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Major Professor: Glenn Stevens, Professor of Mathematics

ABSTRACT

The Shintani cocycle on GLn(Q), as constructed by Hill, gives a cohomological interpreta-

tion of special values of Shintani zeta functions. We interpret this cocycle as taking values

in a module, introduced by Stevens, of locally polynomial p-adic distributions localized

with rational poles. Our first theorem shows that the Shintani cocycle takes values in the

sub-module of locally analytic distributions with rational poles. Next, we give a simple

criterion for the Shintani cocycle to specialize to true p-adic distributions which interpolate

the special values of Shintani zeta functions. The theorem shows that such specializations

are automatically p-adic measures.

We give two applications of these theorems: First, we recover the p-adic L-functions of

totally real fields. Our construction greatly simplifies the original constructions of Deligne-

Ribet, Cassou-Noguès, and Barsky, and we anticipate the methods will be useful for study-

ing refinements of the Gross-Stark conjecture. Second, we give a simple construction of

the p-adic L-function of critical slope Eisenstein series, proving a conjecture of Pasol and

Stevens. The results of this construction were recently and independently proven by Bel-

laiche and Dasgupta, but our methods side-step many of the technical hurdles present in

their construction.
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Chapter 1

Introduction

The goal of this thesis is to construct a cocycle on GLn(Q), valued in a space of p-adic

distributions, which parameterizes (among other things) the p-adic L-functions of totally

real fields of degree n. This idea begins with the works of Stevens [25] with the Eisenstein

modular symbol and Sczech [20] with his eponymous GL2(Q)-cocycle. In these papers, the

authors start with period integrals of Eisenstein series and (using very different methods)

construct cocycles for GL2(Q) valued in a space of distributions. A theorem of Siegel shows

that these distributions parameterize special values of zeta functions for real quadratic

fields. This constructions gives us interesting results on the special values: for example,

it is clear from the construction that the special values at negative integers are rational.

Moreover, these cocycles can be used to efficiently compute zeta values using, for example,

the continued fraction trick of Manin.

It was observed by Stevens that the resulting distributions might be used for construct-

ing p-adic zeta functions for real quadratic fields. Partial progress was made by Campbell

[6], who showed that certain values of Stevens modular symbol can be put into p-adic an-

alytic families of modular symbols. The idea bloomed a decade later in a series of papers

by Solomon. In [22], Solomon constructed an Eiseinstein GL2(Q) cocycle by adopting the

methods of Shintani’s cone zeta functions. Shintani showed that the Artin L-functions of

totally real fields decompose as sums of these so-called Shintani zeta functions, and thus

studying the special values of the cone zeta functions one deduces results on totally real

fields [21]. For example, Cassou-Noguès [7] and Barsky [3] used Shintani’s methods to

construct p-adic L-functions for totally real fields. After making a “smoothing” modifi-
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cation similar to Cassou-Noguès’s trick (see [7] and [15]), Solomon obtained p-adic zeta

functions for real quadratic fields [23]. However, the case of arbitrary degree totally real

fields remained off limits for two reasons. First, the GL2(Q) cocycles only parameterize

the zeta values of real quadratic fields– the zeta values for a degree n totally real field

should come from a GLn(Q)-cocycle. Unfortunately, Solomon’s construction only extends

to PGL3(Q), where we run into the next problem: It is not at all clear how to adopt

Solomon’s smoothing technique to the higher dimensional setting.

Recently, Hill has constructed a Shintani cocycle on GLn(Q) for all n [13]. Hill’s n− 1

cocycle is valued in a module of cone functions (indicator functions of rational cones in

Rn) and can be roughly described as follows: An n-tuple of matrices α1, . . . , αn gives

us a cone in Rn by taking the positive span of α1e1, . . . , αnen. To get a (homogeneous)

n − 1 cocycle, we need to be able to “glue” together cones. When n = 2, this amounts

to Cone(α, β) + Cone(β, γ) = Cone(α, γ). In order to glue cones, we must decide which

faces to include. Hill addresses this problem by infinitesimally deforming his cones in a

systematic way. Finally, Hill uses these cone functions to construct distributions (on the

finite adeles of Qn) which parameterize the special values of Shintani zeta functions. We

will sketch the details of his construction in §3.6.

Our starting point is Stevens’ module of p-adic distributions with rational poles, which

we recall in Chapter 2. In Chapter 3, we show how to interpret the Solomon-Hu pairing

to get p-adic distributions (with rational poles) from a cone function and an auxiliary test

function f ′ away from p. We use this recipe and Hill’s cocycle to construct the p-adic

Shintani cocycle. In §3.3, we introduce the Vanishing Hypothesis, which describes exactly

when a cone function gives rise to a p-adic distribution (without poles). Theorem ?? is the

main technical result of this section. In §3.8, we prove one of the main result of this thesis:

Theorem (3.7.1). Suppose f ′ satisfies the vanishing hypothesis for w1. Then Φf ′(α1, . . . , αn)

is a measure on Vp for all non-degenerate (α1, . . . , αn) ∈ Γnf ′.

In Chapter , we show that the construction of p-adic L-functions of totally real fields
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is an easy corollary of the above theorem. Recently, Charollois and Dasgupta [8] have

obtained similar results constructions for totally real fields with Sczech’s GLn cocycle as

part of a program to study the Gross-Stark units. In their work, they define an `-smoothed

Sczech cocycle and deduce integrality results from explicit formulas in terms of Dedekind

sums. As a consequence of these integrality results, they construct the p-adic measures

corresponding to the zeta values of totally real fields. They have announced similar results

for a version of the Shintani cocycle, but their techniques are substantially different from

ours. Concurrently, Spiess [24] has constructed p-adic measures from the Shintani cocycle,

adapting the argument of Cassou-Noguès. Again, our techniques differ substantially and

we believe our results are more general. Rather than constructing measures from integrality

results, we find the p-adic pseudo-measures as specializations of the Shintani cocycle, then

show that these specializations are in fact measures via our elementary arguments.

In Chapter , we give a very different application of our methods to construct the p-adic

L-functions of critical slope Eisenstein series. This settles a conjecture of Pasol and Stevens

who computed an approximation of (what appeared to be) a critical slope eigensymbol in

Φ ∈ SymbΓ0(33)(D(Z3)). This modular symbol specialized to the critical 3-stabilization of

the classical modular symbol coming from the weight 2 Eisenstein series

E2,` =
`− 1

24
+
∑
n≥1

 ∑
d|n

(`,d)=1

d

 qn, (1.1)

with ` = 11. We confirm their numerical experiments and construct a p-adic family of

modular eigensymbols specializing to the p-adic L-functions of critical slope Eisenstein

series of any weight. This result extends and generalizes the previous work of Kostadinov

[16]. Prior and independently, Belläıche and Dasgupta ([5]) constructed the same p-adic

L-functions, using very different techniques and detailed knowledge of the eigencurve.
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1.1 Notation and Definitions

We will reserve the letter V to denote a finite dimensional Q-vector space. For each prime

p, we will write Vp := V ⊗Q Qp. If L ⊂ V is a lattice, we will write Lp := L ⊗Z Zp. We

write VR := V ⊗Q R. If VR has been equipped with a basis e1, . . . , en, then we will denote

by (VR)+ the positive orthant R+e1 + · · ·R+en, where R+ = (0,∞). We will suppress this

choice of basis from our notation.

Unlesss we specify otherwise, our convention will be to let GL(V ) act on V on the left.

By duality, this endows S(V ) with a right GL(V ) action, (f |γ)(v) := f(γv).

If v1, . . . , vr, r ≤ n, are linearly independent vectors in VR, we write Co(v1, . . . , vr) for

the set of all positive linear combinations Co(v1, . . . , vr) = {
∑
aivi|ai ∈ R+}. C(v1, . . . , vr)

will denote the closed cone C(v1, . . . , vr) = {
∑
aivi|ai ∈ R, ai ≥ 0}. In either case, we

will call the rays in the directions v1, . . . , vr the extremal rays. More generally, a simplicial

cone C is a finite union of open cones (glued along boundaries). A pointed cone is a cone

that does not contain any lines.

We will say a pointed open cone C ⊂ VR is rational if it is generated by vectors

v1, . . . , vr ∈ V . More generally, a simplicial cone is rational if it us the union of rational

open cones.



Chapter 2

Distribution with rational poles

Fix V a finite dimensional vector space with distinguished lattice L. We topologize V by

declaring the affine lattices to be open.

Definition 2.0.1. Let S(V ) denote the abelian group of test functions f : V −→ Z

satisfying the following conditions

a) f is locally constant: There exists a lattice P ⊂ V such that, for all v ∈ V and ` ∈ P ,

f(v + `) = f(v).

b) f has bounded support: There exist a lattice S ⊂ V such that, for all v 6∈ S, f(v) = 0.

For example, if U ⊂ V is an affine lattice, then the characteristic function of U , denoted

[U ], is a test function on V . It is not hard to see that the test functions on V are exactly

finite linear combinations of such characteristic functions.

The group of test functions on V can be identified with the abelian group of Bruhat-

Schwartz functions on the finite adeles S(A(∞)
V ). Let us quickly recall the definition.

Definition 2.0.2. For each prime p, write S(Vp) for the space of locally constant, com-

pactly supported functions fp : Vp → Z, with respect to the usual p-adic topology induced

by Lp. The group of Bruhat-Schwartz functions is

S(A(∞)
V ) =

⊗
p

′S(Vp) (2.1)

where the restricted product means fp = [Lp] almost everywhere.
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For each prime p, we will denote by S(V (p)) the space

⊗
`6=p

′S(V`), (2.2)

and refer to elements f ′ ∈ S(V (p)) as a test functions away from p

The diagonal embedding V ↪→ A(∞)
V induces, via restriction, a canonical map S(A(∞)

V ) −→

S(V ). By the Chinese Remainder Theorem, this map is an isomorphism. From now on,

we will implicitly identify these spaces and adopt the notation S(V ) for both.

Definition 2.0.3. Let A be an abelian group equipped with a left GL(V ) action. We

define D(V,A) := HomZ(S(V ), A). This is a left GL(V )-module via the action (γ ·µ)(f) =

γ · µ(f |γ). To invoke the analogy with integration, we will often write
∫
V fdµ for µ(f).

There are two fundamental examples of distributions, both valued in Q (with the trivial

GL(V )-action). For each v ∈ V , there is the Dirac delta distribution δv(f) := f(v). We

also have a Haar distribution, which depends on our fixed choice of lattice L. It can be

defined in two equivalent ways. First, for each f ∈ S(V ), there exist a lattice Lf for which

f is periodic: ∀` ∈ Lf and v ∈ V , f(v + `) = f(v). One can define (see [25]) the global

Haar measure hV by putting

hV (f) :=
1

[L : Lf ]

∑
v∈V/Lf

f(v). (2.3)

Since f has bounded supported, the sum is finite, and it’s easy to see that it is independent

of choice of Lf .

On the other hand, we have at each local component V`, a local Haar measure h`

normalized so that h`([L`]) = 1. Given f =
⊗

` f` ∈ S(V ), we can also define

h′V (f) :=
∏
`

h`(f`) (2.4)

and extend to all of S(V ) by linearity.
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Lemma 2.0.4. The distributions hV and h′V are equal.

Proof. See [25], section 3.3.

We define the Haar distribution of test functions away from p by defining h(p)(f ′) :=

hV (f ′ ⊗ [Lp]). If f ′ is factorizable (i.e. f ′ =
⊗

` f` ∈ S(V )), then h(p)(f ′) =
∏
`6=p h`(f

′).

2.1 Locally polynomial distributions

It is useful to think of the test functions on S(V ) as the locally constant functions on V ,

valued in Z. In this section, we recall the notion of a locally polynomial function on V

and, dually, a locally polynomial distribution. The locally polynomial distributions on V

will play the role of products of locally polynomial distributions at each finite place, and

will allow us to construct p-adic analytic distributions.

Write V ∗ = HomQ(V,Q) for the linear dual of V . The symmetric algebra Q[V ∗] =⊕∞
k=0 Symmk(V ∗) will play the role of the ring of polynomial on V . Indeed, there is a

natural Q-algebra homomorphism

Q[V ∗]→ Funct(V,Q)

which associates to each λ in V ∗ ⊂ Q[V ∗] the associated linear function λ : V → Q, viewed

as an element of Funct(V,Q).

Definition 2.1.1. We say a function f : V → Q is polynomial if it is in the image of the

map.

More generally, suppose W is another finite dimensional Q-vector space.

Definition 2.1.2. A function f : V → W is called a polynomial function if, for every

linear functional λ : W → Q, the composition λ ◦ f : V → Q is polynomial in the sense of

definition 2.1.1.
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Definition 2.1.3. A function ϕ : V −→ W is said to be a locally polynomial function (of

compact support) on V if (1) f is pre-compactly supported and (2) there is a lattice L ⊆

V such that for all v ∈ V there is a polynomial function (in the above sense) Pv : V −→W

such that ϕ is the restriction of Pv to v+L. Let LPc(V,W ) denote the space of all locally

polynomial functions of compact support from V to W . When W = Q, we will simply

write LPc(V ).

As a concrete example, if f ∈ S(V ) is a Schwartz function, then the map V →

Symmn(V ) by v 7→ f(v)vn is a locally polynomial function (of compact support).

When W = Q, the product of a Schwartz function f ∈ S(V ) and a polynomial P ∈

Q[V ∗] is a locally polynomial function from V to Q. Conversely, on can express any locally

polynomial function in LPc(V ) as the sum of finitely many terms [v + L]Pv. Therefore,

one has

Lemma 2.1.4. The natural map S(V )⊗Q Q[V ∗]→ LPc(V ) is an isomorphism.

Definition 2.1.5. A locally polynomial distribution is a linear functional µ : LPc(V )→ Q.

The vector space of (Q-valued) locally polynomial distributions on V will be denoted

Dpoly(V ) = HomQ(LPc(V ),Q).

Write Dpoly(V,W ) for HomQ(LPc(V ),W ) for a Q-vector space W .

Remark 2.1.6. If V and W are both equipped with a left G-action (for any group G),

then dually G acts on LPc(V ) by f |γ(v) = f(γv) and G acts on Dpoly(V,W ) by (γ?µ)(f) =

γ ·W (µ(f |γ)).

Differential operators and rational poles

A vector v ∈ V gives us a Q-derivation Dv : Q[V ∗]→ Q[V ∗] by putting

Dv(λ1 · · ·λn) =

n∑
i=1

λi(v)λ1 · · · λ̂i · · ·λn
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and extending linearly. It is easy to see that the map v → Dv is a linear map V →

EndQ(Q[V ∗]). Moreover, the derivations commute, so the linear map V → EndQ(Q[V ∗])

naturally extends to a Q-algebra homomorphism Q[V ] → EndQ(Q[V ∗]). We will write

Dv1v2 for Dv1Dv2 , and if Q is a polynomial in Q[V ], we will write DQ for the corresponding

differential operator DQ : Q[V ∗] → Q[V ∗]. By duality, we have an action of Q[V ] on

Dpoly(V ) and Dpoly(V,W ). That is, (D∗Qµ)(f ⊗ P ) = µ(f ⊗DQ · P ).

Remark 2.1.7. If V has a left-action by a group G, then this extends to an action on

Q[V ]. Furthermore, V ∗ has a right-action by G: λ|γ(v) := λ(γv) and this extends to an

action on Q[V ]. It is easy to check that Dγ·QP |γ−1 = DQ · P .

As a concrete example, take V = Q2 with the standard basis, and let x, y be the

standard coordinate functions. Then Dei = ∂
∂xi

and Da1e1+be2 = a ∂
∂x + b ∂∂y . A polynomial

Q(e1, e2) ∈ Q[e1, e2] maps to the differential operator DQ = Q( ∂
∂x ,

∂
∂y )

Let S ⊂ Q[V ] be the multiplicative set generated by V \{0}, and let Q[V ]S denote the

localization of Q[V ] with respect to S. Note that S is preserved by the natural action of

GL(V ) on Q[V ].

Definition 2.1.8. (Distributions with rational poles) We define

D̃poly(V,W ) := S−1Dpoly(V,W ) = Dpoly(V,W )⊗Q[V ] Q[V ]S .

We will call the elements of D̃poly(V,W ) polynomial distributions with rational poles. If G

acts on V and W , it acts on Dpoly(V,W ) and Q[V ]S , and thus acts on D̃.

Proposition 2.1.9. The canonical map Dpoly(V,W )→ D̃poly(V,W ) is injective.

Proof. It suffices to show that for an arbitrary non-zero v ∈ V , the differential operator

dv is injective on Dpoly(V,W ). But it is clear that the map dv : LPc(V ) → LPc(V ) is

surjective, hence the dual map is injective.
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Fourier Transform

For each f ∈ S(V ), the map v → f(v)vn is a locally polynomial function V → Symmn(V )

in the sense of Defintion 2.1.3. If µ is a polynomial distribution µ ∈ Dpoly(V ), there is a

unique linear map

µ : LPc(V,Symmn(V ))→ Symmn(V )

determined by the following condition: for all linear functionals λ : Symmn(V ) → Q and

all ϕ ∈ LPc(V,Symmn(V )),

λ ◦ µ(ϕ) = µ(λ ◦ ϕ) (2.5)

Thus, if µ ∈ Dpoly(V ) is a locally polynomial distribution, the map

f 7→
∫
V
f(v)vndµ(v) ∈ Symmn(v)

is a naive distribution in Dnaive(V,Symmn(V )). If G is a group acting on V , then G acts

on Symmn(V ) and ∫
V

(γv)nf |γdµ = γ

∫
V
vnf |γdµ

Writing Q[[V ]] =
∏
n≥0 Symmn(V ), we define a map F : Dpoly(V )→ Dnaive(V,Q[[V ]])

F(µ)(f) :=
∑
n≥0

∫
V
f(v)

vn

n!
dµ(v), (2.6)

and call it the Fourier transform. Hopefully without causing too much confusion, we write

F(µ)(f) =

∫
V
f(v)evdµ(v),

with the understanding that the right hand side is defined as the right hand side of (2.6).

In order to go from a naive distribution valued in Q[[V ]] to a a locally polynomial

distribution, we need a way of extracting coefficients from elements of Q[[V ]]. The ring
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Q[[V ]] is local with maximal ideal VQ[[V ]] and residue field Q. We write

ev : Q[[V ]] −→ Q[[V ]]/V = Q

for the quotient map, or “evaluating at 0”.

Replacing V with V ∗, in §3.2, we have for each λ ∈ V ∗ a Q-derivation Dλ : Q[V ]→ Q[V ]

and this extends to Dλ : Q[[V ]]→ Q[[V ]].

Lemma 2.1.10. For all n ∈ N, v ∈ V , and λ ∈ V ∗, ev((Dλnv
n) = n!λ(v).

Proof. From the definition of Dλ,

Dλv
n =

n∑
i=1

λ(n)vn−1 = nλ(n)vn−1,

so by induction

Dλnv
n = Dn

λv
n = n!λ(v) ∈ Symm0(V ),

and it follows ev(Dλnv
n) = n!λ(v).

Lemma 2.1.11. For all λ ∈ V ∗ and v ∈ V , Dλe
v = λ(v)ev.

Proof. We compute

Dλ

∑
n≥0

vn

n!
=
∑
n≥0

Dλv
n

n!
=
∑
n≥0

λ(v)
nvn−1

n!
= λ(v)

∑
n≥0

vn

n!
= λ(v)ev

Lemma 2.1.12. For all v ∈ V , ev(ev) = 1.

Proof. Obvious.

Putting it all together, we have

Lemma 2.1.13. For all P ∈ Q[V ∗] and v ∈ V , ev(DP e
v) = P (v).
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The inverse of the Fourier transform, as we will see, is the map F−1 : Dnaive(V,Q[[V ]])→

Dpoly(V,Q) sending a distribution ν to the functional F−1ν : S(V )⊗Q[V ∗]→ Q,

∫
V
f ⊗ PdF−1ν(v) = ev

(
DP

∫
V
f(v)dν(v)

)
.

Observe F−1ν is the composition of linear maps

S(V )⊗Q[V ∗]
ν⊗Id−−−→ Q[[V ]]⊗Q[V ∗]

Q⊗P 7→DPQ−−−−−−−−→ Q[[V ]]
ev−→ Q,

so that F−1ν is indeed a locally polynomial distribution on V .

Example 2.1.14. Let δw ∈ Dpoly(V,Q) be the (locally polynomial) Dirac delta: δw(f ⊗

P ) := f(w)P (w). The Fourier transform of δw is ewδw ∈ Dnaive(V,Q[[V ]]). Going back-

wards,

∫
V
f(v)PdF−1 ◦ F(δ)(v) = ev(DP e

wf(w)) = P (w)f(w) = δw(f ⊗ P )

Proposition 2.1.15. The Fourier transform

F : Dpoly(V,Q)→ Dnaive(V,Q[[V ]])

is an isomorphism of Q-vector spaces. Moreover, F commutes with the action of G and

with the action of Q[V ]:

F(γ · µ) = γ · F(µ) and F(DQµ) = QF(µ)

Proof. For the sake of clarity, it is convenient to pick a basis w1, . . . , wn of V , and write

x1 = w∗1, . . . , xn = w∗n for the dual basis of V ∗. The basis identifies Q[V ] with Q[w1, . . . , wn],

Q[[V ]] with Q[[w1, . . . , wn]], and F : Dpoly(V,Q) → Dnaive(V,Q[[w1, . . . , wn]]) as the map
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sending µ to the distribution

F(µ)(f) =

∫
V
f(x)ex1(v)w1+···xn(v)wndµ

=
∑

k1,...,kn≥0

(∫
V
x1(v)k1 · · ·xn(v)knf(v)dµ(v)

)
wk11 · · ·wknn
k1! · · · kn!

First, we show the Q[V ]-equivariance: To compute F(Dw1µ), observe that Dw1x
k1
1 · · ·xknn =

k1x
k1−1
1 · · ·xknn for all k1, . . . , kn ≥ 0. Therefore

F(Dw1)(f) =
∑

k1,...,kn≥0

(∫
V
k1x1(v)k1−1 · · ·xn(v)knf(v)dµ(v)

)
wk11 · · ·wknn
k1! · · · kn!

=
∑

k1,...,kn≥0

(∫
V
x1(v)k1 · · ·xn(v)knf(v)dµ(v)

)
wk1+1

1 · · ·wknn
k1! · · · kn!

= w1F(µ)(f)

for all test functions f , so F(Dw1µ) = w1F(µ). Similarly, F(Dwiµ) = wiF(µ) and hence

F(DQ(w1,...,wn)µ) = Q(w1, . . . , wn)F(µ) for all Q ∈ Q[w1, . . . , wn] = Q[V ].

To see the GL(V )-equivariance, note

γ · v = x1(v)γ · w1 + · · ·xn(v)γ · wn = x1(γ · v)w1 + · · ·xn(γ · v)wn.

Therefore,

F(γ · µ)(f) =

∫
V
f(γv)eγvdµ(v) = γ ·

∫
V
f(γv)evdµ(v) = (γ · F(µ))(f). (2.7)

Lastly we show that F is an isomorphism. To check that F−1 ◦ F = Id, observe that,

for each P ∈ Q[V ∗], the map ev ◦ DP is a linear functional on Q[[V ]], so equation (2.5)

tells us

∫
V
f⊗P dF−1 ◦F(µ) = ev

(
DP

∫
V
f(v)evdµ

)
=

∫
V
f(v)ev(DP e

v)dµ(v) =

∫
V
f⊗P dµ(v)
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for all f ∈ S(V ) and P ∈ Q[V ∗]. That is, µ = F−1 ◦ F(µ). Showing that F ◦ F−1 = Id

follows from simply comparing coefficients of ν(f) and (F ◦ F−1ν)(f).

2.2 p-adic measures and distributions

Let us fix p a prime for the remainder of this chapter. Recall Vp = V ⊗Q Qp, and Lp =

L⊗Z Zp. The lattice Lp endows Vp with the structure of a Qp-Banach space.

We denote by Cc(Vp) the Qp-vector space of continuous functions Vp −→ Qp with

compact support. In addition to the compactly supported continuous functions on Vp,

we will need to recall the spaces of locally polynomial and locally analytic functions (of

compact support). First, we recall the notions of rigid analytic functions:

For each compact open subset U ⊂ Vp and positive real number r > 0, define

• B[U, r] := {z ∈ V ⊗̂Cp | ∃a ∈ U s.t.|z − a| ≤ r}.

• A[U, r] := the Qp-Banach algebra of rigid analytic functions on B[U, r] whose taylor

expansions on U have Qp-coefficients.

• P [U, r] := the subspace in A[U, r] of polynomial functions.

• D[U, r] := the Banach dual of A[U, r].

The norm on A[U, r] is the supremum norm, and the dual norm on D[U, r] is defined by

||µ||U,r = sup
f∈A[U,r]
f 6=0

|µ(f)|
||f ||

. (2.8)

Proposition 2.2.1. Let U be a compact open and r > s > 0. The restriction map

A[U, r]→ A[U, s] is completely continuous.

Proof. This is a well-known property of rigid analytic functions.

The space of locally analytic functions on U is naturally identified with the injective
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limit

A(U) = lim−→
r>0

A[U, r] (2.9)

endowed with the inductive limit topology. We also define, for fixed s, the overconvergent

analytic functions

A†(U, s) = lim−→
r>s

A[U, r] (2.10)

and endow it with the inductive limit topology.

The locally analytic functions are naturally embedded in the continuous functions,

A(U) ⊂ C(U). Within the space of locally analytic functions, we have the subspace of

locally polynomial functions.

LP(U) = lim−→
r>0

P [U, r]. (2.11)

Since P [U, r] ⊂ A[U, r] is dense, LP(U) ⊂ A(U) is dense with respect to the inductive limit

topology.

Definition 2.2.2. The Qp-vector space of measures, distributions, and locally polynomial

distributions on U are defined as

M(U) := Homcts(C(U),Qp), D(U) := Homcts(A(U),Qp), and Dpoly(U) := (LP(U),Qp),

(2.12)

respectively. We endow M(U) and D(U) with the strong topology.

Now let U ⊂W be two compact opens of Vp.

Lemma 2.2.3. Extension by zero induces a continuous map A(U) ↪→ A(W )

Proof. A locally analytic function f ∈ A(U) is the restriction to U , for some r > 0, of a

rigid analytic function ϕ ∈ A[U, r]. Since U ⊂W , we know B[U, r] ⊂ B[W, r]. Now B[W, r]

and B[U, r] are each the disjoint union of finitely many closed balls of radius r, and by

the ultrametric property the complement of B[U, r] in B[W, r] is a (possibly empty) union

of disjoint open balls of radius r. Thus a rigid analytic function ϕ ∈ A[U, r] extends by
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zero to a rigid analytic function in A[W, r]. The map A[U, r] −→ A[W, r] is continuous and

injective, so we have a continuous inclusion A(U) ↪→ A(W ).

Dually, a locally analytic distribution µ ∈ D(W ) restricts to a locally analytic distribu-

tion µ|U ∈ D(U). The restriction maps are continuous, surjective, and compatible, so we

form the projective limits:

Definition 2.2.4. The measures, distributions, and locally polynomial distributions on Vp

are defined as

M(Vp) := lim←−
U

M(U), (2.13)

D(Vp) := lim←−
U

D(U), (2.14)

Dpoly(Vp) := lim←−
U

Dpoly(U). (2.15)

If µ is a distribution (or measure, or locally polynomial distribution) on Vp, we write µ|U

for the natural restriction to U ⊂ Vp.

The Amice transform

After choosing coordinates, all computations will reduce to the case of measures on Znp .

The space of measures on Znp can be explicitly described in terms of power series over Zp.

We refer to [1] or [10] for proofs. When n = 1, Mahler’s theorem gives an ON-basis of

C(Zp) via the generalized binomial coefficients

(
x

k

)
:=


x(x−1)···(x−k+1)

k! if k ≥ 1;

1 if k = 0.

This generalizes in a straightforward way to the case of several variables.

Theorem 2.2.5 (Mahler). The functions
{(

x1
k1

)
· · ·
(
xn
kn

)}
form an ON-basis of C(Znp ). Con-
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cretely, every f ∈ C(Znp ) can be written uniquely as

f(x1, . . . , xn) =
∑

k1,...,kn≥0

ak1,...,kn

(
x1

k1

)
· · ·
(
xn
kn

)

with |ak1,...,kn |p → 0 and ||f || = sup |ak1,...,kn |p.

Proof. See, for example, the remarks following Proposition 7, Section 7 in [1].

Theorem 2.2.5 implies measure µ is uniquely determined by the moments µ
((

x1
k1

)
· · ·
(
xn
kn

))
,

and that ||µ|| = supk
∣∣(x
k

)∣∣
p
. To ease notation, our convention will be to write x and k for

the vectors x = (x1, . . . , xn) and k = (k1, . . . , kn). We simply write
(
x
k

)
=
(
x1
k1

)
· · ·
(
xn
kn

)
when

no confusion may arise.

These moments can be conveniently packaged into rigid analytic functions on an ap-

propriate p-adic space. For each r ∈ R+, let us write B(a, r) ⊂ Cp for the open disc

B(1, r) = {z ∈ Cp : |z − a|p < r}. We will write Br for the open polydisk B(1, r)n, and

abbreviate B1 to B. Denote by (q1, . . . , qn) parameters on B. The space of rigid analytic

functions on B, defined over Qp, is denoted by AQp(B). It is the space of power series, in

q1−1, . . . , qn−1 over Qp with bounded coefficients. For example, if α = (α1, . . . , αn) ∈ Znp ,

we will write qα for the function q 7→ qα1
1 · · · qαnn . By the binomial theorem, qαii is analytic

in qi − 1, so qα is analytic.

Definition 2.2.6. We define the Amice transform as the homomorphism map D(Znp ) −→

Qp[[q1 − 1, . . . , qn − 1]],

A(µ)(q1, . . . , qn) =

∫
Znp
qxdµ(x) =

∑
k∈Zn≥0

(∫
Znp

(
x

k

)
dµ(x)

)
(q1 − 1)k1 · · · (qn − 1)kn . (2.16)

Two fundamental theorems, due to Amice and Amice-Velu, describe the image of this

integral transform.

Theorem 2.2.7 (Amice). The map A is an isomorphism of Qp-Banach algebraM(Znp ,Qp)

and Zp[[q1 − 1, . . . , qn − 1]]⊗Zp Qp.
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Theorem 2.2.8 (Amice-Velu, [2]). The map A : D(Znp ) −→ AQp(B)), is an isomorphism

of Fréchet spaces.

The Amice transform is nothing more than a local version of the Fourier transform.

Indeed, the p-adic exponential function identifies B with the polydisk B(0, p−1/p−1)n with

via qi = expp(Xi). Then

A(µ) =

∫
Znp

expp(x1X1 + · · ·xnXn)dµ(x) =
∑

k1,...kn≥0

(∫
Znp
xk11 · · ·x

kn
n dµ(x)

)
Xk1

1 · · ·Xkn
n

k1! · · · kn!
.

(2.17)

It will be convenient to have notation for this version of the Amice transform, so we

define

Definition 2.2.9. F : Dpoly(Vp,Q) −→ HomZ(S(Vp),Qp[[Vp]]) by

F(µ)(fp) =

∫
Vp

fp(x1, . . . , xn))evdµ(v) =

∫
Vp

fp(v)ex1X1+···+xnXndµ(x1, . . . , xn). (2.18)

Lemma 2.2.10. For all γ ∈ GL(V ), (γ · F)(µ) = F(γ · µ).

2.3 Rational poles

The differential operators DP , P ∈ Q[V ], act on the function space Ac(Vp). (This follows,

for example, from Proposition ). Dually, D(Vp) and Dpoly(Vp) are equipped with Q[V ]-

actions, and we localize both with respect to S = 〈V \{0}〉 ⊂ Q[V ].

Definition 2.3.1. Let U ⊂ Vp be a compact open, and let D be one of the distribution

spaces Dpoly(U), Dpoly(Vp), D(U) or D(Vp). The corresponding distribution space with

rational poles is the localization S−1D = D ⊗Q[V ] Q[V ]S .

Proposition 2.3.2. The natural map Dpoly(Vp)→ D̃poly(Vp) is an injection.

Proof. The proof is identical to the proof of Proposition 2.1.9
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Lemma 2.3.3. The restriction map D(Vp) −→ D(U), µ 7→ µ|U , induces an injective

homomorphism D̃(Vp) −→ D̃(U), which we also refer to as the restriction map.

Proof. The restriction map respects the Q[V ]-module structure of D(Vp) and D(U), so

it extends to the tensor product D(Vp) ⊗Q[V ] Q[V ]S −→ D(U) ⊗Q[V ] Q[V ]S by µ ⊗ P 7→

µ|U ⊗ P .

We mimic our global constructions and extend, in the natural way, the Fourier transform

F : D̃poly(Vp,Qp) −→ HomZ(S(Vp), S
−1Qp[[Vp]]). (2.19)

In the same way, we can extend the Amice transform A from locally analytic distribu-

tions to allow for rational poles. Inverting the linear forms a1X1 + · · · anXn corresponds,

on the polydisk B, to inverting the linear form of logarithms a1 log(q1) + · · · + an log(qn).

Let us write K(B) for the ring of meromorphic functions on B. Then the Amice transform

extends to an injective map of Qp vector spaces

A : D̃(Lp,Qp) −→ K(B). (2.20)

Making the obvious change of variables,

Lemma 2.3.4. For all µ ∈ D̃(Vp,Qp), A(µ|Lp) = F(µ)([Lp]).

2.4 p-adic distributions from global distributions

Proposition 2.4.1. The natural map S(Vp) ⊗ Qp[V
∗] → LPc(Vp) is an isomorphism of

Qp-vector spaces.

Proof. The product of a polynomial function and a locally constant function is To see that

the map is surjective, suppose f ∈ LPc(Vp). Let W ⊂ Vp be a compact open containing

the support of f . At each point w ∈W , there exists a real number r such that f , restricted

to the closed polydisk B[w, rw], is a polynomial function Pw : B[w, rw] → Qp. Since W
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is compact, there is a finite collection of w ∈ W such that Uw := B(w, rw) ∩W cover W ,

and in fact we can take the Uw to be disjoint. Now it is easy to see that f is the image of∑
[Uw]⊗ Pw ∈ S(Vp)⊗Qp[V

∗]

Given a prime p, an element f ′ ∈ S(V (p)), and a locally polynomial distribution µ ∈

Dpoly(V,W ), there is a unique linear map µf ′ : LPc(Vp) −→ Qp making the following

diagram commute:

LPc(Vp)

µf ′

--[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[
∼ // S(Vp)⊗Qp[V

∗]
⊗f ′

// S(V )⊗Q[V ∗]⊗Q Qp
∼ // LPc(V )⊗Q Qp

µ

��

Qp

(2.21)

It is clear that the above diagram gives us a homomorphism Dpoly(V ) −→ Dpoly(Vp).

After tensoring each Q[V ]-module by Q[V ]S , we have proved

Lemma 2.4.2. Fixing f ′ ∈ S(V (p)), we get a Q-linear map D̃poly(V,Q) −→ D̃poly(Vp,Qp).

Given µ ∈ D̃poly(V,Q), we will write µf ′ ∈ D̃poly(Vp,Qp) for the image under this map.

In fact, since S(V ) = S(V (p)) ⊗Z S(Vp), the tensor-hom adjunction identifies a homo-

morpism µ : S(Vp)⊗ S(V (p)) −→ S−1Q[[V ]] with a homomorphism

ϕµ ∈ Hom(S(V (p)),HomZ(S(Vp), S
−1Q[[V ]]). Taking the Fourier transform, we have a

useful lemma:

Lemma 2.4.3. The Fourier transform induces a homomorphism of Z[GL(V )]-modules,

Dpoly(V, S−1Q[[V ]]) −→ HomZ(S(V (p)), D̃poly(Vp)).

Proof. To make this absolutely clear, recall the Fourier transform induces an isomorphism

D̃poly(Vp,Q) ∼= HomZ(S(Vp), S
−1Q[[V ]]). The tensor-hom adjunction gives

D(V, S−1Q[[V ]]) := HomZ(S(V (p))⊗ S(Vp), S
−1Q[[V ]]) (2.22)

= HomZ(S(V (p)),HomZ(S(Vp), S
−1Q[[V ]]) (2.23)

∼= HomZ(S(V (p)), D̃(Vp,Q)) (2.24)
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We just need to check that the homomorphism respects the GL(V )-actions. The natural

GL(V ) action on HomZ(S(V (p)), D̃poly(Vp) is given by (γ · ϕ)(f ′) = γϕ(f ′|γ).



Chapter 3

The Shintani cocycle

3.1 Background: Shintani zeta functions

If C is a pointed simplicial cone in V +
R and f ∈ S(V ) is a test function (a finite Z-linear

combination of indicator functions of affine lattices), the Shintani zeta function ζSh(f, C; s)

is defined, for Re(s)� 0, as the sum

ζSh(f, C; s) :=
∑
v∈C

f(v)

N(v)s

where N(v) = e∗1(v) · · · e∗n(v) is the product of the coordinates. One can show that the

sum converges for Re(s)� 0 (see, for example, [12]), and Shintani showed the these have

meromorphic continuation to s ∈ C. Moreover, the values ζSH(f, C;−k) can be expressed

in terms of Bernoulli polynomials.

Shintani used these results to study the special values of Hecke L-functions of totally

real fields. Let us suppose that F is a totally real field of degree n. The Hecke L-functions

of F decompose as sums of partial zeta functions, sometimes called ray class zeta functions.

If f is an integral ideal of F and a is a fractional ideal relatively prime to f, then the ray

class zeta function for [a]f is defined by

ζ([a]f, s) :=
∑
b⊂OF
b∼fa

1

N bs
for Re(s)� 0

where the sum is over all integral ideals representing [a]f in the narrow ray class group.
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Two ideals a and b are equivalent in the narrow ray class group if and only if there exists

a totally positive α ≡ 1 (mod f) such that (α) = ba−1. Put

E(f) = {u ∈ O×F |u� 0 and u ≡ 1 (mod f)},

so that (α) ∼f (β) if and only if αβ−1 ∈ E(f). We may rewrite the sum as

ζ([a]f, s) =
∑

β∈(a+a−1f)/E(f)
β�0

1

N(aβ)s
= N a−s

∑
β∈(a+a−1f)/E(f)

β�0

1

Nβs
(3.1)

where a ∈ a−1 is any fixed element congruent to 1 (mod f). If a is integral, then it suffices

to take a = 1.

In order to interpret these ray class zeta functions as Shintani zeta functions, we

embed F in Rn. Write τ1, . . . , τn for the n embeddings of F into R and F ↪→ Rn by

α 7→ (τ1(α), . . . , τn(α)). The norm N = e∗1 · · · e∗n on Rn extends the usual norm on F to

Rn. Shintani’s insight was to construct a fundamental domain for the action of E(f) by

decomposing Rn+ (where the totally positive elements live) into disjoint polyhedral cones.

For example, if F is a real quadratic field and ε is a totally positive unit generating E(f),

then the polyhedral cone Co(1, ε) ∪ Co(1) forms a fundamental domain for the action of

O×F (extended continuously to Rn). More generally, Shintani proved

Proposition 3.1.1 (Proposition 4 of [21]). Let E ⊂ (O×F )+ be a finite index subgroup of

totally positive units. Then there exists a disjoint union of simplical cones, C, such that

εC ∩ C = ∅ for all ε ∈ E and

Rn+ =
∐
ε∈E

εC.

Such a collection of cones will be called a Shintani domain for E. A Shintani domain

lets us decompose the ray class zeta functions as

ζ([a]f, s) = (N a)−s
∑

α∈(a+a−1f∩C)

1

Nαs
= (N a)−sζSh([a+ a−1f], C; s) (3.2)
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reducing the study of special values of Hecke L-functions to the study of Shintani zeta

functions.

Special values

Let us now suppose that C is the “open” cone C = Co(v1, . . . , vr), with v1, . . . , vr ∈ VR,+.

We remark that any cone can be written as a disjoint union of these “open” cones (and

possibly the origin), hence it suffices to treat only this case. Shintani’s meromorphic

continuation of

ζSH(f, C; s) =
∑
v∈C

f(v)

N(v)s

generalizes Riemann’s arguments for the meromorphic continuation of ζ(s). First, one

expresses ζSH(f, C; s) as Mellin-transform by

∑
v∈C

f(v)

N(v)s
=
∑
v∈C

f(v)
1

Γ(s)n

∫ (∞,...,∞)

(0,...,0)
e−(e∗1(v)x1+···e∗n(v)xn)xs

dx

x
=

1

Γ(s)n

∫ (∞,...,∞)

(0,...,)

∑
v∈C

f(v)e−(e∗1(v)x1+···e∗n(v)xn)xs
dx

x
.

To simplify notation, write v · x for e∗1(v)x1 + · · · e∗n(v)xn. With the hypothesis that f is

rational with respect to C, there exist a1, . . . , ar ∈ Q such that f is periodic with respect to

the lattice a1v1Z+ · · ·+arvrZ. After rescaling v1, . . . , vr, we may assume f is periodic with

respect to the lattice v1Z + · · · vrZ, then we can rewrite
∑

v∈C f(v)e−v·x as the “rational

function” ∑
v∈C

f(v)e−v·x =
1

1− e−v1·x
· · · 1

1− e−vr·x
∑
v∈P

f(v)e−v·x,

where P ⊂ C is fundamental domain for translation by v1Z≥0 + · · · vrZ≥0. Switching signs,

write

G(x1, . . . , xn) =
1

1− ev1·x
· · · 1

1− evr·x
∑
v∈P

f(v)ev·x.

The function 1
ez−1 has a simple pole at z = 0 with residue 1, so G(x1, . . . , xn) potentially

has simple poles along the hyperplanes v1 · x = 0, . . . , vr · x = 0.
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Next, one would like to find the Mellin-transform of G(−x) as a term in the complex

contour integral

(1− e2πisn)

∫ (∞,...,∞)

(0,...,)
G(−x)xs

dx

x
=

∫
C
G(−z)e(s−1) log(z1)+···(s−1) log(zn)dz,

where C is a product of keyhole contours +∞→ +∞ around 0. However, when n > 1, the

poles of G will intersect any sphere about the origin, hence our contour C, and we come

to an impasse. Shintani managed to circumvent these problems by cleverly decomposing

the domain of the Mellin transform. For details, we refer the reader to Shintani’s original

paper [21] or the notes of Greenberg and Dasgupta [11] for very readable accounts.

The following theorem is a reformulation of Proposition 1 of [21].

Theorem 3.1.2 (Shintani). The function ζSH(f, C; s) has meromorphic continuation to

the whole complex plane with at most a simple pole at s = 1. Moreover, the special values

are given by

ζSH(f, C;−k) =
1

nk!n

(
n∑
i=1

Coeff(G(ux1, ux2, . . . , uxn) |xi=1;unkxk2 · · ·xkn)

)
(3.3)

where Coeff(F (x1, . . . , xn), xk11 · · ·xk1n ) denotes the coefficient of xk11 · · ·xk1n in the Laurent

series of F about the origin.

Note that G(x1, . . . , xn) is not necessarily a sum of monomials xk11 · · ·xknn near 0 (con-

sider ex+y

ex+y−1
= 1

x+y

∑
n,m≥0Bn+m

xnym

n!m! ). However, it’s not hard to see that G(ux1, . . . , uxn)|x1=1

has a well-defined Laurent series in powers of u, x2, . . . , xn. If G happens to be holomorphic

at the origin, then equation (3.3) simplifies to

ζSH(f, C;−k) =
1

k!n
Coeff(G(x1, . . . , xn), xk1 · · ·xkn) (3.4)

= Coeff(
∂nk

∂kx1 · · · ∂kxn
G(x1, . . . , xn);x0

1 · · ·x0
n) (3.5)

=
∂nk

∂kx1 · · · ∂kxn
G(x1, . . . , xn) |x=0 (3.6)
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3.2 Cones and Distributions with rational poles

In this section, we construct distributions with rational poles from the data of a test

function f ′ ∈ S(V (p)) and a pointed simplicial cone C. Before getting to the construction,

we illustrate the ideas with a familiar example.

Let V be a finite dimensional Q-vector space with basis e1, . . . , en. Let us fix a pointed

open cone C = Co(v1, . . . , vn), (here v1, . . . , vn linearly independent) and a test function

f ∈ S(V ). Consider the formal sum

∑
v∈C

f(v)ex·v =
∑

v∈C∩L
e(e∗1(v)x1+···e∗n(v)xn). (3.7)

As we argued in the introduction, this sum represents a rational function; it converges

absolutely to a rational function of exponentials for x = (x1, . . . , xn) in the polar cone

C∗ := {x ∈ V ∗ : x · v < 0 for all v ∈ C}. Indeed, after possibly scaling the extremal

vectors v1, . . . , vn by positive rational numbers, we may assume f is periodic with respect

to v1, . . . , vn. Let P = {
∑n

i=1 λivi : λi ∈ (0, 1] ∩ Q}, which is a fundamental domain for

translation by the half-lattice Z≥0v1 + · · ·Z≥0vn. For x in the polar cone, we can rearrange

the absolutely convergent sum to get

∑
v∈C

f(v)ex·v =
∑
v∈P

f(v)ex·v
∑

m1,...,mn≥0

ex·(m1v1+···mnvn)

 (3.8)

=

 ∑
m1,...,mn≥0

ex·(m1v1+···mnvn)

(∑
v∈P

f(v)ex·v

)
(3.9)

=
1

1− ex·v1
· · · 1

1− ex·vn
∑
v∈P

f(v)ex·v, (3.10)

This last sum is a finite linear combination of products of terms of the form eαx·v

1−ex·v , where

α ∈ Q and v ∈ V .

Remark 3.2.1. The rational function eαx·v

1−ex·v , which has Laurent series expansion about
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the origin

eαx·v

1− ex·v
=

1

x · v
∑
n≥0

Bn(α)
(x · v)n

n!
, (3.11)

where Bn is the n-th Bernoulli polynomial. If we identify the symmetric algebra Q[[V ]]

with Q[[x1, . . . , xn]] via the map v 7→ x · v, then the above Laurent series identifies eαx·v

1−ex·v

with an element of S−1Q[[V ]].

We will tend to suppress coordinates from our notation and note that our construc-

tions are independent of choice of basis. For any vector v ∈ V , we will write ev for

ee
∗
1(v)x1+···en∗(v)xn . Informally, a pointed cone C and a test function f give us a Lau-

rent series in S−1Q[[V ]] which represents the rational function with formal expansion∑
v∈C f(v)ev. A pointed cone C corresponds to a unique distribution µC ∈ D(V, S−1Q[[V ]])

characterized by

Cone functions

It will be convenient to work with weighted cones, or cone functions. Following Hill, let us

write KoV for the abelian group of functions from VR minus the origin to Z, generated by

the characteristic function of rational open cones, restricted to VR\{0}. We write KV for

the group of functions VR → Z whose restrictions to VR\{0} are in KoV . The group GL(V )

acts on KV by

(γ · κ)(v) = sign(det γ)κ(γ−1v). (3.12)

If κ1, κ2 are cone functions, then we will say κ1 ≤ κ2 if the support of κ1 is contained in

the support of κ2.

The constant functions on VR (minus the origin) VR form a submodule of KV , and we

write LV for the quotient KV /Z.

For example, if v1, . . . , vn are linearly independent vectors of V , the rational open cone

Co(v1, . . . , vn) is the set {
∑n

i=1 αivi : αi ∈ R+}. Then the characteristic function of this

open cone, denoted [Co(v1, . . . , vn)], is an element of KV .
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The following proposition is a well-known result in the theory of lattice point enumer-

ation in rational polytopes. Following Hill, we refer to the result as the “Solomon-Hu”

pairing, which appeared in this context first in [14]. We refer to Hill’s article [13] for a

clear summary.

Proposition 3.2.2. There is a non-degenerate bilinear pairing KV ×S(V ) −→ S−1Q[[V ]]

characterized as follows: if κ is the characteristic function of a pointed cone C and f ∈

S(V ), then

〈κ, f〉“ = ”
∑
v∈C

f(v)ev, (3.13)

where the right hand side is understood as the (coordinate free) Laurent series representing

the rational function represented by the right hand side.

We omit the proof. The following is an immediate corollary:

Corollary 3.2.3. A cone function κ corresponds to a unique distribution µκ ∈ D(V, S−1 

Q[[V ]]) characterized by

µκ(f) =
∑
v∈V

f(v)κ(v)ev. (3.14)

Moreover, the map κ 7→ µκ is a Z[GL+(V )]-homomorphism: for all γ ∈ GL+(V ), µκ|γ =

µγ ·κ and µκ + µκ′ = µκ+κ′.

Proof. The only thing left to check is the GL+(V )-equivariance. Fix γ ∈ GL+(V ) and

f ∈ S(V ). Using the formal expansion of µκ(f), we have

µκ|γ(f) =γ ·
∑
v∈V

κ(v)f(γv)ev (3.15)

=
∑
v∈V

κ(v)f(γv)eγv (3.16)

=
∑

w=γv∈V
κ(γ−1w)f(w)ew (3.17)

=
∑
w∈V

γ · κ(w)f(w)ew (3.18)
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=µγ·κ(f). (3.19)

Since f was arbitrary, we conclude µκ|γ = µγ·κ.

Locally polynomial p-adic distributions with poles

Let us fix p prime for the remainder of this chapter. The Fourier transform identifies

D(V, S−1Q[[V ]]) with D̃poly(V,Q), so a cone function κ gives rise to a unique locally

polynomial distribution (with rational poles) with Fourier transform equal to µκ. Fix-

ing f ′ ∈ S(V (p)) away from p. Lemma 2.4.2 gives us the following:

Proposition 3.2.4. A cone function κ and a test function f ′ ∈ S(V (p)) away from p cor-

respond to a unique locally polynomial distribution with rational poles µκ,f ′ ∈ D̃poly(Vp,Q)

characterized by

F(µκ,f ′)(fp) =
∑
v∈V

(f ′ ⊗ fp)(v)κ(v)ev. (3.20)

Moreover, for all γ ∈ GL(V ),

µκ,f ′ |γ = ±µγ·κ,f ′|γ−1 , (3.21)

where the sign is equal to the sign of det (γ).

Proof. It remains to verify the GL(V )-action. Fixing κ ∈ KV , f ′ ∈ S(V (p)), it suffices to

show that F(µκ,f ′)|γ = F(µγ·κ,f ′|γ−1). So, let fp ∈ S(Vp) be fixed but arbitrary, and take

γ ∈ GL+(V ). Then F(µκ,f ′)|γ(fp) = γF(µκ,f ′)(fp|γ). By the definition of µκ,f ′ ,

F(µκ,f ′)|γ(fp) = γ ·
∑
v∈V

(f ′ ⊗ (fp|γ))(v)κ(v)ev (3.22)

= γ ·
∑
v∈V

(f ′|γ−1 ⊗ fp)(γv)κ(v)ev (3.23)

= ±
∑
v∈V

(f ′|γ−1 ⊗ fp)(γv)κ(v)eγv (3.24)

= ±
∑
w∈V

(f ′|γ−1 ⊗ fp)(w)γ · κ(w)ew (3.25)
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= ±F(µγ·κ,f ′|γ−1)(fp). (3.26)

Since fp was arbitrary, we conclude µκ,f ′ |γ = ±µγ·κ,f ′|γ−1 .

Our first theorem shows that this pseudo-distribution extends, after clearing poles, to

a unique linear functional on locally analytic functions.

Theorem 3.2.5. For each κ ∈ KV and f ′ ∈ S(V (p)), µκ,f ′ ∈ D̃(Vp,Qp). If κ = [Co(v1, . . . , vr)]

with v1, . . . , vr linearly indendent, then Dv1 · · ·Dvnµκ,f ′ ∈ D(Vp,Qp). In other words, µκ,f ′

is represented by

µκ,f ′ = (Dv1 · · ·Dvnµκ,f ′)⊗
1

v1 · · · vn
∈ D(Vp,Qp)⊗Q[V ] Q[V ]S . (3.27)

Proof. Since every cone function can be written as a finite linear combination of the char-

acteristic functions of open cones, it suffices to consider the case κ = [Co(v1, . . . , vr)]

with v1, . . . , vr linearly independent vectors. After possibly rescaling v1, . . . , vr by positive

scalars, we may assume without loss of generality that v1, . . . , vr are period vectors for f ′.

If r < n = dimQ V , we extend to a maximal set of linearly independent vectors v1, . . . , vr

by vr+1, . . . , vn. Since D̃(Vp) ⊂ D̃poly(Vp) are equal to the projective limit, over all compact

opens U , of D̃(U) ⊂ D̃poly(U), it suffices to show µκ,f ′ ∈ D(U) for all compact opens U .

Now each compact open U is contained in a lattice Lm = p−mZpv1 + · · · p−mZpvn, for some

integer m, so it suffices to show that µκ,f ′ |Lm ∈ D̃(Lm) for an arbitrary m. Fix such an

m, and identify Vp with Qn
p and Lm with Znp via the basis {p−mv1, . . . , p

−mvn}. To sim-

plify notation, let us write µ for the restriction of µκ,f ′ to Lm. By computing the Amice

transform of the, a priori, locally polynomial distribution Dv1 · · ·Dvrµ, we recognize it as

a locally analytic distribution on Lm. Our choice of basis gives us coordinates q1, · · · qn on

B and (X1, · · · , Xn) on B(0, p−1/p−1)n, with qi = expp(Xi). By the comparison of Fourier



31

and Amice transforms, A(Dv1 · · ·Dvrµ) = F(Dv1 · · ·Dvrµ)([Znp ]) = v1 · · · vrF(µ)([Znp ]).

A(Dv1 · · ·Dvrµ) =v1 · · · vr
∑
v∈V

(f ′ ⊗ [Lm])(v)κ(v)eV (3.28)

=X1 · · ·Xr

∑
x1,...xr∈Q+

(f ′ ⊗ [Lm])(x1p
−mv1 + · · ·+ xnp

−mvn)ex1X1+···xnXn .

(3.29)

Now we claim f ′ ⊗ [Lm] is periodic with respect to the basis vectors p−mv1, . . . , p
−mvn.

Certainly [Lm] is periodic, and we assumed f ′ was periodic with respect to v1, . . . , vn, so

f ′ is periodic with respect to the basis. Therefore,

A(Dv1 · · ·Dvrµ) (3.30)

= X1 · · ·Xr
1

1− eX1
· · · 1

1− eXr
∑

(x1,...,xn)∈((0,1]∩Q)n

(f ′ ⊗ [Znp ])(x)ex1X1+···xnXn

(3.31)

In the q-parameter, the Amice transform of Dv1 · · ·Dvrµ is

A(Dv1 · · ·Dvrµ) =
log(q1)

1− q1
· log(qr)

1− qr
∑
v∈P

(f ′ ⊗ [Lm])(v)qv (3.32)

where P = {
∑r

i=1 xip
−mvi|xi ∈ (0, 1] ∩Q}.

We claim that A(Dv1 · · ·Dvrµ) is analytic on B. First, observe that the sum is a finite

linear combination of qv = qx11 · · · qxnn with x1, . . . , xn p-integral rational numbers. Each

summand is thus an analytic function on the open polydisk B. We are reduced to showing

the that log(qi)/(1− qi) define analytic functions on B. Observe

log(q)/(1− q) =
1

q − 1

∑
n≥1

(−1)n

n
(q − 1)n

(−1)n

n
= −

∑
n≥0

(−1)n+1

n+ 1
(q − 1)n. (3.33)

The above power series converges for all q ∈ Cp such that |q − 1|p < 1, so log(q)/1 − q
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is an analytic function on the open unit ball B(1, 1). Thus log(qi)/(1 − qi) is an analytic

function on the polydisk B, and A(Dv1 · · ·Dvrµ) is analytic. We conclude, by the theorem

of Amice-Velu, that Dv1 · · ·Dvrµκ,f ′ |Lm defines a locally analytic distribution on Lm, and

hence Dv1 · · ·Dvrµκ,f ′ is a locally analytic distribution on Vp.

As we will soon see, certain choices of f ′ and κ define honest p-adic analytic distri-

bution. This happens, for example, when we write down the distributions coming from

the “smoothed” partial zeta functions of Deligne, Ribet and Cassou-Noguès. When this

is the case, the moments of µκ,f ′ are essentially special values of Shintani zeta functions.

Suppose we pick a basis e1, . . . , en of VR. Recall that this basis gives us a “norm function”

N : V −→ Q which is the product of linear forms N = e∗1 · · · e∗n. This norm function is

non-zero on the positive octant (VR)+ = {
∑n

i=1 λivi|λi > 0}

Proposition 3.2.6. Suppose κ = [C] for a pointed cone C ⊂ (VR)+, and suppose µκ,f ′ ∈

D(Vp). Then, for any compact open U ⊂ Vp

∫
U
Nk(v)dµκ,f ′ = the value at s = −k of the analytic continuation of

ζ(f ′ ⊗ [U ], C; s) =
∑
v∈C

f ′ ⊗ [U ](v)

N(v)s

Proof. Fix C, f ′ as above and abbreviate µκ,f ′ to µ. Let DN : AQp(B) → AQp(B) be the

differential operator DNq
v = N(v)qv. After rearranging a uniformly convergent series, we

have ∫
U
Nk(v)dµ =

(∫
U
Dk
Nq

vdµ

)∣∣∣∣
q=1

= Dk
NA(µ) |q=1 .

We make the change of variables qi = exi , so qv = ee
∗
1(v)x1+···e∗n(v)xn . Under this change of

variables, Dk
N = ∂nk

∂kx1···∂kxn
and A(µ) becomes the function G(x1, . . . , xn) represented by

∑
v∈C

f ′ ⊗ [U ]ee
∗
1(v)x1+···+e∗n(v)xn . (3.34)

Since A(µ) is holomorphic at q = 1, G is holomorphic at x1, . . . , xn = 0. Shintani’s theorem
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then implies

Dk
NA(µ) |q=1=

∂nk

∂kx1 · · · ∂kxn
G(x1, . . . , xn)|x1,...,xn=0 = ζSH(f ′ ⊗ [U ], C;−k).

3.3 Vanishing Hypothesis

In light of Proposition 3.2.6 it is natural to ask, “when is µκ,f ′ a distribution?” The main

result of this section is an exact criterion for µκ,f ′ to be a distribution, and this happens if

and only if µκ,f ′ is a measure. Roughly speaking, this happens whenever the test function

f ′ has vanishing average in the directions of the extremal rays of C. To make precise this

vague statement, we introduce some notation.

For each non-zero w ∈ V and any v ∈ V , write πv,w : S(V`)→ S(Q`) for the map which

sends a test function f ∈ S(V`) to the function πv,wf : Q` → Z

(πv,wf)(x) := f(v + xw), for all x ∈ Q`. (3.35)

A fortiori, πv,wf is indeed a test function on Q`. Similarly, we define πv,w : S(V (p)) →

S(Q(p)) and πv,w : S(V )→ S(Q).

Definition 3.3.1 (Vanishing Hypothesis). Let w ∈ V be a non-zero vector. We will

say a test function f ′ satisfies the Vanishing Hypothesis for w if h(p)(πv,wf
′) = 0 for all

v ∈ V .

We remark that h(p)(πv,wf
′) depends only on v mod 〈w〉, since h(p) is the product of

translation invariant local Haar measures.

Lemma 3.3.2. If a test function f ′ ∈ S(V (p)) satisfies the vanishing hypothesis for w,

then for all U ⊂ Vp and v ∈ V ,

hQ(πv,w(f ′ ⊗ [U ])) = 0. (3.36)



34

Proof. The vectors v, w embed Q ↪→ V and Qp ↪→ Vp via the inclusion λ 7→ v + λw.

Let W ⊂ Qp denote the projection of U to the line v + λw. Then πv,w(f ′ ⊗ [U ]) =

(πv,wf
′)⊗(πv,w[U ]) = (πv,wf

′)⊗[W ], and hV (πv,w(f ′⊗[U ])) = h(p)(πv,wf
′)hp([W ]) = 0.

One may interpret this lemma as saying a test function f ′ satisfies the vanishing hy-

pothesis for w if the average value of f ′ ⊗ fp is 0 along all lines parallel to w, for all

fp ∈ S(Vp). While this hypothesis may seem odd, it is in fact easy to verify in important

cases. Indeed, we will show that the vanishing hypothesis is satisfied when f ′ comes from

the data of a “smoothed” ray class zeta function of a totally real field. In the next chapter,

we show how the construction of p-adic L-functions of totally real fields is a corollary of

our main theorem.

Theorem 3.3.3. Suppose κ is the characteristic function of a pointed cone C with linearly

independent extremal rays v1, . . . , vr. The distribution with rational poles µκ,f ′ ∈ D̃(Vp) is

a distribution if and only if f ′ satisfies the vanishing hypothesis for v1, . . . , vr. Moreover,

if µκ,f ′ is a distribution, it is a measure.

Proof. Let us first describe the method of proof. After some simple reductions, we reduce

to the case of analyzing µκ,f ′ restricted to a lattice. We show the Amice transform, a

priori a meromorphic function on Br for some r > 0, is analytic if and only if f ′ satisfies

the correct vanishing hypothesis. Finally, we observe that if A(µκ,f ′) is analytic on B, it

converges for free on the closure B. By Amice’s theorem, we conclude µκ,f ′ is a measure

when µκ,f ′ is a distribution.

We begin with the same reductions from Theorem 3.2.5. After possibly rescaling

v1, . . . , vr by positive scalars, we may assume without loss of generality that v1, . . . , vr

are period vectors for f ′. If r < n = dimQ V , we extend to a maximal set of linearly in-

dependent vectors v1, . . . , vr by vr+1, . . . , vn. Since the distribution spaces D(Vp) ⊂ D̃(Vp)

are equal to the projective limit, over all compact opens U , of D(U) ⊂ D̃(U), it suffices

to show µκ,f ′ ∈ M(U) ⊂ D(U) for each compact open U if and only if f ′ satisfies the

vanishing hypothesis for v1, . . . , vr. Now each compact open U is contained in a lattice
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Lm = p−mZpv1 + · · · p−mZpvn, for some integer m, so it suffices to show, for each arbitrary

m, that µκ,f ′ |Lm ∈ M̃(Lm) ⊂ D(Lm) ⊂ D̃(Lm) if and only if f ′ satisfies the right vanishing

hypothesis. Without loss of generality, we may rescale v1, . . . , vn by p-th powers and take

m = 0. The basis {v1, . . . , vn} identifies Vp with Qn
p and Lm with Znp . To simplify notation,

let us write µ for the restriction of µκ,f ′ to Lm.

We know, by the arguments of Theorem 3.2.5, that

A(µ) =
∑
v∈C

f ′ ⊗ [Lm](v)qv =
1

1− q1
· 1

1− qr
∑
v∈P

(f ′ ⊗ [Lm])(v)qv (3.37)

which we claim is analytic on B if and only if f ′ satisfies the vanishing hypothesis. To see

this, we change coordinates, putting (1 +Ti) = qi for i ∈ {1, . . . , n}. The function becomes

1

1− (1 + T1)
· · · 1

1− (1 + Tr)

∑
v∈P

f ′ ⊗ [Lm](v)(1 + T1)v
∗
1(v) · · · (1 + Tn)v

∗
n(v). (3.38)

Thus, this function is holomorphic if and only if T1 · · ·Tr divides

F (T1, . . . , Tn) :=
∑
v∈P

f ′ ⊗ [Lm](v)(1 + T1)v
∗
1(v) · · · (1 + Tn)v

∗
n(v) ∈ Zp[[T1, . . . , Tn]]⊗Zp Qp,

(3.39)

which is equivalent to each of T1, . . . , Tr dividing F .

Claim: For each i ∈ 1, . . . , r, Ti|F if and only if f ′ satisfies the vanishing hypothesis for

vi.

For notational simplicity, we focus on the case i = 1. It is easy to see that T1 divides

F (T1, . . . , Tr) ∈ Zp[[T1, . . . , Tn]]⊗Zp Qp if and only if F (0, T2, . . . , Tn) = 0, i.e.

F (0, T2, . . . , Tn) =
∑
v∈P

f ′ ⊗ [Lm](v)(1)v
∗
1(v) · · · (1 + Tn)v

∗
n(v) = 0. (3.40)
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We carefully rearrange the sum as

F (0, T2, . . . , Tn) =
∑

v∈P∩v⊥1

 ∑
x∈(0,1]

f ′ ⊗ [Lm](v + xv1)

 (1 + T2)v
∗
2(v) · · · (1 + Tn)v

∗
n(v).

(3.41)

The coefficient in the parenthesis can be rewritten as

∑
x∈(0,1]

f ′ ⊗ [Lm](v + xv1) =
∑

x∈(0,1]

f ′ ⊗ [Lm](v + xv1) = hQ(πv,v1(f ′ ⊗ [Lm])). (3.42)

This shows that F (0, T2, . . . , Tn) = 0 if and only if hQ(πv,v1f
′ ⊗ [Lm]) = 0 for all v ∈ V .

Lemma 3.3.2 tells this is equivalent to the vanishing hypothesis for v1, so T1 divides F if

and only if f ′ satisfies the vanishing hypothesis for v1.. Similarly, we conclude Ti divides

F if and only if f ′ satisfies the vanishing hypothesis for vi giving the result.

Finally, let us notice that if µκ,f ′ is a distribution, then the Amice transformsA(µκ,f ′ |Lm)

belong to the subring Zp[[q1 − 1, . . . , qn − 1]] ⊗Zp Qp ⊂ AQp(B), and thus µκ,f ′ is a mea-

sure.

3.4 The GL1 cocycle

Let us record a very simple cocycle for GL1(Q) = Q×. This will be a useful example, and

in fact the GL2 cocycle is, in some sense, a product of the GL1 cocycles. This connection

will be made clear in Chapter 5.

A 0-cocycle ϕ ∈ Z0(GL1,KQ/Z), is a Q×-equivariant group homomorphism ϕ : Q× −→

KQ/Z. We remark that the characteristic function of the open cone Co(1) is invariant

under the action of GL1(Q):

λ · [Co(1)] = sign(λ)[Co(λ−1)] = sign(λ)[Co(sign(λ))]. (3.43)

Since [Co(−1)] + [Co(1)] ≡ 0 (mod Z), we conclude sign(λ)[Co(sign(λ))] = [Co(1)]. By the

Solomon-Hu pairing and the Fourier transform, we have a GL1(Q)-cocycle ϕ ∈ D̃poly(Q)GL+
1 (Q)/δ0 ,



37

characterized by

F(ϕ)(f) =
∑
v∈Q+

f(v)evx. (3.44)

Definition 3.4.1. Fixing f ′ away from p, we define ξ ∈ D̃(Vp)
Γ+
f ′/δ0 to be the sum of

Γ+
f ′-invariant distributions

ξf ′ := ϕf ′ +
1

2
δ0, (3.45)

which is essentially the Kubota-Leopoldt distribution.

Our theorems states that if Dxξf ′ is a distribution and if f ′ satisfies the vanishing

hypothesis, then ξf ′ is a p-adic measure.

We define the p-adic L-function of a distribution µ ∈ D(Vp) to be

Lp(µ, s) :=

∫
Z×p
xs−1dµ(x). (3.46)

In fact, one can extend Lp to include distributions with poles, using the identity Dxx
s =

sxs−1. We define, for s ∈ Zp ↪→ X (Qp),

Lp(µ⊗
1

Dx
, s) :=

1

s

∫
Z×p
xsdµ(x). (3.47)

Taking f ′ = ⊗q 6=p[Zq], we have for all n ≥ 0

Lp(ξf ′ , n) =
1

n

∫
Z×p
xndDxξf ′ (3.48)

=
1

n
Coeff(

XeX

1− eX
− XepX

1− epX
,
Xn

n!
) (3.49)

=
1

n
(−Bn)(1− pn−1) (3.50)

By the density of N in Zp, we conclude

Lemma 3.4.2. With f ′ as above,

Lp(ξf ′ , s) = ζp(1− s). (3.51)
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Here we are using the normalization ζp(1− k) = (pk−1 − 1)Bkk .

3.5 Solomon’s GL2 cocycle

In the following sections, we will fix an arbitrary basis {w1, . . . , wn} for V .

Definition 3.5.1. If α1w1, . . . , αnw1 are linearly (in-) dependent, we will say (α1, . . . , αn)

is (non-) degenerate.

Naively, one might try to define a GL(V ) cocycle by sending the tuple (α1, . . . , αn) to

the cone function [Co(α1w1, . . . , αnw1)]. However, one must decided what to do in the

degenerate cases. Even after solving this problem, the resulting cocycle will no longer

satisfying the cocycle condition (3.53): the “edges” of cones are missing, so they do not

glue together. In the case of V = Q2, Solomon [22] solves these problems by giving the

edges weight 1/2. His cocycle (in Hill’s language) is defined by

σSolomon(α, β) = sign det (αw1, βw1)

(
[Co(αw1, βw1)] +

1

2
[Co(αw1)] +

1

2
[Co(βw1)]

)
(3.52)

with the convention that sign 0 = 0. Observe that this actually descends to a cocycle on

the quotient PGL2(Q), since σSolomon(λα, λβ) = σSolomon(α, β) for all λ in the center of

GL2(Q). However, it’s not clear how to extend this to higher dimensions. Solomon-Hu [14]

define a cocycle on PGL3(Q), but their methods to not extend to higher dimension. Hill’s

construction, which we briefly recall, elegantly side-steps these problems.

3.6 Hill’s GLn cocycle

We recall §3 of [13], slightly modifying Hill’s conventions and construction . Hill’s con-

struction takes as input a choice of basis for V , so fix {w1, . . . , wn} a basis.

Hill’s cocycle is a GL(V )-equivariant map σHill : GL(V )n → KV which, after quotient-
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ing out the constant functions, satisfies

n∑
i=0

(−1)nσHill(α1, . . . , α̂i, . . . , αn) = 0. (3.53)

First, Hill notes that if {v1, . . . , vn} is a basis of V , then the cone function [Co(v1, . . . , vn)]

is given by

[Co(v1, . . . , vn)](w) =


1 if v∗1(w), . . . , v∗n(w) > 0

0 otherwise

Next, Hill “deforms” α1w1, . . . , αnw1 to a linearly independent set of vectors. Let ε1, . . . , εn

be indeterminates, and F = Q((ε1)) · · · ((εn)). Every element of f ∈ F can be expressed as

a sum of monomials

f =
∑

r=(r1,...,rn)∈Zn
arε

r1
1 · · · ε

rn
n . (3.54)

Ordering the indices r ∈ Zn lexicographically, Hill defines the leading term of (a non-zero)

f to be the non-zero monomial arε
r for which r is smallest. For distinct f, g ∈ F, Hill

declares f > g if the leading term of f − g has positive coefficient, thus endowing F with

the structure of an ordered field. Under this ordering, every positive power of εj is smaller

than every positive power of εj−1, and every positive power of ε1 is smaller than every

rational number.

Now consider the vector space VF := V ⊗Q F over F. For each i ∈ {1, . . . , n}, define

bi = w1 + εiw2 + · · ·+ εn−1
i wn. This forms an F-basis for VF over F, and in fact:

Lemma 3.6.1 ([13], Lemma 1). For any α1, . . . , αn ∈ GL(V ) the vectors α1b1, . . . , αnbn

form a basis of V ⊗Q F over F.

Thus, for any α1, . . . , αn ∈ GL(V ), we have a natural cone function (on VF) by putting

[Co(α1b1, . . . , αnbn)](w) =


1 if (α1b1)∗(w), . . . , (αnbn)∗(w) > 0

0 otherwise
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The key result is that this cone function on VF restricts to a cone function on V ⊂ VF.

Theorem 3.6.2 ([13], Theorem 1). The cone function [Co(α1b1, . . . , αnbn)] : VF → Z

restricts to a rational cone function [Co(α1b1, . . . , αnbn)] : V → Z.

Definition 3.6.3. Let σHill(α1, . . . , αn) = sign det (α1b1, . . . , αnbn)[Co(α1b1, . . . αnbn)]|V .

By Theorem 3.6.2, σHill is valued the module KV . It is not hard to see that it is

GL(V )-equivariant, but moreover it satisfies the cocycle condition (22).

Theorem 3.6.4 (Hill). The map σHill : GL(V )n → KV is, modulo constant functions,

an n − 1 cocycle for GL(V ). Moreover, if (α1, . . . , αn) is non-degenerate, there exists a

simplicial cone

Co(α1w1, . . . , αnw1) ⊂ C ⊂ C(α1w1, . . . αnw1) (3.55)

such that σHill(α1, . . . , αn) = ±[C].

Proof. A calculation shows (3.55)– for details see [24], Lemma 3.5.

3.7 The p-adic Shintani cocycle

Fix p prime. Proposition 3.2.4 and Theorem 3.2.5 tell us a cone function κ and a test

function f ′ give us a pseudo-distribution µκ,f ′ ∈ D̃(Vp). Put another way, κ gives a group

homomorphism S(V (p)) −→ D̃(Vp), f
′ 7→ µκ,f ′ . By abuse of notation we write µκ for this

homomorphism.

Proposition 3.7.1. The map κ 7→ µκ : S(V (p)) −→ D̃(Vp,Qp) is a GL+(V )-equivariant

homomorphism KV −→ HomZ(S(V (p)), D̃(Vp,Qp)).

Proof. We see µκ + µκ′ = µκ+κ′ , and in fact it is equivariant under the action of GL+(V ):

γ · µκ(f ′|γ) = µγ·κ(f ′) by the second part of Proposition 3.2.4.

We will use Hill’s cocycle to construct a cocycle valued in p-adic distributions with

rational poles. Since Hill’s cocycle takes values in the quotient LV = KV /Z, we need to
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compute the image of the constant functions under the map KV −→ HomS(V (p), D̃(Vp)).

A calculation shows

Lemma 3.7.2. Let [1] : V/{0} −→ Z be the constant cone function [1](v) = 1 for all v 6= 0.

Then µ[1],f ′ = −f ′(0)δ0.

Proof. Recall that [1] corresponds to a naive distribution µ[1] ∈ D(V, S−1Q[[V ]]), and

that by taking the inverse Fourier transform and composing with f ′, we arrive at the

locally analytic distribution µ[1],f ′ ∈ D(Vp). The lemma is equivalent to the claim that

µ[1] = −δ0, since F(δ0) = δ0 and δ0(f ′ ⊗ fp) = f ′(0)δ0(fp). This is proved in §2 of

[13], but let us give a geometric argument. From the perspective of cone functions, µ[1] is

the characteristic function of the punctured space V/{0}, and µ[1] + δ0 is the characteristic

function of the space V . Therefore, µ[1]+δ0 is invariant under convolution by all Dirac delta

δv. Convolution by δv is equivalent to multiplication by ev, so (µ[1]+δ0)(f)+ev(µ1+δ0)(f) =

0 for all f ∈ S(V ). Since S−1Q[[V ]] is a domain, we conclude µ1 + δ0 = 0.

Therefore, the homomorphism K −→ HomZ(S(V (p), D̃(Vp)) realizes the quotient KV /Z

in HomZ(S(V (p)), D̃(Vp)/δ0).

Definition 3.7.3. We define the p-adic Shintani cocycle as the composition

Φ : GL+(V )n
σHill−−−→ KV /Z −→ HomZ(S(V (p)), D̃(Vp)/δ0) (3.56)

If we fix f ′ ∈ S(V (p)) and write Γf ′ ⊂ GL(V ) for the stabilizer of f ′, we get via

restriction an evaluation a cocycle

Φf ′ : Γnf ′
Res−−→ HomZ(S(V (p)), D̃(Vp)/δ0)

◦f ′−−→ D̃(Vp)/δ0. (3.57)

3.8 Measure-valued cocycles

If V is an n-dimensional vector space, let us say that an n-tuple of elements (α1, . . . , αn) ∈

GL(V )n is non-degenerate if α1w1, . . . , αnw1 are linearly independent.
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Theorem 3.8.1. Suppose f ′ satisfies the vanishing hypothesis for w1. Then Φf ′(α1, . . . , αn)

is a measure on Vp for all non-degenerate (α1, . . . , αn) ∈ Γnf ′.

Before proceeding the the proof, we record an elementary lemma.

Lemma 3.8.2. For all non-zero w ∈ V , γ ∈ Γf , and v ∈ V :

πv,γwf(x) = f(v + xγw) = f(γ(γ−1v + xw)) = πγ−1v,wf |γ = πγ−1v,wf. (3.58)

Now we are ready to prove the main result.

Proof. If f ′ satisfies the vanishing hypothesis for w1, then by Lemma 3.8.2 it satisfies the

vanishing hypothesis for all v ∈ Γw1. If (α1, . . . , αn) ∈ Γnf ′ is non-degenerate, then Equation

(3.55) implies σHill(α1, . . . , αn) is ± the characteristic function of a cone C sandwiched

between Co(α1w1, . . . , αnwn) ⊂ C ⊂ C(α1w1, . . . , αnw1). The cone C decomposes as

a disjoint union of open cones {Ci}, each generated by a subset of the extremal rays

α1w1, . . . , αnw1. The vanishing criterion implies µf ′,Ci is a measure, so

Φf ′(α1, . . . , αn) = ±
∑

µf ′,Ci (3.59)

is a measure.

Corollary 3.8.3. Suppose dimQ(V ) = 2, and f ′ satisfies the vanishing hypothesis for w1.

Then Φf ′ is a measure-valued cocycle for Γf ′

Proof. Thanks to Theorem 3.8.1, we only have to verify that Φf ′(α1, α2) is a measure in

the degenerate case. Since Γf ′ acts transitively on V , we can find γ ∈ Γ such that γw1 is

not in the line spanned by α1w1, α2w1. The cocycle condition tells us

Φf ′(α1, α2)− Φf ′(α1, γ) + Φf ′(α2, γ) ≡ 0 (mod δ0).

Our choice of γ implies Φf ′(α1, γ) and Φf ′(α2, γ) are measures, again by Theorem 3.8.1.

Thus Φf ′(α1, α2) is a measure.
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While this proof does not generalize to higher dimension, we believe that the conclu-

sion should hold. That is, we believe the Shintani cocycle Φf ′ should be measure-valued

whenever f ′ satisfies the vanishing hypothesis for w1. However, Hill’s cocycle becomes

unwieldy in higher dimensional degenerate cases and our methods depend on knowledge of

the generators of the cones. Even though we cannot conclude all specializations are p-adic

measures, all cases of arithmetic interest are non-degenerate and fit within the framework

of our results. Of particular interest is the case V = F , a totally real field of degree n, the

subject of our next chapter.



Chapter 4

Totally real fields

4.1 Partial zeta functions

Let F be a totally real field, f is an integral ideal (prime to p), c - f a prime ideal of degree

1, and m a nonnegative integer. For all fractional ideals a prime to f, define for s ∈ C

ζ∗([a]fpm , s) =
∑

06=b⊂OF
[b]fpm=[a]fpm

(b,p)=1

1

N(b)s
.

Note that we have removed from the sum the ideals divisible by p. If m 6= 0, ζ∗([a]fpm , s) =

ζ([a]fpm , s). We also define

ζ∗c ([a]fpm , s) := ζ([a]fpm , s)−N(c)1−sζ∗([ac−1]fpm , s).

By Cebotarev, we may assume, without loss of generality, that a is relatively prime to p

and c.

Let X denote weight space, the rigid analytic variety X := Homcts(Z×p ,Gm). We embed

Z ↪→ X (Qp) by k 7→ (t 7→ tk) (note that we do not project t to 1 + pZp). For arbitrary

elements s ∈ X (Cp), t ∈ Z×p , we will write ts for the image s(t).

Theorem 4.1.1 (Deligne-Ribet, Cassou Noguès, Barsky). There exists a p-adic analytic

function ζ`,p([a]fpm , s), s ∈ X (Cp), such that

ζc,p([a]fpm ,−k) = ζ∗c ([a]fpm ,−k)
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for all integers k ≥ 0.

The theorem will follow by taking V = F and considering the Schwartz function

f ′ =
⊗
q-p`

[1 + a−1fOF,q]
⊗

([OF,`]− `[cOF,`]) . (4.1)

Let us write OF,p for the lattice OF ⊗Z Zp ⊂ F ⊗Q Qp. Note that f ′ ⊗ [1 + pmOF,p] =

[1 + a−1fpmOF ]− `[c+ a−1fpmcOF ], where c ∈ c is prime to f and is ≡ 1 (mod f). In what

follows, it will be convenient to take c ∈ Q. First, we verify the vanishing hypothesis for

f ′:

Lemma 4.1.2. The test function f ′ satisfies the vanishing hypothesis for w1 = 1.

Proof. Fix α ∈ F . The projection πα,1f
′ ∈ S(Q(p)) factors as

πα,1f
′ =

⊗
q-p`

πα,1[1 + a−1fOF,q](α+ x)
⊗

πα,1 ([OF,`]− `[cOF,`]) , (4.2)

and so it suffices to show h`(πα,1[OF,`]− πα,1`[cOF,`]) = 0. Since ` splits completely in F ,

we may choose coordinates identifying OF,` with Zn` , and cOF,` with `Z` × Zn−1
` . Then, if

α ∈ OF,`,

πα,1([Zn` ]− `[`Z` × Zn−1
` ]) = [−a+ Z`]− `[−a+ `Z`] (4.3)

where α ≡ a (mod c), which clearly has Haar measure 0. If α 6∈ OF,`, then the projection

is 0, which also has Haar measure 0. Thus f ′ satisfies the vanishing hypothesis for 1.

Since E(fc) ⊂ Γ, pairing our cocycle with non-degenerate elements of Hn−1(E(fc),Z)

gives us measures, and by picking out the right units we can recover zeta values as moments

of our measure. The exact element we need to pair our cocycle is provided by Lemme 2.2

of [9], but it is not a priori clear that this will give us the correct zeta values. The problem

is that Hill’s cocycle, a priori, does not evaluate to Shintani domains when the degree of

the field is greater than 2. However, Spiess has shown that Hill’s construction does indeed

recover Shintani domains:
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Proposition 4.1.3 (Spiess). Let η ∈ Z[E(fc)n] be a generator of Hn−1(E(fc),Z) ∼= Z.

Then the cone function σHill(η) is ± the characteristic function of a Shintani domain.

Proof. This is Proposition 3.7 of [24].

Proposition 4.1.4. Φf ′ ∩ η is a measure.

Proof. Let ε1, . . . , εn−1 be fundamental units of E(fc). From Remark 2.1(c) of [24], η =

±
∑

τ∈Sn−1
sign(τ)[ετ(1)| · · · |ετ(n−1)], where [ετ(1)| . . . |ετ(n−1)] represents the cycle

(1, ετ(1), ετ(1)ετ(2), . . . , ετ(1) · · · ετ(n−1)) ∈ Z[Γn].

By Lemma 2.1 of [9], this is non-degenerate. Using our Lemma 4.1.2 and Theorem 3.8.1,

we deduce that Φf ′ ∩ η is a measure.

Now we are ready to prove Theorem 4.1.1.

Proof. Fix k ≥ 0 an integer, and let κ = σHill(η). By Proposition 4.1.3, σHill(η) is ± the

characteristic function of a Shintani domain for E(f). In particular, κ is supported on the

positive orthant Rn+. Let µ be the measure µ = ±Φf ′(η), where the sign is the sign of κ.

By Proposition 3.2.6, the moments of µ are given by

∫
1+pmOF,p

N(α)kdµ(α) = ζSH(f ′ ⊗ [1 + pmOF,p], κ;−k)

and

∫
N−1(Z×p )

N(α)kdµ(α) = ζSH(f ′ ⊗ [N−1(Z×p )], κ;−k).

By Equation 3.2, ∫
1+pmOF,p

N(α)kdµ(α) = N(a)kζc([a]fpm ,−k) (4.4)

and ∫
N−1(Z×p )

N(α)kdµ(α) = N(a)kζ∗c ([a]f,−k) (4.5)
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If m > 0, we define ζc,p([a]fpm , s) to be the analytic function

ζc,p([a]fpm , s) := N(a)s
∫

1+pmOF,p
N(α)−sdµ(α), (4.6)

where N(α)−s := s(N(α)−1). If m = 0,

ζc,p([a]f, s) := N(a)s
∫

N−1(Z×p )
N(α)−sdµ(α). (4.7)

By equations 4.4 and 4.5, ζc,p has the correct interpolation property.



Chapter 5

Critical slope Eisenstein series

In this chapter, we construct p-adic analytic families of modular eigensymbols containing

overconvergent modular symbols attached to critical slope Eisenstein series. Concretely, we

construct modular symbols valued in power series (or differential forms) with coefficients

analytically varying analytically in a weight parameter κ ∈ X (Qp). At positive integers

κ = k, the modular symbol will correspond to a non-zero overconvergent modular symbol

in SymbΓ(Dk(Zp)) with the eigenvalues of a critical slope Eisenstein series. This will let

us construct the p-adic L-function of critical slope (née evil) Eisenstein series.

5.1 Modular Symbols

Notation

In this chapter, we run the risk of overwhelming the reader with our cumbersome notational

conventions. To remedy this situation, we set V = Q2 equipped with the basis e1, e2. This

identifies Q[V ] with Q[X,Y ] by v 7→ e∗1(v)X + e∗2(v)Y . We put

R = Q[[X,Y ]] R̃ = S−1Q[[X,Y ]]

S(p) = S(V (p)), Dp = D(Vp)

G = GL2(Q), G+ = GL+
2 (Q)

For a Q[V ] module M , we will write M̃ for the localization M ⊗Q[V ] S
−1Q[V ] with respect

to the multiplicative set S = 〈V − {0}〉. A generic element γ ∈ GL2(Q) will always have
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coordinates γ =

a b

c d


Let Γ be a subgroup of GL2(Q). We let Γ act on P1(Q) via fractional linear trans-

formations γ · s = as+b
cs+d . Let ∆0 denote the group of degree 0 divisors on P1(Q) with the

induced Γ-action. If M is a right Γ-module, a M -valued modular symbol is a Γ-invariant

homomorphism ϕ : ∆0 −→ M . Here we are using the convention that HomZ(∆0,M) is a

right Γ-module under the action:

(ϕ|γ)(D) := ϕ(γD)|γ. (5.1)

Definition 5.1.1. The module of M -valued modular symbols is denoted

SymbΓ(M) := HomZ(∆0,M)Γ. (5.2)

In the previous chapters, we worked with G-equivariant maps of left G-modules. To stay

consistent with the literature, we will now want to use invariant maps to right modules.

This unfortunate switch of convention will likely lead to confusion, so we ease into the

change by adopting the an unsightly notational convention, then drop it once no confusion

may arise.

Definition 5.1.2. Let G be a group and M a left G-module. For each isomorphism

ϕ : G
∼−→ Gop, we will write M (ϕ) for M equipped with the right G action m|g = ϕ(g)m.

When no confusion may arise, we will simply write M with the understood right action.

We will primarily use the adjugate map G
∼−→ Gop, γ 7→ γ∗ := det (γ)γ−1, or the

inversion map, γ 7→ γ−1.

A G+-modular symbol is completely determined by its value on {∞, 0} ∈ ∆0, since

for all distinct cusps r, s ∈ P1(Q), there exists α such that {r, s} = α · {∞, 0}. Therefore,

ϕ{r, s} = ϕ{α∞, α0} = ϕ{∞, 0}|α−1.Conversely, one can define a G+-modular symbol

ϕ ∈ SymbG+(M) by specifying an element m ∈ M and checking the necessary relations
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are satisfied.

Lemma 5.1.3. Let M be a right Z[G+] module, and let m ∈M be an element such that

1. m|t = m for all t ∈ T+ ⊂ G+, the subgroup of positive determinant diagonal matrices,

2. m+m|σ−1 = 0, for all σ ∈ G+ such that σ{∞, 0} = {0,∞}, and

3. m + m|τ−1 + m|τ−2 = 0, for all τ ∈ G+ such that τ{∞, 0} = {0, 1} and τ{0, 1} =

{1,∞}.

Then there is a unique modular symbol ϕ ∈ SymbG+(M) such that ϕ{∞, 0} = m.

Proof. This is nothing other than the Manin relations for SL2(Z).

The Shintani modular symbol

In chapter 3, we used Hill’s cone function cocycle and the Solomon-Hu pairing KV ×

S(V ) −→ S−1Q[[V ]]) to construct a distribution valued cocycle, which gave rise to the

cocycle valued in p-adic distributions (with rational poles). In this section, we will execute

the same strategy using Solomon’s GL2(Q) cocycle σSolomon to obtain a GL+
2 (Q) modular

symbol Φ ∈ SymbG+(HomZ(S(p), D̃p/δ0)(∗))

Recall σSolomon was defined by sending (α, β) to the cone function

σSolomon(α, β) = sign det (αe1, βe1)

(
[Co(αe1, βe1)] +

1

2
[Co(αe1)] +

1

2
[Co(βe1)]

)
.

The Solomon-Hu pairing gives us a GL(V )-equivariant homomorphism KQ2/Z −→

D(Q2, R̃)/δ0 and hence a homogenous 1-cocycle

ψ : GL2(Q)×GL2(Q) −→ D(V, R̃)/δ0. (5.3)

Lemma 5.1.4. The cocycle Ψ factors through PGL2(Q).
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Proof. It should be clear that the cone function is invariant with respect to rescaling α, β

by positive scalars. Moreover, a calculation (see Proposition 2.1 and Theorem 4.1 of [22])

shows

〈σSolomon(−α,−β), f〉 = 〈σSolomon(α, β), f〉 (5.4)

Let us fix α ∈ SL2(Z) with the property α · ∞ = 0. We will show the distribution

ψ(1, α) ∈ D(V, R̃)(∗)/δ0 satisfies conditions (1)-(3) of the lemma, so we can define a modular

symbol (also denoted Ψ), by specifying Ψ{∞, 0} := ψ(1, α).

Proposition 5.1.5. There is a unique modular symbol Ψ ∈ SymbGL2(Q)(D(V, R̃)(∗)) such

that,

Ψ{∞, ·0} = ψ(1, α) (5.5)

Proof. First, we show that ψ(1, α) is invariant under the action of T+. This follows from

the above Lemma and the fact that σSolomon(α, β) only depends on the first columns of α

and β.

Now we claim that conditions 2 and 3 of Lemma 5.1.3 are automatic from the cocycle

condition. Indeed, if σ ∈ GL2(Q) swaps the cusps ∞ and 0, then, modulo T , σ acts

by σ · e1 = e2, and σ · e2 = e1, then ψ{∞, 0}|σ−1 = σ∗−1 · ψ(1, α) = ψ(σ∗−1, σ∗−1α) =

ψ( 1
det (σ)σ,

1
det (σ)α). Since Solomon’s cocycle factors through PGL2(Q), (and only depends

on the first columns of the arguments) this is equal to ψ(α, 1). The cocycle property implies

ψ(α, 1) + ψ(1, α) = ψ(1, 1) = 0, so Ψ{∞, 0}|σ−1 = −Ψ{∞, 0}. A similar argument shows

condition 3 is satisfied.

Remark 5.1.6. With the adjugate action on D(V, R̃)/δ0, ψ(1, α)|γ−1 = γ∗−1 · ψ(1, α) =

ψ
(

1
det γγ,

1
det γγα

)
= ψ(γ, γα). Thus, we have shown

Ψ{γ · ∞, γ · 0} = ψ(γ, γα). (5.6)



52

By taking the inverse Fourier transform (which is GL2(Q)-equivariant), we get a modu-

lar symbol valued in locally polynomial distributions with rational poles. By Lemma 2.4.3,

we have a GL2(Q)-equivariant homomorphism D(V, R̃) −→ HomZ(S(V (p)), D̃poly(Vp)).

Theorem 3.2.5 shows that this modular symbol is valued in locally analytic distributions

with rational poles.

The modular symbol

Φ ∈ SymbG+(HomZ(S(p), D̃p/δ0) (5.7)

is the unique modular symbol characterized by (abusing notation)

F(Φ(f ′))(fp) = Ψ(f ′ ⊗ fp). (5.8)

In other words, for all D ∈ ∆0 and fp ∈ S(Vp),

∫
Vp

fp(v)evdΦ(D)(f ′) = Ψ(f ′ ⊗ fp). (5.9)

This is a wonderful modular symbol for its G+-invariance. However, we will need

to restrict to much smaller subgroups in order to get arithmetically interesting modular

symbols. So, we pick an auxiliary test function f ′ ∈ S(V (p)) and let Γ+
f ′ ⊂ GL+

2 (Q) denote

the stabilizer of f ′.

Definition 5.1.7 (The Shintani Modular Symbol attached to f ′). Φf ′ is the modular

symbol

Φf ′ = Φ ◦ f ′ ∈ SymbΓ+
f ′

(D(Vp)
(∗)/δ0). (5.10)

When we compute the action of the Hecke operators on Φf ′ , we will constantly use the

G+-invariance property of Φ. This translates to the following easy lemma:

Lemma 5.1.8. For all γ ∈ G+ and f ′ ∈ S(V (p)), Φf ′ |γ = Φf ′|γ∗−1

Proof. The right G+ action on HomZ(Sp, D̃p/δ0)(∗) is described by (ϕ|γ)(f) = ϕ(f |γ∗)|γ
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(viewing D̃p as a right GL+
2 (Q)-module). Since Φ|γ = Φ for each γ ∈ G+, we have for all

D ∈ ∆0,

(Φf ′ |γ)(D) = Φf ′(γD)|γ (5.11)

= (Φ(γD)(f ′))|γ (5.12)

= Φ(γD)(f ′|γ∗−1|γ∗)|γ (5.13)

= Φ(D)(f ′|γ∗−1) (5.14)

= Φf ′|γ∗−1(D). (5.15)

Thus Φf ′ |γ = Φf ′|γ∗−1 , as claimed.

The Vanishing Hypothesis

In Section 3.3, we introduced the vanishing hypothesis to describe which specialization of

the Shintani cocycle produce measures. The vanishing hypothesis, stated in terms of lines

in V can be reformulated in terms of the cusps P1(Q) = P(V ).

Definition 5.1.9. We say f ′ ∈ S(p) satisfies the vanishing hypothesis for a cusp a
b ∈ P1(Q),

if it satisfies the vanishing hypothesis for the vector
(
a
b

)
∈ Q2, which is equivalent to f ′

satisfying the vanishing hypothesis for all non-zero scalars of
(
a
b

)
. For a fixed f ′, we will

say a cusp r ∈ P1(Q) is good for f ′ if f ′ satisfies the vanishing hypothesis for s.

In this language, Theorems 3.2.5 and 3.3.3 can be summarized as

Theorem 5.1.10. Let r, s ∈ P1(Q) be cusps, represented by the vectors vr, vs ∈ Q2. Then

there exists µ{r, s} ∈ D(Vp) such that distribution with rational poles Φf ′{r, s} is repre-

sented by

Φf ′{r, s} = µ{r, s} ⊗ 1

DvrDvs

. (5.16)

Moreover,

• Φf ′{r, s} = µ′ ⊗ 1
Dvr

for some µ′ ∈ D(Vp) if f ′ satisfies the vanishing hypothesis for
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s and

• Φf ′{r, s} = µ′ ∈M(Vp) ⊂ D(Vp) if f ′ satisfies the vanishing hypothesis for r, s.

5.2 The specialization maps

The classical specialization map

Let µ be a distribution supported on Z2
p. To simplify notation, let us write F(µ) for

F(µ) =

∫
Zp×Zp

exp(xX + yY )dµ(x, y) =
∑
k≥

1

k!

∫
Zp×Zp

(xX + yY )kdµ(x, y) (5.17)

when the support of µ is clear.

For a fixed integer k ≥ 0, we have the usual specialization mapD(Z2
p) −→ Symmk(Qp)

2 ∼=

Q[X,Y ]k by taking the k-th homogeneous part of the Fourier transform:

F(µ)k =
1

k!

k∑
n=0

(∫
Zp×Zp

xnyk−ndµ(x, y)

)
XnY k−n. (5.18)

Remark 5.2.1. One can think of this weight k specialization as sending µ its restriction

to the homogeneous degree k polynomials in A[Z2
p, 1] ⊂ A(Z2

p). Equivalently, the weight k

specialization gives a linear functional on the 1-variable polynomials of degree ≤ k.

A problem occurs when pass to the realm of distributions with rational poles. The

Fourier transform of distribution with poles has a well defined homogeneous k-part, but

in general this pieces of the Fourier transform will be a rational function rather than a

polynomial. We can salvage this by by passing to negative weights, which are dual to the

positive weights in a sense we will soon make precise.

Algebraic differential forms

Unfortunately, we must make a brief digression. Let Ω1
R̃/Q

denote the R̃-module of Kahler

differentials of R̃/Q and Ω2
R̃/Q

:=
∧2 Ω1

R̃/Q
. Observe that Ω2

R̃/Q
is a free R̃-module generated
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by dX ∧ dY . When confusion is unlikely to arise, we will write Ωi := Ωi
R̃/Q

for i = 1, 2.

The rings R and R̃ are equipped with the degree grading and this induces a grading on

the modules Ω1 and Ω2 in the obvious way: deg(df) := deg(f). For each integer k, we will

denote by Ωi
k the homogeneous differentials of degree k. The total derivative can easily be

computed on homogeneous differentials of a certain form.

Lemma 5.2.2. Let F (X,Y ) ∈ (S−1Q[X,Y ])k be a homogeneous rational polynomial of

degree k. The total derivative of F (X,Y )XdY−Y dXXY ∈ Ω1
k is equal to

d

(
F (X,Y )

XdY − Y dX
XY

)
= −kF (X,Y )

dX ∧ dY
XY

. (5.19)

Proof. First, if F ∈ Q[X,Y ]k is homogeneous of degree k, then

d

(
F
XdY − Y dX

XY

)
= FX

dY ∧ dX
Y

− FY
dX ∧ dY

X
(5.20)

= −(XFX + Y FY )
dX ∧ dY
XY

. (5.21)

Since F is homogenous of degree k, it’s easy to see that XFX + Y FY = kF . Now suppose

F = P
Q , with P,Q homogeneous polynomials of degrees k1, k2, respectively. Then, by the

quotient rule,

d

(
P

Q

XdY − Y dX
XY

)
=
X(QPX − PQX)

Q2

dY ∧ dX
XY

− Y (QPY − PQY )

Q2

dX ∧ dY
XY

. (5.22)

Collecting terms and rearranging, this becomes

(−XPX − Y PX)

Q

dX ∧ dY
XY

+
P (XQY + Y QY )

Q2

dX ∧ dY
XY

(5.23)

=
−k1P

Q

dX ∧ dY
XY

+
k2F

Q

dX ∧ dY
XY

(5.24)

= −kF dX ∧ dY
XY

. (5.25)
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Remark 5.2.3. More generally, if L1 and L2 are linearly independent linear forms and F

is homogenous of degree k,

d

(
F

(
dL1

L1
− dL1

L2

))
= kF

dL1 ∧ dL2

L1L2
. (5.26)

For each integer k, let Ω1
log,k ⊂ Ω1

k denote the subspace of differential forms

{F (X,Y )

(
dL1

L1
− dL2

L2

)
: F (X,Y ) ∈ R̃k, and L1, L2 linearly independent.} (5.27)

We have a map π from Ωlog,k to differential forms on P1 (with logarithmic poles) via the

change of variables (X,Y ) 7→ (1, Z). For example,

π : F (X,Y )
Xdy − Y dX

XY
7→ F (1, Z)

dZ

Z
∈ Ω1

Q(Z)/Q (5.28)

One can define the residue at Z = Y/X = 0 of ω(X,Y ) = F (X,Y )XdY−Y dXXY by writing

ω(1, Z) as a Laurent polynomial
∑
anZ

ndZ and putting ResZ=0(ω) = a−1.

Starting with a differential of the form ω = F ⊗ XdY−Y dX
XY , F ∈ R̃−k, we get a homo-

morphism µω : Symmk(Q2
p) −→ Qp by µω(P ) = Res(Pω). Put another way,

Proposition 5.2.4. The residue map induces a bilinear pairing R̃−k×Symmk(Qp)
2 −→ Qp

by

〈F, P 〉 7→ Res

(
FP ⊗ XdY − Y dX

XY

)
(5.29)

Our goal is to specialize to the dual Symmk(Q2
p)
∗ ∼= Symmk(Q2

p)(k) by producing

homogenous Kahler differentials of degree −k. As we remarked earlier, Symmk(Q2
p) may

be though of as the linear functionals on homogeneous degree k polynomials in X,Y , or

on (inhomogeneous) polynomials of degree ≤ k in Z = Y/X. We will in fact specialize to

overconvergent distributions on Zp by passing to the realm of differential forms on annuli

in P1(Cp).
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Differential forms on wide opens

In this section, we recall some material on differential forms on the p-adic upper half plane

and wide opens in P1(Cp). This material is drawn from unpublished notes of Stevens; for

a published reference we refer the reader to [19].

For any p-adic field K, let P1(K) denote the projective line. Viewing K2 as row

vectors (x, y), the coordinate z := y
x identifies P1(K) with K ∪{∞}, and Aut(P1(K)) with

PGL2(K). Concretely, if γ ∈ GL2(Q), then

z|γ = [(x, y)γ] =
d+ cz

b+ az
. (5.30)

The adjugate map gives us a left action by γ · z = [(x, y)γ] = −b+az
d−cz .

For each s ∈ P1(Qp), fix the following choice of uniformizer at s: ws(z) = z−s if s ∈ Zp,

ws(z) = 1
z −

1
s otherwise. For each compact S ⊂ P1(Qp) and r ∈ R+, we define the closed

ball

B[S, r] := {z ∈ P1(Cp) : ∃s ∈ S s.t. |ws(z)| ≤ r}. (5.31)

Write W(S, r) for the wide open

W(S, r) := P1(Cp)−B[S, r]. (5.32)

The p-adic upper half plane, Hp(Cp) = P1(Cp)−P1(Qp), is admissibly covered by the wide

opens W(P1(Qp), r) and thus is a rigid analytic variety.

For a wide open W, denote by Ω1(W) the Qp-vector space of Kahler differentials over

the ring of Qp-rigid analytic functions A(W). This space is slightly too small for our

purposes, so we enlarge our space by adding “logarithmic differentials”

Definition 5.2.5. Let W = P1(Cp) −
⋃n
i=1B[si, ri]. The logarithmic differential forms

ω ∈ Ωlog(W) are the forms

ω =
n∑
i=1

∑
n≥1

an(i)wnsi
dwsi
wsi

(5.33)
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where, for all ti > ri, |an(i)| = o(tni ) as n→∞.

The choice of notation is justified by the following observation. If we had a logarithm

function log(ws) in A(W), then d log(ws) = dws
ws

. However, the small radius of convergence

for the logarithm series means that, in general, no antiderivative of dws
ws

exists on W.

Proposition 5.2.6. Let ω be as above. If
∑n

i=1 a0(i) = 0, then ω ∈ Ω1(W).

CoveringHp byW(P1(Qp, r)) and taking the projective limit, we get the locally analytic

logarithmic differential forms

Ωlog(Hp) := lim←−
r>0

Ωlog(W(P1(Qp), r)). (5.34)

The weight-k action

The wide opens we will primarily work with are

W0 :=W(Zp, 1) W∞ :=W(x∞, 1/p), and Z :=W0 ∩W∞ = {z ∈ Cp : 1 < |z| < p}.

(5.35)

The key point is that Ωlog(W0) is isomorphic, as a Qp-Frechèt space, to D†(Zp, 1), which is

where we will find our p-adic L-functions. However, it will be more convenient to perform

our constructions in Ωlog(W∞). These two spaces can be interchanged via the Atkin-Lehner

involution WpN (for modular symbols of level pN)

WN =

 0 −1

Np 0

 . (5.36)

Put

S0(p) =


a b

c d

 : ad− bc 6= 0, (a, p) = 1, and p|c

 (5.37)



59

S0(p) = WS0(p)W−1 =


a b

c d

 : ad− bc 6= 0, (d, p) = 1, and p|c

 (5.38)

Definition 5.2.7. For each integer k, the (standard) weight k-action of S0(p) on Ω1
log(Hp)

is defined, for each γ =

a b

c d

,

(ω|kγ)(z) = (d− cz)kω(γ · z) = (d− cz)kω
(
−b+ az

d− cz

)
. (5.39)

When k ≤ 0, this extends to a well-defined action on Ω1
log(W0), since, for all γ ∈ S0(p),

γW0 containes W0.

The (conjugated) weight k-action of S0(p) on Ω1
log(Hp) is defined by

(ω|Wk γ)(z) = ω|k(WpγW
−1
p ) = (a+ bpz)kω

(
c/p+ dz

a+ bpz

)
. (5.40)

When k ≥ 0, this extends to a well-defined action on Ωlog(W∞). To indicate which

action we are using, we put

Ωlog,k(H0) := Ωlog(Hp) equipped the standard weight k action. (5.41)

and

Ωlog,k(H∞) := Ωlog(Hp) with the conjugate weight k action. (5.42)

Remark 5.2.8. The Atkin-Lehner involution WNp preserves Z, and for each integer k the

map Ωlog(Z0) −→ Ωlog(Z∞), ω 7→ ω|kW intertwines the action of S0(p).

Lemma 5.2.9. For each integer k, the map π : Ω1
k −→ Ωlog,k(Z) ⊂ Ωlog,k(Hp) given by

π(ω(X,Y )) = ω(1, z) (5.43)

is Σ0(p)-equivariant.
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Proof. Let ω ∈ Ω1
k:

π(ω(X,Y )|γ) = π(ω(dX − bY,−cX + aY )) (5.44)

= π

(
(−cX + aY )kω

(
dX − bY
−cX + aY

, 1

))
(5.45)

= (−c+ az)kω

(
d− bz
−c+ az

, 1

)
(5.46)

= (πω)|kγ (5.47)

The Residue map

Suppose S ⊂ P1(Qp) is a compact open, and r ∈ R is a positive real number such that

B[S, r] is the finite disjoint union of balls B[S, r] =
⋃n
i=1B[si, r]. Suppose G ⊂ GL2(Q)

stabilizes each of the balls B[si, r], under the left action (γ · z 7→ −b+az
d−cz ).

Letting G acton the Ωlog(W) via the weight 0 naive action,

Lemma 5.2.10. There is a canonical G-invariant homomorphism, the residue map, Res :

Ωlog(W) −→ Qp, defined by

Res :
n∑
i=1

∑
k≥0

ak(si)w
k
si

dwsi
wsi

7→
n∑
i=1

a0(si). (5.48)

Proof. See the Remark on pg. 223 of [19].

In this language, Proposition 5.2.6 states that the logarithmic differential forms with

residue 0 are exactly the Kahler differentials on A(W).

Let us now fix a differential form ω ∈ Ωlog(W0). If f is an overconvergent function

f ∈ A†(Zp, 1), then f is the restriction of a rigid analytic function on an open ball B[Zp, r]

of radius r > 1. The ball B[Zp, r] intersects the wide openW0, and the intersection contains

a nonempty open oriented annulus Z. Taking the residue in the obvious way, we see ω
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gives us a continuous linear functional µω : A†(Zp, 1) −→ Qp by

µω(f) = Res(fω). (5.49)

Thus,

Proposition 5.2.11. The residue map induces a Σ0(p)-equivariant isomorphism of Qp

topological vector spaces Ωlog,−k(W0)(k) −→ D†k(Zp, 1).

Here there (k) denotes the action of G twisted by det k.

Proof. It follows from a result of Vishik that there is an exact sequence

0 −→ Ω(W0)
Res∗−−−→ D†(Zp, 1)

ρ−→ Qp −→ 0 (5.50)

where ρ(µ) :=
∫
Zp 1dµ. The dirac delta δ0 gives us a splitting of the exact sequence via

the section λ 7→ λδ0. Since Res(f dzz ) = f(0), we can identify δ0 and dz
z , extending the

isomorphism to Ωlog(W) ∼= D†(Zp, 1).

The claim of Σ0(p)-equivariance is easy, but since we have so many group actions to

keep track of, we carefully record this simple calculation.

Let us fix ω ∈ Ω1
log(W0) and f ∈ A†(Zp, 1). An automorphism γ ∈ Σ0(p) acts by

ω|−kγ(z) = (d− cz)−kω(z|γ∗) and γ ·k f(z) = (a+ cz)kf(z|γ) (5.51)

Applying γ∗ to f , we get γ∗ ·k f(z) = (d − cz)kf(z|γ∗). Multiplying these together, the

automorphy factor disappears

(ω|−kγ)(γ∗ ·k f) = (ωf)(z|γ∗). (5.52)

Since Σ0(p) preserves the disks B[Zp, 1] and B[x∞, 1/p], Lemma 5.2.10 shows Res(ωf)(z|γ∗) 

= Res(ωf). Therefore,

µω|−kγ(f) = µω(γ∗−1 ·k f) (5.53)
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Since γ∗−1 = det−1(γ)γ and (λI) ·k f = λkf , we get

µω(γ∗−1 ·k f) = µω(det−k(γ)γ ·k f) = det−k(γ)(µω|γ)(f). (5.54)

The weight k specialization map to differential forms

Definition 5.2.12. Let F∗k : D̃(Vp) −→ (Ω2)k be the map F∗k (µ) = k!(F(µ)([Zp ×

Z×p ]))k−2dX ∧ dY . We will write

F∗k (µ) = k!

(∫
Zp×Z×p

exp(xX + yY )µ(x, y)

)
k−2

dX ∧ dY ∈ Ω2
k (5.55)

understanding that the term in parenthesis is again the homogeneous degree k− 2 part

of F(µ)([Zp × Z×p ]). The apparent shift from (k − 2)! to k! allows us to talk about the

homogeneous degree −2 part, which, after multiplying by dX ∧ dY , gives us a degree 0

differential form. Note that the Shintani modular symbol will typically have non-zero terms

in degree −2.

Lemma 5.2.13. F∗k is a StabS0(p)([Zp × Z×p ])-equivariant map

F∗k : D̃(Vp)(1) −→ Ω2
k. (5.56)

That is, if γ ∈ Σ0(p) fixes [Zp×Z×p ], then F∗k (µ)|γ = det (γ)F∗k (µ|γ). Furthermore, F∗k (δ0) =

0, so F∗k factors through the quotient

F∗k : D̃(Vp)(1)/δ0 −→ Ω2
k. (5.57)

Proof. First, let us observe that, for γ ∈ G, dX∧dY |γ = det (γ)dX∧dY . Since the Fourier

transform is equivariant with respect to G, the result follows. The claim that F∗k (δ0) = 0

follows from the fact that 0 6∈ Zp × Z×p .
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Corollary 5.2.14. Applying F∗k to Φf ′, we get a Γ0(f ′) := Γf ′ ∩ Γ0(p)-modular symbol

F∗kΦf ′ ∈ SymbΓ0(f ′)(Ω
2
k).

Now let us compute F∗kΦf ′{∞, 0}, using Theorem 5.1.10. We know Φf ′{∞, 0} is rep-

resented by µ⊗ 1
De1De2

, with µ now an honest distribution, so

F(Φf ′{r, s})([Zp × Z×p ]) = F(µ)([Zp × Z×p ])
1

XY
. (5.58)

Multiplying by dX ∧ dY , this becomes

∫
Zp×Z×p

exp(xX + yY )dµ(x, y)
dX ∧ dY
XY

(5.59)

=
∑
k≥0

1

k!

k∑
n=0

(
k

n

)(∫
Zp×Z×p

xnyk−ndµ(x, y)

)
XnY k−ndX ∧ dY

XY
.

(5.60)

Therefore, F∗kΦf ′{∞, 0} is equal to

k∑
n=0

((
k

n

)∫
Zp×Z×p

xnyk−ndµ(xy)

)
XnY k−ndX ∧ dY

XY
(5.61)

Observe that, for k 6= 0, it’s possible to integrate F∗kΦf ′{r, s} to a 1-form by dividing

by k.

Proposition 5.2.15. For each integer k > 0 and unimodular pair of cusps {r, s} (in the

SL2(Z)-orbit of {∞, 0}),

F∗kΦf ′{r, s} = d

(
1

k

∫
Zp×Z×p

(xX + yY )kdµ{r, s}(x, y)

(
dLr
Lr
− dLs

Ls

))
, (5.62)

where Lr and Ls are the linear forms corresponding to the differential operators Dvr and

Dvs.

Proof. Since µ{r, s} is a distribution,
∫
Zp×Z×p (xX + yY )kdµ is a homogeneous polynomial
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of degree k. Thus

d

(
1

k

∫
Zp×Z×p

(xX + yY )kdµ

(
dLr
Lr
− dLs

Ls

))
=
k

k

∫
Zp×Z×p

(xX + yY )kdµ
dLr ∧ dLs
LrLs

,

(5.63)

=

∫
Zp×Z×p

(xX + yY )kdµ
dX ∧ dY
LrLs

(5.64)

where the last step is justified by the unimodularity of {r, s} (this is only a convenient

hypothesis. We can remove it by keeping track of the determinant). The right hand side

is exactly F∗k (Φf ′{r, s}).

Analytic families of modular symbols

The previous section begs the question of how to recover weight 0 1-forms. Observe that

terms
(
k
n

) ∫
Zp×Z×p x

nyk−ndµ(x, y) vary analytically in k ∈ X (Qp), so expanding
∫
Zp×Z×p (xX+

yY )k we can, if f ′ satisfies the vanishing hypothesis for enough cusps, talk about analytic

families of modular symbols. This will allow us to analytically continue the 1-forms to

non-positive weights, where we will find the modular symbols we are looking for.

Definition 5.2.16. For each integer k > 0 and pair of distinct cusps {r, s}, there is a

unique 1-form ωk{r, s} ∈ (Ω1
log)k such that dωk{r, s} = F∗kΦf ′{r, s}. We define

Φk
f ′{r, s} := ωk{r, s}(1, z) ∈ Ωlog(Z) ⊂ Ωlog(Hp). (5.65)

We write Φk
f ′ for the Ωlog(Z)-valued modular symbol

Φk
f ′ ∈ SymbΓ0(f ′)(Ωlog(Hp)), (5.66)

remarking that Φk
f ′ actually takes values in Ωlog(Z)) ⊂ Ωlog(Hp). We have chosen to use

the larger module Ωlog(Hp) for its natural action by S0(p).
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Suppose Γ0(f ′) = Γ0(pN), and recall the Atkin-Lehner involution W := WNp. Since

W normalizes Γ0(pN) we have a modular symbol

Φ̂k
f ′{r, s} := (Φk

f ′{r, s})|kW ∈ SymbΓ0(pN)(Ω
1
log(H∞)). (5.67)

Remark 5.2.17. We could have also defined Φ̂f ′ as Φf ′ |W , but we want to emphasize the

different S0(p) actions on Ωlog(Hp).

The following theorem is a generalization of results of Campell [6] and Kostadinov [16]:

Theorem 5.2.18. Suppose f ′ satisfies the vanishing hypothesis 0 and for all other cusps

not in {Γ0(p) · 0} ∪ {Γ0(pN) · ∞}. Then for all r, s ∈ P1(Q), there exist analytic functions

αi ∈ A(X (Qp)), i ≥ 0, such that

a) For all integers k ≥ 1, Φ̂k
f ′{r, s} =

∑
n≥0 αn(k)pnzn dzz

b) For all integers, |αn(k)|p is bounded as n→∞

In other words, Φ̂f ′ varies in a family of differential forms on the annulus Z, and and this

family analytically continues to a family of differential forms on W∞.

Proof. As a Z[Γ0(pN)]-module, ∆0 is generated by {∞, r}, r ∈ P1(Q), so it suffices to

consider divisors of this form. We first show that if r is a good cusp for f ′, then Φ̂k
f ′

varies in a family on Ωlog(W∞). More generally, if r is not a good cusp, we will reduce

to showing Φf ′{0, r} varies in an an analytic family on W∞ by the fact Φ̂k
f ′{∞, r} =

Φ̂k
f ′{∞, 0}+ Φ̂k

f ′{0, r}.

Let us first us consider the case that f ′ satisfies the vanishing hypothesis for the cusp

s ∈ P1(Q). Theorem 5.1.10 implies Φf ′{∞, s} is represented by µ⊗ 1
Dx

for some µ ∈ D(Q2
p),

so

(F∗k (Φf ′{∞, s}) =k!

(∫
Zp×Z×p

(xX + yY )k−1

(k − 1)!
dµ(x, y)XnY k−ndX ∧ dY

XY

)
(5.68)
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Integrating and projecting to Ωlog(Z), we have

Φ̂k
f ′{∞, s} =Φk

f ′{∞, s}|kW (5.69)

=
k!

k

(∫
Zp×Z×p

(x+ yz)k−1

(k − 1)!
dµ(x, y)

)
dz

∣∣∣∣∣
k

W (5.70)

=

∑
n≥0

(
k − 1

n

)(∫
Zp×Z×p

xnyk−n−1dµ(x, y)

)
zk−n

dz

z

∣∣∣∣∣∣
k

W (5.71)

=(−Npz)k
∑
n≥0

(k − 1)

(
k − 2

n

)(∫
Zp×Z×p

xnyk−n−1dµ(x, y)

)
(−Npz)n−k dz

z

(5.72)

=
∑
n≥0

(
k − 2

n

)(∫
Zp×Z×p

xnyk−n−1dµ(x, y)

)
(−Np)nzndz

z
. (5.73)

We read off the coefficient αn(k) =
(
k−2
n

) (∫
Zp×Z×p x

nyk−n−1dµ(x, y)
)

(−N)n for n ≥ 0.

The binomial coefficients
(
k−2
n

)
extend to analytic functions on X (Qp) and are integral

for k ∈ Z. The moments
∫
Zp×Z×p x

nyk−ndµ(x, y) extend to analytic functions on X (Cp).

To show that the coefficients are bounded, we must verify that
∫
Zp×Z×p x

nyk−ndµ(x, y) is

bounded as n→∞. (as, and since µ is a distributions, they are p-adically bounded for fixed

k. Thus Φ̂f ′{r, s} is an analytic family of differential forms which extend to Ωlog(W∞).

Now we are left with the cases {0, s} with s ∈ Γ0(pN) ·∞ or s ∈ Γ0(p) ·0. If s ∈ Γ0(pN),

then {0, s} is Γ0(pN) equivalent to {t,∞}, where t ∈ Γ0(pN) ·0 is a good cusp for f ′ (since

the vanishing hypothesis is invariant under Γ(pN)), which we have already addressed. Since

Φ̂k
f ′{t,∞} = −Φ̂k

f ′{∞, t}, we are reduced to the first case. Therefore, it suffices to consider

the case that s ∈ Γ0(p) · 0.

If s = a
b ∈ Γ0(p) · 0, with (a, b) = 1, then (b, p) = 1. Theorem 5.1.10 says Φf ′{0, s} is

represented by µ⊗ 1
aDx+bDy

, so

(F∗k (Φf ′{0, s}) =k!

(∫
Zp×Z×p

(xX + yY )k−1

(k − 1)!
dµ(x, y)Xn+1Y k−n−1 dX ∧ dY

X(aX + bY )

)
(5.74)
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(5.75)

This is the derivative of the 1-form

k!

k

(∫
Zp×Z×p

(xX + yY )k−1

(k − 1)!
dµ(x, y)

1

b

(
dX

X
− d(aX + bY )

(aX + bY )

))
, (5.76)

Projecting to Ωlog(Z), observe 1
b (
dX
X −

d(aX+bY )
aX+bY ) 7→ dz

a+bz = z
a+bz

dz
z , so

Φk
f ′{0, s} =

1

a+ bz

∑
n≥0

(
k − 1

n

)∫
Zp×Z×p

xnyk−1−ndµ(x, y)zk−n
dz

z
. (5.77)

Applying W ,

Φ̂k
f ′{0, s} =

−Npz
b− aNpz

∑
n≥0

(
k − 1

n

)∫
Zp×Z×p

xnyk−1−ndµ(x, y)(−pNz)ndz
z

(5.78)

= b

∑
r≥1

(
aN

b

)n
pnzn

∑
n≥0

(
k − 1

n

)∫
Zp×Z×p

xnyk−1−ndµ(x, y)(−pNz)ndz
z

(5.79)

Since (b, p) = 1 we see that the product of the series converges onW∞, and the coefficients

αn(k) are finite sums of the analytic functions
(
k−1
n

) ∫
Zp×Z×p x

nyk−n−1 and are thus analytic.

Remark 5.2.19. As long as f ′ satisfies the vanishing hypothesis for a set of cusps Γ0(f ′)·r,

the first part of the theorem remains true: i.e. we have an analytic family of modular

symbols on Ωlog(Hp) (and in fact on Ωlog(Z)). However, without the stronger hypothesis

stated in the theorem, we cannot guarantee that the modular symbols will analytically

continue to the wide open W∞.

The theorem states that, if f ′ satisfies the vanishing hypothesis for enough cusps, we

have an analytic family of modular symbols Φ̂k
f ′ ∈ SymbΓ0(f ′)(Ωlog,k(W∞)). Since the
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positive integers are dense in X (Qp), we have a modular symbol

Φ̂κ
f ′ ∈ SymbΓ0(f ′)(Ωlog,κ(W∞)) (5.80)

for all κ ∈ X (Qp). In particular, we can extend Φ̂k
f ′ ∈ SymbΓ0f ′(Ω

1
log(W∞)) to non-positive

weights, and by taking the Atkin-Lehner involution, we recover, for arbitrary integers

Φk
f ′ := Φ̂k

f ′ |kW ∈ SymbΓ0(f ′)(Ωlog,k(W0)). (5.81)

5.3 Hecke operators

The Hecke module S(V )

The groups of test functions S(V ), S(V (p)) and S(Vp) can be equipped with an action of

the Hecke algebra which specializes to the Hecke action on the Shintani modular symbols

Φf ′ and Φk
f ′ .

Definition 5.3.1. Let Γ be a congruence subgroup of GL2(Q), and let S(V ∗)Γ denote

the subgroup of test functions invariant with respect to Γ. Then S(V ∗)Γ has an action

of the Hecke module HΓ via the adjugate-inverse action: If T is represented by the coset⋃r
i=1 Γβi, then we write f |T ∗−1 :=

∑r
i=1 f |β

∗−1
i .

For each λ ∈ Q×, we will write 〈λ〉 :=

λ 0

0 λ

. Observe that 〈λ〉∗ = 〈λ〉 and 〈λ〉−1 =

〈λ−1〉.

Lemma 5.3.2. For all primes q, [Z2
q ]|T ∗−1

q = q[Z2
q ]|〈q〉∗−1 + [Z2

q ].

Proof.

[Z2
q ]|T ∗−1

q =

q−1∑
a=0

[Z2
q ]

∣∣∣∣∣∣∣
1 a

0 q

∗−1

+ [Z2
q ]

∣∣∣∣∣∣∣
q 0

0 1

∗−1

(5.82)
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=

q−1∑
a=0

q −a
0 1

Z2
q

+

1 0

0 q

Z2
q

 (5.83)

=

q−1∑
a=0

q−1∑
i=0

q −a
0 1

0

i

+ Zq × qZq

+ [Zq × qZq] (5.84)

=

q−1∑
a=0

q−1∑
i=0

−ai
i

+ qZq × qZq

+ [Zq × qZq] (5.85)

=q[qZ2
q ] + [Zq] (5.86)

=q[Z2
q ]|〈q〉∗−1 + [Z2

q ] (5.87)

A similar calculation shows [Zp×pZp]|U∗−1
p = p[(pZp)2] and [Zp×Zp]|U∗−1

p = p[(pZp)2]+

[Zp × Z×p ]. Together, these imply

Lemma 5.3.3. [Zp × Z×p ]|U∗−1
p = [Zp × Z×p ].

Hecke eigenfamilies

Proposition 5.3.4. For all integers k, Φk
f ′ |Up = pΦk

f ′.

Proof. Let β0, . . . , βp−1 be the usual representatives for Up. From the definition of Φk
f ′ ,

dΦk
f ′ |Up = F∗k (Φf ′))|Up. (5.88)

Now F∗k (Φf ′) is k! times the degree k − 2 part of F(Φf ′)([Zp × Z×p ]), (which is equal to

Ψ(f ′ × [Zp × Z×p ])), multiplied by dX ∧ dY . Writing Ψ(f) for the Γf modular symbol

Ψ(f)(D) := Ψ(D)(f), we compute

Ψ(f ′ ⊗ [Zp × Z×p ])|Up)(D) =

p−1∑
a=0

Ψ(βa ·D)(f ′ ⊗ [Zp × Z×p ]))|βa (5.89)
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Since Ψ ∈ SymbGL+
2 (Q)(Dnaive(Q

2, S−1Q[[X,Y ]])), Ψ|γ(D) = Ψ(D) for all γ ∈ GL+
2 (Q),

i.e.

Ψ(γ ·D)(f |γ∗)|γ = Ψ(D)(f). (5.90)

We conclude that

Ψ(f ′ ⊗ [Zp × Z×p ])|Up)(D) =

p−1∑
a=0

Ψ(D)(f ′ ⊗ [Zp × Z×p ]|β∗−1
a ) (5.91)

= Ψ(D)

(
f ′ ⊗

(
p−1∑
a=0

[Zp × Z×p ]|β∗−1
a

))
(5.92)

= Ψ(D)(f ′ ⊗ ([Zp × Z×p ]|U∗−1
p )) (5.93)

= Ψ(f ′ ⊗ [Zp × Z×p ])(D) by Lemma 5.3.3. (5.94)

Therefore,

F∗k (Φf ′)|Up(D) = k!(Ψ(f ′ ⊗ [Zp × Z×p ])(D))k−2dX ∧ dY )|Up (5.95)

= pk!(Ψ(f ′ ⊗ [Zp × Z×p ](D)|Up))k−2dX ∧ dY (5.96)

= pk!(Ψ(f ′ ⊗ [Zp × Z×p ](D))k−2dX ∧ dY (5.97)

= pF∗k (Φf ′)(D). (5.98)

Now, since d is G-equivariant, we conclude Φk
f ′ |Up = pΦk

f ′ .

Proposition 5.3.5. Let q be relatively prime to p. If f ′|T ∗−1
q =

∑n
i=1 aif

′|〈λ〉∗−1 for some

λ1, . . . , λn ∈ Q× and a1, . . . , an ∈ Q, then

Φk
f ′ |T ∗−1

q = (

n∑
i=1

qaiλ
k−2
i )Φk

f ′ (5.99)

Proof. Since the Hecke operators away from p can be written as a sum of matrices stabi-
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lizing Zp × Z×p , Lemma 5.2.13 tells us

Φk
f ′ |Tq = qΦk

f ′|T ∗−1
q

. (5.100)

The proposition then follows immediately from the observation that if µ ∈ D̃(Vp), and

λ ∈ Q× is a p-adic unit, F∗k (µ|〈λ〉) = λk−2F∗k (µ).

5.4 Overconvergent modular symbols

Overconvergent distributions

The Σ0(p)-isomorphism Ωlog,−k(W0)(k)
Res∗−−−→ D†k(Zp, 1) induces a modular symbol isomor-

phism

SymbΓ0(f ′)(Ωlog,−k(W0))(k)
∼−→ SymbΓ0(f ′)(Ωlog,−k(W0)(k))

∼−→ SymbΓ0(f ′)(D
†
k(Zp, 1))

The finite slope eigensymbols for Up in SymbΓ0(f ′)(D†(Zp, 1)) in fact overconverge to mod-

ular symbols valued in SymbΓ0(f ′)(D(Zp)):

Lemma 5.4.1 (Lemma 5.3 of [17]). The natural map

SymbΓ0(f ′)(D(Zp))<h −→ SymbΓ0(f ′)(D†(Zp, 1))<h

is an isomorphism.

Remark 5.4.2. This is the modular symbol analogue of the fact “overconvergent eigen-

forms overconverge as far as possible.”

Let

ν−kf ′ := µΦ−k
f ′
∈ SymbΓ0(f ′)(D

†
k(Zp, 1)), (5.101)

keeping in mind that we have twisted the action of Σ0(p) by det k.
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Since Φ̂−kf ′ |Up = pΦ̂−kf ′ in SymbΓ0(f ′)(Ωlog,−k(W∞), Φ−kf ′ |Up = pΦf ′
−k, and after twisting

by det k, ν−kf ′ |Up = pk+1ν−kf ′ . Thus ν−kf ′ ∈ SymbΓ0(f ′)(D†(Zp, 1)) is (critical) finite slope

eigensymbol for Up. By the Lemma of Pollack-Stevens, we may consider ν−kf ′ as a modular

symbol valued in Dk(Zp). Moreover, Proposition 5.3.5 says that if f ′ is an eigenvector for Tq

with eigenvalue
∑
ai[λiI], then ν−kf ′ is an eigenvector for Tq with eigenvalue

∑
aiλ
−k−2
i qk+1.

Therefore, we have

Theorem 5.4.3. If f ′ satisfies the hypothesis of Theorem 5.2.18 and is a hecke eigenvector

away from p, then for each k ≥ 0 ν−kf ′ ∈ SymbΓ0(f ′)(Dk(Zp)) is a critical slope eigensymbol

with the above eigenvalues.

p-adic L-functions

In order to explicitly compute p-adic L-functions, we will need a few easy lemmas:

Lemma 5.4.4. Suppose ϕ ∈ SymbΓ0(f ′)(D(Zp)) is an eigenvector for Up with eigenvalue

α. Then

ϕ{∞, 0}|Z×p (zn) =

(
1− pn

α

)
ϕ{∞, 0}(zn). (5.102)

Proof. This is a standard computation with Up and can be found, for example, in the proof

of Propostion 6.3 in [18].

Before stating the next lemma, let us observe that some test functions on Q2 factorize

(with respect to our chosen basis) as the product of test functions on Q. For example,

[Z×`Z] is the product of the test functions [Z] and [`Z]: [Z×`Z](xe1 +ye2) = [Z](x)[`Z](y).

If f1, f2 ∈ S(Q) are test functions, we will write f1 ⊗ f2 for the function

f1 ⊗ f2(v) := f1(e∗1(v))f2(e∗2(v)). (5.103)

Since f1, f2 are supported on latices in Q, the product f1 ⊗ f2 is supported on a lattice

in Q2. Moreover, if f1, f2 are periodic with respect to the lattice mZ, nZ, then f1 ⊗ f2 is
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periodic with respect to mZ× nZ. Moreover, the distribution Ψ{∞, 0} factors as

Ψ{∞, 0}(f1 ⊗ f2) =
1

1− emX
1

1− enY
∑

(x,y)∈P

f1(x)exXf2(y)eyY (5.104)

=

 1

1− emX
∑

0≤x<m

′f1(x)exX

 1

1− enY
∑

0≤y<n

′f2(y)eyY

 (5.105)

where P is the weighted parallelogram {(x, y) : 0 ≤ x < n, 0 ≤ y < m} with the included

boundaries weighted by 1/2, and the prime on the sums indicates weighing x = 0 and

y = 0 by 1/2. In other words, Ψ{∞, 0} is the product of the GL1 cocycle ϕ+ 1
2δ0. Fixing

f ′ away from p and factorizable, we get the following useful lemma.

Lemma 5.4.5. Suppose f ′ is factorizable, i.e. f ′ = f ′1⊗f ′2. Then Φf ′{∞, 0} is the product

of two 1-dimensional distributions Φf ′{∞, 0} = ξf ′1 ξf ′2 of §3.4.

Finally, we will make frequent use the following trick.

Lemma 5.4.6. Let µ ∈ D̃(Qp). For all s ∈ Zp ⊂ X (Qp), Lp(Dxµ, s+ 1) = sLp(µ, s).

Proof. Let n be a non-negative integer. Then Lp(Dxµ, n+1) =
∫
Z×p x

nd(Dxµ) =
∫
Z×p nx

n−1dµ=

nLp(µ, n). The result follows from the fact that the integers are dense in X (Qp).

Now we come to the Main Theorem of Chapter 5.

Theorem 5.4.7. Suppose f ′ = f ′1⊗f ′2 and satisfies the hypothesis of Theorem 5.2.18. For

all integers k ≥ 0, the p-adic L-function of the modular symbol ν−kf ′ ∈ SymbΓ(Dk(Zp)) is

given by

Lp(ν
−k
f ′ , s) =

(−1)−k−1

k!
(s− 1) · · · (s− k − 1)Lp(ξf ′ , s− k − 1)Lp(ξf ′2 , 1− s). (5.106)

Proof. Observe, since f ′ satisfies the vanishing hypothesis for 0, Φf ′{∞, 0} is represented

by µ⊗ 1
X , with µ = DxΦf ′{∞, 0} = (Dxξf ′1)ξf ′2 .
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At a positive weight k0 > 0

Φ̂k0
f ′ {∞, 0} =

(∫
Zp×Z×p

(xX + yY )k0−1dµ(x, y)
XdY − Y dX

X

)
(X,Y )=(−pNz,1)

(5.107)

=
∑
n≥0

(
k0 − 1

n

)(∫
Zp×Z×p

xnyk0−1−ndµ(x, y)

)
(−pz)ndz

z
. (5.108)

Analytically continuing to negative weights, this becomes

∑
n≥0

(
−k − 1

n

)(∫
Zp×Z×p

xny−k−1−ndµ(x, y)

)
(−Npz)ndz

z
. (5.109)

Applying the Atkin-Lehner involution, at weight −k (and remembering the twist by det k),

we get

Φ−kf ′ = det (W )k(pz)−k
∑
n≥0

(
−k − 1

n

)(∫
Zp×Z×p

xny−k−1−ndµ(x, y)

)
z−n
−dz
z

(5.110)

= −
∑
n≥0

(
−k − 1

n

)(∫
Zp×Z×p

xny−k−1−ndµ(x, y)

)
z−n−k

dz

z
(5.111)

We can read off
∫
Zp x

mdµΦ−k
f ′

(x) as the coefficient of z−mdz
z in the above equation, which

corresponds to the index n = m− k. Thus, by the factorization of µ,

∫
Zp
xmdµ

Φ̂−k
f ′

(x) =

(
−k − 1

m− k

)∫
Zp×Z×p

xm−ky−1−mdµ(x, y) (5.112)

= −
(
−k − 1

m− k

)∫
Zp
xm−kd(Dxξf ′1)(x)

∫
Z×p
y−1−mdξf ′2(y) (5.113)

= −
(
−k − 1

m− k

)(∫
Zp
xm−kd(Dxξf ′1)

)
Lp(ξf ′2 ,−m) (5.114)

Using Lemma 5.4.4, we get

∫
Z×p
xmdµΦ−k

f ′
= −(1− pm−k)

(
−k − 1

m− k

)(∫
Zp
xm−kd(Dxξf ′1)

)
Lp(ξf ′2 ,−m) (5.115)
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Now (1− pm−k)(
∫
Zp x

m−kd(Dxξf ′1) =
∫
Z×p x

m−kd(Dxξf ′1), which is equal to

Lp(Dxξf ′1 ,m− k + 1) = (m− k)Lp(ξf ′1 ,m− k), so this turns into

= −
(
−k − 1

m− k

)
(m− k)Lp(ξf ′ ,m− k)Lp(ξf ′2 ,−m). (5.116)

Using
(−k−1
m−k

)
= (−1)m−k

(
m

m−k
)

= (−1)m−k

k! m(m− 1) · · · (m− k + 1), we deduce

∫
Z×p
xmdµ

Φ̂−k
f ′

=
(−1)m−k+1

k!
(m) · · · (m− k)Lp(ξf ′ ,m− k)Lp(ξf ′2 −m). (5.117)

Since the integers are dense in X (Qp), we get (for s = m− 1, even)

Lp(ν
−k
f ′ , s) =

(−1)−k−1

k!
(s− 1) · · · (s− k − 1)Lp(ξf ′ , s− k − 1)Lp(ξf ′2 , 1− s). (5.118)

5.5 Critical slope Eisenstein series

We close this chapter by proving a conjecture of Pasol and Stevens concerning the p-adic

L-function of the critical slope refinement of the Eisenstein series (for k even)

Ek+2,` = c(k) +
∑
n≥1

 ∑
d|n

(`,d)=1

dk

 qn ∈Mk+2(Γ0(`)), (5.119)

with k = 0 and ` = 11. This Eisenstein series is a Hecke eigenform with eigenvalues

Ek+2,`|U` = Ek+2,` and Ek+2,`|Tq = (1 + qk+1)Ek+2,` for q 6= `. For p 6= `, the criti-

cal p-stabilization of E2,` is a Hecke eigenform in Ecritk+2,` ∈ Mk+2(Γ0(p`)) with the same

eigenvalues away from p, and Ecritk+2,`|Up = pk+1Ecritk+2,`.

When k = 2 and ` = 11 and p = 3, Pasol and Stevens (using the MAGMA programs of

R. Pollack) lifted the critical slope boundary symbol ϕ ∈ SymbΓ0(33)(Qp) (corresponding

to Ecrit2,11) to an approximation of a modular symbol in SymbΓ0(33)(D0(Z3, 1)), which seemed
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to be approximating an eigensymbol Φ with eigenvalues

• Φ|Tq = (1 + q)Φ,

• Φ|U` = Φ,

• Φ|Up = pΦ,

and p-adic L-function

Lp(Φ, s) = (1− s) · (1− 111−s) · ζp(s) · ζp(2− s). (5.120)

Stevens then conjectured that Φ fits into a p-adic analytic family Φk,eis corresponding to

the higher weight Eisenstein series. By picking f ′ carefully, we can show Φ0,eis = ν−kf ′ , and

that at weight 0 we get the modular symbol conjecture by Pasol and Stevens.

Let us now fix p prime and ` 6= p.

Theorem 5.5.1. There exists a modular symbol ν ∈ SymbΓ0(p`)(D0(Zp)) such that

• ν|Tq = (1 + q)ν for q 6= p, `,

• ν||Up = pν.

Moreover, the p-adic L-function of ν is equal to

Lp(ν, s) = (1− s)(1− `1−s)ζp(s)ζp(2− s). (5.121)

Proof. Let f ′ be the test function (away from p) given by

f ′ =

⊗
q 6=p,`

[Z2
q ]

⊗ ([Z2
` ]− `[Z` × `Z`]), (5.122)

which factorizes as f1 ⊗ f2, with

f ′1 =
⊗
q 6=p

[Zq] and f ′2 =

⊗
q 6=p,`

[Zq]

⊗ ([Z`]− `[`Z`]). (5.123)
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Observe that Γ0(`) stabilizes f ′. Furthermore, f ′ is a Hecke eigenvector away from `, with

f ′|T ∗−1
q = qf ′|(qI)∗−1 + f ′ by Lemma 5.3.2. However, f ′ is not an eigenvector for U`!

Since h(f ′2) = 0, f ′ satisfies the vanishing hypothesis for
(

0
1

)
, so f ′ satisfies the vanishing

hypothesis for the cusps Γ0(p`) ·0, and Γ0(p`) · 1p , but not the cusps Γ(p`) ·∞ or Γ0(p`) · 1` ⊂

Γ0(p) · 0. By Theorem 5.2.18, Φ̂k
f ′ varies in a family of analytic differential forms on W∞,

so we can compute the p-adic L-function of Φ0
f ′ . Theorem 5.4.7 tells us

Lp(ν
0
f ′ , s) = −(s− 1)Lp(ξf ′1 , s− 1)Lp(ξf ′2 , 1− s). (5.124)

We computed the first p-adic L-function, Lp(ξf ′1 , s) = ζp(1− s) in Lemma 3.4.2. A similar

calculation shows Lp(ξf ′2 , s) = (1− `s)ζp(1− s), which gives us

Lp(ν
0
f ′ , s) = (1− s)ζp(2− s)(1− `1−s)ζp(s), (5.125)

which was the conjectural p-adic L-function of Φ.

Theorem 5.2.18 tells us that, for each −k ≤ 0, ν−kf ′ is an eigenvector for Tq, q 6= `, and

Up, with eigenvalues

• ν−kf ′ |Tq = qk+1(1− qq−k−2)ν−kf ′ = (1 + qk+1)ν−kf ′ , and

• ν−kf ′ |Up = pk+1ν−kf ′ .

The reader may be troubled by the conspicuous absence of U` and (rightfully) object

that we have not really proven Steven’s conjecture. It is not at all clear that ν0
f ′ should be

an eigenvector for U`, since f ′ is not and eigenvector for U`. But if we put

W` =

 ` y

`p `x

 ∈ S0(p), (5.126)

where x, y are integers satisfying `x− py = 1, then we claim (1) that νkf ′ |W` is a non-zero
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eigensymbol for U` with eigenvalue 1 and (2) ν0
f ′ |W` = −ν0

f ′ . Since W` commutes with the

Hecke operators Tq, q 6= p, ` and Up, these claims would imply that ν0
f ′ = −ν0

f ′ |W` is the

conjectural eigensymbol Φ.

We turn now to the first claim.

Proposition 5.5.2. For all integers −k ≤ 0, ν−kf ′ |−kW` is an eigenvector for U` with

eigenvalue 1.

Proof. First we show f ′|(W`U`W
−1
` )∗ − 1 = `f ′|〈`〉∗−1. At `, W` acts by

0 −1

` 0

, and

at primes q 6= p, `, W` ∈ SL2(Zq). Therefore,

f ′|W ∗−1
` = ([Z`]2 − `[Z` × `Z`])

∣∣∣∣∣∣
0 −1

` 0

∗−1

= [Z` × `Z`]− `[(`Z`)2. (5.127)

The calculations of Lemma 5.3.2 imply (f ′|W ∗−1
` )|U` = `(f ′|W ∗−1

` )〈`〉∗−1. Since 〈`〉 is in the

center of G, we conclude f ′|(W`U`W`)
∗−1 = `f ′|〈`〉∗−1. Therefore, for all positive integers

k > 0, (remembering the twist by det ), (Φk
f ′ |kW`)|kU` = (`k−2`)`Φk

f ′ |kW` = `kΦf ′ |W`.

Since the natural numbers are dense in X (Zp), we get Φ−kf ′ |W`|U` = `−kΦf ′ |W`, and thus

(remembering the twist by det k), (ν−kf ′ |W`)|U` = `k`−kν−kf ′ |W` = ν−kf ′ |W`.

The second claim appears to be much harder, but follows, for example, from a deep

theorem of Belläıche. The following is a special case Theorem 1 of [4]:

Theorem 5.5.3. The Ecrit2,` -isotypical subspaces Symb±Γ(p`)
(D0(Zp))[Ecrit2,` ] ⊂ SymbΓ0(p`)(D0(Zp))

are 1-dimensional for both choices of sign.

One easily checks (by inspecting the moments in equation 5.111) that ν0
f ′ |W`{∞, 0} is

even, so ν0
f ′ |W` ∈ Symb+

Γ(p`)
(D0(Zp))[E2,`]. A calculation shows that W` acts on the classical

modular symbol ρ0(ν0
f ′ |W`) ∈ SymbΓ0(p`)(Qp) by −1 and since ρ0 is S0(p) equivariant, we

conclude

(ν0
f ′ |W`)|W` = −ν0

f ′ |W`. (5.128)
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Since W 2
` acts by 〈`〉 (and hence trivially at weight 0) we conclude that ν0

f ′ = −ν0
f ′ |W` is

in fact the eigensymbol conjecture by Pasol and Stevens.

Let us conclude by remarking that Theorem 5.4.7 will allow us to compute the p-

adic L-functions for any the critical slope refinement of any Eisenstein series Ek+2,χ,τ ∈

Mk+2(Γ1(N)), p - N . One simply cooks up a test function f ′ from the characters χ and τ ,

which will factorize nicely and satisfy the vanishing hypothesis at enough cusps.
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