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1.EXTENSION THEORY AND HACTOR SYSTEMS

A group G is called an extension of a group N by a
group H, if N is a normal gubgroup of G and the factor
group G/N is isomorphic to H., For a given N and H, there
always eoxlst extensions of N by means of H, for example
tle: direct product of N and H. However the group in
general is not uniquely determined by N and H.

A first approach to the extension problem was made
by Schreler in 1923. He considered the problem of construct-
all groups & such that G will have a normel subgrpup N
and a given factor group E{?5(bﬁN. Group extensions in
general hsve been considered in a broad way by Baer.
He reduced the survey of a group N by a group H essentially
to the case in which N is abelian. For- the abelddntbase
significant progress has been made by the use of the
S0 called cohomo#éy groups. These group-theoreticdl
constructions were built into the framework of the
general theory of groups by Eilenberg and Mac Lane.

Let us first examine closely the group G which is
the ext@nsion of a group N by a group H. Denote the ele-
ments of N by 1, a, Dy, Cyeeve and the elements of H
by €y Uy Vy Wy sosse « In every coset of N in G
choose an element as representative and denote it by

W, wh ere u is the element of H asgociated with the
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correspbnding coset in the isomorphism between &/N and
H. The product of the representatives u and Vv, by
the isomorphism between G/N and H, 1lies in the coset
of N with the representative uv. In other words there
is an element (u,v) in N such that

U WV = uv(u,v) (u,v) ¢ N, u,ve H
In particular  taking u and v as the element e of H,

we have — -
e*e = eele,e) = ele,e).

Hence © = (e,e).
Also the transformation of N by U induces an automor-
phism in N, since § 1s a normal subgroup. Denote the

image of an element a of N under this automorphism

by at 3

T lag = %

Also the element bt a b, b &€ N is denoted by 2P

Then we have .
1 v 1l _~1

(au)v:(v:- aT =¥V W auv
@) e T
= (@0w, ) " al T(u,v))
-1 =
= (u,v) " uv a uv (u,v)
-.-.(u.,v).-la.uv (u,v)
so (a8 ) = (ww T &Y (w,v) (F)

Further from the associative law of multiplication in G
wWvw) = u-svw(v,w)

= uvw (u,vw)(v,w)
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Also (U v) w = uv(u,v)w

——en  —— Ayt

A (u,v)w

= uvw(uv,w) Wt (u,v)w
—_— w

= avw(uv,w) (u,v)

(u,vw) (v,w) = (uv,w)(u,v)V (1)

Finally, if ua and Vb are elements of G we have

uvy av
-V

= uva b

(ua) (vb)

L]

= uv (u,v) a b

(Ta) (Vo) = Wv(u,v)a b (III)

So far we have gbarted from a given extension of
N by H and have established & corregpondence between
this extension and a system of elements (u,v), the

socalled factor system , =3id <l e¥shem @f, wntomorphisms

a —» a%

Conversely, let us assume t@at in a group G a
system of elements (u,v) 1is chosen where u end v
ranges independently over all elementsof a group H,
and that every element uw of H is assg?ciated with some
sutomorphism a—»a% of N for which conditions (I))
and (II) are satisfied. We shall now show that there
exists an extension G of N by H for which the giwen
elements (u,v) and the given automorphisms correspond
to this extension in the above sense.

Here the elements of G will be gymbols ®a where a

is an arbitrary element of N and where the symbols u
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correspond one to one to elements u of H., The symbols
Wa = Vvb if and only ifu=v and a = b., Let us
define multiplication in ¢ by the formulas (III)
and show that G is a group. The associative law of this
multiplication can be proved from the definition and the

conditions (I) and (II). For

(Tae7b)We = (Te(u,v)a’ b)we
= uvw(uv,w) ( (u.,v)aV v)'e e
— w v W . w

= uvw(uv,w)(u,v) (a ) b e
= avwiuv,w) (u, V)V {(v,w)"1 a'" (v,w)bV ¢
= Tvwl(u,vw) (v,w) (v,w)™ T a7 (v,w)b” ¢
= Wa vw(v,w)b" ¢
= ua(vbewe)

Hence (ua*vb)we = ua(vb we).

If we set u=v=e in (I) we have

(2®)° = (e,e)-l a® (e,e) and since a° ranges
over the whole group N as 8 does we have
2= ,0)"L afe,e0) = al®:®) (1)

Further from (II) when vz=w=oe
(u,e)(e,e) = (u,0)(u,e)®
(e,8) = (1,0)° = (u,e) @e,0)™t (u,e)(e,0)

(u,e)

1

(e,e) (V)
Again from (II) when @ = v = e
(e,w)(e,w) = (e,w)(e,e)¥

2 (e,w) =(e,e)” (VD)
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If ua is an arbitrary element of G, then ua

Q(u,e)a® (e,8) "
(2:0) (o,6)71

Tars(e,e) ™t

= u(e,e)a
= E(e,e)(e,e)ml a(e,ﬂe)(e,e)-l

, = ua
So €= 'é'(e,e)-l is a right unit element of G. Let us

see whether there is an inverse for ua. Consider the

product - = -1 -1 -7 -1
Ta u™l (&%~ ) T (u,ut ) (e,e)™t

-1 -1 -1
-1 - - - -
uu (u,u 1 )alt (a% ) (u,u 1 ) l(e,e) 1
from (III)

- -1
= e(e,e) =¢
Thig shows that every element Uz of G has a right inverse
— "l
w e ) Hu,ut )7(e,e) 1,
Let ug now show that & is the required extension of

N by H. If we associate with every element a of N the

element

n

a E(e,e)'l a of G, then by (IV) and (VI)

25 -::'é'(e,e)-l a _e'(e,e)-lb

=%e(e,e)( (e,8)™1a )® (e,e)"1 b

= Ble,0)( (o,0) " & )'%®
_ -1 -1 -1

= 8(e,e)(e,8) ( (e,e) a)le,e)(e,e) D

_ -1
= e(e,e) ab

(e,0) 10

™
= ab
Hence Q"B = é?).
» / - = S ;‘5 -
Alsot%—a\. = 8le,e) (that is, (P&, the unit element of G)

it follows that a = 1. Thua the elements & form a
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subgroup 'ITT of G isomorphiec to N.
Further if we set
L
u = ul

N
T2 =0l-S(e,e)"L a

= U(u,e)Z® (e,e)':L a from(III)
= ule,e)I (e,e)'l a from (V)
= Ea

AN -
That is u ‘a = ua (VII)

o~
It followg that the elements W lie in disgtinet cosets of

N

N: for ¥ = ua, u# v would imply

>

vI = ua and this is impogsible because
u £ v.
On the other hand (VII) - shows that every left
cogset of N contains one of the elements of u.
From (VI) and (VII) we deduce that
"a% =':e'_(e,e5.‘ a Tl
= T(e,u)( (e,e)~t a)? I

= T(e,n)( (e,0)"1 Y1 g

= ua®
N
= u a%
[ "~ ~
— =] Ay~ 5}
(w) a(u) = a~

el

D . Fa ~
Hence (u) 1'3(1,1) =a €& N;y that is N is a normal
Pa
subgroup of G, and the transformation by U  induces

A
an sutomorphism in N that coincides with the original

automorphism a —» a* of N.
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Finelly the equation
aAn
vevzulevl
= TV (u,v)I *I

= uv(u,v)

DN
= uv(u,v) ~
shows that the factor group G/ N is isomorphic to. H,

in other words, that G is an extension of N by H and
that the factor system (u’:v) of this extension corresponds
with the given elements (u,v) provided the chosen
represantatives of the left cosets of N are precisely
.the elements ﬁ. From these we conclude the theorems
l.1. To each extension G of a normal subgroup N with
a given factor group H there belongs a factor system
and a set of automorphisms of N such that conditions
(I) eand (II) are satisfied. OConversely to a given
factor system and a given set of automorphismg of N
which fulfill (I) and (II) there belongs an extension
of N unique within isomorphism over N. The elements
"a of this extension u € H, a€ N with the
product rule (III) define a group with normal
subgroup N and G/N = H.

Instead of choosing U as a representative, we

choose ~ _
u = uk{u) where A(u) € N then the

aubomorphism W of N is replaced by .

We have a“% = ("'\11')":L at

(Wet(u) ) <{au k(u)
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cme(u) T T oam A(w)

= o((u)"t 2™ o ()

Also the factor set (u,v) is replaced by

Aluv) ™ (u,v) klu)¥ <(v)
= 1 A{u)v.(v)

<t

for ?ﬁ'
= Tvl{u,v) K(u)’ «(v)
= T Aluv) Luv) ™t (u,v) Lw)7 «(v)
= % A (uv)=t (u,v) A(u)¥«(v) .
Definition: l.2. Two factor systems (a%,(u,v) )
and (:s:‘v'1 ,{U,¥) ) are said to be equivale¥rt if the
automorphisms and factor systems are related by
& = otu) e &(u) (1)
(u,9) = K(uv) ™ (w,9) ol(w)” «(v) (11)
where <(u) is a function of elements = € H with
values in N. Then we write
(&, )~ (L& ).
The equiivalense amounts to a change of coset representa-
tives for N in the same group G, and so clearly this is
a true equivalence. Hence this relation is symmetriec,
reflexive and trensitive. Two facfor systems
with sets of automorphisms induce exbtensions which are
isomorphiec over N and for which the coset uUN maps
onto the coset 'EN if and: only if the factor systems
are equivalefii. |

Suppose we take the direct produect N XH. In

u
this case (u,v) = 1, and a = a. Hence there
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exists at least one factor system with (u,v) = 1.
Theorem 1.3, A factor system (a% ,(u,v) ) is equiva~-
leent  bto (a‘&”‘i sI) if and only if I = a((uv)_l(u,v) A(w)Y «(w)
is solvable.
Proof: If (a% ,(u,v) ) ~ (a?i ,I) from (ii) we

have I = o(uv) T(u,v) A (u)YA(v).

-t v
Suppose I = o((uv)' of (u,v) Llu) &(v), that is a func-

A(u)"1 a% K(u), and

[w]
@
H
| ad
]
]
]

= u Afu)
(W,%) = luv)™l (u,v) (u)¥ Alu) = I
Hence (a® ,(u,v) ) ~(a% ,(&,¥) ) Q. E.D.
If (9,¥) = 1, then the coset representatives fopm
a group isomorphic to H, which we may id?tify with H.

A
In this case we say that G splits over N or that G

is the semi direct procuct of N and H,.
(Definitions Let N and H be two groups and for every
element u € H and automorphism of N,

a —>» gl a € N such that

(a®)

Then the symbols ua, ué¢H and ae¢ N form a group

= a%v u,v € H,

under the product rule: ua*vbzuva’ b  called the
normel product or the semi direct product of N by H.)
If {u,v) = I, the product rule defined in (III)
satisfies the condition for the semidirect product.
(a® )V‘_ uv

Alse equation (I) reduces to (a = .
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Theorem 1.4. The extension G (& s{u,v) ) splits
over N if and only if we can find a function of(u) € N

such that -1
o (uv) (u,v) A(u) A(v) =1 for all u,veH.

The proof follows from Theorem 1l.3.

If a given normal subgroup N of G is abelian, then
the automorphism a—» & is isdependent of the choice of
the representative. For two representatives u and' Au
we have (AT L angd =3 7\-1 anNT=T T T Therefore
the necessary and sufficlent condition for the extension

U
(o, (u,v) ) will be (au)v’z SOV (1)

(u,vw) (v,w) = (uv,w)(u,v)V (II*)
The conditions for the .equivalence . two factor systems

are (W,¥) = aﬂ(uv)-l (u,v) o&(u)’ «(v) and
(k) )T ack(u) T = offu) ta® X(u)

u
= a,

Therefore the automorphisms are invariant under equivalence

of factor systems.

Theorem l.5. An extension G of an agbelian group N by an

abelian group H ig abelian 1f and only 1f the factor set

agssociated with it satisfies (u,v) = (v,u) where N is

in the cen‘r:er of G.

Proofs If an extension G is abelian, then for any set of

representatives

T(u,v¥=uv=71U
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= ﬁF(v,u)’
(u,v) = (v,u).
Conversely if Yu,v) = (v,u)
have / ua vb = uv(u,v)a® b
= vu(v,u)ab
= va(v,u)b" a
= Vb ua.

Hence G is abelian.

for all u

s

v

H,

we



2. CENTRAL EXTENSIONS AND H-X EXTENSIOM*"

Suppose that all factors (u,v) in an extension of
a group N by a group H lie in the ceter Z of N. Then

the extension (a%,(u,v)) is called a central extension.
Thus for an sbelian group N all the extensions are
central extensions., For a central extension (I) reduces

to (a% ) av (Iec)

Therefore the automorphisms — a* of N form a

group homomorphic to H. N@Eenotgyk a particular way
of assigning to each element of H an automorphlsm of N,

where the automorphisms that are assigned form a group
homomorphic to H. PFurthermore, if coset representatives

U are changed only by factors o{(u) lying %n %, the a
automorphisms are unchanged, for (u<{(u)) a(xX(u)) =a .
Hence for such extensions, which we call H-X extensions,
the automorphisms are fixed and form a group homomorphiec to

He

The condition (II) is
(w,vw) (v,w) = (uv,w)(u,v)" (I

Here for an equlvolent extensmn,
(u,v)"= A(uv)” (u,v) L(w)Y L(v) with L)@

If the factor sets (u,v)l and (u,v)2 sabtigfy (IIe) and if
(u,v)z = (u,7v)q(u,v)g u,v €H, then (u,v)3 also

satisfy (IIc). For w
= )1 (u,7)
('ll,Vw)l(V,W)l (uv,w 1\Ws Vg
(u,vw)z(v,w)z = (uw,w)z(u,v)zw
Multiplying and since all the elements commute, we have
(, vw)q (0, vw) o (v, W) (v,W) 5= (uv,w)q (uv,w) o (w,v)q (u,v) )"

#%Hall, M. Groups Rings and Extensions,I, Annals of
of Mathematies, vol.39, 1938, pp.220-234.
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i.e. (u,vw)S(v,w)S (uv,w)5(u,V)%v .
Hence (u,v)3 are also fdetor sets determining the H-X
extensions of N. For these faéfsr sets we have the identi-
ty (u,v) = 1 and an inverse, the set in which (u,v)
is replaced by (u,v)-l. Moreover for equlvalefsit ~factor

% &%
sets if (u.,v);!G —~ (u%_v)]_ and (u,v)z‘m(u,v)g, then
(w,v} (u,v)g ~ (u,v)q (u,v)y+ Hence the

totality of all H=-X factor sets form an abelian group ¢
even 1f the equivalent sets are ldentified. The group
in which equivalent sets are identified is called the

group of exbensions.

Theorem 2.l. The order of any element ofthe group of the
group of extensions divides the order of H and the least
common multiple of orders ofelelents of Z.
Proofs Let H be of order m and N of order n.

F(v) = 'E‘(u,v) and form the product over wu of
all equations

(w,vw)(v,w) = (uv,w)(u,v)w, We have

Plvw) (v,m) = b (W)4>(V)w (since all the elements
commute)

(v,w) "= plvw) B (W)l 7)™

Hence (v,w)mn-o 1., But (v,w) is 1in the group of extensions.
we have (v,w)m: 1.
Al : if Bm is a multiple of every dement of Z, we hmve

(u,v)¥ = I. Hence the result.

Corollary 2.2: If m and k¥ are relatively prime, then
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all H-X extensions of N are equivalent to the semi dirsct

product of N by He. In other words if G is the extensim of
N by H, then & splits over N.



3¢ EXTENSION WITH CYCLIC FACT(R: GROUP

Let the factor group of G over the normal subgroup

¥ be isomorphic: to the cyclic group H = (u),

u be a representative of the coset associated with u.

If the index (H:1)= m > O, then

l’ﬁ’ﬁ%’ o s e —m-l

ST is a system of representatives

of G over No Also G = N+NL .. 4 HTTL

Then u—ﬁ =« where < € N. Moreover for the

m
automorphisms a —y a%

m — =1
3.1 (au). = (T2 ) g = g~la( for all a € N.

Also from the résult T TJ?‘E‘ =T we have
B2 L = X

=

The factor sets are given by
"L i 1, i+kym

(v, w) =
{, i+k<m

) 7
If (H:l) = ©F then Iyu

tatives of G over N and (u“,u" = 1. Conversely.if
(H:1) = m > § we must show that 3.1 and 3.2 suffice to

determine an extension. The elements of H are l,u,..,u

Let us define the _automorphism
O w gi-1 Bl

3e3 a = &y & = (a ) s i:l’g’-.-..

and a factor seb put
: 1, i+k>m
K 3
.4 (u ,u )= E
oA, 1+ksm

With these definitions we see that (I) and (II) in

section 1 are satisfied. Hence by theorem l.1 and

extension l1ls defined.

9 (0g1i,k<m)

T
,hj Wes. 1s a system of represen-
H A

Let
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If (H3l) =00 and a —» & is eny antomorphism of N, then
we set (u': ,uk) = 1 for al% i,k, then an extension is
defined. Hence we have proved the theorem:
Theorem 3.5¢ Let H be a cyclic group of finite order m,
Then an extension G of a group N by H exists, if and
only if, we have an automorphism a — a% of N and
an element « € N such that (i) the mth power of
automorphism is the inmner automorphism of N given by
trensformation ©f , and (1i) of is a fixed by tle
automorphisme. If-H is of infinite order there is no

resbriction on the automorphism a —> a’,



4o APPLICATIONS
Theorem 4.1. Let G We a group of order mn consaining a
mormel subgroup K of order n and having a factor
group H = G/K of order m where m and n are rela-
tively prime. Then G gplits over K.
Proof: The proof is by induction on n. The theorem is
trivial when n =1,
Let n >1 and p be a prime dividng n.
Let gp be a Sylow subgroup belonging to p in G. Since
the normal subgroup K of order n containsg at least one S
Sylow subgroup Sp s 2ll subgroups conjugate to Sp are in
K., Hence all Sylow subgroups in G are in K. So the number
of Sylow subgroups in G 1s the same as the number of
Sylow subgroups in K.

(G:NG(SP))::(K:NK(SP)) where KG(SP) and NK(SP) are

regpectively the normalizers of SP in G and K. Hence
(G:K) = (NG(SP):NK(SP)) = m, Also NK(SP)= Ng(sp)f\K.
(But if K is normal in G and A is a subgroup, then

ANEK is normal in A). Hence NK(SP) is mormal in NG(Sp)'

Casei. If NG(Sp) is a proper subgroup of G, then by
induction, it contains a subgroup of order m, hence in G,

Case ii. Let G:NG(SP) then K= NK(SP).

a) Let S, be a proper subgroup of K.

Sp is normal in G and X and hence by induction
¢ contains a subgroup G! of order (G:SP) isomorphie

to G/ Sp and K contains a subgroup K'!' of order (K:Sp)
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isomorphic to K/ Sp and K' is normal in G' and hence
by induction G! containg a subgroup of order m and

hence G contains a subgroup of order m isomorphic to

G/K.
b ‘ = ..
) Let K Sp |
If §p is abelian, G is a central extension of §p,

and hence G splits over 8. (Cokpllary 2.2)

If Sp is not abelian, then the center Z of Sp is
a proper subgroup of Sp and as a characteristic subgrap
of 8, , necessarily a normal subgroup of G. Hence K/Z
is normal in G/Z; Hence G/Z contains a subgroup U/B
of order m. But Z 1is norméi in U eddGof dndex m in
the corresponding subgroup U of G. Hemce by induction
U containsg a subgroup of order m. Hence G conbtains a
subgroup of order m. (Q.E.,D.)
Theorem 4.2.% TIf the order m of the finite factor group
H is relatively prime to the order n of the finite normal
subgroup K of G and if one of the following conditions
holds (i) K is abelian

(ii) ¥ is solvable
(iii) H is solvable

L

then two representative groups of H cvéh/]& are conjugate,

% For proof see Zassenhaus, Theory of Groups, pp. 182 (It
has been conjectured that the sbove theorem is true in
general)
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Theorem 4.5% In a finite solvable group G of order N
(1) For every decomposition N = nm of the group order
into a product of relatively prime factors, there
is a subgréup of order m and index n.
(ii) A1l subgroups whose order is a divisor of m
lie in a gubgroup of order m.
(11i) All subgroups of order m are conjugate.
(iv) The normalizer of -a subgroup of order m is its
own normalizer. .
Proof: The proof is by induction on the length of the
principal series. The least normal gubgroup in a
principal series ig of order ﬁ( . Liet this group be
H. There are 40¥ possibilities 5‘: m, m, oy@rm
where m = mylly, N = Nqhg. if §‘= m the theorem follows.
Therefore let us condider the other three cases.
(i) Case 1. ﬁﬁ: my
Since G is solvable, G/H is solvable, hence
by induetion &/H contains a subgroup of order mg -
So G Contains a subgroup corresponding to this of order
HyMgo = Me

Case 2. ﬁ*_ n follows from theorem 4.1.

Case 3. D = ny <n. Then G/H contains a
subgroup order m which corresponds to a subgroup G!?
of order mn, in G, Hence by the theorem 4.1, G! con-
bains a subgroup of order m. Therefore G contains a

subgroup of order m.

%
For{aldifferent proof of this theorem see Hall,M.
The Theory of Groups. pp.l4l
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(11) Case 1. ﬁ*; my . Let M' be a subgroup of order
m', divisor of m. The order of M'U H)/H is a divisor of
ms  and hence it is in a subgroup of G/H of order
miﬁ Thus M' belongs to the corresponding subgroup

of order momj=~ m.

Case 2. ﬁéﬁ ne If M is a subgroup of order m
in G, then M N (M'UEH) = ¥  is of order m'. By theorem
4.2 the subgroups of order m' in MU H are conjugate.
Hence M% and M! are conjugate. Hence M! is contained
in a conjugate of M.

Cage 3. E( = Dy (M*\J H)/HE is of order
m! and {' U BE)/H is a subgroup of G/H . Hence by
induection this is contained in a subgroup of order m in G/H.
Hence M! ix contained in the corresponding subgroup &!
of G of order mny. From case 2 M! is in a subgroup
of order m in G!', which proves that M! is in a subgroup
of order m of G.

(i1i) Let M, end M, be subgroups of order m,

2
Casels $'=my. Then M= M UH and M= M U E

are subgroups of order m. (Mi\)H)/H and (Méu’H)/H

are subgroups of G/H of order my, hence by induction

conjugate. If g'yf transforms (M2L)H)/H into (Ml\J H)/E

end g in G is mapped into g by homomorphism G <»G/H,

then g'l(MZLJ H)g is mapped into M,U H. In other

words g'l(MZL}H)g = M, H. Hence M; and M, are

conjugate.
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Case 2. ﬁ’<= n follows from theorem 4.2,

Case 3. p = my. (MUH)/H and (MU H)/H
are subgroups of G/H or ordeJ\:' m. Hence by induction ’r;hey
are conjugate. Rest .as in case 1.

(iv) Let NG-(M) be the normalizer of M in G where
M is a subgroup of order m.

the order of l\h(M) must be of the form wmn'
where n'! is a factor of n.e Then M is normal in NG(M)
and the normalizer contalng a subgroup of order n!. Let
g be an element of G where g ¢ l\TG(M) such that
g g () g = N ().
Since M is a normal subgroup of the normaligzer

there 1=t no conjugate subgroup of order m in the ne.malizer,

But the subgroups of order m in the normalizer are

-~

conjugate. Hence no other element outside the normaligzer

cmr trensform M into itself. Hence the result, QeE.D,



5. DOUBLE MODULES
Let M be a discrete group. written multiplica-
tively, N an abelian discrete group written additively
and the elements of T operate on the left of N. This
third assumption means that for each x¢ TWand a € N
there is an element xa£ N, subject to the following
conditions:

(1) =x(a+D)

xa -+ Xb a,b € N
(i1) xz(xlg) = (x%y )8 xy,x €T
(i11) la = a
From (i) we have = $a = %(-a) and: 30 = 0.
If for every =xe¢Wand a € N we have xa = a, then
we say bthat  operates on N simply. If N admits as
a group of operators both on the right and on the left,

then we say liat N is a double T module. Let us first

consider the one gided case. Let N be a normal abelian
subgroup of some group &, and let W= G/N., If
x = Nuy, then ux'la u depends only on a and X,
but not én the choice of the representative wu, in the

coset, Here we can write 'sJ.X"lauX = aX , This is an

example of the one-sided case, taking N multiplicatively.



6. COHOMOLOGY GROUPS
Let M and N be two groups as defined in the pre-
ceding section, Let us consider the functions F of
(n+ 1) variables defined onM and the values in N.
If F satisfies the homogenelty condition

F(xxo,.}ﬁ!l,...,xxn) = JCF(Xo,xl,.-‘.,xn) then P

is called an n dimensional cochain (n = 0,1,s.0)
of W over N. ULet F, and Fz be two n dimensioanl
cochaing such that their sum F14-F2 ig defined as

(Fl+ Fg) (xo,. .o ,xn) = Fl(xo,.. ,xn) +F2(xo,... ,xn)

igsa also a cochain, With this operation of addition,
the n dimensional cochalins form an additive abelian
group and denobted by C*(TW,N). ¢° (T ,N)= N by
definition and so a zero dinemnsional cochain 1s simply
an element of N.

For éach cochain F, the function é‘F of (n+42)

variables is defined as
n*l 4 A
5.1, ’ 6F(Xo,x1,...,Xn.‘-l):i___%(‘l) F(XosevesEisessZns1l,

where 5?5_ means that the symbol xji has been ommitted.
F has the following properties:
(1) §F is a (n+1) cochain

(11) S(F +E) = 87 + §F,  for
n+l .
S(Fi+FL)(xl""’xh+| ) = i?:o(—l)l@‘l-{—Fz) (XO’xl""ﬁi"'xn-i—l)

n+l : n 1

(A : A
- EO ("1) (Fl(xO,ot,£1’0x§+é!_ §"'l‘¢' (FZ(XO, oo,Xi, e xn+l))
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nl i A n+l i A
= 120 (=1) "Fy(Xgye s EysesZy, 1 + = (-1) F (ZgsesFises%n,q)
= =0

= OR + &7,

(ii1) & SF) = 0, in other words the cobouﬁdary of

a coboundary is zero.

n+1 i A~
855‘) = :Z ("’l) SF(XO"",Xi, .Q,Xn,g-.l)

1L=0
n-+1l

_ ) - 3+j_ ~ T

= = Ei( l) F(xo,...,xj,..,xi, .oJCn+1)
n+1 Jri-1 :

-t~ i%o %\i(-l) F(Xo,.,’ii,.,/ij,o, J§n+1)

Ry seoX, )

FnN P -
But F(xo’.l,xi,O.x-’.oxn+l) -— F(Xo,~-- i,..xﬁ,.,xn+l

J
for all i,j. Hence SIS FY = Q.

The operabtor 1s called the coboundary opérator. The

coboundary formula coincides with the usual coboundary
formula of the combinstorial ©topology. The
cochain CSF will be called the coboundary of F.

If F =C*(W,N) and SF =0, then F is called an
n=-cocycle, These n~cocycles form a subgroup
Z n('ﬂ,N) of GH(T ,N). Also these cocycles form
the kernel of the homomorphism of G™(W,N) into ek &) SN)
induced by g .

If n > 0, the n-cochains F such that F=dF! for
some F' € ¢ BT ,N) are ealled an n dimensional

coboundary. They form a subgroup B" (TW,N) of ¢™(T,N).
If n=0, we define BO(J7,N)=0. Since S{8Sw) =0,
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we have OF = 0. Hence BZ (Tr,N) 1s a subgroup of

“
Z2(W,N). The nth cohomology group M (T ,N) off over

N 1s defined on the factor group

Hn('ﬂ',N) - Zn(‘ﬂ',N)/ BR( ,N) .
The elements of H*(W,N) are called cohomology
classes. Two cochains are cohomologous if their
difference 1is a coboundary. Thus two cocycles are
cohomologous 1f they belong to the same cohomology
class. Note that the cohomology group HR (T ,N) not
only depends on the variables n, and N but also

w2zt
upon the way in which T operates on N.



7. NON HOMOGENEOUS COGHAINS

We have considered the homogenious cochain defined
in the last sections They can be replaced by certain
equivalent non-homogeneous cochaing, An n~dimensional
non-homogeneous cochain is a function of n variables,
defined on W and with values in § where W and N are
two groups defined as in sectlion 5 and satisfying the
three conditions stated there. In particular, by
a function of zero variables on M to N we mean any
element a € N,

The formulae

- -1 -1 -1
F(xo,xl,...,xn) xof(xo Xyy Xy Egyee; X xn)

n-1
f(xl,X2,-00,x'rl) = F(l,xl,.‘x.1§ ’.o’xlX2ooo%)

i

and

provide a one-one correspondence F<>f between homogencous
and non-homogeneous n-~cochains, These correspondences
are additive in both directions, So we shall use
the seme symbol ¢t (TM,N) +to denotbe ’b;x)ebngﬂ:izfep group L)
of the homogeneous cochains and the group of the non-homo-
geneous cochaing,
The coboundary é;— £ 6f a non-~-homogeneous n~cochain
is a funetion of (n41) varisbles with the condition
4> implying OF <—>aF, Hence
(AEN(xymee,®y 1) = (IFNL,my, BiZpsee,XyXgeey )
_ Fz(lxl,xlxz,.  sEpEoeeeX,  q)-
+i%l(-l)i F(LyZyg005%qF seXgseesXpXy o)

- ("l)n+l F(E,Xl, Xlxz,ooct,XloooXn)

But F(Xl,X]_Xg,. . ,X:LXZXSO -Xn +_l) = xlF(l,X2, eee ,x2. oxn .‘.l)
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- le(xz,xs,. oo ’J&1+1)

for 0 < i<n+1l.

F(l,xl, cee ,xl;:;---xi,. . s E X, Xna.
T EE R gaE By, aRgn )
The last term
F(l,xl,xlxz, cosX RgesX,) = f(xl,xz, cosXy)
Thus we have

7.1 (5f)(xl,....,xn+l):&_Lf(xl,-u,xg&]_)

n .
i
+ 2:1(..1) £(Xg509R3%y 390 e0sBnyq)

sl .
+ (=1) f(xlf;xxz,...,xn)

The result SSf = 0 can be verified for the non-homogeneous
case also. OConsequently the same symbols Zn(T,N) and
BHM,N) can be used for the groups of cocycles and the
coboundaries in non-homogeneous case.

-Let us consider the four cases n = 0,1,2,3.
Casel. n = 0.

A O-cochain by definition is an element a € No
We have (Sf)(xl) = X181~ a. Hence £ is a cocycle
'if end only If =xa = a for all x¢ 1§ that is if and
only if 1] operates simply on N. Since BT ,N)=0 we

have the theorem
The group HO(W,N) is the subgroup of those elements
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a of N on Whichv’ﬁ: operates simply; i.e. those a for
Whigh =xa= a for all xéW . Notice that igﬁoperates on
N simply, then " A,N) = N
case 24 n = 1.

A 1l-cochain f € Cl('TY,l\T) is a function of one
varigble on to N and (gf)(xlxz) = %y f(xg) - f(xyx0)+ £(x;).
Therefore f is a l-cocycle if and only if

flxxy) = £x) +x 0(x,).
In order that £ € BN (I}N) we must heiw
f(x) = xa =-a for so me a €N,
Case 3. n = 2.
A 2-cochain £ ¢ G2(W,N) is a function of two
variables on ™ to B. We have
( L) (Ry,%g,%5) = 2y T(Rg, %) = £(RyXg,%z)
| +T(xq,X0%z) - £(zq,x5)
Hence f is a cocycle iIf and only if

2. +f = by
7.2 xlf(xg,x HE(x, ,x %) f(xl,x2)+ (xlxz,xs)

3 123

Before we proceed fulither let us compawe this result ,
with th:a faector sets (u,v) considered in section].
.Let N be a normal abelian subgroup of some group G and

-~

T = G/N be the factor group. If the coset Nuy=x is
J -1

an element of T , then for a N, ux auyx depends only
on x and a and not on the choice u, in the coset,

Hence we can write uy a up=xa. 80 is a group of
operators on the left., 8Since N 1s an abelian additive
group, the equation (1) in section 1 becomes

7.3 (u,vw) +(v,w) = (uv,w)x w(u,v).

If we change the function (u,v) = f(u,v) the above result
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reduces ® the condition for a function to be a co-
cycle of dimension two.

Ir f%(u,v) and f(u,v) are two equivalent factor
systems then by

f%(u,v) = =of{uv) +f(u, v) + vt (u)+el(v)

i.e., F(u,v) ~£(u,v) = v on) = ofuv)+d(v)
1.6, £ - f = 8K . Thug both factor sets £
and f belong to the same cohomology class. Hence
the group of extensions 1s the second cohomology group
Hz(“\T,l\T). We have the theorems
Theorem 7.3.

The group of extensions of an abellan group N by
a group M is the second cohomology group HZ( 1, )
where (i) F operates on the left to induce automorphisms

in N
(ii) Pactor sets f(u,v) are the cocycles in ZZ(TF,N).
(i1i) Bquivalent factor sets differ by coboundaries
of BS(T,N).

Case 4¢ n =3

A B-cochain f € TW,N) is a function of three

variables on W to N, where
(Sf)(x]_’xz’xs’xé) = 2 (%, %z0%,) - L(x) %,y Kg,%,)
.+f(x1,x2x5,x4) -f(xl,xz,xzﬁ@:Hf(xl,xz,xg))
Hence f 1s a cocycle if and only if
xlf(x ,x4) +f(x1,x22;5,x4)+ f(xl,xz,xg)
) +£(x

22%3

x )

=7
(x.x ,X_X 10X RK

12" 3 4

3 .
Some interpretation of cohomology group H (W,N) can bbe downd
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in papers by Eilenberg and MacLane: Cohomology Theory

in Abstract @roups II. 4nnals of Math. 48 (1947)

pp 325 - 341,



8e NORMARIZED COCHAINS

An n-cochain fe C*(T,N) (consider here only the
non-homogeneous cochains) is said to be normaligzed if
f(xl,xz,...xn):: O in N whenever anyone of the
variables =x is the unit element (say I) of T .
Clearly the set of all normaligzed cochains form a sub-
group C/n(TT,N) of Cn(TT,N). The cocycles which are
normalized form a sumgroup ZJIRTT,N) of (T ,N).
A%so the group Bln(TT,N) of all coboundaries of
normalized cochains form a subgroup of BT,
Note: when n= 2, if we choose the identity as the
representative of N in writing G as a sum of cosets
of N leads to the normaligzation f(l,1)= O. Hence
putting u= v=1 in 7.3

£(1,w) + £(1,w) =f(1,w)+ wf(1l,1l) whence
8.1 f(i,w)= O
Similarly putting v= w= 1 we have
f(u,1l) + £(1,1) = £(u,l) + « £(u,l1)

so f(u,l)= O showing that we are dealing with
normalized cocycles.
Definitions Any cochain f will be sald to be i-ﬁbrmal-
ized for i1 = 0,1, ee.,n if £(%;,X0,..X,)= 0 whenever
one of the first 1 variables =x;, Xg,ill,x; 1is 1.

Clearly every cochain is zero~normalized and
the normalized cochain defined origi?ally is n—normalixed‘
cochain., Also the coboundary of an i-normalized

cochein is i=-normalized., For from formula 7.1 for the

1
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coboundary we have
( 82)(%y,%000000x,0) = X E(Xgy veepxy, )

A 2
iZ—‘J(."l) f(xl,oou,xixi_fl,o-,}%l_'_l)

#(=1) "z ,xs bexy)
=x3f(Xgy00 052y 43)

- f(x_sz,xs, cees® :?_
+ f(!L_L,xzxs,... ’xn-;-l)

(-1 Lol ,z,0ee,x )

n+i
If xy= 1, all the terms except the first and the
second become gzero, 8ince f ig l-normalized. But in
this case bthe first two terms are equal bubt opposite
in sign and hence they cancel off., So ( Sf)(xl,..,xml): 0.
If 1>1 we see that all the terms except two becoming
zero and those two terms remaeining will cancel.
Starting with any cochain fe& G(T,N) let us
construct cochains f,, fy,...,f,€ C?(TT,I\T) and,
8158900 +38,€ ¢’ -1(71“ ,N) Dby induction as
8.2 fo=f and f£3=f347-08
8.3 gi(xl’xz’“"xn _1) - (-l)i-l fi-l(xl’x?,""xi‘.l’l’x‘if"xn-_’g()

i< 1,2, P}
- CR
From 8.2 we have Sfi = gfi_l 6 g5

=85 i21,e0e,n

Se. = 5§z, = §*  for all i.
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Lemma 8.4. 1f Sf is i-normalized then fi is i~
normalized.
Proof. When 1= 0 the statement is trivial. Suppose
the lemma to be true and consider it for i+ 1, it being

necessary to that fi+1(x1’X2""Xi’l’xi-r 2,..xn):: 0)
From the definition of fj 4 in 8.2

fifl(Xl,XZ,ooXi,l,XiTz,oao,xn)
= fi(xl,...,xi,l,xi+2,..,xn) - (ggiil)(:&,..xi,l,xi{_z,.xn)

T-_. 'Fi (X‘J“ ----- xﬂ, I F] x\:-io?..’ -;--wx‘h) - xlgii_l(X2,o . ,Xi,l’Xi,rz’Ql ,xn)
i-l j
_Z:i-l) gi+1(x1"""xjxj-i—l’"xi’l’xii-z’“'Xn)
j=1

—(-l)igi+l (Xl,...,xi_l,xil,xiéz,...,xn)

-(-1)i+1gi+l(Xl,c . ,xi,lxi_i.g, os 0o e ,Xn)
n-1

J
B ;]4<;'1+~ é’l) 8141 (B o0 o Xgo 1oy yarees XKy, eXy)

But by induetion f; is i-normalized, so is gg,, (by 8.3).
So the first term in 81 +1 and the first -zeags)

summation vanish by the i-normaligation of g the

i+1’
next two terms cancel. Now replacing 8141 in terms of

f; as defined in 8.3
540 (% s%pseesX g1, ii_gﬂ’xn) = I (J&’..,xi’l’xifZ’."xn)

n=-1
_yi b5
( l)j 5‘;‘.’-% lgj fi(xl,",Xi’l,l,xi'fz’..,xjxj“‘l,..’jtrl)

len+l
(‘l) fi(Xl,...,Xi,l,l,xi*z,...,xn _1)
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=l (- i f s e ceew
(4) (-1) Xlii](_xz’ ’xi’l’l’xi+2’ 9Xn)
i - -
+(=1) :ZT(-lﬁ’fi(xl,..,xjxj s HXK Xy 3151y Kg, 0500 5 %p)
=1

i i
""‘"("l) (-l) fi(xl’ooo’xil,l,xi+2,ﬁto,xn.)-‘

L1Yieoqyl 1
+(=-1)+(-1) fi(xl"”xi’l’xi+2""’Xn)

+ (—l)i(-l)i*z fi(xl’ooo,Xi,l,lXi+ 2,. UQ,J&I)

n-1 i1 .
E ("l)'] fi(xl,il,xi,l,xi_‘_z,o-.,Xij_‘_l,oooXn)

joi42

. +l
'—\' ("1)1("1)n fi(ﬁ’ng ) .Xi,l,l,xi+2,-. . ,Xn_l)

i
- (=1) gfi(xl,. . ’Xi’l’l’xi+2’x' )
The terms added (A) will vanish by the assumed normaliza-
tion of £ and (B) will cancel. But &F{ =¢f 1is (L+)

normalized, whence (-l)léifi (xl,xx,xi,l,l,xi+2,..xn)=:Q.

80 IF147(X1s%X09eesXisLlyRi4Ds0005Xn) =0. The lemma is
proved.

Lemma 8.5. Every (unnormalized) coeycle is cohomologous
to a normalized cocycle.

Lemma 8.6 If the coboundary of some chain is normalized,
then it is the coboundary of a normaligzed cochain.

The proof of thesé two lemmas follows from lemma 8, 4.

For lemma 8.5. If f is a cocyele then &f =0,
which is trivially normalized. Hence from lemms 8,4

f, is normslized. Buk from 8.2 f, is cohomologous to

b

o f. Hence the result. For lemma 8.6. Suppose f

u
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is any n-dimensional cochain with a normaslized coboundary
§£. Since £ = fo is zero normalized, it follows from
lemma 8.4 that £ is normalized. But §f =8f =g ¢
dnfl( Hence the result.
Finally we shall prove the theorem.
Theorem 8.7. The cohomology groups H® (T ,N) of
every dimension n for unnormalized cochaing are isomor-
phic to those for normalized cochains.
Proof: For n = 0, we have B'O- B%=0Q) and iozz £°
For n =1, if f(u) € Z' then uf(v) - f(uv)+ f(u)v=0
hence pubtting u = v = 1, we have £(1) = 0, so f(u)
is normalized which means %! = Z“. Also B) = BJ.
Therefore H' (TW,N) and H'(TT,N) are the same
in both cases. Suppose n » 1. (Clearly B'™ < B®
and Z'® < gz, Hence a cohomology class for CtT,
i.e. a coset of B'® in G'® corresponds to a
unique cohomology class for ¢™ , namely the coset of BP
in C" . This correspondence is, of course, a
homomorphism of H'™ (T,N) into E® (TF,N). The iso-

morphism follows from lemms 8.5 and lemma 8.6.
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