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ABSTRACT. Let X be a complex manifold, 7w : E — X a locally trivial holomorphic fi-
bration with fiber F, and (g, (e, ®)) a Lie algebra with an invariant symmetric form. We
associate to this data a holomorphic prefactorization algebra F » on X in the formalism
of Costello-Gwilliam. When X = C, g is simple, and F is a smooth affine variety, we
extract from Fy  a vertex algebra which is a vacuum module for the universal central
extension of the Lie algebra g ® H(F, 0)[z,z71]. As a special case, when F is an algebraic
torus (C*)", we obtain a vertex algebra naturally associated to an (n + 1)—toroidal algebra,

generalizing the affine vacuum module.
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1. INTRODUCTION

Affine Kac-Moody algebras play an important role in many areas of mathematics and
physics, specifically representation theory and conformal field theory. The affine Kac-
Moody algebra g associated to a complex Lie algebra g is a central extension of the loop
algebra Lg = g[z,z7!|. Toroidal algebras provide a generalization of affine Kac-Moody
algebras to include “multi-dimensional” loops. The (1 + 1)-toroidal algebra is defined as
a central extension of the Lie algebra

Ln+1 + :I:]

=glz,z{ ...,z ]

This is precisely the nth iterated algebraic loop space of the Lie algebra g. More generally,
one can speak of a “toroidal algebra” associated to any commutative C-algebra A and Lie
algebra g. This more general class of Lie algebras are defined as central extensions of Lie
algebras of the form A ® Lg, for which A = C[z7,...,z]] is the special case above.

The vacuum module of the affine Kac-Moody Lie algebra has the structure of a vertex
algebra, which turns out to be an extremely valuable tool when studying the representa-
tion theory of g. Connections between toroidal algebras and vertex algebras have been
explored in the works [1,5,13,15].

Our goal in this paper is to use the language factorizations to provide an intrinsic geo-
metric construction of vertex algebras associated to toroidal algebras. Being geometric,
our construction exists in more generality than in the ordinary construction of toroidal al-
gebras and their vertex algebra enhancements. Indeed, in addition to a Lie algebra g with
an invariant pairing, we start with any locally trivial holomorphic fibration 77 : E — X
with fiber F. Associated to this data, we produce a (pre)factorization algebra F; , on X.
Our model for factorization algebras follows the work of Costello-Gwilliam, which has
been extensively developed in the work [3].

As will be explained below, F; » can be viewed as a factorization envelope (see Section
1.1) with coefficients in the algebra H*(F, O). When X = C, and F is a smooth complex
affine variety, a result of Costello-Gwilliam extracts from F , (or more precisely, a certain
dense subalgebra) a vertex algebra. This vertex algebra can be described as an induced
module for a central extension gr of the Lie algebra

(1) g® H(F, OF)[z,27 "]

(here H°(F, O) denotes the C-algebra of regular functions on F), that is universal when
g is simple. When F is a point and 77 : E — X the identity map, g is isomorphic to the
affine Kac-Moody algebra g associated to (g, (,)), and the corresponding vertex algebra
is the affine vacuum module. When F is a torus (C*)", gr is the (n + 1)—toroidal algebra,

and we thus obtain a natural vertex realization of toroidal algebras.
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In the remainder of this introduction, we highlight the main ingredients in this construc-

tion with more detail.

1.1. (Pre)factorization algebras. The formalism of (pre)factorization algebras was devel-
oped by Kevin Costello and Owen Gwilliam in [3] to describe the algebraic structure of
observables in quantum field theory as well as their symmetries. Roughly speaking, a
prefactorization algebra F on a manifold X assigns to each open subset U C X a cochain
complex F(U), and to each inclusion

umulthbu---d, Ccv
of disjoint open subsets U; of V, a map
2) my M F(U) @ F(Uy) = F(V)

subject to some natural compatibility conditions. If F is the prefactorization algebra
of observables in a quantum field theory, the cohomology groups H'(F(U)) can be in-
terpreted as the observables of the theory on U as well as their (higher) symmetries.
This structure is reminiscent of a multiplicative cosheaf, and just as in the theory of
sheaves/cosheaves a gluing axiom distinguishes factorization algebras from mere pref-
actorization algebras.

An important source of prefactorization algebras is the factorization envelope construction,
which proceeds starting with a fine sheaf £ of dg (or L. algebras) on X. Denoting by L.
the cosheaf of compactly supported sections of £, we have maps

3) D1 Lo(U) 22 LUy U~ UUy) > Le(V)

for disjoint opens U; C V, where the map on the right is extension by 0. Applying the
functor CL* of Chevalley chains to (3) yields maps

DI CE(Le(Uy)) = CH(Le(V))
The argument just sketched shows that the assignment
4) U= € (Le(U))

defines a prefactorization algebra. It is called the factorization envelope of L and denoted
UL.

Costello-Gwilliam showed that there is a close relationship between a certain class of
prefactorization algebras on X = C and vertex algebras. More precisely, if F satisfies a
type of holomorphic translation-invariance and is equivariant with respect to the natural
S! action on C by rotations, then the vector space

(5) V(F) =@ H (F(Q)

leZ
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has the structure of a vertex algebra, where F(!)(C) denotes the I-th eigenspace of S! in

F(C).

1.2. Affine Kac-Moody algebras, toroidal algebras, and associated vertex algebras. Affine
Kac-Moody Lie algebras [9] are a class of infinite-dimensional Lie algebras which play a
central role in representation theory and conformal field theory. Given a finite-dimensional
complex simple Lie algebra g, the corresponding affine Lie algebra g is the universal cen-
tral extension of the loop algebra g[z,z7!] = g ® C|z,z!] by a one-dimensional center
Ck. Le., there is a short exact sequence

(6) 0+Ck—g—glzz1]—0
As a complex vector space § = gz,z!] @ Ck, with bracket

Ve f=).] @8] =T f(2)8(z) +k(],]')Res:~ofdg,

where J,]' € g, and (,) denotes the Killing form. In physics, affine algebras appear
as symmetries of conformal field theories (CFT’s) such as the WZW model, and tools
adapted from CFT, notably vertex algebras, play a crucial role in studying their represen-
tation theory. In particular, for each K € C, the vacuum module

VK (ﬁ) = Indg C K

(where gy = g[z] ® Ck C @, and Cg denotes its one-dimensional representation on which
the first summand acts trivially and k acts by K') has the structure of a vertex algebra. The
representation theory of g and Vk(g) are inextricably linked - Vk(g) picks out interesting
categories of representations of g, and provides computational tools for studying these.

One may consider a generalization of the universal central extension (6) where C[z,z 7]
is replaced by an arbitrary commutative C-algebra R. That is, one begins instead with
the Lie algebra gr = g ® R with Lie bracket defined by

Jor] @sl=[]]®rs.
It is shown in [10] that gg has a central extension of the form
0 — QOk/dR — gg — gr — 0.

where Q}{ denotes the module of Kahler differentials, and d : R — Q}{ is the universal
derivation. Thus

R 2 g®@R®QL/dR,

as a vector space, with bracket

Jor] @s]=[X,Y]®@rs+ (X,Y)rds,

where w denotes the class of w € Q}{ in Q}Q /dR. When g is simple, the central extension

ORr is universal.
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An important example occurs when R = C [tlil, -+, £F1] - the ring of algebraic functions
on the n—torus. In this case gr is a higher loop generalization of g called the n—toroidal
algebra. We note that for n > 1, the central term Q}{ /dR is infinite-dimensional over C.

It is a natural question whether one can associate to gg, and in particular to toroidal
algebras, a natural vertex algebra V(gr) along the same lines that Vi (g) is associated to g.
In this paper, we provide an affirmative answer in the case when R = A|z,z"!] for some
C-algebra A, and give a geometric construction of V(gr) in terms of prefactorization
algebras.

1.3. Prefactorization algebras from holomorphic fibrations. In this paper we construct
prefactorization algebras starting with two pieces of data:

e Alocally trivial holomorphic fibration 7 : E — X of complex manifolds with fiber
F.

e A Lie algebra (g, (,)) with invariant bilinear form.
We begin with a sheaf of dg Lie algebras (DGLA’s) on X
gz = (g® .0, 9)
with bracket
Jea] @pl=[J]1®0arp, ]]J €gupcmrOp
g has an L, central extension g, whose underlying complex of sheaves is of the form
9r = 0n ® Ky,
with K a certain three-term complex. Our prefactorization algebra is
Frg = Cr(Gre),

where g . denotes the cosheaf of sections with compact support. This is an instance of
the factorization envelope construction (4) described above.

When F is a smooth affine complex variety, and E = X x F is a trivial fibration, we may
pass to a somewhat “smaller” prefactorization envelope g;’f, ¢ built starting with the sheaf
of DGLA’s

(g @ H'(F,0) ® Q%",9)
There is a map
7) Grs = Frg
induced by the map of DGLA'’s

(g®@ H(F,0) ® O%",9) — (g ® m.QY*,9)
5



gffg is more manageable from technical standpoint, as it avoids certain analytic compli-
cations involving completions of Dolbeault cohomology of products. We note that the

map (7) depends on a choice of trivialization of E.

When X = C (and E is necessarily trivial), we may apply Costello-Gwilliam’s result
above to the prefactorization algebra g;’r’g, recovering a vertex algebra V(ggf,%) as in 5.
It has the following simple description. Let gr denote universal central extension of the
Lie algebra g ® H(F, OF)[z,z7!] (i.e. this is gr above, where R = HY(F,Of)[z,z7}]),
and let g} be the sub-algebra corresponding to the non-negative powers of z. Then as a

representation of gr

®) V(Gi8) ~ Ind?. C,
, 5

where C is the trivial representation of g} .

We may view these results as follows. When X is a (arbitrary) Riemann surface, and
p € X a point, we may choose a coordinate z centered at p, and a local trivialization of
E near p. The cohomology prefactorization algebra H*(F 4) is then locally modeled by
the vertex algebra V (gr) via the dense inclusion (7).

1.4. Outline of paper. In section (2) we recall universal central extensions, the construc-
tion of gr, and vertex algebras. We also show how to associate to the algebra R =
Alz,z71], where A is a commutative C-algebra a vertex algebra generalizing the affine
vacuum module. Our later geometric construction will be a special case of this. In section
(3) we recall some basic facts about prefactorization algebras. The construction of F
and the related prefactorization algebra gg,’;ii happens in section (4). Finally, in section (5)
we consider the special case when X = C, and relate gg,’;‘; to the vertex algebra V (gr).

Acknowledgements: M.S. would like to thank Kevin Costello and Owen Gwilliam for
patiently answering a number of questions and making several valuable suggestions.
He also gratefully acknowledges the support of a Simons Collaboration Grant during the
course of this project.

2. LIE ALGEBRAS AND VERTEX ALGEBRAS

2.1. Conventions. An L, structure on a graded vector space § is the data of cohomolog-

ical degree 1 coderivation d of cofree cocommutative coalgebra
Sym(h[1])
satisfying d? = 0. We may write d = Y.%_; I, where

lm:b®m_>b[2_m]
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and the I;,s are extended to the symmetric coalgebra as coderivations.

Given such a square zero coderivation d the cochain complex

CH*(g) = (Sym(v[1]),d)

is called the Chevalley-Eilenberg chain complex. In the case of an ordinary Lie algebra, this
complex computes Lie algebra homology.

An ordinary Lie algebra corresponds to the case where [,, = 0 for m # 2, and I, is the Lie
bracket. Differential graded Lie algebras correspond to the case where I,, = 0 for m > 2.
We note that (b, I1) has the structure of a cochain complex, and H*(h, [1) the structure of a
graded Lie algebra. We refer to CL(Iy,d) as the complex of Chevalley-Eilenberg chains (even
though it’s cohomologically graded) since it computes Lie algebra homology. Its dual

C*,Lie(h) — Sym(h*[_]],dfv*)

is the complex of Chevalley-Eilenberg cochains. It computes Lie algebra cohomology. For
more on L, algebras, we refer the reader to [11,14].

2.2. Central extensions. Let g be a complex Lie algebra equipped with an invariant bi-
linear form (e, e). Also, fix a commutative C-algebra R. Then, gr := g ®c R carries a
natural complex Lie algebra structure with bracket

Jor] s =[,]ers
where ], ] € gand r,s € R. It is shown by Kassel [10] that there exists a universal central
extension of the form
0 — HY®(ggr) — Gr — gr — 0.
Furthermore, when g is simple and (e, ®) the Killing form, there is an isomorphism of

the Lie algebra homology Ha(gr) = Qf /dR where Qf . is the R-module of Kahler
differentials of R/Candd: R — Q}{ is the universal derivation. The bracket on

) Ok ¥ g®R®OQk/dR,
is given by

Jor,] @s|=1[],]]@rs+{(],])rds

=[] ]®rs+ %(],]’)(rds — sdr)

where w denotes the class of w € Q}Q in Q}g/ dR. We will find the second form of the

central cocycle more convenient to use.

Example 2.1. Let n > 0 be an integer. An important class of examples is obtained by
taking

R:=C[tg", -, 71
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This is the algebra of functions on the (n + 1)-dimensional algebraic torus.

When n = 0, the vector space (0% /dR is one-dimensional with an explicit isomorphism
given by the residue

Res : Q}{/dR E) C.
The resulting Lie algebra gr is the ordinary affine Kac-Moody algebra usually denoted
by g. For n > 1, the vector space Q}g/ dR is infinite dimensional. Indeed, let us denote
ki = ti’ldt,-. The space Q1% /dR is generated over the ring C[toﬂ, ..., 1] by the symbols
ko, ..., k, subject to the relation

n
Zmitglo s tnm”kl‘ =0
i=0

where (my, ..., my,) is any n-tuple of integers. The Lie algebra gy is called the (n + 1)-
toroidal Lie algebra associated to g.

It will be useful for us to have an Lo-model for the Lie algebra gr. This model amounts to
replacing the vector space (% /dR appearing as the central term by the cochain complex

Kr = Ker(d)[2] — R[1] & QL.

Just as the Lie algebra gr is a central extension of gr = g ® R, the Lo, model we wish to
construct is a central extension of gr = g ® R by the cochain complex Kg.

The central extension is determined by a cocycle ¢ € C*(ggr, Kr) of total degree two. The
cocycle is of the form ¢ = ¢(©) + ¢(1) where

oY () o O
Jore (' ®s) — 3(],])(rds—sdr)
and
¢ (gr)*? — R
Jene g es)e (" et) — 3{[J,J]]")rst

Lemma 2.2. The functional ¢ defines a cocycle in C*(gr, ICr) of total degree two.

Proof. The differential in the cochain complex C*(gg, Kr) is of the form d + dcg where d
is the de Rham differential defining the complex K, and dcr is the Chevalley-Eilenberg
differential encoding the Lie bracket of gg. It is immediate that dp(!) = 0, dcg¢p® = 0
by the Jacobi identity for g and invariance of (e, e), and d¢® + dcpeM = 0 by direct
calculation. Thus (dcg + d)¢ = 0 as desired. UJ

The cocycle ¢ defines an L., central extension

KR — 9r — 9R-
8



As a vector space, gr = gr ® Kg, and the L operations are defined by ¢; = d,¢{, =
[, ]ax + ¢V, and £3 = ¢(?). The following is immediate from our definitions:

Lemma 2.3. There is an isomorphism of Lie algebras H*(gr, {1) = 8r.

Proof. The cohomology of §r is concentrated in degree zero, and isomorphic to
gr © H(Kr) = gr ® Qr/dR

as a vector space. Our definition of ¢ implies that

PO((Jore (] os) = %(],]’)(rds — sdr) = rds mod dR

so that the resulting Lie bracket is the same as that of gr. O

2.3. Vertex algebras. We proceed to briefly recall the basics of vertex algebras and dis-
cuss an important class of examples, which will later be constructed geometrically via
factorization algebras. We refer the reader to [6, 8] for details.

Definition 2.4. A vertex algebra (V,|0), T,Y) is a complex vector space V along with the
following data:

e A vacuum vector |0) € V.
e Alinear map T : V — V (the translation operator).

e Alinear map Y(—,z) : V — End(V)[z*!] (the vertex operator). We write Y (v,z) =
Y ez Abz" where AY € End(V).

satisfying the following axioms:

e Forallv,v' € V there exists an N > 0 such that A0’ = 0 for all n > N. (This says
that Y (v, z) is a field for all v).

e (vacuum axiom) Y(|0),z) = idy and Y(v,2)|0 € v+ zV][z] forallv € V.
e (translation) [T, Y (v,z)] = 9.Y(v,z) forall v € V. Moreover T|0) = 0.
e (locality) For all v,v" € V, there exists N > 0 such that
(z—w)N[Y(v,2),Y(¥,w)] =0
in End(V) [z, wt!].
In order to prove that a given (V, [0), T, Y) forms a vertex algebra, the following “recon-

struction” or “extension” theorem is very useful. It shows that any collection of local

fields generates a vertex algebra in a suitable sense.
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Theorem 2.5 ( [6], [4]). Let V be a complex vector space equipped with: an element |0) € V,
alinear map T : V — V, a set of vectors {a°}scs C V indexed by a set S, and fields A*(z) =
Yez Asz "L for each s € S such that:

e Foralls € S, A°(2)|0) € a° + zV[z];
e T|0) =0and [T, A%(z)] = 0,A%(z);
o A°(z) are mutually local;
e and V is spanned by {A;1 e A;’n” |0 } as the jis range over negative integers.
Then, the data (V,|0), T,Y) defines a unique vertex algebra satisfying
Y(a®,z) = A®(2).

Remark 2.6. The version stated above appears in [4], and is slightly more general than the
version stated in [6].

2.4. The vertex algebras V(g) and V(gr). A number of vertex algebras are constructed
from vacuum representations of affine Lie algebras and their generalizations. We proceed
to review the vertex algebra structure on the affine Kac-Moody vacuum module V (g) and
extend the construction to vacuum representations of ggr, where R = A[t,t~1] for some
C-algebra A.

2.4.1. V(g). Letg = g[t,t '] & Ck be the affine Kac-Moody algebra, g© = g[t] denote
the positive sub-algebra, and C denote the trivial representation of g*. For | € g, denote
J® " by J,,and 1 € C by |0)

It is well-known (see for instance [6]) that the induced vacuum representation
V(8) :=IndZ, C := U(8) ®y g C

has a C[k]-linear vertex algebra structure, which is generated, in the sense of the above
reconstruction theorem, by the fields

Ji(z) == Y(JL410),2) = 3 Juz ",

nez

where {Ji} is a basis for g. These satisfy the commutation relations

U (2), J5(w)] = [J', J¥](w)(z — w) + (J', ]*) k9,6 (z — w)
where

sz —m—1

The translation operator T is determined by the properties

T|0) =0, [T, Ji] = —nJi_,.
10



Remark 2.7. The construction above produces a generic version of the affine Kac-Moody
vacuum module, in the sense that k is not specialized to be a complex number. In the
vertex algebra literature one typically specifies a level K € C, and defines

Vk(g) := Indgm@Ck C,

where C denotes the one-dimensional representation of g[t] & Ck on which the first factor
acts by 0 and k acts by K. We have an isomorphism

V(g)/1~ Vk(g)

where [ is the vertex ideal generated by K|0) — k|0). V(g) can therefore be viewed as a
family of vertex algebras over spec(Ck]), with fiber Vk(g) at k = K.

2.4.2. The generalized toroidal vertex algebra. In this section we generalize the construction
of the affine Kac-Moody vacuum module above to the Lie algebra gg, for R = A[t, til],
where A is a commutative C—algebra. The construction specializes to V(g) for A = C.

Let A be a commutative C-algebra, R = A[t,t7!] := A® C|[t,t"!], and g the Lie algebra
(9). We have a Lie subalgebra

0k := 9@ A[t] © Qly /dAJH] = Br.
Let
(10) V(gr) := Ind2% €
R

where C denotes the trivial representation of g5 . Our goal is to define the structure of a
vertex algebra on V(gr).

The vacuum vector is simply |0) := 1 € C. The fields of the vertex algebra split into three
classes and are defined as follows.

(11) Ju(z) =Y @ut '0),2) := ) (J@ut")z """,
nezZ

(12) Ku# =Y (t udt|0),z) == Y (ut"ldt)z 7",
nezZ

(13) K1, = Y(t w|0),2) := ) (t"w)z "1
nezZ

where [ € g uc A,w € Q}L‘.
The commutation relations between these fields are easily checked to be
2(2), B@)] = (I Pluo(®@) + U1 P K tgo () ) 6(z = ) 4+ (1, VK, ()9 (2 — )

with all other commutators 0.
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The operator T, corresponding to the Lie derivative L_;,, is defined by
T|0) =0, [T,]'® ft"] = —nJ' @ ft"7 L, [T, ft"dt] = —nft""dt, [T, t"w] = —nt"'w

Theorem 2.8. The above field assignments, together with T equip V (gr) with the structure of a
vertex algebra.

Proof. We begin by checking that the field assignment above is well-defined. This amounts
to verifying that Y (d(t~'u)|0),z) = 0. We have
Y(d(t'u)|0),z) = Y(+ 'dul0),z) — Y(ft2u|0),z)
t—1du|0),z) — Y ([T, t 'udt]|0), z)
t~1du|0),z) — 9,Y (t " 1udt|0), z)

Y(
Y(
Y (Fdu+nt" )zt =Y d(Fu)z =0

The result now follows by applying the reconstruction theorem 2.5 to V(gr) and the fields
{]u(z),Ku#,Ktqw} forJeg feAwe). O

The map sending a C-algebra A to V(gg), with R = A[z,z7!] has a number of pleasing
properties. Denote by C — Alg the category of commutative C-algebras and Vert the
category of vertex algebras. We have the following result:

Proposition 2.9. The map

C-Alg — Vert
A V(/g\A[z,z—l])

defines a functor.

Proof. We must check that a homomorphism of C-algebras ¢ : A — B induces a vertex
algebra homomorphism ¥ : V(@) — V(8pjt+1)). We begin by constructing a Lie
algebra homomorphism

% BAle1]) — OBl )-
Recall that a C-algebra homomorphism ¢ : R — S induces a map on Kahler differentials
(as vector spaces) 0, : Qr — Qg given by o, (rdr’) = o(r)do(r'), which sends exact
elements to exact elements, inducing a map

Ty - QR/dR — Qs/ds

Extending ¥ : A — B to a homomorphism (abusively also denoted ) ¢ : A[t,t~!] —
B[t,t~1], and taking o = ¢ yields a map

Yot Qapp ey /dALLET] = Qppy oy /dB[E Y]
12



Now, § : Gafs-1] — Op[t,1) is defined by
Y(Jut" + w) = Jp(u)t" + Pp.w whereJ g, u€ A, we QA[t,t—l]/dA[t,t’l]
and easily checked to be a Lie algebra homomorphism. Finally,
K V(@ap,1) = V(@)

may be defined on the generating fields J,(z), Ku#, K;-1,, in the obvious way by:

P(Ju(z) = Y U@ pu)t")z""1,

nez
PR (2) = Ky o)) = L (plat" e
P(Ki14(2)) = Ky, (1-1) (2) = Zz(t”ll)*w)—f”‘1

where u € A,w € Q4. One easily checks that

P([Jul2), Jo(@)]) = [$(Ju(2)), 9 (Jo(w))],

which shows that ¢ respects the only non-trivial OPE among the generating fields. It
follows that ¢ is a vertex algebra homomorphism. O

If A is any C-algebra, we may apply this result to the structure map C — A, to obtain:
Corollary 2.10. The structure map C — A induces an embedding of vertex algebras

V(@) = V(@api)-
Remark 2.11. As explained in Remark 2.7, we have

Vi(e) = V(@cp1)/1

where Vi (g) denotes the “usual” affine vacuum module atlevel K € C, and I is the vertex
ideal generated by k|0) — K|0). When K # —h" (where h" denotes the dual Coxeter
number of g), Vk(g) is a conformal vertex algebra with conformal Segal-Sugawara vector

K+hv

=

d
S = Y Uit H)(Ji@t o),
1

where {J;}%, an orthonormal basis of g with respect to the invariant pairing (e, e). It
follows that when K # —h", S defines a conformal vector in V(g A1)/ ', where I' is
the vertex ideal generated by # |0y — K|0).

As another consequence of Prop. 2.9, we note that any algebra automorphismy : A — A

induces a vertex algebra automorphism of V(g4 ,-1)):
13



Corollary 2.12. There is a natural group homomorphism
e’

3. (PRE)FACTORIZATION ALGEBRAS AND EXAMPLES

In this section we recall basic notions pertaining to pre-factorization algebras. We refer
the reader to [3] for details.

Let X be a smooth manifold, and C* a symmetric monoidal category.

Definition 3.1. A prefactorization algebra F on X with values in C* consists of the follow-
ing data:

e for each open U C M, an object F(U) € C%,

e for each finite collection of pairwise disjoint opens Uy, ..., U, and an open V con-

taining every U;, a morphism

(14) mir s FU) @ - @ F(Uy,) — F(V),

and satisfying the following conditions:

e composition is associative, so that the triangle

®: ®; F(Tyj) ®; F(Ui)
F (V)

commutes for any disjoint collection {U;} contained in V, and disjoint collections

{Tij}j C U;
e the morphisms m‘L/I1 At are equivariant under permutation of labels, so that the

triangle

F(Uh) @@ F(Uy) = F(Us(1)) @ -+ @ F(Uo(n))
F(V)

commutes for any ¢ € S,,.

In this paper, we will take the target category C® to be Vect, dg-Vect, or their smooth

enhancements DVS described below.
14



A factorization algebra is a prefactorization algebra satisfying a descent (or gluing) axiom
with respect to a class of special covers called Weiss covers. In this paper, we will not be
concerned with verifying that our constructions satisfy this additional property, and refer
the interested reader to [3] for detalils.

Example 3.2 ([3]). Given an associative algebra over C, one can construct a prefactoriza-
tion algebra F, in Vect on R by declaring F4(I) = A for a connected open interval
I C R, and defining the structure maps in terms of the multiplication on A. For instance,
if = (a,b),] = (c,d),K= (e f) withe <a <b<c<d< f, the structure map is
Fall) @ Fal]) = Fa(K)
a® b ab
Fa has the property that it is locally constant, in the sense that if I C I’ are connected

intervals, then F (I) — F4(I') is an isomorphism. It is shown in [3] that locally constant
prefactorization algebras on IR in Vect correspond precisely to associative algebras.

Prefactorization algebras can be pushed forward under smooth maps as follows. Sup-
pose f : X — Y is a smooth map of smooth manifolds, and F a prefactorization algebra
on X. One then defines the prefactorization algebra f.F on Y by

fF(U) = F(fH ()
The structure maps of f.F are defined in the obvious way.

If F, G are prefactorization algebras on X with values in C¥, then a morphism ¢ : F — G
is the data of maps

$u: F(U) = G(U) € Homee (F(U),G(U))

for each open U C X, compatible with all structure maps (14).

3.1. (Pre)factorization envelopes. Our construction of factorization algebras from holo-
morphic fibrations is an instance of the factorization envelope construction, which we pro-
ceed to briefly review following [3].

Let £ be a fine sheaf of L., algebras, and L. its associated cosheaf of sections with compact
support. The factorization envelope of L, UL is the complex of Chevalley chains of £.. In
other words, for each open U C X

(15) UL(U) = C(L(U))

The factorization structure maps are given explicitly as follows. Let Uy, - - -, U be disjoint
open subsets of an open V C X. The cosheaf £, induces a map of Lo—algebras

e L (Uy) — Lo(V)
15



Applying the Chevalley chains functor (which sends sums to tensor products) to this
sequence yields maps

D CL (Le(Ui)) = C(Le(V)).
The following is proved in [3]

Theorem 3.3. If L is a fine cosheaf of Lo, algebras, then UL is a prefactorization algebra in
dg-Vect. The cohomology H*(UL) is a prefactorization algebra in Vect.

Example 3.4 ([3]). Let X = R, and g4r := (g ® Q, d4r) the sheaf of DGLA’s on R obtained
by tensoring g with the de Rham complex. The factorization envelope U(g4r) is locally
constant, and the cohomology factorization algebra H* (U (g ® ")) is a locally constant
factorization algebra in Vect, corresponding to the enveloping algebra ¢/ (g) as in Example
(3.2).

Example 3.5 ([7]). Let X = C", and (g ® Q%Z‘ ,0) the sheaf of DGLA’s on C" obtained
by tensoring g with the Dolbeault complex of forms of type (0,9),9 > 0. As explained
below, when n = 1, the factorization algebra U(g ® Q%*,g) allows one to recover the
affine vertex algebra V(g) (at level 0).

3.2. Differentiable vector spaces. The prefactorization algebras considered in this paper
typically assign to each open subset U C X a cochain complex of infinite-dimensional
vector spaces. This is apparent already in the example 3.4 above, where the graded com-
ponents of U(gsr) = U(g ® O*)(U) for U C R are tensors in g ® O*(U),. The structure
maps (14) are thus multilinear maps between such complexes. In order to formulate
the notion of translation-invariance for prefactorization algebras in the next section, we
will have to discuss what it means for these to depend smoothly on the positions of the
open sets U; C X. This raises some functional-analytic issues, which in turn complicate
homological algebra involving these objects.

In [3] these technical issues are resolved by introducing the category DVS of Differen-
tiable Vector Spaces together with certain sub-categories. DVS provides a flexible frame-
work within which one can discuss smooth families of smooth maps between infinite-
dimensional cochain complexes parametrized by auxilliary manifolds, and carry out ho-
mological constructions. We briefly sketch this category below, and refer to [3] for all
details.

Definition 3.6. Let C* denote the sheaf of rings on the site of smooth manifolds sending
each manifold M to the ring of smooth functions C*(M), and assigning to each smooth
map f : M — N the pullback f* : C*(N) — C®(M). A C®-module F is a sheaf of
modules over C®. In other words, F assigns to each M a C®(M)-module (M), and to

f M — N apullback map F(f) : F(N) — F(M) of C*(N)-modules. A differentiable
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vector space is a C*-module equipped with a flat connection. Explicitly, this means a flat

connection
V: F(M) = F(M) @ceay Q' (M)

for each manifold M, compatible with pullbacks. The objects of the category DV'S are
differentiable vector spaces, and the morphisms Hompys(F,G) maps of C*®-modules
intertwining the connections.

Any locally convex topological vector space V gives rise to a differentiable vector space
as follows. There is a good notion of a smooth map from any manifold M to V intro-
duced by Kriegl and Michor (see [12]), and we denote by C*(M, V) the space of such.
The space C*(M, V) is naturally a C*(M)-module, and carries a natural flat connection
whose horizontal sections are constant maps M — V. The assignment M — C%®(M, V)
thus produces an object of DVS. Multi-linear maps

(16) FixFx-xF G F,GecDVS

equip DVS with the structure of a multi-category (or equivalently, a colored operad) by
inserting the output of a multilinear map into another. We denote the space of such maps
by DVS(Fy, - -+, F|G).

The multicategory DVS allows us to formulate the notion of a smooth family of multilin-
ear operations parametrized by an auxiliary manifold M. For F € DVS, one first defines
the mapping space C*(M, F) € DVS as the differentiable vector space given by the as-
signment N — F(N x M). As explained in [3], it has a natural flat connection along
N.

Definition 3.7. Let F3,--- ,F,,G € DVS. A smooth family of multilinear operations
Fi x -+ F, — G parametrized by a manifold M is by definition an element of

DVS(F, -+, F|C*(M,G))

where C®(M, G) is as explained in the preceding paragraph.

DVS has several good properties. Among these are:
e DVSis complete and co-complete.
e DVSis a Grothendieck Abelian Category.

The second property ensures that all standard constructions in homological algebra be-
have well in DVS. This is in contrast to the category of topological vector spaces, which is
not even Abelian. As the authors explain in [3], this is because DVS has essentially been

defined as the category of sheaves on a site.
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Finally, we review some examples of differentiable vector spaces which will be useful to
us.

Example 3.8. The following is an important example from [3]. Suppose p : W — X is
a vector bundle over the manifold X. Then V = T'(X, W) is naturally a Frechet space,
and so locally convex. C®(M,V) is then identified with I'(M x X, 7} E), where 7x :
M x X — X is the projection on X. In particular, taking W to be the trivial bundle, we
have C*(M,C®(X)) = C®(M x X). The same line of reasoning shows that the space of
compactly supported sections of W, V' = T'.(X, W) has a DVS structure.

Example 3.9. The following generalization of the previous example will be useful in Sec-
tions 4, 5. Let 7 : E — X be a smooth map, and p : W — E a vector bundle on E. Denote
by W the sheaf of smooth sections of W on E. Then V = I'(X, m, W) yields a differen-
tiable vector space, with C®°(M,V) = T'(M x X, 7%*17\7), where 7 : EXM — X X M is
defined by 7i(e,m) = (7t(e), m), and W denotes the sheaf of sections of miWonE x M,
with 7t : E x M — E the projection on the first factor. The connection is determined
by the condition that the horizontal sections are those constant in the M direction. When
E = X and 7t = idx, this example reduces to the previous one. We may similarly equip

V' =T (X, . W) with a DVS structure.

Example 3.10. Suppose that & € DVS, and V is any vector space (note that we don’t
specify a topology on V). Then the assignment M — F (M) ®g V, with the connection
acting trivially on the V factor, yields an object of DVS which we denote Fy, When V is
finite-dimensional, this amounts to a finite direct sum of F.

3.2.1. Monoidal structures on DVS. To discuss prefactorization algebras with values in
DVS, we must specify a symmetric monoidal structure, which is used in defining the
structure maps (14). Certain subtleties arise on this point, typical of the issues one en-
counters when trying to define tensor products of inifinite-dimensional topological vec-
tor spaces. We restrict ourselves to a few brief remarks, and refer the interested reader to
[3] for details.

e Given F, Gin DVS, we can define F ® G as the sheafification of the presheaf X —
F(X) ®cw(x) G(X), equipped with the flat connection V7 ®1Id+1d ® VY. When
F = C®(M),Gg = C®(N), and X = pt is a point, this yields F ®@ G(pt) =
C®(M) ®r C*(N). We call this symmetric monoidal structure the naive tensor
product in DVS.

e The naive tensor product has certain shortcomings. Most importantly, it does not
represent the space of multilinear maps (16). In order to remedy this situation, a
certain completed tensor product &4 has to be introduced. This operation is only

defined on a certain sub-category of DVS however. In the last example, we would
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obtain F®4G(pt) = C*®(M x N). We will refer to this operation as the completed
tensor product.

Using ®g rather than ® is important if one wishes to obtain a factorization, rather than
merely a prefactorization algebra. As we work with prefactorization algebras in this pa-
per, the naive tensor product is adequate, and will be the symmetric monoidal structure
on DVS throughout.

3.3. Translation-invariant (pre)factorization algebras. Our construction in Section 4, when
applied to the trivial fibration E = F x C" +— C", produces a prefactorization algebra
which is holomorphically translation-invariant. This property will be used when extracting

a vertex algebra in Section 5 in the case n = 1. We proceed to briefly review this notion
and refer the interested reader to [3] for details.

3.3.1. Discrete translation-invariance. Suppose now that F is prefactorization algebra on
C" in the category of complex vector spaces. C" acts on itself by translations. For an open
subset U C C" and x € C", let

U :={yeC'ly—xec U}

Clearly, 7, (tyU) = 7y, U. We say that F is discretely translation-invariant if we are given
isomorphisms

(17) o F(U) = F(r U)

for each x € C" compatible with composition and the structure maps of F. We refer to
section 4.8 of [3] for details.

Example 3.11. For any Lie algebra g, U(g ® Q%) in Example 3.5 is discretely translation-

invariant.

3.3.2. Smooth and holomorphic translation-invariance. A refined version of translation-invariance
expresses the fact that the maps ¢,, and hence the structure maps m‘L/ll""’u” depend
smoothly/holomorphically on the positions of the open sets U;. This notion is operadic

in flavor.
Forz € C" and r > 0let PD(z,r) denote the polydisk
PD,(z) = {w € C"||w; — zij| < 1,1 <i<n}
and let
PD(ry,--- ,1ls) € (€")*
denote the open subset (z1, - - - ,z;) € (C")* such that the polydisks PD,,(z;) have disjoint

closures and are all contained in PD;(0). The collections PD(rq, - - - ,7k|s) form an R~ -

colored operad in the category of complex manifolds under insertions of polydisks.
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Suppose that F is a discretely translation-invariant prefactorization algebra on C" with
values in DVS. We may then identify F(PD,(z)) ~ F(PD,(z’)) for any two z,z' € C"
using the isomorphisms (17), and denote the corresponding complex simply by F,. For
each p € PD(ry, - - -, 1¢|s), we have a multilinear map

(18) mlp] : Fpy X -+ X Fp = Fs

As explained in Section 3.2, we say that m[p] depends smoothly on p if
m E DVS(frl, AR ,frk,COO(PD(rI, st ,rk|s),fs))-

To formulate the definition of smooth translation-invariance, we will need the notion of
a derivation of a prefactorization algebra.

Definition 3.12 ([3]). A degree k derivation of a prefactorization algebra F is a collection
of maps Dy : F(U) — F(U) of cohomological degree k for each open subset U C M,
with the property that for any finite collection Uy,---,U, C V of disjoint opens and
elements a; € F(U;), the following version of the Leibniz rule holds

Dvml‘f/[l/"'/ufl ([Xl/ e /[Xﬂ) — Z(_l)k(‘al|+"'+‘“i—l)|ml"/‘[1"”’u" (all e 01, Duiai, e /[XH)
i

The derivations of F form a DGLA, with bracket [D, D'];; = [Dy, D'U] and differential d
given by dDy; = [dy, Dy, where dy is the differential on F(U).

The notion of smoothly translation-invariant prefactorization algebra F on C" can now
be formulated as follows:

Definition 3.13 ([3]). A prefactorization algebra F on C" with values in DVS is (smoothly)
translation-invariant if:

(1) F is discretely translation-invariant.
(2) The maps (18) are smooth as functions of p € PD(rq, - - -, 7¢|s)

(3) F carries an action of the complex Abelian Lie algebra C" by derivations compat-
ible with differentiating m|p].

We can further refine the notion of translation-invariance to consider the holomorphic
structure. We say that F is holomorphically translation invariant if

e F is smoothly translation invariant.
o There exist degree —1 derivations 7; : / — F such that
- [d,ni] = a% (as derivations of F)

- [ni,mj] = [Ui/a%] =0
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fori =1,---,n,and where d is the differential on F.
This condition means that anti-holomorphic vector fields act homotopically trivially on

F.

As explained in [3], if F is a holomorphically translation-invariant prefactorization alge-

bra, then upon passing to cohomology, the induced structure maps

(19) mlp] : H*(Fy,) X - -+ x H*(Fy,) = H*(Fs)

are holomorphic as functions of p € PD(ry,- - - ,1¢|s). In other words, m can be viewed
as a map

(20) m: H*(F,) x - x H(F,) — Hol(PD(rq, - - -, r|s), H* (Fs))

where Hol denotes the space of holomorphic maps in DVS.

Example 3.14. For any Lie algebra g, the holomorphic factorization envelope U(g ® Q)

of Example 3.5 is holomorphically translation-invariant, with 7; = 7 (jz_)

4. FACTORIZATION ALGEBRAS FROM HOLOMORPHIC FIBRATIONS
In this section, we describe our main construction of prefactorization algebras from lo-
cally trivial holomorphic fibrations.
Our starting point is the following data:
e Complex manifolds F, X.
e (g,(,)) aLie algebra with an invariant bilinear form.
e Alocally trivial holomorphic fibration 77 : E — X with fiber F.

To this data we will construct a sheaf of L, algebras on the total space E of the fibration.
In turn, we obtain a prefactorization algebra upon taking its factorization envelope.

4.1. A sheaf of Lie algebras. Let Q%’* be the sheaf of dg vector spaces given by the Dol-
beault complex of the complex manifold E, equipped with the 9 operator. For any Lie
algebra g, we can define the sheaf of dg Lie algebras

gr =g QY

which on an open set U C E assigns g ® Q%*(U). The differential is again given by the 9
operator, and the Lie bracket is defined by

XeaYRB]=[XYeaAp

where X,Y € g, a, f € Q¥*(U).
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Let Kr be the double complex of sheaves
cl2] » ¥ 1) % ok

where the first arrow is an inclusion, and the second is given by the holomorphic de
Rham operator 9. The complex K is viewed as a double complex with 9 acting as vertical
differential on QF", p = 0, 1. Let K = Tot(Kg) be the totalization of this double complex.

We consider the complex of sheaves Kr as a trivial dg module for the sheaf of dg Lie
algebras gr. We will construct a cocycle on gg with values in this trivial dg module. To
this end, define the following maps of sheaves

o : (gp)™* — Q"
P(X@a)® (Y B)) = %(X, Y)(anop—(~1)oanp),
and
9%+ (9e)* = OF[1]
PO(XE0)® (YO P @ (Za7) = (XY, Z) @ABAY)
We view the sum ¢ = (¥ + ¢(1) as a cochain in the Chevalley-Eilenberg complex

¢ € C* (e, Kr)

of total degree 2. A short calculation shows the following:
Lemma 4.1. ¢ defines a cocycle in C};,(g,, Kr) of total degree 2.
With the cocycle ¢ in hand, we can make the following definition of a complex computing
the “twisted Lie algebra homology” of gg. First, let
9 =g B K
be the sheaf of dg vector spaces obtained by taking the direct sum of gr and Kk.

Definition 4.2. Define the sheaf of dg vector spaces
Cy*(ge) := (Sym(ge1]),d + dce + ¢)
where

o d=0+dg . is the differential on g (with the summands acting on gg, K respec-
tively)

e dcr is the Chevalley-Eilenberg differential of g
e the linear map ¢ is extended to Sym(gg[1]) as a co-derivation.

The fact that (d + dcg + ¢)? = 0 follows from Lemma 4.1.
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Remark 4.3. We use the notation CL*(gg) since this complex is the Chevalley-Eilenberg
complex of a sheaf of L, algebras. Indeed, one can think of ¢ as defining the structure of
a sheaf of L-algebras on gg: the ¢; bracket equal to the sum of the differentials, the ¢
bracket is

LXRa,YRPB)=[X®a, YR +¢M (XY ®p)

and the /3 bracket
GXoaYRBZoy) =¢0(XaYRB,ZY).

All other brackets are zero.

4.1.1. Relation to local cocycles. There is a relationship to our construction and the theory
“twisted factorization envelopes” given in Section 4.4 of [2] when the complex dimension
dimc (E) = 1. There, the data one uses to twist is that of a local cocycle which lives in the
local cohomology of a sheaf of Lie algebras. We don’t recall the precise definition, but if
L is a sheaf of Lie algebras obtained from a bundle L, the local cohomology C/ .(£) is a
sheaf of dg vector spaces which is witnessed as a subsheaf

Cl*oc(ﬁ) C Czie(ﬁc)

where L. denotes the cosheaf of compactly supported sections. The condition for a
cochain in Cj,,(L.) to be local is that it is given by integrating a “Lagrangian density”.
Such a Lagrangian density is a differential form valued cochain which only depends on
the co-jet of the sections of L, that is, it is given by a product of polydifferential operators.

We have defined the cocycle ¢ as an element in C}, (95, Kg). The complex C;,,(gg, Kg) is
neither a sheaf or a cosheaf, however, the object

Clie(9E, KE)

is a sheaf. Here, we restrict to cochains defined on compactly supported sections of gg.
The cocycle ¢ is a section of this sheaf, meaning it is compatible with the natural restric-

tion maps.

The cocycle ¢ is not just any section of this sheaf. For any open U C E, it actually lies in
the subcomplex

P(U) € CLie(ge,c(U), Keo(U)) C Cie(gre, L) (U)-
In other words, ¢ preserves the condition of being compactly supported.

Now, the cosheaf Kg . admits a natural integration map

/  Kpe = C[—1]
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where C[—1] is the constant cosheaf concentrated in degree +1. (Integration is only
nonzero on the QF!, which accounts for the shift above) Thus, for every U C E, we
obtain a cocycle

¢(U) € Crie(ge(U))-

The cocycle ¢ is clearly built from differential operators, which implies that ¢(U) is actu-
ally a element of the local cochain complex

¢(U) € Cioe(ge)(U).

In conclusion, upon integration, we see that ¢ determines a degree one cocycle in the
local cohomology of the sheaf of Lie algebras gg.

In higher dimensions, there is a similar relationship to local functionals which hence de-
termine one dimensional central extensions of Kac-Moody type algebras in any dimen-
sion. This class of cocycles is studied in detail in the context of “higher dimensional”
Kac-Moody algebras in [7].

4.2. The prefactorization algebra F; ;. We proceed to construct a prefactorization alge-
bra on X — the base of the fibration 77 : E — X. For an open subset U C X, define the dg
vector space

(21) 9 (U) = Te(U, 77.(ge))
In other words, g5 is the cosheaf of compactly supported sections of 7. (gg).

Remark 4.4. Though the assignment U +— g5 (U) is a cosheaf of dg vector spaces, it is
just a precosheaf of Lo algebras on X (with L structure defined by the cocycle ¢ in
the previous subsection). This subtle issue arises since direct sum is not the categorical
coproduct in the category of Lie algebras, but it will play no essential role for us.

Definition 4.5. Define the precosheaf
(22) Fori=C(8)

as the Chevalley-Eilenberg complex for Lie algebra homology for the cosheaf §5. For
each open U C X this cosheaf assigns the complex

(23) For(U) = CEe(F5(U))

Remark 4.6. The cosheaf g, is equipped with a DVS structure as in Example 3.9, and
therefore so is Fy , being constructed from algebraic tensor product.

Proposition 4.7. F . has the structure of a pre-factorization algebra on X valued in dg — DVS.

When X = C", Fg x is holomorphically translation-invariant.
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Proof. Note thatif 7t : E — X is a locally trivial fibration and W is a smooth vector bundle
on E, then 71, W is a fine sheaf. The smooth translation-invariance of Fy,n is established
just as in the example of the free scalar field in Section 4.8 of [3]. Finally, 7, = d(sz]_))
are degree (—1) derivations satisfying the conditions in the definition of holomorphic
translation-invariance. O

4.3. The prefactorization algebra G, .. In this section we discuss some prefactoriza-
tion algebras closely related to ., which are both more convenient from a compu-
tational standpoint and more closely related to the class of toroidal algebras we have
introduced previously. While the definition of F; ; is reasonably simple, explicit cal-
culations of H*(F,(U)) for an open subset U C X require the d-cohomology of the
complex I'.(U, 71, (gg)) in (21). This complex involves forms with compact support along
the base X and arbitrary support along the fiber F, and its -cohomology even when E is
a trivial fibration is a certain completion of HY*(U) ® H%*(F) whose explicit description
involves non-trivial analytic issues, due to the failure of naive Kunneth-type theorems
for Dolbeault cohomology.

Let us first suppose that E = X X F is a trivial fibration. We have a map of cosheaves
O @ T(F,0f") — (m0f ),

where the subscript c denotes sections with compact support. Explicitly, for an open
subset U C X, this map is just the wedge product

QR (U) ® T'(F, QP = To(U, T QBT
AP —aAp

It is injective provided all three factors are non-zero.

Definition 4.8. Define a sub cosheaf g* of g< by
o= 9@ Oy, ®T(F,Qp) & kY,
where
K= Tot(Q%: @ T(F,0¥) %l @ T(F,0¥) & 0%, 9 T(F,Qk)).
Here, 0 acts "vertically” within each term.

Remark 4.9. The cosheaf g* may be equipped with a dg — DVS structure as in Example
3.10.

The Lo structure on @< induces one on the sub-complex g#. The thing to observe is

that the cocycle ¢ restricts to one on this subcomplex. The advantage of g

lies in the
fact that it’s constructed from ordinary (algebraic) tensor products of complexes whose

cohomology is easy to describe.
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Definition 4.10. Define the precosheaf G, on X by
Gy = CL(5%)

The same argument for F; , in Proposition 4.7 implies that G » has the structure of a
prefactorization algebra on X.

The arguments of the previous section show:

Proposition 4.11. G - has the structure of a pre-factorization algebra on X. When X = C",n >
1, Gy, is holomorphically translation-invariant.

When X = C", there is a natural map Gy — Fy .

Lemma 4.12. Suppose X = C" and 7t is a trivial holomorphic fibration. Then, there exists a map
of factorization algebras on C":
gg,ﬂf — fg,T[

Proof. We have just constructed a map of DGLA’s g% — §¢, which induces a map G —
F4,x upon taking the factorization enveloping algebra. [

For a general locally trivial holomorphic fibration v : E — X, we can construct a map
of factorization algebras Gy » — F; - locally on X. Indeed, for any x € X there is a local
coordinate (z1, .. .,z4) near x trivializing the fibration. This map of factorization algebras
depends on both the choice of local coordinate and trivialization.

4.3.1. An algebraic variant. When the fiber F is a smooth complex affine variety and X =
C", we may further refine G, to obtain a prefactorization algebra QS};gT with stronger
finiteness properties, by considering the algebraic rather than analytic cohomology of
Or. This variation will be important in the next section, when we make contact with
vertex algebras. Let O;lg denote the sheaf of algebraic regular functions on F, and Q8
the sheaf of Kahler differentials. Since F is affine, hence Stein, we have

HO(F, 0%%) ¢ H'(F, 0F) — (Q%,3)
HO(F, Q™) ¢ HO(F, QL) — (QY,9)
Definition 4.13. We define
ﬁ#:[c,alg —g® Q())(*c ® H(F, O;lg) @ fChals
where
K8 = Tot(Q%" @ HO(F, 03%) % Q¥ @ HO(F, 0F%) & 0% @ H(F, Qp"™)).

The totalization is respect to the horizontal d-operator and the the vertical d-operator
acting on Q.
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Remark 4.14. Again, ﬁff’“lg may be equipped with the DVS structure of Example 3.10,
yielding a prefactorization algebra in dg — DVS.

We can now define the main object of study for us.

Definition 4.15. The n-dimensional toroidal prefactorization algebra associated with the
holomorphic fibration F — E 5 C" is the prefactorization algebra

1 1 ~H#c, 1
ga et (7o)
with the structure maps induced from those of G .

Proposition 4.16. Suppose that F is a smooth complex affine variety and X = C". Then ggf,%
has the structure of a holomorphically translation-invariant pre-factorization algebra valued in

dg — DVS.

The reasoning at the end of the previous section shows that for a general locally trivial
fibration 7 : E — X, a choice of point x € X, local coordinates z,--- ,z,onx € U C X,
and trivialization of E|, yields prefactorization algebra maps

al
ngT — G — Forlu

Remark 4.17. We remark that in this paper we are primarily concerned with the case
in which the fiber F is a smooth complex affine variety. There is another interesting
case in which we take the fibers to be compact. One can still study the pushforward
7.(8E) as a sheaf of L, algebras, and its factorization envelope. Unlike the affine case,
this pushforward has interesting cohomology in the fiber direction, and moreover the
factorization enveloping algebra is equipped with the analytic Gauss-Manin connection.
The case of a trivial fibration has been observed in Section 4.3 of [7].

5. X = C AND VERTEX ALGEBRAS

In [3], it is shown that prefactorization algebras on X = C which are holomorphically
translation-invariant and S'-equivariant for the natural action by rotations are closely
related to vertex algebras. More precisely, given such a prefactorization algebra F, the
vector space

V(F) =@ H(FY(C))
1

equal to the direct sum of S!-eigenspaces in the cohomology H*(F(C)) has a vertex
algebra structure. We begin by reviewing this correspondence following [3], and then
apply it to the case of the one-dimensional toroidal prefactorization algebra gg,’,%, where
7t : C x F +— C is the trivial fibration on C with fiber a smooth complex affine variety

F. We show that resulting vertex algebra is isomorphic to V(gg) where R = H*(F, O;Zg )
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from Section 2.4.2. As a special case, when F = (C*)k, we recover a toroidal vertex

algebra.

5.1. Prefactorization algebras on C and vertex algebras. We review here the correspon-
dence between prefactorization algebras on C and vertex algebras established in [3],
where we refer the reader for details. Recall that S! acts on C by rotations via z
exp(if)z. Suppose that F is a prefactorization algebra on C that is holomorphically
translation-invariant and S!-equivariant. Let F(r) := F(D(0,7)) be the complex as-
signed by F to a disk of radius r (we allow here r = oo, in which case D(0, o) = C), and
FW(r) ¢ F(r) be the Ith eigenspace for the S'-action. The following theorem from [3]
establishes a bridge between prefactorization and vertex algebras:

Theorem 5.1 (Theorem 5.2.2.1 [3]). Let F be a unital S'-equivariant holomorphically transla-
tion invariant prefactorization algebra on C. Suppose

e The action of S' on JF(r) extends smoothly to an action of the algebra of distributions on
St
e Forr < ' the map
FO @y — FO@)
is a quasi-isomorphism.
e The cohomology H*(F ) (r)) vanishes for 1 > 0.

e Foreach | and r > 0 we require that H* (F ) (r)) is isomorphic to a countable sequential
colimit of finite dimensional vector spaces.

Then V(F) := @, H*(FY(r)) (which is independent of r by assumption) has the structure of a
vertex algebra.

We briefly sketch how the vertex algebra structure on V(F) can be extracted from the
prefactorization structure on F.

e Polydisks in one dimension are simply disks, and we denote PD(ry, - - - , 7¢|s) by
Discs(r1,- - -, 1k|s). If ¥} < r;, we obtain an inclusion

(24) Discs(rq, - -+ ,rk|s) C Dises(ry, -+, 7ils)

In the limit lim,, o, these spaces approach Conf;, the configuration space of k
distinct points in C.

e The structure maps 20 are compatible with the maps F;, — F, and the inclusions
24, and one may take lim,,_,o, s = oo, obtaining maps
(25) m : (lim H*(F,))®* — Hol(Confy, H*(F(C))

r—0
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e We set k = 2, and fix one of the points to be the origin. There is a natural map
V(F) s lim, 0 H*(F,), as well as projections H*(F(C)) — H*(F"(C)). Pre
and post-composing by these in 25, yields a map

(26) oz : V(F) @ V(F) — [ [Hol(C™, V(F);)
!

where V(F); = H*(F¥(C)). Laurent expanding 7y, we obtain

oz : V(F) @ V(F) = [TV(Fhllzz 1]
I

whose image can be shown to lie in V(F)((z)). The vertex operator can now be
defined by

Y :V(F) = End(V(F)[z,z ]

Y(v,2)v" = mg,(v/,0)

e Holomorphic translation invariance yields an action of 9,
9, : FO(r) — F=U().

which descends to H*(F!(r)). This induces the translation operator T : V(F) —
V(F).

e The vacuum vector is obtained from the unit in F(Q).

5.2. The main theorem. Our goal in this section is to prove the following theorem

Theorem 5.2. Let F be a smooth complex affine variety, and 7t : C X F — C the trivial fibration
with fiber F. Then

(1) The toroidal prefactorization algebra ggf,% satisfies the hypotheses of Theorem 5.1

(2) The vertex algebra V(Qg,lff) is isomorphic to the toroidal vertex algebra V (gr), with R =
HO(F, O;lg) [t,t 1] defined in Section 2.4.2.

Throughout this section, R will denote the algebra H°(F, (’);lg )[t,t71]. We will denote
HO(F, (’);lg) simply by C[F], so R = C[F][t,t!]. Recall that

r = 9 @ C[F][t,t71] ® Oy, 1y/d(CIFI [t £71])
Clt, 7] @ Qg © CIFl @ O

B ) C[t,t1]
=g@C[F][t,t '] & (tdu + ktF—Tudt)
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5.2.1. Recollections on Dolbeault cohomology and preliminary computations. In this section we
recall some facts regarding ordinary and compactly supported Dolbeault cohomology
and apply these to compute H* (QS}%(U)) over opens U C C. These results will be used
in proving Theorem 5.2.

Stein manifolds are complex analytic analogues of smooth affine varieties over C [17].
In particular, C" are the basic examples of Stein manifolds. In addition, all open subsets
U C C are Stein. We recall the following classic result pertaining to Stein manifolds:

Theorem 5.3 (Cartan’s Theorem B). Let X be a Stein manifold. Then

0 k#£0

HY(QP*(X),9) = {Q’é} .

where O, denotes the space of holomorphic p-forms on Z.

Remark 5.4. When n > 1 the open subset C" \ 0 C C”" is not Stein, since it has higher
cohomology.

On a complex manifold X of dimension n, Serre duality implies that there is a non-
degenerate pairing between ordinary and compactly supported forms

Ol o0y "> C
1x®[5—>/aA[5.
X

Thus, compactly supported differential forms yield continuous linear functionals on dif-
ferential forms. At the level Dolbeault cohomology, one obtains the following corollary
to Threorem 5.3 noted by Serre ([16]):

Corollary 5.5. Let X be a Stein manifold. Then

HH QL (30),3) — {o k # dim(X)

QLX) k=n=dim(X)

where (QYy, ¥(X))V denotes the continuous dual to the space of holomorphic n — p forms with
respect to the Frechet topology.

We now turn to our situation. Here, we are looking at the holomorphic fibration F —
EL Xwhere X =C,Fisa complex affine variety, and 7 is the trivial fibration. The
cosheaf ﬁff’”lg on C defined in Section 4.3.1 has the form
G = g0 C[F] @ 0% @ Ki"
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where K58 is the total complex of the following double complex

o' @ clr] -2 o' e C[F] e 0¥ @ O

ClF]
[ g
0@ C[F] 2% ol @ C[F| & 0 @ Ol ).

Here, Q" denotes the cosheaf of compactly supported forms on C, and 001:[1:} is the
space of algebraic 1-forms (i.e. Kahler differentials) on F. Recall, from this cosheaf we
have defined the factorization algebra

Gk = CHe (g ™) = Sym(gy (1], d)
where the differential d may be decomposed as d = d; + dy 4 d3, with
d;  Sym' (g [1]) — 5" [1
of cohomological degree 1 defined by:

ed=0+d kctalss the linear differential operators defining the underlying cochain
complexes of Dolbeault forms;

e dy = dcg,4, the Chevalley-Eilenberg differential induced from the Lie bracket on
9,

e d; = ¢, where ¢ is the cocycle defined in Section 4.1, which extends to CL*(—) by
the rule that it is a coderivation.

The complex CL# (A#C 1 ) has an increasing filtration by symmetric degree, leading to
a spectral sequence whose Ej page is Sym(gr fealgry [1],d1), as dp and d3 lower symmetric
degree. We have

H*(Sym(gy “$[1], d1)) = Sym(H* (g5 "*[1],d1))

Now (gh g ,dy) is the direct sum of the complexes (g ® C[F] ® OY*,9) and jches Ap-
plying Theorem 5.3 on an open Stein subset U C C, the cohomology of the first is

g ®C[F] @ (Q'(U))".
Similarly, by first computing the d cohomology in K18 we have
H* (K7™ (1)) = Coker ((n&(u»v ® C[F]) " QL (U)Y @ QL @ (O(U))" @ cm)
where 9" denotes the transpose of @ : Q% ' (U) — Q% (U). We have the following:

Lemma 5.6. Let U C C be an open subset. Then

H* (g™ (U),d1) = g (Qk(U))" @ C[F] D
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Coker <(Q§<(u)>v & ClF) P (L ()Y @ 0Ly @ (O(U)” © cm)
where 8" denotes the transpose of 9 : Ox(U) + QL (U).

It follows that H* (A#C 181 [1],d;) is concentrated in cohomological degree 0. Since d has
cohomological degree 1, this means that the spectral sequence computing H* (Qalg (u))
collapses at E1, and we have an isomorphism of vector spaces

H*(Ga2(U)) ~ Sym(H* (@ "8 (U)[1],d1))

Suppose now that U C C is a disk or annulus centered at 0. We have a non-degenerate
residue pairing

olCH)®0O(C*) = C
w® f — Res,—g fw
which yields maps Q!(C*) — (O(U))" and O(C*) — (QY(U))".

Lemma 5.7. Let z be a global coordinate on C, and U = D(0, r) a disk. There is an isomorphism
of vector spaces

(27) V(Ggs) ~ Sym(gs/85) ~ U(ds) @y C
where S = C[F][z,z71].

Proof. We introduce the vector spaces
ST = CIF][z]
S” =C[Fl®z 'Clz7 ]
Qg = Qg © Clz] @ Clzldz ® C[F|
Oy =@z 'Clz oz 'Clz"dz ® C[F|
We have S = ST & S~ and Qf = Q, ® Oy _ as vector spaces, and these decompositions
are moreover compatible with the differential, in the sense that d(Si) € Qéi. Hence
0%/dS ~ Q% /dSt & Qi /dS™
which implies that as vector spaces
95/ ~g®S™ ® Q5 /dS™
We note that the S! action on C extends naturally to g ghonls (D(0,r)) and g”’g (D(0,7)), and
that the differential d on the latter is S'-equivariant. Usmg the residue pairing to identify
C|z,z!] with a subspace of (Q!(U))" and C|z,z!]dz with a subspace of (O(D(0,7)))",
we obtain that
H @ 5(D(0,1),d) " = g0 ClF) @ {2} & (Ol @ {2} & ClF) @ {2 dz} ) / im(d)
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when [ > 0 and 0 otherwise. Therefore, as vector spaces

V(Ggt) = Sym <@ H (ﬁf’“lg(D(O/r))/dl)”O =Sym(g® S~ @ Q5 /dS™) = Sym(gs/qs)
>0

O

5.2.2. Verifying the hypotheses of Theorem 5.1. We proceed to verify the hypotheses of The-
orem 5.1, establishing part (1) of Theorem 5.2 above.

e The first hypothesis is verified as in Section 5.4.2 of [3]

e The second and third hypotheses follow from Lemma 5.7, from which it follows
in particular that H*( (ggf,%(D(o, 7)) is non-zero only if I < 0

e The last hypothesis requires some attention. We note that it is necessary to en-

sure that the structure map m, possesses a Laurent expansion. By Lemma 5.7
H*( (Qg,lff(D(O, r)))")) may be identified with the elements of weight [ in

sym (g2 §~ @ 0} /ds”)

where z and dz have S! - weight 1. We begin by showing that C[F] and Q. 7]
are naturally a sequential colimit of finite-dimensional vector spaces. This can be
done as follows. Embed F ¢ AN = SpecC|xy, - -+, xn]. This induces an increas-
ing filtration FC[F], k > 0, where FFC|F] is spanned by the images of polynomials
of degree < kin xy, - - - , xny. C[F] and by the same reasoning Qol: (F) Can therefore be
expressed as a countable union of finite-dimensional vector spaces. This induces
a filtration on ﬁff’alg compatible with the DVS structure, which in turn induces
one on H*((Gg%(D(0,7))) ).

5.2.3. Constructing the isomorphism. We proceed to prove part (2) of Theorem 5.2. The
proof is a variation on the approach taken in [18] with respect to the Virasoro factorization
algebra, and involves three main steps:

(1) Showing that V(Qg,lff) has the structure of a gg-module.
(2) Showing that V(gg‘,’,%) ~ V(gr) as gr-modules.

(3) Checking that the vertex algebra structures agree by using the reconstruction the-
orem 2.5.

Letp : C* — R~ be the map p(z) = 2z = |z|*>. The universal enveloping algebra U/ (gr)
defines a locally constant prefactorization algebra on R~ which we denote AU (gg).

Lemma 5.8. There is a homomorphism ® : AU(gr) — p+H *(gg,’ﬁ) of prefactorization algebras

on R>O.
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Proof. e It is shown in [3] that a map of prefactorization algebras on R is de-
termined by the maps ®; on connected open intervals. For each open interval
I C Rsg, A; = p~1(I) is an annulus. We choose for each such a bump function

fr: A; = R having the properties
- fis a function of 7> = zZ only.
- f > 0and f is supported in Aj.

— [, fdzdz = 1.

The map &; is uniquely determined by where it sends the generators of gg. We
define ®; on these linear generators by the assignments:

@] @ ut) = —[J ® uz"1 f1dz]
O (tFw) = [ frw A dZ)
@) (tFudt) = [uz"! f1dzdz)

where | € gu € C[Fl,w € QC[F], and [—] € H*(g“’g( Ap)) denotes the o-
cohomology class of the closed differential form. The elements on the right are
clearly closed for the differential d, and the corresponding j—cohomology classes

are easily seen to be independent of the choice of the function f.
o We first check that ®; is well-defined, which amounts to verifying that
@y (d(ut")) = @ (Fdu + k" udt) = 0 € H*(GIS(A)))
for each u € C[F|,k € Z. We have
O (Fdu + kt*tudt) = — [ frdzdu] — [k u fidzdz)

We note that this cohomology class lies in the image of the natural map
@) QM(A) @ CIF & Q% (A) © Ok C G (A))" — H* (GoS (A7)

where (§h’ g (A7) denotes the subspace of sections closed for the differential d;,

and therefore d. The projection (28) may be factored by first taking the quotient
by im(9), in other words as

O (AD @ CIFl @ Q¢ (A @ Q¢ — (Qx (A1) © Qg @ (O(AD)Y @ C[F] — H*(Ga5(Ar))
We calculate

— [ fidudz] — [kz*u fidzdz] + [d e (2 ufrdz))
= — [ frdudz) — [k2*u fidzdZ) + [ fidudz + (k4 1)2ufrdzdz + uz"19f A dZ]

= +[u(Z" frdzdz + 219 f A dzZ)]
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It therefore suffices to show that [z* fidzdz + 2719, f; A dz] = 0 € (Ox(A}))Y, or
equivalently, that

/ 2 A (2 frdzdz + 29f AdZ) =0 Ym € Z
Ap
This follows from the identities
(29) / 2 fidzdz = 6,0 / 2f AdZ = 6,
A u

for a,b € Z, which follows from integrating by parts.

e Consider three disjoint open intervals Iy, I, Is C R~, such that I;;, is located to
the right of I;, all contained in a larger interval I. Their inverse images under p
correspond to three nested annuli Aj, inside a larger annulus A;. We have struc-
ture maps

* l * 1 % 1 .
o1 1 p-H(Gg7) () ® puH' (Ggz) (Tiv1) = o H' (Ggr) (1) i =1,2
To show that ® is a prefactorization algebra homomorphism, we have to check
that for X, Y € gg,
Dp, (X) 012 Pp, (Y) = P (Y) 025 Py (X) = Py([X, Y])

Let
zzZ
Fulz) = 2" [ (fi(s) = fin (5))ds
Then on Aj,, F,, =z, and moreover,

zz

(F(5) — fi(9))d5)
— 0 ([T - (o)

(ZZ 0

= 2" (fy, (22) - fo(22))dz

0F,(z,2) = 2"9(

S—

0

LetJ1,]» € g, u,v € C[F]. Then

@y, (Jutk) o1, @y, (Javt') — @, (Joot') @33 @, (Jutt) — @, ([J1uts, Joot'))
= &y, (Jiut") o1, @y, (Joot') — @, (Joot') @5 Dy (Jiuth)

— P <[]1,]2]Wfk+l + %ULh)(Mtkd(vtl) - vtld(utk))>
- (Uluzkﬂfhdf] vz frydz] — [Jav2' ! frodz] - [Iluzk+1f13d2]) +

+ [, J2Juvz" 41 £ dz) + %< Ju, J2) 2, (udo — vdu)dz + (1 — k)uoZ*t fr,dzdz)
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We also have
4 ([rukd - [0z frdz))
= ([huzkﬂflldf] [0z frdz] — vz fr,dz] - []1uzk+1f13d2]> + (1, Juoz 14 f,d7]
+ %( N1, J2) [uFd(vz L fr,dZ) — d(Feu) A (2 0 fr,dZ)]
= ([huzkﬂfhdf] [Ja02 ! frdz] — a0z fr,dz] - [huzkﬂflsdf]) + (1, aJuoz 14 f,d7]
+ %( 1, J2) [Z 7 (udv — vdu) fr,dZ + uo((1 — k + 1) fr,2 dzdz — 21419, A dZ))]

k

where we have used the fact that over the support of f;,, F, = z*. Using the

identities (29), we obtain
(1 — k+ )2 frdzdz — 29 f Adz) = [(1 — k)25 fr,dzdz].
It follows that
Py (J1ut*) o1, @y, (Ja0t') — @y, (Jo0t') 823 @y, (J1ut*) — @y, ([J1ut*, Loot']) = 0 € p. H* (Gg5) (1)
proving the lemma.

O

The homomorphism & of Proposition (5.8) equips V(gg,lﬁ) with the structure of a gg-
module. Let us fix 0 < r < ¥’ < R We have the following commutative diagram:

H*(Gg(D(0,1)) ® H* (GgA(A(", R))) —"= H*(GgA(D(0,R))
t®<1>T lT
V() © AUER) V()
where ¢ denotes the inclusion of V(g”lg) CH *(g”’g (D(0,7))) (for any r), and m is the
prefactorization structure map. As explained in [3], the existence of the dotted arrow (i.e.

the fact that the U (gr)-action preserves the subspace V(gg{lﬁ)) follows from the fact that
the structure map m is S'-equivariant.

In concrete terms, the action of X € gronv € V(gg,lﬁ) is given as follows: we may repre-
sent v by a closed chain o € CL* (A#C alg(D(O, r)) - then X - v is represented by @,/ ¢y(X) - 0.

Lemma 5.9. There is an isomorphism of gr-modules
I
7: V(@) = V(Gy7)

which sends |0) € V(gr) to 1 € V(Q“lg)
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Proof. Leth(z,z) fo s)ds. By the chain rule, we have that
9(z"h(z,2)) = 2" f(22)dz
Thus in H* (g‘”g( D(0,R)), we have for k > 0:
CD(,,,R)(]utk) = [Juz"' f(22)dz] = d(Juzh(z,Z))

D1 gy (Fudv) = [ f(2Z)udzdo] = d(z*h(z,Z)udv)

CD(r,,R)(utkdt) = [z f(22)dzdz) = d(uz*h(z,7)dz)
In other words, if X € g, then @, ¢)(X) = 0 € H*(g“’g( D(0,R)). This shows that
the vector 1 € V(gg,l ) is annihilated by gt. It follows that there exists a unique map
of gg-modules 7 : V(gr) — V(gw) sending [0) — 1. It remains to show this is an
isomorphism, which can be done as in [3, 18] for the affine and Virasoro algebra, so we
will be brief. Both V(gr) and V(gg‘,’,%) have the structure of filtered U/ (gr )-modules, where
in each case the filtration is induced by symmetric degree. It is straightforward to verify

that 77 induces an isomorphism at the level of associated graded modules, proving the
result.

O

To complete the proof of Theorem 5.2, we check that 77 induces an isomorphism of vertex
algebras. Suppose that z € A((#/,R)). Recall that the operation
Y V(Ge%) @ V(GyH) = V(GeH)((2))

is induced from the diagram

(gulg) ® V(gulg)

ll@lg

H*(Gg(D(z,€))) ® H*(Go3(D(0,1))) —2 H*(Gas(D(0,R)))

as the Laurent expansion of the map m; o t ® ;. By the Reconstruction Theorem 2.5, it

suffices to show that the generating field assignments agree, that is we need to verify that
forv e V(Qalg)

Mz (12 (7 (Jut ™" +10))),1(v)) = ) (@(Jut") - v)z"

nez
1 0(tz (7 (ut=tdt -0))),1(v)) = Zz(q)(ut”_ldt) -v)z "
o (6 (n(t w - 10))), 1(v)) = %(Cp(f”w) )z "
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t(n(Jut=1 - |0))) may be identified with the element Juy, € g ® C[F] ® (Q}(D(z,¢)))",
where ¢, € (Q}(D(z,¢€)))V is defined by

- (h(w)dw) 1 ]{(Z , h(w)dw

2711 w—2z

(r,R)), we may switch contours, to write

Ql(A
]{ h(w)dw ]{ h(w)dw ]{ h(w)dw
C(z0) W—2 C(OR—5) W —2Z C(0r'+5) W—2z

— fnflh d n % fnflh d n
7,; f C(0,R—-9) (ZU) w>z + Z( C(O,T’+(5)w (ZU) w>z

n<0

By the residue theorem, for h(w)dw €
h(w)dw

|w| > |z| and |w| < |z| respectively. Using the fact that
Resph(w)w ™" ldw = / h(w)w™" f(, rydwdw
A(7,R) ’

and ®(Jut ""') - v = [Juz " f(, g)dZ] - v we obtain the first identity. Similarly, we may
identify ¢, (17(ut~tdt - |0))) with the element ug, € C[F] ® (O(D(z,€)))", where

(h(w) = h(z) = 5 f [ h(w)dw

2711 w—z

and ;(7(t 'w - |0))) with wyp. € QF cr © (QY(D(z,€)))". Expanding these in contour
integrals centered at 0, and identifying the coefficients with appropriate elements in the
image of ® as above proves the remaining two identities.
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