned online behavior. During training, « is learned alongside f3,
allowing the algorithm to automatically adjust the balance based on the relative quality of
the two policies.

We interpret 7, as a fixed prior that guides exploration, while 7g and ¢ are optimized to
improve performance. This architecture provides several advantages over using offline data
only for initialization: the offline policy continues to stabilize learning throughout training,

poor initial online policies can still benefit from expert guidance, and the learned mixing
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parameter automatically balances exploration and exploitation.

5.5.2 Performance Improvement Guarantees

We now establish theoretical guarantees that the hybrid policy improves upon both the of-
fline policy and previous iterations. Our analysis builds on the policy improvement frame-
work from Trust Region Policy Optimization (TRPO) (Schulman et al., 2015).

The total return of policy 7 at episode k is:

(%) := Eyrr

N
Zr{-‘(xi,ui)] (5.11)
i=1

We drop the superscript k when the episode is clear from context.

Lemma 5.5.1 (Policy Improvement Identity). For our mixed policy mg and offline policy

Ttp, the return difference can be expressed as:

n(7e) = N(7p) + Eyry (5.12)

i=1

Proof. This follows directly from Lemma 1 in (Schulman et al., 2015) by replacing their
policy ©” with our mixed policy g and their baseline policy 7 with our offline policy 7.
The fundamental relationship between advantage functions and expected returns remains
unchanged under our policy mixing architecture. [

Lemma 5.5.1 provides the basic formula for improvement, but the expectation over 7y
makes it difficult to derive practical update rules. We therefore introduce a local approxi-
mation of the total return based on the offline policy’s state visitation distribution.

Let Py, (x) = YN o P(x; = x|xo,u ~ Ty ) denote the discounted visitation frequency under
Ttp. The return approximation is:

Lz, (1) :=1(mp) + %Pﬂp(x) Z%n(u]x)Agp(x,u) (5.13)

For analysis, we define the optimal online policy as EE i= argmaxpg Ly, (nﬁ)
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To bound the approximation error, we first formalize the notion of expected advantage.

Definition 5.5.1 (Expected Advantage). For a state x € 2 and policy g, the expected

advantage at stage i is defined as:

N
Ai(x) = Eyor, [ZA?P] (5.14)
i=1

Definition 5.5.2 (Coupling Probability). For two policies mg and 7, at state x € 2, the
coupling probability is defined as:

pe(x) ::an(u]x)-np(u]x) (5.15)

This represents the probability that both policies select the same action at state Xx.

Lemma 5.5.2 (Advantage Bound for Coupled Policies). For a-coupled policies mg and
Ttp (where the probability of disagreement is at most &), the expected advantage (Defini-
tion 5.5.1) satisfies:

— T,
A;(x)| <2a AP (x, 5.16
|Ai(x)] < xe%’é@/| o (xu)| (5.16)

Proof. From the mixing formula (5.10), the coupling probability is:
pe(x) ::Zﬂg(u]x)-ﬂp(u|x) (5.17)
The probability of disagreement is:
P(up # uplt) = 1 — pe(x) < (5.18)

This bound follows from standard coupling arguments (Schulman et al., 2015) applied
to our mixed policy architecture. [

We now establish the main performance bound.

Proposition 5.5.1 (Performance Bound for Hybrid Policy). For the total return 1 (my) and

estimated performance Ly, the following bound holds:

2¢yar?
(1-7)

N(mg) > Ly, (7g) — (5.19)

where ¢ = max,c - |Eu~n’§ [Agp (x,u)]| and vy is the discount factor from GAE (5.9).
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Proof. From Lemma 5.5.1, we can rewrite (5.12) as:

n(me) =n(mp) +Eyry

N -
Y Ai(x) (5.20)
Similarly, the local approximation becomes:

Lﬂp (759) = n(ﬂp) +Eu~7rp

ifii(x)] (5.21)

Subtracting these expressions:

By [Ai(X)] — Eyor, [A: (%)) (5.22)

Mz

N (o Lﬂ:p Tg) =
t:I
By Lemma 5.5.2 and following the analysis in (Schulman et al., 2015), each term sat-
isfies:
Eu~rmy [Ai(x)] — Euwnp [Ai(x)] <4o(1-(1-a)')-g (5.23)

Summing over an infinite horizon with discount factor y:

4o 4ca

Yda(1—(1-a))-¢ = <

| - (1=p-y(1-a))

Mx

n(79) =Lz, (70)| <,

5 (5.24)

~.

Considering the worst case where 1) (7g) < Ly, (7g) and noting that the bound is non-
negative, we obtain (5.19). ]

Proposition 5.5.1 guarantees that the hybrid policy performs at least as well as the
offline policy, minus a penalty term that decreases quadratically with ¢. This implies that
even if we start with a poor online policy (7 initially random), the hybrid policy 7y will

improve upon the offline policy as long as the mixing parameter ¢ is not too large.

5.5.3 Iterative Improvement Guarantees

We now extend this analysis to show that the hybrid policy improves across iterations of

the optimization procedure.
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For successive iterations, we model the policy at iteration i + 1 as:
6; 01 ~
7., (ulx) := (1 =TV ™) - mg,(ulx) + TV - 7y, (ulx) (5.25)
where Tsz+1 = max,c 2 D1v(6;||6;+1) is the maximum total variation distance:
1 /
Dry(616:41) = 5 ¥ | (1) ~ g (1)) — (1 ~ ., (4)) (5.26)
J
and Ty (ulx) := arg maxg, Ly, (7, ,)-

Theorem 5.5.1 (Monotonic Improvement Across Iterations). Consider 7y, as in (5.10) with
0; = (p, Bi, ;) at optimization iteration i. For successive policies Ttg, and T, , with ¢ =
, the following bound holds:

Tlg.
maxye g2 ’Euwr;; [A09' (x, u)]

20y TVQ’:“ 2
n(7[95+1) > Lnei (ﬂ'eiﬂ) — # (5.27)

Proof. The proof follows the same structure as Proposition 5.5.1, applying the a-coupling

i+1
i

argument to the total variation distance TVZ rather than the mixing parameter &. The key

observation is that successive policy iterations can be viewed as coupled policies with cou-
pling strength determined by their total variation distance. Following the same derivation
steps establishes that the performance difference between successive policies is bounded
by the given term. [

Theorem 5.5.1 guarantees that each iteration of the optimization procedure improves
the policy performance, with the improvement lower-bounded by a term that depends on

the total variation between successive policies. This provides a formal foundation for the

iterative training procedure.

5.6 TWTL-Based Reward Shaping

Our second main contribution addresses the delayed reward problem directly through re-
ward shaping based on TWTL robustness. The concrete-time reward from Definition 5.3.2

requires complete trajectories spanning the task horizon ||@ ||, but during online learning we
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must provide feedback at each time step. We overcome this challenge through trajectory

prediction and potential-based reward shaping.

5.6.1 Trajectory Prediction for Robustness Evaluation

Computing the concrete-time reward (5.4) requires complete MDP trajectories that span the
entire task horizon. However, obtaining these full trajectories during real-time execution
is impractical. We need a method to predict or estimate future observations to evaluate
specification satisfaction.

Existing approaches for trajectory completion include explicit trajectory prediction (Salz-
mann et al., 2020) and runtime monitoring techniques (Chapter 3). We adopt a trajectory
prediction approach using learned predictors.

We assume access to a predictor function Pred : 2~ — & 19141 that maps a current state

x; to a sequence of predicted observations:

Pred(x,) = (5;,5;+1,...,5,+H¢H) (5.28)

Example 5.6.1 (Lunar Lander). The lunar lander environment from Gymnasium ((Towers
et al., 2023)) has state X = (px, Py, Dx, Py, ¥, ) € R®, with observation o = X, where
(Px, py) is the position, (px, py) is the velocity, ¥ is the angle, and \ is the angular velocity.
The control input space % consists of discrete commands for the main engine and side
thrusters. Based on the environment’s success criteria, we define the landing task using
TWTL:

Otanding =] H'CAPyover] [0,150] _ [H150 APangn][lOO’ 300]

(5.29)
- [HOAP escona] B0 459 - [H50 APyypq] 400 500

with predicate functions with fixed parameters motivated by the environment’s suc-
cess criteria: hap,,.(0) = min{hg — 0.8ho — [py — 0.8h0[,0.1 — [py[} > 0; hap,, (0) =
min{0.2 — |p,|,0.1 — |y|} > O; hap,...,(0) = min{—0.2— p,, p, +0.5,0.15 — |y|} > O;
and hap,,,(0) = min{0.1 — /p3 + p2,0.1 — |y|,1, <0} > 0. The time horizon || Panding|| =
1403. The formula Qianging reads: “Within time O and time 150, the lander must be hov-
ering for a 100 time steps (subformula H'' APyoyer). Then, within time 100 and time
300, the lander must be aligned with the landing position for a 150 time steps (subfor-
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mula H"O APyjign ). After ensuring that the lander is aligned, descend and then dwelling
in the landing position. We use the concatenation operator to ensure the correct landing

sequence, which is, in high level, hovering, aligning, descending, then landing.

For the lunar lander domain (Example 5.6.1), we implement this predictor using a
Long Short-Term Memory (LSTM) network architecture similar to Trajectron++ (Salz-
mann et al., 2020) but adapted for single-agent prediction. The network consists of: (i) an
input embedding layer embed that processes a window of w past state vectors X;_,,; € R4*"
where d is the state dimension; (i1) an LSTM encoder LSTM, for encoding temporal patterns;
(ii1)) an LSTM decoder LSTM; for generating future predictions; and (iv) prediction heads
for estimating future states.

The prediction is computed as:
R = LSTM (LSTM, (embed (X)) (5.30)

The predictor is trained on expert demonstrations to minimize mean squared error:

ol )
gpred = Z Hﬁi_xiH (5.31)
i=t

5.6.2 Potential-Based Reward Shaping

Using the predictor and TWTL robustness from Section 3.2.1, we construct a potential-
based reward shaping function. Recall that the TWTL robustness p : & X ®ryrr — R
measures how robustly an observation sequence satisfies a formula, with positive values

indicating satisfaction and negative values indicating violation.

Definition 5.6.1 (TWTL-Based Potential Function). For a TWTL task ¢, we define a
potential-based reward shaping function F : & X U X Z x ®rwrrp — R with discount
factor 0 < k <1 as:

F(xp up, X 41,9) := k- p(Pred(x;),9) — p(Pred(x;+1),9) (5.32)
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The shaped reward is then:
”f;f‘,t = ’{;),t +F (X, ur, X141, 9) (5.33)

This reward shaping provides immediate feedback at each time step based on predicted
future satisfaction of the specification, while the following lemma guarantees that it pre-

serves the optimal policy.

Lemma 5.6.1 (Optimal Policy Preservation). The optimal policy of the original MDP with
reward r]q‘,?l is identical to the optimal policy of the MDP with shaped reward rg‘J.

Proof. By Theorem 1 in (Ng et al., 1999), any reward shaping function F' of the form
F(s,a,s’) = y¥(s") —¥(s) for some potential function ¥ preserves the optimal policy. Our
shaping function (5.32) has exactly this form with potential ¥(x) = p(Pred(x),¢) and
discount factor Kk replacing 7. [

The intuition behind this reward shaping is that it provides dense feedback about
progress toward specification satisfaction. When the predicted trajectory moves closer
to satisfying the specification (increasing robustness), the agent receives positive reward.
When it moves away from satisfaction (decreasing robustness), it receives negative reward.
This transforms the sparse delayed reward signal into a dense immediate signal while pre-

serving optimality.
5.6.3 Integration with Hybrid Architecture

The complete framework combines the hybrid policy architecture with TWTL-based re-
ward shaping. The shaped rewards are used to compute the advantage estimates in (5.9),
which then guide the optimization of both the online policy 7z and the mixing parameter
a.

Importantly, the theoretical guarantees from Proposition 5.5.1 and Theorem 5.5.1 con-

tinue to hold with shaped rewards due to Lemma 5.6.1. The performance bounds apply
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to the original reward function, but optimization proceeds using the shaped rewards which

provide better gradient information.

5.7 Algorithm: Accelerated PPO

We now present the complete Accelerated Proximal Policy Optimization (APPO) algorithm

that integrates the hybrid policy architecture with TWTL-based reward shaping.

5.7.1 Clipped Objective with Hybrid Policy

Following the majorization-minimization framework (Hunter and Lange, 2004), maximiz-
ing the right-hand side of (5.27) implies maximizing the total return of 7y, . We use
importance sampling to estimate 6;,; that maximizes:

Lo(61) = n(6)+ ¥ Po() ¥ 7o, (ul)A(x,u) (534)
xeZ uew

Including a penalty on the total variation distance leads to a clipped objective with the
same structure as standard PPO but defined with respect to the hybrid policy (5.10). We
define the TWTL-specific clipped objective:

Tlo (l/l’)C) AAﬂei'p’k ( ATL'gl.Ap,k>
Y

k N
Jo(x,u,0,6;) := min o, () 94 £,A

A (5.35)

AT,k . .
where A ¢9;p denotes the advantage estimate computed using the shaped reward rg“t

from (5.33).

The policy update becomes:

041 < argmaxE[J; (x,u,6,6;)] (5.36)
60cO
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5.7.2 Main Algorithm

Algorithm 5: Accelerated PPO

1 Input 7, (-) a fixed task predictor trained offline

(5]

Initialize{ 7y , iv: _01 with 6 = 6,

3 foreach episode k € {1, ..., K} do

4 Observe x

5 foreach iterationi € {1, ..., N} do

6 6f | <oco E[Jg (x,u,6,6;)]

7 Apply the control u; ~ 7,

8 Compute Ag?;’“k according to (5.9)

Algorithm 5 presents the complete APPO procedure. The algorithm alternates between
collecting trajectories under the current policy (Lines 3-8), computing advantage estimates
with shaped rewards (Lines 9-11), and updating the policy parameters including both the
online policy 7z and mixing parameter & (Line 12).

The key differences from standard PPO are: (1) the hybrid policy architecture com-
bining offline and online components (Line 1, implicit in sampling Line 5), (2) the reward
shaping using TWTL robustness and trajectory prediction (Line 7), and (3) the modified

objective that accounts for policy mixing (Line 12).
5.7.3 Implementation Details
The actor-critic architecture consists of (see Figure 5-1):

* Offline Policy 7,: Multi-layer perceptron (MLP) trained via behavior cloning on

expert demonstrations, with parameters frozen during APPO training

* Online Policy 75: MLP with identical architecture to 7,, parameters optimized dur-

ing training
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* Mixing Layer: Fully connected layer implementing (5.10) with learnable parameter

o
* Critic: MLP that approximates the value function V7 (x) for advantage estimation

* Trajectory Predictor: LSTM network implementing (5.30), pre-trained on expert

demonstrations

During training, gradients flow through the online policy 75 and mixing parameter a,
while the offline policy 7, and predictor Pred remain fixed. This allows the algorithm to
learn both how to improve the online policy and how to optimally combine it with expert

knowledge.

5.8 Experimental Validation

We validate APPO on two robotic control benchmarks from OpenAl Gymnasium (Towers
et al., 2023): Inverted Pendulum and Lunar Lander. These environments present comple-
mentary challenges for delayed reward learning.

As a continuation of Examples 5.6.1, we demonstrate the empirical performance of our
approach in Figure 5-2. For the Lunar Lander environment, where we previously defined
the landing task TWTL formula @janging and the LSTM-based task predictor, combining
policy mixing with reward shaping (green) achieves faster learning and better asymptotic
performance compared to both vanilla PPO (blue) and reward shaping alone (orange). The
improvement is particularly noticeable in the early training phase (0-0.5M steps), where
our method accelerates learning.

To test the robustness of our mixing approach, we intentionally degraded pre-trained
PPO policies by adding controlled noise to their parameters, using these as our offline poli-
cies 7. Despite starting with these suboptimal policies, our method successfully leverages

their partial knowledge while learning to improve upon them. For comparison, we also
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Training Performance Comparison
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Figure 5-2: Training performance comparison across different variants of PPO in Lunar-
Lander-v2 and Pendulum environments. For LunarLander-v2 (left y-axis), we compare
vanilla PPO against variants with reward shaping and mixing. The results show that com-
bining reward shaping with policy mixing achieves faster learning and better performance
compared to baseline PPO and reward shaping alone. For Pendulum (right y-axis, dashed
lines), we include PPO with and without mixing for reference. Training steps are shown in
millions on the x-axis.

tested our approach on the Inverted Pendulum environment with similarly degraded offline
policies (right y-axis, dashed lines), where policy mixing again demonstrates improved

learning dynamics over the baseline PPO implementation.

5.9 Conclusion and Future Work

We presented an approach to accelerate reinforcement learning in environments with de-
layed rewards through two key innovations: a mixed policy architecture that combines
potentially suboptimal offline policies with online learning, and a TWTL-based reward
shaping mechanism enabled by a task predictor. For the mixed policy architecture, we
established theoretical guarantees showing consistent improvement over both the offline
policy and previous iterations. Our empirical results on the Lunar Lander and Inverted

Pendulum environments demonstrate that even with degraded offline policies, our method
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achieves faster learning and better asymptotic performance compared to vanilla PPO.
Several directions for future work emerge from this study. First, exploring more com-
plex TWTL specifications that capture intricate temporal dependencies could extend our
framework to more challenging tasks. Second, investigating adaptive mixing strategies that
automatically adjust based on the relative performance of offline and online policies could
further improve learning efficiency. The integration of other temporal logic formalisms
and their corresponding quantitative semantics could also provide interesting avenues for

reward shaping in reinforcement learning.



Chapter 6

Conclusion and Future Directions

This dissertation developed a unified framework for temporal logic specifications in robotics
centered on Arithmetic-Geometric Mean (AGM) robustness as a quantitative semantics.
We established theoretical foundations, developed practical algorithms, and demonstrated
effectiveness across three domains: runtime monitoring, sampling-based motion planning,
and reinforcement learning with delayed rewards. This final chapter summarizes the main
contributions, discusses limitations of current approaches, and proposes directions for fu-

ture research.

6.1 Summary of Contributions
6.1.1 Quantitative Semantics and Monitoring

Chapter 3 developed AGM robustness semantics for Time Window Temporal Logic TWTL
and monitoring algorithms for both TWTL and STL specifications. The key insight is
that traditional min-max robustness, while sound, focuses exclusively on the most critical
time points and subformulae, creating non-smooth optimization landscapes and ignoring
the broader context of satisfaction. AGM robustness addresses these limitations through
holistic aggregation using arithmetic means when robustness values have mixed signs and
geometric means when values share signs.

We established formal soundness of AGM robustness: positive robustness implies
Boolean satisfaction, and negative robustness implies violation. This guarantees that opti-

mization or learning algorithms maximizing AGM robustness will produce specification-

100
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satisfying behaviors. Importantly, AGM robustness provides finer-grained discrimination
between trajectories than traditional robustness, rewarding trajectories that satisfy specifi-
cations more robustly across all time points rather than just avoiding critical violations.

For online monitoring during incremental planning and control, we introduced AGM
robustness interval semantics that bound possible robustness values over all completions of
partial trajectories. The incremental monitoring algorithm 1 efficiently updates these inter-
vals for STL as new observations arrive, with complexity O(|¢|) per observation compared
to O(|s|?|¢|) for non-incremental approaches. For typical scenarios with trajectory length
20 — 50 and formula complexity 10 — 20, this reduces monitoring overhead from thousands
to hundreds of operations per evaluation.

We proved three critical properties of the interval semantics: soundness (true robust-
ness lies within computed bounds for all completions), chain inclusion (intervals shrink
monotonically as trajectories extend), and convergence (intervals converge to exact robust-
ness when trajectory horizon reaches formula horizon). These properties enable informed
decision-making during tree expansion in sampling-based planning and policy optimization

in reinforcement learning.

6.1.2 Sampling-Based Motion Planning

Chapter 4 presented RRT", integrating STL. AGM robustness into the RRT* framework
for sampling-based motion planning from STL specifications. The framework addresses
two key challenges: providing consistent guidance for tree exploration through Direction
of Increasing AGM DIAS vectors, and balancing multiple competing temporal objectives
through principled composition mechanisms.

DIAS vectors leverage AGM’s smooth gradients to guide steering during tree expan-
sion. Unlike traditional robustness gradients that exhibit abrupt changes when the critical
subformula or time point shifts, AGM gradients remain continuous as they incorporate

information from all time points and subformulae. This enables more effective steering
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toward regions of higher specification satisfaction.

For multi-objective composition, we introduced two approaches. The stochastic base-
line provides probabilistic exploration guarantees necessary for asymptotic optimality. More
significantly, the FPL-based composition computes gradient-based weights from fulfill-
ment values derived from AGM intervals, naturally prioritizing less-fulfilled objectives.
This principled balancing mechanism provides 1.5 —2x computational advantages over
stochastic methods through forward prediction of which objectives need attention.

We proved that RRT" maintains the probabilistic completeness and asymptotic opti-
mality guarantees of RRT* despite using the more complex AGM robustness measure. The
key observation is that AGM’s smoothness properties and the interval semantics’ chain
inclusion enable sound pruning decisions during tree construction, while the randomized
composition mechanisms ensure continued exploration of all feasible regions.

Experimental validation on three robotic systems demonstrated substantial advantages.
On the unicycle sequential reach-avoid task, traditional robustness-based planning failed
completely with persistently negative lower bounds, while AGM-based methods achieved
Nr ~ 0.93-0.95. The fundamental limitation of traditional robustness—pessimistic evalua-
tion that cannot recognize acceptable brief proximity to constraint boundaries—prevented
discovery of feasible trajectories that AGM methods found readily.

For the 7-DOF KUKA manipulator with cascading choice problems (choosing between
region pairs), FPL-based composition reached convergence (gap < 0.1) in 1000 itera-
tions compared to 2500 for stochastic composition. The forward prediction capability en-
abled principled resolution of the choice structure rather than discovering good sequences
through repeated random sampling. The augmented state representation with IK-based
sampling achieved 185x speedup for tight workspace constraints through elimination of

redundant forward kinematics computations and more effective sampling bias.
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6.1.3 Reinforcement Learning with Delayed Rewards

Chapter 5 developed Accelerated Proximal Policy Optimization (APPO) addressing the
challenge of delayed rewards where actions leading to successful outcomes may not receive
immediate feedback. The framework combines a hybrid policy architecture with TWTL-
based reward shaping.

The hybrid architecture mixes an offline policy trained on expert demonstrations with
an online policy optimized through PPO: mg(u|x) = (1 — o) 7, (u|x) + amg (ulx). Unlike
previous approaches using offline data merely for initialization, we maintain the offline pol-
icy as an active guide throughout training with learnable mixing parameter &c. We proved
monotonic improvement over both the offline policy and previous iterations, with bounded
performance gap (2¢ya?) /(1 —17)>2.

The mixing parameter automatically adapts based on relative policy quality. Initially, o
remains low (high weight on offline policy) when the online policy is poorly initialized. As
the online policy improves through learning, & increases to rely more heavily on learned
behavior.

For reward shaping, we use TWTL robustness with LSTM-based trajectory predic-
tion to provide immediate feedback about specification satisfaction. The potential-based
shaping F (x;,u;,x;41,0) = k- p(Pred(x;),¢) — p(Pred(x;+1), ¢) transforms sparse delayed
rewards into dense immediate signals while preserving the optimal policy through the
potential-based structure. This addresses the temporal credit assignment problem by pro-
viding step-by-step feedback about progress toward specification satisfaction.

Experimental validation on the lunar lander task with delayed rewards demonstrated
the effectiveness of combining both components. The complementary benefits—offline
policy providing good initialization and regularization, reward shaping providing dense

feedback—combine synergistically rather than additively.
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6.1.4 Unifying Framework

A key insight emerging from this dissertation is that AGM robustness serves as a unify-
ing mathematical framework applicable across diverse robotic domains. The same core
principle—holistic aggregation of satisfaction information using arithmetic and geometric
means—provides benefits in:

Motion Planning: Smoother exploration landscapes and more effective steering guid-
ance compared to traditional robustness’s sharp decision boundaries.

Reinforcement Learning: Dense reward signals that maintain correlation with speci-
fication satisfaction while providing immediate feedback at each time step.

Runtime Monitoring: Efficient incremental computation with O(|¢|) complexity per
observation through the use of incremental modification functions.

This unification suggests that AGM robustness captures fundamental properties of spec-
ification satisfaction that transcend specific application contexts. The additive structure
(arithmetic mean) and multiplicative structure (geometric mean) provide natural ways to
aggregate information that align with how satisfaction quality should be measured: when
some parts of the specification are violated, average satisfaction of other parts matters;

when all parts are satisfied, compound satisfaction quality matters.

6.2 Limitations and Assumptions

While this dissertation demonstrates the effectiveness of AGM robustness across multiple

domains, several limitations and assumptions warrant discussion:

6.2.1 Discrete-Time and Finite Horizons

All algorithms and theoretical results assume discrete-time systems with finite planning or
learning horizons. While STL and TWTL can in principle handle continuous-time signals

and infinite horizons, our monitoring algorithms process observations at discrete time steps,



105

and our planning and learning frameworks optimize over finite trajectories. Extensions to
continuous-time monitoring would require interval arithmetic over continuous domains,
and infinite-horizon planning would require careful treatment of discounting in the AGM

operators to ensure convergence.

6.2.2 Differentiability Requirements

The use of gradient-based methods in both motion planning (DIAS vectors) and reinforce-
ment learning (policy gradients) requires predicates with differentiable evaluation func-
tions. This limits applicability to specifications with non-differentiable predicates such
as mode switches, discrete logical constraints, or indicator functions. While we can ap-
proximate non-differentiable functions (e.g., using smooth approximations of the indicator

function), formal guarantees only hold for truly differentiable predicates.

6.2.3 Trajectory Prediction Quality

The TWTL-based reward shaping in APPO relies on trajectory prediction to evaluate spec-
ification satisfaction for incomplete trajectories. The quality of the predictor directly im-
pacts the quality of the shaped rewards. Poor predictions can provide misleading gradient
signals that slow learning or lead to suboptimal policies. We assumed access to sufficient
expert demonstrations to train reasonable predictors, but in domains where expert data is
scarce or expensive, predictor quality may become a bottleneck.

The theoretical guarantee that potential-based shaping preserves optimal policies relies
on the assumption that predictions are deterministic functions of state. In reality, learned
predictors are stochastic (due to epistemic uncertainty) and may produce inconsistent pre-
dictions across states. While empirically we found that even imperfect predictors provide
useful guidance, formal analysis of robustness to prediction errors remains an open ques-

tion.
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6.2.4 Computational Complexity

While AGM robustness provides smoother optimization landscapes than traditional robust-
ness, computing it still requires evaluating the entire formula over trajectories. For complex
specifications with many nested temporal operators, this can become computationally ex-
pensive. The incremental monitoring algorithms reduce the per-observation cost, but the
overall complexity still scales with formula size.

For motion planning, RRT inherits the high sampling requirements of RRT* in high-
dimensional state spaces. While our augmented state representation with IK-based sam-
pling provides substantial speedups for manipulators, truly high-dimensional systems (e.g.,
humanoid robots with 30+ degrees of freedom) remain challenging. The probabilistic
completeness guarantee requires infinite samples in the limit; finite-sample performance
depends on problem-specific factors, including obstacle density and specification complex-
ity.

For reinforcement learning, APPO requires both offline demonstrations and online en-
vironment interaction. In real-world robotics where environment interaction is expensive
(e.g., due to hardware wear, safety concerns, or time constraints), sample efficiency remains
a critical challenge. While APPO improves upon vanilla PPO, it still requires hundreds of

thousands to millions of environment steps for complex tasks.

6.2.5 Specification Design

All approaches in this dissertation assume that temporal logic specifications correctly cap-
ture the desired behavior. In practice, translating high-level human intent into formal spec-
ifications is challenging and error-prone. Specifications that are too restrictive may be
infeasible or unnecessarily constrain behavior; specifications that are too loose may permit
undesired behaviors.

Moreover, threshold selection for predicate functions requires domain expertise. The
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choice of threshold determines the boundary between satisfaction and violation, directly
impacting robustness values and optimization behavior. While AGM robustness provides
more nuanced discrimination than traditional robustness, inappropriate threshold selection

can still lead to poor performance.

6.3 Future Research Directions

The limitations and assumptions discussed above point to several promising directions for

future research:

6.3.1 Probabilistic and Stochastic Specifications

The current framework handles deterministic specifications over stochastic system trajec-
tories, but many robotic applications involve inherent uncertainty in both system dynamics
and environmental conditions. Probabilistic Signal Temporal Logic (PrSTL) (Sadigh and
Kapoor, 2016) and other stochastic temporal logic formalisms, see (Yoo and Belta, 2015),
extend classical temporal logics to reason about probabilities of satisfaction.

Extending AGM robustness to probabilistic specifications would enable reasoning
about satisfaction likelihoods while maintaining the benefits of holistic aggregation.
One approach would define AGM robustness over probability distributions, using arith-
metic/geometric mean operators to aggregate across both time points and probabilistic out-
comes. The key challenges include defining appropriate semantics that preserve soundness
and developing efficient monitoring algorithms that can track probability distributions over
partial trajectories.

For motion planning under uncertainty, integrating AGM robustness with chance-
constrained optimization or stochastic programming could enable synthesis of policies that
maximize expected robustness subject to probability bounds on constraint violation. For re-

inforcement learning, extending APPO to risk-sensitive objectives using distributional RL
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techniques could address safety-critical applications requiring high-confidence guarantees.

6.3.2 Dynamic Obstacles and Time-Varying Environments

The motion planning framework assumes static environments with fixed obstacles. Real-
world applications often involve dynamic obstacles such as moving pedestrians, vehicles,
or other robots. Extending RRT" to dynamic environments requires several innovations.

First, the DIAS vectors must incorporate predictions of future obstacle positions. This
could leverage the trajectory prediction techniques developed for APPO, but applied to ob-
stacles rather than the robot itself. The interval semantics would need to bound robustness
over both incomplete robot trajectories and uncertain obstacle futures.

Second, the tree would need replanning capabilities when environmental changes inval-
idate previous solutions. Incremental variants of RRT* that reuse previous search efforts
could be adapted to the AGM robustness setting, leveraging the interval semantics to iden-
tify which portions of the tree remain valid after environment changes.

Third, temporal logic specifications themselves may need temporal evolution to capture
time-varying requirements. For example,“always avoid region A except during time win-
dow [10,20] when A is temporarily passable" requires specifications with time-dependent

predicates.

6.3.3 Integration with Neural Network Controllers

The reinforcement learning framework uses neural network policies, but the motion plan-
ning framework relies on classical control. Integrating learned neural network controllers
into the sampling-based planning framework could combine the benefits of both approaches:
learning-based adaptation to complex dynamics with formal verification of temporal logic
specifications.

One approach would train neural network controllers to maximize AGM robustness us-

ing supervised learning on successful RRT" trajectories. The trained controllers could then
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be verified offline using the monitoring algorithms from Chapter 3 over simulated trajecto-
ries. Intervals with positive lower bounds provide certificates of specification satisfaction.

Another direction involves online adaptation during planning. Rather than steering
using optimal control solutions (which are computationally expensive), learned controllers
could propose candidate actions quickly. The DIAS vectors could then serve as correction
signals when the learned controller produces actions that decrease predicted robustness.
This hybrid approach could achieve the speed of learned controllers with the correctness
guarantees of formal methods.

For safety-critical applications, combining AGM robustness with control barrier func-
tions could provide both temporal logic satisfaction and continuous safety guarantees. The
CBF would ensure immediate safety (e.g., collision avoidance at each time step) while

AGM robustness optimizes longer-term temporal objectives.

6.3.4 Computational Efficiency and Approximation

While incremental monitoring provides substantial speedups, computing AGM robustness
for complex specifications remains expensive. Several directions could improve computa-
tional efficiency.

Parallel evaluation of independent subformulae could leverage multi-core processors or
GPUs. The recursive AGM robustness computation exhibits opportunities for parallelism
when subformulae do not share predicates. Implementing monitoring algorithms on GPU
architectures could provide orders of magnitude speedup for specifications with many in-
dependent components.

Approximate AGM robustness computation could trade accuracy for speed. For very
long trajectories or complex specifications, computing exact robustness over all time points
may be unnecessary. Adaptive sampling schemes could identify which time points and
subformulae contribute most to the overall robustness, focusing computation on critical

regions while approximating less important contributions.
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Hierarchical specifications with abstraction levels could reduce complexity. High-level
specifications could be refined into detailed low-level specifications only when needed. The
monitoring algorithms could maintain coarse robustness intervals at high levels, refining to
detailed intervals only for regions of the trajectory where high-level robustness is close to

decision boundaries.

6.3.5 Real-World Validation and Deployment

The experimental validation in this dissertation uses simulated environments with perfect
state observation and deterministic dynamics (up to learning stochasticity). Real-world
deployment would require addressing several practical challenges.

State estimation errors and perception noise affect robustness computation. The predi-
cates assume access to true state, but real systems rely on noisy sensors and state estimators.
Robust monitoring algorithms that propagate uncertainty through robustness computation
could provide confidence bounds on robustness estimates given sensor noise characteris-
tics.

Hardware constraints including actuator limits, communication delays, and computa-
tional resources affect feasibility of real-time implementation. The monitoring algorithms
must run fast enough to provide feedback within control loop timing constraints. Em-
bedded implementations on resource-constrained platforms may require approximations or
specialized hardware acceleration.

Safety certification for deployment in human environments requires more than speci-
fication satisfaction. Formal verification that the system satisfies specifications under all
possible disturbances and failures may be necessary. Combining AGM robustness with
formal verification tools could provide such guarantees, using the monitoring algorithms to

generate certificates of satisfaction over representative test cases.
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6.4 Broader Implications

Beyond the specific technical contributions, this dissertation offers broader insights for

formal methods in robotics and autonomous systems.

6.4.1 Bridging Theory and Practice

This dissertation demonstrates the following: AGM robustness emerged from observing
practical limitations of traditional robustness (non-smooth landscapes, brittleness, poor
multi-objective composition), led to mathematical development of improved semantics,
enabled proof of formal guarantees, and validated effectiveness through extensive experi-
ments.

Pure theory risks developing elegant mathematics disconnected from real needs; pure
empiricism risks developing ad-hoc methods without understanding of their limitations.

The integration honors both perspectives.

6.4.2 The Role of Quantitative Semantics

Traditional formal methods often emphasize binary verification: does the system satisfy
the specification or not? While such guarantees are valuable, they provide limited guidance
for optimization. The quantitative semantics developed in this dissertation demonstrate
that continuous measures of satisfaction quality enable much richer applications: gradient-
based optimization, reinforcement learning, multi-objective balancing.

This suggests that future formal methods research should prioritize development of
quantitative semantics alongside Boolean semantics. Whenever we introduce a new speci-
fication formalism, we should ask: how can we measure the degree of satisfaction? What
properties should this measure have (soundness, continuity, additivity)? How can we com-
pute it efficiently?

AGM robustness represents one answer to these questions for temporal logic, but many
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specification formalisms lack well-developed quantitative semantics. Graph specifications,
spatial logic, and epistemic logic all offer rich expressive power but limited quantitative
measures. Developing principled quantitative semantics for these formalisms could enable

their integration into optimization-based synthesis and learning.

6.4.3 Specification as Communication

Temporal logic specifications serve as communication medium between humans and robots:
humans express desired behavior formally, and robots synthesize control strategies to sat-
isfy specifications. The quantitative semantics enhance this communication by providing
continuous feedback about satisfaction quality.

When a robot reports “current AGM robustness is 0.3," this communicates more than
just “specification is satisfied." It indicates moderate satisfaction quality with room for
improvement. When robustness decreases during execution, this signals potential problems
before violation occurs, enabling proactive intervention.

This perspective suggests that future work should develop better interfaces for humans
to express specifications and understand robustness feedback. Visualization tools that show
which subformulae contribute most to overall robustness, sensitivity analysis indicating
which predicates are close to decision boundaries, and explanation systems that generate
natural language descriptions of robustness values could make formal methods more ac-

cessible to non-experts.

6.5 Closing Remarks

This dissertation developed AGM robustness as a unifying quantitative semantic for tem-
poral logic specifications in robotics, demonstrating its effectiveness across runtime moni-
toring, sampling-based motion planning, and reinforcement learning with delayed rewards.

The framework provides both theoretical guarantees (soundness, completeness, optimality)
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and practical benefits (smooth optimization landscapes, efficient computation, principled
multi-objective composition).

The experimental validation across diverse robotic systems—double integrator, unicy-
cle, 7-DOF manipulator, inverted pendulum, lunar lander—demonstrates broad applicabil-
ity. The consistent improvements over traditional robustness-based approaches across all
three domains suggest that holistic aggregation of satisfaction information captures funda-
mental properties that transcend specific applications.

Several themes emerged throughout this work that may guide future research. First, the
importance of combining theoretical rigor with empirical validation, using each to inform
the other. Second, the value of quantitative semantics that provide continuous measures of
satisfaction quality rather than binary verification. Third, the potential for unified mathe-
matical frameworks like AGM robustness that apply across diverse domains.

As robotic systems become increasingly autonomous and pervasive in society, ensuring
their behaviors align with human intentions becomes ever more critical. Formal methods
and temporal logic specifications provide powerful tools for this challenge, enabling precise
expression of requirements and automated synthesis of correct behaviors. The quantitative
semantics and algorithms developed in this dissertation contribute to making these tools

more practical, more effective, and more broadly applicable to real-world robotic systems.
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Appendix A

Quantitative Semantics Proofs

A.1 Correctness of Incremental Modification Functions

We provide the detailed proof of Lemma 3.4.1, establishing that incremental modification

functions produce identical results to full AGM robustness recomputation.

Proof. We prove correctness for disjunction; conjunction follows by symmetry. Let

{ri,...,ry—_1} be the values used to compute n = AGMy(ry,...,ry_1), and let ' be a

new observation.
Casel: n<0AN' <0

Since all values ry,...,ry—1 must be negative for n < 0, by equation (2.31) we have:

N—1

n=-"4/T]Q—-r)+1

i=1

Rearranging:

=

1
(1-m" ' =T]0-r)

i

I
—_

Now computing the full AGM with all N values:

AGM\/(rl,...,rN_l,T]/) =7

1

(l—ri)—i—l

N
=1

N—1
=—(/H(l—n)-(l—n’)ﬂ=—’\V/(1—n)N—1(1—n’)+1

i=1

This exactly matches the first case of equation (3.22):

mdf_AGMy (n,N,n') = — (/(1 N (=) 41

(A.1)

(A.2)

(A.3)

(A.4)
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Case2: N1 <0AN >0

Since 1 < 0, all previous values r; < 0, thus [rj]+ =0 for all i € {1,...,N —1}. The
full AGM computation switches to arithmetic mean:
/ 1 Al
AGM(r1,...,rn—1,M') = ﬁZ[ri]Jr
i=1
(A.5)
LY ) = 2o = 1k
N ~ i+ + N + N
This matches the second case of equation (3.22).
Case 3: Otherwise
In this case, at least one value among ry,...,ry_1 was positive, so the AGM used arith-
metic mean of positive parts:
1 N—1
- ; A.6
n N_ll:l[’”]+ (A.6)
Therefore:
N—1
il =(N—1)n (A7)
i=1
Computing the full AGM with the new value:
N
AGM\/(rlr"arN—hn ) = N Z[rl]+
i=1
1 N—1
=< | L+ (A8)
i=1
_ N=Dn+[n'ly
N
However, equation (3.22) shows:
N-n— !
To reconcile these expressions, observe that:
N-—1 ! N-n— !
N-Un+[n'l _N-n-n+[n]s (A.10)

N N
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If 1 > 0, then [n]+ = 7, yielding:

N-n—[nls+Ms _ (N-Dn+[n]s (A1)
N N |

If n <0, then [n]+ = 0, and the expressions are trivially equal. Thus the third case is
verified. ]

A.2 STL AGM Robustness Interval Soundness

Proof. We prove the soundness by structural induction over formula ¢.

Base Cases:

Predicate p: For a predicate, if the signal is complete at time 7, then [p](s;, 1) =
{p(st,n)} and [n](s;, 1) = {n(s;, i)}, so the inclusions hold trivially.

Inductive Cases:

Conjunction (¢; A ¢2): We have [p](s;, 01 A ¢2) = min([p](s;, 1, 91), [P](St, 17, 92))
and [17) (841,01 A 62) = AGMA([0] (51,191, (1) (51, 62)).

By the induction hypothesis, for any completion s; ;,, € €, we have p(s; ,,01) €

[0](s1, 7, 91) and p(st, 1,5 02) € [P](Sy,17,92). Since p(st 1,01 A ¢2) = min{p (s, 1,, 1),
P (St 1,92)}, by the properties of interval arithmetic on minimum operations, we have
p(sl1 2 (WA ¢2) S [P] (Stl ) (A ¢2)

Similarly, by the induction hypothesis, 1(s;, 1,,91) € [M](S;,.,91) and 1(s;, 1,,¢2) €
M](s1y, 02)- Since 0(s1, 191 A 92) = AGMA (M (81,1, 91), M (81,5, 92). by the properties
of interval arithmetic on AGM operations, we have 1(s;, 1,, §1 A ¢2) € [N](, 17,01 A §2).

Disjunction (¢; \ ¢): The proof follows similarly to the conjunction case, using max-
imum operations for standard robustness and AGM,, for AGM robustness, along with the
corresponding interval arithmetic properties.

Negation (~¢): We have [p](s,,~9) = —[p](s,,,0) and [n](s;1,~0) = —
[n](s;,+/»¢). By the induction hypothesis, p(s; 1,9) € [p](s; . ¢) and N(s;, 1, 0) €
[M)(s1,17,9)- Since p(sy, 1,,79) = —p(S1,1,,9) and N (s, 1,, 79) = =M (81, 1, 9), the results

follow by the properties of interval arithmetic under negation.
Globally (G, ;¢): We prove this case by contradiction. Consider partial signal s; »
and assume that for some completion sy, ,, € €', we have p(sy, 1,, Gla.59) & [P](S1, 1, Glap)9)-
Case 1: If t' —#; > b, then by definition of the interval semantics, [p](s;, 1/, G[4p)®) =
{p (s s> G[mb]q))}, which means the interval contains only the true robustness value. This
contradicts our assumption.
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Case 2: If ' —t; < b, then by definition:

[p](sll,t’vc[a,b](p) = |PL, min p(st],tvq)) (A12)
te€fti+a,t+bN[t1 1]

By definition of standard robustness, p(sy r,,Gap®) = Milep, ar 5P (St.159)-
Since the partial signal agrees with the completion on the observed portion, we have
p(sl1 2 G[a.,b]d)) >pL and p(sfl 7tz7c;[a,b]¢) < minte[ll—i-a,t]-i-b}ﬂ[tl.,t’} p(st17t7 ¢)’ which contra-
dicts our assumption.

The proof for the AGM robustness interval follows similarly, considering the specific
definitions of the AGM interval semantics for the globally operator:

Ny, Gap @)} ift'—t1>b
](s1, 11, Glay#) = ¢ (_’” 0/9)} : (A.13)
[E n] otherwise

where 1 and 1] are computed based on the observed partial signal and the possible range
of future values, ensuring that any completion’s AGM robustness falls within this interval.

Eventually (F, ;¢): The proof follows similarly to the globally case, with appropriate
modifications for the maximum operation in standard robustness and AGM,, operation in
AGM robustness.

For the eventually operator, the interval semantics is defined as:

{p(s;,; Flup®)}:  if—n>b
[P](81,.4, Flap®) = § [MaX;c iy 1ary 151 P (1105 @) PT): (A.14)

otherwise

The soundness follows by similar contradiction arguments, noting that the true robust-
ness value for any completion must lie within the computed interval bounds. [

A.3 STL AGM Robustness Interval Chain Inclusion

Proof. The set inclusion property follows from the fact that as more of the signal becomes
observed, the set of possible completions becomes more constrained, leading to tighter
interval bounds.

Monotonicity: For any formula ¢, as the partial signal grows from Sty 1O Sy 41 the

interval bounds can only become tighter or remain the same, never become looser. This is
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because additional observed values either: provide exact values for subformulae that were
previously estimated with intervals, or constrain the possible range of future values based
on the observed trend.

Convergence: When 1’ > ||¢||, the entire time horizon required to evaluate formula
¢ has been observed. At this point, all temporal operators can be evaluated exactly using
the observed signal values, no uncertainty remains about future signal values within the
formula’s time horizon, and the interval semantics reduces to the exact robustness compu-
tation

Therefore, [p](s,, 1, 8) = {P (81,1, 9)} and [0](s;,7,) = {1 (51,05, 9)} when ' > [|§]].

The proof can be formalized by structural induction over ¢, showing that each opera-

tor’s interval semantics satisfies the monotonicity and convergence properties. [
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