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ABSTRACT

Causal inference methods have been applied in various fields where researchers
want to establish causal effects between different phenomena. The goal of causal
inference is to estimate treatment effects by comparing outcomes had units received
treatment versus outcomes had units not received treatment. We focus on estimating
treatment effects in three different projects.

We first proposed linear unbiased estimators (LUEs) for general causal effects
under the assumption that treatment effects are additive. Under the assumption of
additivity, the set of estimands considered grows as contrasts in exposures are now
equivalent. Furthermore, we identified a subset of LUEs that forms an affine basis
for LUEs, and we characterized LUEs with minimum integrated variance through
defining conditions on the support of the estimator.

We also estimated the effect of drug-induced homicide (DIH) prosecutions re-

ported by the media on unintentional drug overdose deaths, which have never been

vi



empirically assessed, using various models. Using a difference-in-differences-like logis-
tic generalized additive model (GAM) with smoothed time effects where we assumed
a constant treatment effect, we found that DIH prosecutions reported by the media
were associated with a potential harmful effect (risk ratio: 1.064; 95% CI: (1.012,
1.118)) on drug overdose deaths. Upon further research, however, there are potential
issues using a constant treatment effect model in a setting where treatment is stag-
gered and treatment effects are heterogeneous. Therefore, we also used a GAM with
a linear link function where we assumed that treatment effects may depend on the
treatment duration. With this second model, we estimated a risk ratio for having
any DIH prosecutions reported by the media of 0.956 (95% CI: (0.824, 1.110)) and
a risk ratio of 0.986 (95% CI: (0.973, 0.999)) for the effect of being exposed to DIH
prosecutions reported by the media for each additional six months. Despite being sta-
tistically significant, the effects were not practically significant. However, the results
call for further research on the effect of DIH prosecutions on drug overdose deaths.
Lastly, we shift our focus to Structural Nested Mean Models (SNMMs). We
extended SNMMs to a new class of estimators which estimate treatment effects of
different treatment regimes in the risk ratio scale—the Structural Nested Risk Ratio
Model (SNRRM). We further generalized previous work on SNMMs by estimating
treatment effects by modeling a function of treatment, which we choose to be any
function that can be modeled by generalized linear models, as opposed to just a
model for treatment initiation. We applied SNRRMs to estimate the effect of DIH

prosecutions reported by the media on drug overdose deaths.
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Chapter 1

Introduction

It is widely known that correlation does not imply causation. Correlation indicates an
association between two phenomenon, while in a causal relationship, there is a cause
and an effect. One important difference between causal relationships and associations
is that the former accounts for confounding, whereas the latter may not. Confounding
occurs when there are other factors that may affect both phenomenon, and therefore,
may affect the relationship between the two phenomenon. For example, Figure 1-1
shows the trends of ice cream sales and number of shark attacks in a year. Since
the two trend lines move closely together, one might conclude that ice cream sales
causes shark attacks, or vice versa. However, upon further inspection, one may notice
that seasonality is a confounding variable that explains the patterns seen—in the
summer, more people are buying ice cream and swimming in the ocean where sharks
live. Hence, without accounting for potential confounders, one might not be able to
accurately determine the relationship between various phenomenon.

More formally, causal inference is the process of analyzing data such that the effect
of one phenomenon (treatment or intervention) on another phenomenon (response or
outcome) can be determined. Causal inference methods have been applied in various
fields to answer different questions. For example, some questions discussed in this
thesis include: how effective is a new medication on the prevention of cardiovascular
disease? Does showing ads for a new game on a user’s Facebook Newsfeed increase

sales of the new game? What is the effect of drug-induced homicide prosecutions on



Figure 1-1: Trends for ice cream sales and shark attacks in a year. Retrieved from
https://www.statology.org/correlation-does-not-imply-causation-examples/.

drug overdose deaths? To answer these questions, causal inference techniques may be
used. In particular, the goal of causal inference is to estimate the treatment effect, in
which outcomes under treatment versus no treatment (control) are compared. More

generally, we can compare the outcomes under different treatments.

1.1 Potential Outcomes Framework

Treatment assignments for a sample of n units are given by a treatment allocation
z €40,...,m}". Each Z; € {0,...,m} indicates the treatment assignment for unit 1.
We will interchangeably denote the treatment assignment of a unit ¢ as Z; or A;. For
example, we first consider the question of how effective is a new medication on the
prevention of cardiovascular disease? Figure 1-2 shows a causal diagram containing
different components for the example, where circles indicate the different phenomenon

and the arrows indicate the directions of the causal relationships. In this example, the



Z; = New
or old
medication

Y; = Blood
pressure

Underlying
health
condition

Figure 1-2: Causal diagram for the question: how effective is a new medication on
the prevention of cardiovascular disease?

units are patients, and the plausible treatment values are whether a patient receives
the new medication or the old medication. We denote the control (the old medication
in this example) as Z; = 0, and we denote the treatment (the new medication in
this example) as Z; = 1. We denote the confounding variables, such as a patient’s
underlying health condition in this example, as X;. Note that the arrow between
X,; and Z; is dashed—whether this arrow is present depends on the study setting.
In an experiment, treatment is randomized, and so the treatment is not affected by
confounding variables, but in an observational study, treatment is not randomized
and may depend on confounding variables. The outcome of interest in this example,
denoted as Y}, is a patient’s blood pressure.

As is common with many research papers, we use the Rubin causal model (Rubin,
1974) or the potential outcomes framework to estimate treatment effects. Potential
outcomes are outcomes under a given treatment allocation. We denote the potential
outcome of patient 7 under treatment allocation z as Y;(z) € R. For example, Y;(0)

indicates the blood pressure of patient ¢ had they been given the old medication,



and Y;(1) indicates the blood pressure of patient ¢ had they been given the new
medication. Note, however, in reality, we only observe the treatment allocation z°%,
and so we only observe one potential outcome for unit i, namely Y;(z°**). We denote
the observed outcome of unit i as Y, = Y;(z°). This is the Fundamental Problem
of Causal Inference (Holland, 1986). Since only one potential outcome is observed

for a unit, estimating treatment effects becomes a missing data problem, where we

impute missing potential outcomes to estimate treatment effects.

1.2 Treatment Effects

Under the potential outcomes framework, the unit-level treatment effect given treat-
ment allocations z and z’ is commonly defined as the difference between potential

outcomes for a unit under z versus z":
7:(z,2') = Y;(z) — Yi(Z'). (1.1)

For example, the treatment effect for patient ¢ when every patient receives the
new medication versus when every patient receives the old medication is defined as
7;(1,0) = Y;(1) — Y;(0), where 0 and 1 are vectors of all zeros and ones, respectively.
Note that treatment effects can also be defined using odds ratios or risk ratios of
potential outcomes, to name just a few. In the literature, the average treatment effect

is more commonly studied than the unit-level treatment effect:
#z,2) = E(Yi(z) - Yi(2)). (1.2)

where the expectation is taken over the population of units.



1.3 Common Assumptions in the Causal Inference Frame-

work

As with many statistical concepts, there are several core assumptions in the causal
inference framework. The first assumption is the Stable Unit Treatment Value As-

sumption (SUTVA) (Rubin, 1980).

Assumption 1.1 (Stable Unit Treatment Value Assumption). There are two parts
to the Stable Unit Treatment Value Assumption.

1. No interference: The potential outcomes of every unit do not depend on other

units’ treatments.

2. Consistency: For each unit, there are no different versions of a treatment that

could lead to different potential outcomes.

The no interference part of SUTVA states that potential outcomes of a unit only
depend on the treatment assigned to the unit. The consistency part of SUTVA

assumes the following:

Assumption 1.2 (Consistency). If Z° = z,

Yi(z) = Y (1.3)

That is, the potential outcome under treatment assignment z is equal to the observed
outcome if z is the observed treatment assignment. Under consistency, we can es-
timate potential outcomes using the corresponding observed outcomes in the data.
Under SUTVA| the potential outcomes are given as Y;(z) = Y;(z;) where z; is the
treatment assignment of unit ¢ given by z. For example, the blood pressure of a
patient only depends on whether they received the old or new medication and does
not depend on the type of medication other patients received.

Although we usually assume that SUTVA holds, SUTVA may not be applicable

in all settings. For example, in social networks, a unit’s outcome may depend not



only on the unit’s treatment but also on the treatment assignments of other units
in the network. Hence, when SUTVA does not hold, we have to account for the
treatment assignments of other units. In Chapter 2, we propose estimators for causal
effects when we relax SUTVA in experimental settings. Results apply to settings
when we relax either the first or second part of SUTVA, but we focus on relaxing
the no interference assumption. When interference is present, estimation of causal
effects becomes harder because we need to account for both the direct effect from the
treatment and interference effects from other units. To understand how treatment
affects outcomes, Aronow et al. (2017) proposed exposure mappings that map treat-
ment allocations to exposures. Under the assumption that an exposure contains all
the necessary information on how the treatment allocations affect the outcomes, we
focus on potential outcomes and treatment effects given by the exposures. Given the
exposures, we propose linear estimators for general causal effects under the assump-
tion of additivity. Under additivity, contrasts of potential outcomes under different
exposures are equivalent, and so the set the of estimators considered grows. We show
in Chapter 2 that optimal linear estimators, which are unbiased and have minimum
integrated variance (Sussman and Airoldi, 2017), generally leverage information from
all observed units, even if the units’ exposures are seemingly unrelated to the estimand

of interest.

Assumption 1.3 (Positivity). We assume that for all z € {0,...,m}", we have
P (2 =z) € (0,1).

Positivity ensures that we may observe units under all possible treatment allocations.
Furthermore, treatment is not deterministic, i.e. there are no treatment allocations
that always occur or never occur. In addition, we make the no unmeasured confound-
ing assumption:

Assumption 1.4 (No Unmeasured Confounding Assumption). Given potential out-

comes Y;(z) under treatment allocation z and confounding variables X, we assume



that

Yi(z) L Z | X. (1.4)

That is, given confounding variables X, the treatment allocation Z does not depend
on potential outcome Y;(z), and vice versa. Note that here, we use potential outcomes
Y;(z) and not the observed outcomes Y;?* since we do assume that observed outcomes
are dependent on the treatment. Assumption 1.4 also says that we have accounted

for all confounding variables, leading to accurate treatment effects.

1.4 Repeated Outcomes Setting

In traditional causal inference settings, units receive treatment once, and outcomes
are observed after the treatment. However, there are examples where data is col-
lected over time in order to estimate treatment effects, such as estimating the effects
of policy measures on drug overdose deaths. We call these settings repeated outcomes
settings. In studies with repeated outcomes, there are additional complexities which
complicate the estimation of treatment effects. First, units may be treated multiple
times and at different time points, so the treatment and control groups may differ
depending on the time point. Furthermore, time may have an effect on both the treat-
ments and outcomes, and so we take time into account as a potential confounder. In
addition, the treatment, potential outcomes, and confounding variables may depend
on the past treatments, potential outcomes, and confounding variables. In particular,
confounding by indication may occur when predictors of potential outcomes may be
indicators of treatment. For example, states may enact certain policies in hopes of
reducing the number of drug overdose deaths, especially if there was an increase in
drug overdose deaths in the past. Because of this indication of the treatment, there

may be differences between the treatment and control groups due to selection bias.



Hence, additional confounding variables in repeated outcomes settings need to be
taken into account in order for estimated treatment effects to be accurate.

We estimate the effect of exposure to drug-induced homicide (DIH) prosecutions
on drug overdose deaths using data collected over time in Chapter 3. Although DIH
prosecutions are intended to deter people from delivering drugs that lead to drug
overdose deaths, the fear of being prosecuted may lead to people not seeking help
for victims and hence, may actually be increasing drug overdose deaths. Despite
the conflicting potential results, the effect of DIH prosecutions on drug overdose
deaths have never been empirically assessed. Furthermore, we illustrate, through
example, a potential issue, which has only recently garnered more interest in the
literature (Borusyak and Jaravel, 2017; Borusyak et al., 2021; Sun and Abraham,
2021; Roth et al., 2022), of using a constant treatment effect model in a repeated
outcomes setting where the treatment time is staggered and treatment effects are
heterogeneous. In particular, the constant treatment effect is a linear combination of
individual treatment effects, but where weights are negative. This is an issue since
there may be conflicting results depending on the model specification.

In Chapter 4, we propose a new class of Structural Nested Mean Models (SNMMs)
to estimate the treatment effect on a risk ratio scale through modeling a function of
the treatment. SNMMs (Robins et al., 1992; Robins, 1994, 1998; Lok and DeGrut-
tola, 2012) are time-dependent models used to estimate treatment effects in repeated
outcomes settings while taking covariates at each time period into account. Prior SN-
MDMs have been developed on the risk differences scale and have been often used to
estimate the effect of treatment initiation. We extend SNMMs to the risk ratio scale
and call this new class of SNMMs the Structural Nested Risk Ratio Model (SNRRM).
We further show that we can estimate treatment effects by modeling a general func-

tion, which we choose to be a function that can be modeled by a generalized linear



model, of the treatment. We show that our treatment effect estimators are consistent
and asymptotically normal, and we apply SNRRMs to estimate the effect of DIH

prosecutions on drug overdose deaths.

1.5 Overview of Dissertation

In Chapter 2, we propose estimators for general causal effects in an experimental
setting for exposure models under the additive exposures assumption. We charac-
terize the set of linear unbiased estimators and optimal estimators with minimum
integrated variance through the estimator’s support. In Chapter 3, we shift our
focus to observational studies where we estimate treatment effects in repeated out-
comes settings. We estimate the effect of having any drug-induced homicide (DIH)
prosecutions reported by the media versus none on drug overdose deaths using two
models: 1) a difference-in-differences-like logistic generalized additive model (GAM)
with smoothed time effects where we assume a constant treatment effect and 2) a
GAM with a linear link function where we assume that treatment may depend on
treatment duration. In Chapter 4, we extend the Structural Nested Mean Model
(SNMM) to the risk ratio scale—Structural Nested Risk Ratio Models (SNRRMs).
We then apply SNRRMs to conduct an analysis of the effect of DIH prosecutions on

drug overdose deaths.
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Chapter 2

Treatment Effects Under Exposure
Models

2.1 Introduction

Traditionally, one estimates the direct effect of a single treatment under SUTVA
Assumption 1.1. However, as we extend causal inference methods to various fields,
SUTVA may no longer hold, and so the need for estimation of general treatment
effects grows. For example, consider the question: does showing advertisements for a
new game on a user’s Facebook Newsfeed increase sales of the new game? Figure 2-1
shows the causal diagram for this example, where the treatment is whether user ¢ sees
an advertisement for the new game, the outcome is whether user ¢ buys the game,
and user ¢’s interests may be an important factor to take into account. We focus on
the experiment setting where treatment is randomized in this chapter, and so there
is no arrow between X; and Z;. Consider users j and k who are connected to user 7
on Facebook. If users j and/or k see an advertisement for the game, they may tell
user ¢ about the game, which may then influence whether user ¢ purchases the game.
Hence, whether user ¢ buys the game not only depends on whether he/she sees the
advertisement for the game, but also on whether users j and k see the advertisement
for the game.

As we stray away from the classical settings of causal inference where SUTVA

holds, the estimation of causal effects become more difficult. We have to consider not
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Zy = Ad
or No Ad
for User k

Y, =
Whether
User 1
buys game

Zi=Ad
or No Ad
for User ¢

Z]‘=Ad
or No Ad
for User j

User ¢’s
interests

Figure 2-1: Causal diagram for the question: does showing advertisements for a new
game on a user’s Facebook Newsfeed increase sales of the new game?

only how the treatment directly affects the outcome but also how the treatment
potentially indirectly affects the outcome. Since there can be nuances in how a
treatment allocation affects the potential outcomes, we use an exposure mapping
(Aronow et al., 2017) to map the relationship between the treatment allocation and
the potential outcomes. Given an exposure mapping, we assume that the potential
outcomes depend on the treatment allocation only through the exposures. We then
estimate general causal effects for exposure models.

In general, one prefers to make fewer assumptions so that results are generalizable.
However, we assume that treatment effects are additive, which provides statistical ad-
vantages. Under additivity, contrasts of potential outcomes under different exposures
are equivalent, and so we do not have to estimate each estimand separately. Further-
more, when additivity holds, we are no longer limited to only one estimator for the

estimand of interest, and so the set of estimators considered grows. In particular, if
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units with exposures corresponding to the estimand of interest are not observed, we
can still estimate causal effects using units under different exposures corresponding
to estimands that are equivalent to the estimand of interest. Even when exposures
corresponding to the estimand of interest are observed, we can leverage information
from other units, leading to better estimates of treatment effects.

In this chapter, we propose linear unbiased estimators for general causal effects
under the additive exposure assumption in an experimental setting. We characterize
the set of linear unbiased estimators and define an affine basis for the set of linear
unbiased estimators. We further characterize a set of optimal estimators with mini-
mum integrated variance. Lastly, we compare the proposed optimal linear unbiased
estimators with other linear unbiased estimators through a series of simulations under

various settings.

2.2 Background

In early work of causal inference (Neyman, 1923; Rubin, 1974), estimation of treat-
ment effects was commonly done under SUTVA. Since then, there has been a growing
interest in estimating treatment effects in settings where SUTVA is relaxed.
Although the simplest setting for an experiment consists of only two treatments,
usually treatment and control, there are many instances where one may want to com-
pare the effects of more than two treatments or even different versions of a treatment.
For example, one may want to evaluate the effects of different forms of advertise-
ments or different wording of a particular advertisement on the sales of a game.
Methods for propensity scores (Rosenbaum and Rubin, 1983) developed for binary
treatment were first applied to multiple treatment settings through a series of binary
comparisons (SBC) where pairs of treatments are compared as in a binary treatment

setting while ignoring units receiving other treatments (Lechner, 2001, 2002). Imbens
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(2000) then introduced the generalized propensity score, which was an extension of
the propensity score, to settings with multiple treatments in order to adjust for differ-
ences in pre-treatment covariates. Using the generalized propensity score, one could
then use inverse propensity score weighting or matching to estimate treatment ef-
fects. Since then, the generalized propensity score has been applied and extended
(Feng et al., 2012; McCaffrey et al., 2013). Matching methods were also initially
applied to multiple treatment settings by focusing on pairs of treatments and match-
ing units using the propensity score developed for classical settings (Rassen et al.,
2011). Later, matching methods were developed where units with similar generalized
propensity scores for each treatment are grouped together (Rassen et al., 2013; Lopez
and Gutman, 2017). Similar to prior work, our estimators rely on the probability
of exposures. However, we do not use these probabilities for matching. Instead, we
focus on estimating treatment effects using inverse probability of exposure weighting.

There have been a growing body of work in relaxing the no interference assumption
of SUTVA in which units’ outcomes do not depend on other units’ treatments. This is
likely because there are many settings in which interference or spillover effects (Cox,
1958; Rubin, 1980) may be present. Early work in estimating treatment effects in the
presence of interference began with the assumption that treatment effects may spill
over through time, focusing on residual effects that may be present from the preceding
time point (Grizzle, 1965; Kershner and Federer, 1981). Later, spatial interference
attracted attention, where neighboring units or units within the same block may be
dependent (Besag and Kempton, 1986; David and Kempton, 1996). Since then, in-
terference has been extended to settings of partial interference, where units within
a cluster may be dependent but units in different clusters are assumed to be inde-
pendent (Sobel, 2006; Rosenbaum, 2007; Hudgens and Halloran, 2008; Tchetgen and
VanderWeele, 2012).
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More recently, with the rise of social media, there has been a growing inter-
est in estimating causal effects in the presence of interference in networks (Ugander
et al., 2013; Eckles et al., 2017; Athey et al., 2018; Aronow et al., 2017; Sussman and
Airoldi, 2017; Forastiere et al., 2021). This is because networks can be used to repre-
sent relationships between units and interference effects may be passed through the
connections of the network. While there are papers that estimate treatment effects
accounting for units that are up to k connections away for some k through testing
exact hypotheses (Athey et al., 2018), we focus on the assumption that interference
only occurs for neighboring units. There has also been recent literature on applying
methods of estimating causal effects in networks in observational studies (Liu et al.,
2019; Barkley et al., 2020; Forastiere et al., 2021). However, we focus on experimental
settings, where the treatment is randomized.

Our work extends Aronow et al. (2017), who proposed unbiased estimators for
causal effects under general interference, and Sussman and Airoldi (2017), who pro-
posed unbiased estimators for the direct treatment effect with minimum integrated
variance under network interference. Under an exposure model (Aronow et al., 2017)
in which a treatment allocation is assigned to exposures through an exposure map-
ping, Aronow et al. (2017) proposed two-term unbiased estimators for estimands of
interest using Horvitz-Thompson estimators (Horvitz and Thompson, 1952). We
propose linear unbiased estimators for unit-level causal effects, but we deviate from
Aronow et al. (2017) in that we assume that treatment effects are additive. Addi-
tivity provides flexibility such that different estimands under different exposures are
equivalent. Assuming additivity, our proposed linear unbiased estimators may place
non-zero weights on exposures that are “seemingly unrelated” to the estimand of in-
terest. Furthermore, we deviate from Sussman and Airoldi (2017) in that we estimate

general treatment effects, which include both direct and indirect treatment effects.
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However, like Sussman and Airoldi (2017), we further characterize an optimal subset

of linear unbiased estimators that have minimum integrated variance.

2.3 Exposure Models

Consider a randomized experiment with n units that are together assigned a treat-
ment allocation z € {0,...,m}" where z; € {0,...,m} represents the treatment that
unit ¢ receives. The experimental design of a randomized trial is given by the prob-
ability of a treatment allocation, denoted by p : {0,...,m}"™ — [0, 1]. Since we focus
on a randomized experiment setting, we assume that the design is known. The treat-
ment allocation z provides information, such as unit treatment assignments, number
of treated units, etc., which can be used to determine a unit’s outcome. While in
general Y;(z) depends on all of z, we often assume that the outcome only depends on
specific aspects of the treatment allocation. For example, under SUTVA, the outcome
of a unit only depends on the unit’s treatment. That is, under SUTVA, Y;(z) = Y;(2')
whenever z; = z.. To capture the dependencies of potential outcomes on treatment
allocations, Aronow et al. (2017) proposed exposure models as an alternative repre-
sentation of the potential outcomes that can account for these pathologies while still
limiting the complexity of the model.

Exposure models are given by exposure mappings, which are used to capture all
the information needed from a treatment allocation to determine a unit’s potential

outcome:

Definition 2.3.1 (Exposure mapping). Let £ denote the set of exposures. For each
unit 4, an exposure mapping f(¢,-) : {0,...,m}" — £ maps each treatment allocation

to an exposure in the set £.

Exposure mappings are flexible and can be defined in various ways. However, we

assume that this exposure mapping is known and we further assume the following:



16

Assumption 2.1. For any pair z,z’ € {0,...,m}", f(i,z) = f(i,2z’) = € implies that
Yi(z) = Y;(z'). That is, we can write

Yi(z) = Yi(€). (2.1)

Assumption 2.1 states that the potential outcome of a unit is determined only by
its exposure, and so we assume that potential outcomes are dependent on treatment
allocations through the exposures. By using exposures, we reduce the number of

possible potential outcomes for unit i from (m + 1)" to ||, the size of set £.

Example 1 (SUTVA). Under SUTVA, a unit’s outcome only depends on its own
treatment assignment. Here, & = {0,...,m}, and the exposure mapping is given by

f(i,z) = z; € {0,...,m}. Potential outcomes are then given by Y;(z) = Y;(2;).

Example 2 (Network Interference). Consider a network amongst the n units, given
by the n x n adjacency matrix A. Suppose that a unit’s outcome can depend on its
own treatment assignment, which is binary, and the treatment assignments of other
units in the network. In particular, suppose that the potential outcome of a unit
only depends on the number of neighbors that are treated and not necessarily which
ones (Sussman and Airoldi, 2017). Note that SUTVA no longer holds since network
interference is present. Here, &€ = {0,...,n — 1} x {0, 1}, and the exposure mapping
is defined as f(i,z) = (d?, z;), where d? = (AT'z); is the number of treated neighbors
or the treated degree. Note that for a unit i, the treated degree d? € {0,...,d;} where

d; is the degree of unit 1.

Exposures are flexibly defined, but they are often represented with multiple ex-
posure components. For example, exposures in Example 2 are given by two exposure
components: &€ = {0,...,n — 1} x {0,1}. We use an exposure vector to denote

exposures with multiple components:

Definition 2.3.2 (Exposure vector). As the exposure set is finite, without loss of gen-
erality, we assume the exposure set has the form € ={0,...,m;} x---x{0,...,mg},
where K > 1 is the number of ezposure components. Exposures, denoted by € € &,

are given by exposure vectors: €= (ey,...,ex) € £.
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We define the vector of all zeros, denoted as & = 0, as the baseline exposure. We
interpret the exposure components as different information given by the exposure
mapping. In Example 2, the first exposure component corresponds to the number of
treated neighbors for the unit, and the second exposure component corresponds to
the treatment assigned to the unit.

Using potential outcomes given by the exposure mappings, we define causal effects
given the different exposures. The causal effect of € € £ versus €’ € £ is defined as
the difference between potential outcomes under € and €’. We focus on estimating

causal effects for a single unit ¢:
7(€,€") =Y;(e) — Y;(e). (2.2)

Since we focus on unit-level effects, we simplify the notation by dropping the subscript
i throughout the rest of the paper. Following from prior work (Aronow et al., 2017),
we use unit-level causal effects to estimate the average causal effects through averaging
unit-level estimates.

The set of estimands is given by the contrasts in exposures. In general, potential
outcomes under an exposure can be decomposed into the baseline, the correspond-
ing direct effects for each exposure component, and interactions between the effects
from multiple exposure components. As the number of exposures, and especially the
number of exposure components, increase, the number of interaction effects become
large. Instead, we assume that additivity holds:

Assumption 2.2 (Additivity). Consider exposure vectors €, ¢’ € £. Exposures are

additive if, whenever € — ¢’ > 0,

Y(@)-Y(E)=Y(E—-¢é&)-Y(0). (2.3)

Under additivity, there are no interaction effects. That is, the difference in potential

outcomes given two different exposures only depends on the difference in exposure
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components. We can then isolate the effect of the kth exposure component by remov-
ing the effects of all other components. To do this, we can add and subtract potential
outcomes under different exposures so that the net value of all other exposure com-
ponents besides the kth exposure component is zero. Additivity provides statistical

advantages since certain contrasts are now equivalent, such as
/ / / /
Y(my,ea,...,ex) —Y(0,ea,...,ex) =Y (my, €, ....€x) =Y (0,6, ...,€%)

for e # e}, for k € {2,..., K}. Since contrasts in potential outcomes under different
exposures are equivalent under additivity, the number of contrasts we consider is then
K
reduced to ), my.
Since there are no interaction effects under additivity, we can write the potential

outcome under exposure € = (ey,...,ex) as:

Y(el,eg,...,eK):Y(O,...,O)

F[Y(0,...,0,ex) — Y(0,...,0)], (2.4)

where the first summand indicates the baseline, and the other summands indicate the
various causal effects for the kth exposure component at level e, € {1,...,my}. We

denote the causal effect of the kth exposure component at level j, as:
O, = Y(0,...,0,40,...,0) = Y(0). (2.5)

Let the parameter set, denoted by ©, contain the baseline parameter a = Y (0,...,0)

and parameters 0, for all k € {1,..., K} and j; € {1,...,m;}. Under additivity,
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potential outcomes are given as:

K mp

Y(@) =a+ > Y 0 I{ex =i} (2.6)

k=1 jp=1

Example 1 (continuing from p.16). Under SUTVA, we define € = z; € {0,...,m}.
The unit-level causal effect for the first (and only) exposure component when treat-

ment is equal to m versus when treatment is equal to zero is given by 0,,, =

Y (m) — Y/(0).

Example 2 (continuing from p. 16). Under network interference with binary treat-
ment, € = (d?,z;). The causal effect of the first exposure component when unit i
has fully treated neighbors versus no treated neighbors is given by 6, 4, = Y (d;,0) —
Y (0,0). Here, 0, 4, is the unit-level interference effect. Note that we defined 6, 4, using
an estimand with exposures where z; = 0. However, under additivity, contrasts in
potential outcomes under different exposures are equivalent, and so Y'(d;, 1) — Y (0, 1)

is also an estimand for the unit-level interference effect.

2.4 Linear Unbiased Estimators

In this section, we propose estimators for the unit-level causal effect. Without the
loss of generality, for the rest of this chapter, we focus on estimating the effect for
a single unit when the first exposure component is m;, compared to baseline. No
generality is lost since we can remap the exposures to a new exposure set where the
kth component is mapped to the first component and the e;th level is mapped to the
maximum.

Linear estimators of the unit-level causal effect of the first exposure component

are of the form:
él,ml _ w(zobs)y(é»obs)7

where w : {0,...,m}" — R is a weight function depending only on the treatment

allocation z°** and Y (€°%*) is the observed outcome under observed exposure €. We
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consider only linear estimators with weights that depend only on the unit’s exposure,
ie. w: & — R. We denote the support of w, or equivalently of the estimator QALml,
as supp(0ym,) = {€ € £ : w(€) # 0}. Hence, the linear estimators we consider are of

the form:
O1,m, = w(EP)Y (). (2.7)

Linear estimators under this consideration include Horvitz-Thompson inverse propen-
sity score weighting estimators (Horvitz and Thompson, 1952). The Horvitz-Thompson

estimator for a potential outcome is given by:

Y (et
p(@)

where p(€) = P(€°° = €) is the probability of observing the exposure €, which is given

a7y = X o _ gy, 23)

by the design probabilities. Since the experimental design is known, the probabilities

s — &} indicates whether the exposure

of exposures are also known. Furthermore, I{é’
€1s observed. Given exposures 0, ¢ € £, where & = (m4,0, . ..,0), Aronow et al. (2017)
proposed estimators for the causal effect using Horvitz-Thompson inverse propensity

score weighting estimators:

—.

H{é’obs — é*} B H{€Ob8 — 0}
p(€) p(0)

Oym, = HTz — HTy = Y (&%)

Since the weight only depends on the unit’s exposure, the set of linear estimators we
consider include these Horvitz-Thompson estimators. On the other hand, the naive
difference in means estimator have weights:

]I{e—'obs_é'} B H{—’obs: }
ZJ ) I[{ >obs __ —‘} Zj:l {é’]{)bs — 6}

(2.9)

obs —’obs

for unit ¢, where €; are the observed exposure vectors for units ¢ and 7, respec-
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tively, for 7,5 € {1,...,n}. Equation (2.9) shows that the denominator of the weight
for unit ¢ depends on the exposures of other units, and so the linear estimators we
consider preclude naive estimators, except under certain highly symmetric designs

(e.g. a Completely Randomized Design).

2.4.1 Unbiased Estimators

As a first step to limit the set of linear estimators considered, we further focus on
linear estimators that are unbiased for the unit-level causal effect. An estimator is

unbiased for the unit-level causal effect of the first exposure component if
E(él,ml) = 91,m1- (210)

Under additivity, linear unbiased estimators (LUESs) exist under certain constraints,

which are given by the following proposition.

Proposition 1. Assuming additive exposures, a linear estimator élmn is unbiased
for 6, ,,, it and only if the following constraints hold:

Zp(é’)w(é’) =0 (o constraints)

eece
Zp(é‘)w(é)]l{q =mi} =1 (01, constraints)
eee
Vm:me{l,...,m; —1} Zp(é')w(é')]l{el =m} =0 (61, constraints)
ees
Vi, jr:k€{2,....,K},jr € {1,...,my} Zp(é’)w(é’)]l{ek =Jjr} = 0. (0, constraints)
eeE

Denote the set of linear unbiased estimators as Y. Given the linear constraints, the
size of U, denoted as [U|, is [U|= []r_,(mx + 1) — So1 my. — 1. Here, the product
[T, (my. + 1) corresponds to the number of exposures in £, and S, my + 1 corre-
sponds to the number of linear constraints. The linear constraints for unbiasedness
ensure that when the estimator is averaged across exposures, it leads to a coefficient

of 1 in front of the 6, ,, term, while the coefficients for the other terms are zero.
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Hence, when we compute the expected value of él,ml, we obtain the parameter of
interest 6 ,,, (see Appendix A.1). Example of LUEs include the Horvitz-Thompson
inverse probability estimators. Note that unbiasedness holds given the constraints in
Proposition 1 only under additivity. Without additivity, we will require more con-
straints. Hence, under additivity, we consider more estimators that would otherwise

be biased.

Example 2 (continuing from p.16). In the network interference example, consider

the estimators

Oy 0 = HTq,0) — HT{o,0)
07 ™ = HT(4,1) — HT(o,1)

0 =~ (HT(a,0) — HT(00) + HT(a,1) — HT (1))

1
2
nfour term,2

014, = HT(4,0) — HT(20) + HT(2,0) — HT{0,0)-

Under additivity, all the estimators above are linear unbiased estimators for 0, q4;.

éivfio e introduces the parameter 6, by placing non-zero weight on

For example,
the HT(4, 1y term, but 65, is then canceled by the HTg ) term. Furthermore, the
aseline « is cancelled, and so the parameter that remains is the parameter of interes
baseli i lled, and so th ter that ins is th ter of interest
61.m,. This holds for élA;ig, which leverages both estimators QA?ZZ term0 and HAEVZZ term, 1.
and éiosr terms? which leverages “seemingly unrelated” exposures such as (2,1) and
,0). However, if additivity does not hold, then v " is the only linear unbiase
2,0). H if additivity d t hold, then 67" *"™° is the only 1 biased

Atwo term,1
61 d

estimator for 6, 4,. For example, is no longer unbiased for 6, 4,, and the

bias is equal to the interference plus the interaction term. Although é;vzio_ termil 46 ot

unbiased for 6; 4, when additivity does not hold, it is unbiased for another estimand,

namely the estimand that is the sum of the interference and interaction effect.

2.5 Atomic Linear Unbiased Estimators

In the previous section, we defined a class of linear unbiased estimators when additiv-
ity holds. Because additivity imposes flexibility in the estimators considered, the class

of LUEs can be quite large. However, there are particular subclasses of LUEs that
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are of importance. We first focus on a subclass of atomic linear unbiased estimators
(ALUES) which are simpler in terms of its support.

Definition 2.5.1 (Atomic Linear Unbiased Estimators). The estimator é1,m1 cu
is atomic within U if, for all v € U, if supp(u) C supp(fim,), then supp(u) =
supp (61 m, )-

We denote the set of ALUEs by A C U. The restriction of minimal support reduces
the class of linear unbiased estimators considered to estimators whose support cannot
be reduced and still be unbiased. Examples of ALUEs include the following two-term

and four-term estimators.

Example 1 (continuing from p.16). The treatment effect when SUTVA holds can
be estimated using a two-term ALUE:

0o o = HT () — HT ).

Example 3 (Four Exposure Model). Consider the four exposure model (Aronow
et al., 2017), where z; € {0,1} and d? € {0,...,d;} is the treated degree of unit
i. The exposures are defined as € = (z;,I{d? > 0}) € {0,1}?. The first exposure
component gives the treatment assignment of the unit, and the second exposure
component indicates whether network interference is present. Under additivity, we

can estimate the direct treatment effect using a two-term ALUE:
éi\:vlo term - HT(l,l) - HT(O,l)-

Note that HT{; 0y — HT{gy) is also an ALUE for the direct treatment effect. If we do
not assume addivity holds, the only ALUE for the direct treatment effect is H'(; o) —

Example 2 (continuing from p. 16). We can estimate the network interference effect

using a four-term ALUE:
Oy ™ = HT g, 1) — HT(a) + HT(a0) — HT(00),

where d € {1,...,d; — 1}. Note there are also two-term ALUEs for the network

interference effect.
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In general, the number of Horvitz-Thompson terms in ALUEs can be more than
four, but the number of terms in ALUESs is restricted to be even. Generally, the
number of terms in ALUEs can be up to 2K, where K is the number of exposure
components. This is because for every exposure component not of interest, whose
effects are added by a Horvitz-Thompson term, we need to subtract its effect with

another Horvitz-Thompson term so that the estimator is unbiased for 6 ,,,.

2.5.1 Affine Basis for Linear Unbiased Estimators

Atomic linear unbiased estimators are the simplest LUEs in terms of its support.
However, we want to be able to generalize properties of ALUESs to the entire class of
LUEs. To do this, we relate the class of ALUES to the rest of the LUEs. We introduce
a subclass of ALUEs and show that, with another class of estimators, they form an
affine basis for LUES.

In particular, we focus on a subclass of monotonic atomic linear unbiased estima-

tors (MALUESs):

Definition 2.5.2 (Monotonic Atomic Linear Unbiased Estimator). A linear unbiased
estimator él,ml € A is monotonic if the exposures in its support, € € supp(élvml), can
be arranged such that there is a component-wise partial ordering. In particular, each

exposure component is simultaneously non-increasing.

Note that all two-term ALUEs are also MALUEs since, by definition, the support
only contains exposures (mj,es,...,ex) and (0,es,...,ex), where m; > 0 and all
other exposure components are equal. However, ALUEs with more than two terms

are not necessarily monotonic.

Example 2 (continuing from p. 16). Consider the following four-term ALUEs for the

network interference effect:

Oy ™ = HT g, 1) — HT(an) + HT(a0) — HT 00)
éi?;.r term,b HT 4,0y — HI(q0) + HT{41) — HT(0,1),

7
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where d € {1,...,d; — 1}. Here, éic’;r e and éi";r termb - are both ALUESs, but

only éioir e is also a MALUE. In supp(éi‘?;l; termby - consider exposures (d;,0) and
(d,1), where d; > d in the first exposure component but 0 < 1 in the second expo-

éfour term,b)
1,d;

sure component. We cannot arrange exposures in supp( according to the

component-wise partial order where all exposure components are non-increasing.

We focus on a particular subclass of MALUES, denoted as M C A:

Lemma 2.1 (M is affine independent). Consider an ordered set of exposures € C £
where

E={ec&:ere{l,....om —1},Fke{2,...,K}st. e, A0}U{EEE e; =my}

such that exposures with e; € {1,...,m;—1} are first, followed by the exposures with
e; = my. Within the subsets of exposures with e; € {1,...,m; — 1} and e; = my,
the exposures follow a reverse reflected lexicographic order. Let M C A contain the
following estimators. For each exposure € € £, where € = (e1,...,ex), consider the
following:

o Ife; € {1,...,my — 1}, add estimator

hfour term
917m1t = HT(mL — HT(el’ + HT(el, — HT(O,e’Q,...,e}{)

(2.11)

62:"'761() 627"'7€K) 8127“"8/[{)

into M. Here, e}, = 0 for the first k € {2,..., K} such that e, # 0 and €}, = ey
for all other &' € {2,..., K} where k # k'

e If e, = my, add estimator

07 ™ — HT s enore) — HT 00, oxc) (2.12)

1,my
into M, where ¢;, € {0,...,m;} for k € {2,..., K}.
The set M is affine independent.
By construction, estimators él,ml € M have support such that exposures can be

ordered such that exposure components are simultaneously non-increasing, and so M

is a subset of MALUEs. Furthermore, note that each estimator é1,m1 € M is uniquely
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identifiable by an exposure in €. Namely, the two-term estimators are uniquely
identified by exposures where e; = mq, and the four term estimators are uniquely
identified by exposures where e; € {1,...,m; — 1}. To show that the set M is affine
independent, we leverage the fact that the estimators are monotonic and uniquely
identifiable (see Appendix A.2.1). Consider estimator § and let 6 = Y G g(0)0. We
show that if @ € M, then

3 1, ifod=4
g(0) = : (2.13)

0, otherwise

Since estimators in M are uniquely identified by the ordered set of exposures &,
there is also a natural ordering of the corresponding estimators. Using induction, we
iterate through the ordered set of estimators and assign weights g(é) according to
Equation (2.13). At the uth step, if €™ ¢ supp(é)7 then g(0™) = 0. Otherwise,
since the estimators are ordered according to the estimator’s uniquely identifying
exposure €™ ¢ £, and each estimator is a MALUE, the estimator 6 is the last
estimator in M with €® in its support. Hence, if for all «/ < u, we have (/™)) = 0,
e ¢ supp(é), and § € M, then 0™ = 4, ie. g(é(u)) = 1. If there were at least
one ' < u such that g(#®)) = 1, then g(6™) = 0 in order for unbiasedness to hold.
Since g(6) = 1 only if § = 6, then M is affine independent.

The size of the set of estimators M, denoted as | M|, is equal to:

M= JJom+1) +(mi—1) [H(mk +1) - 1] : (2.14)

k=2 k=2

J/

Vv Vv
two term estimators four term estimators
The first term is equal to the number of two-term estimators, which is given by the
number of exposures with e; = m;. The second term is equal to the number of

four-term estimators, where there are m; — 1 possible values for the first exposure
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component, and there are HfZQ(mk + 1) possible values for es, ..., ex. We subtract
the case when ey = - -+ = ex = 0; hence the minus one.
Although the estimators in M are affine independent, there are not enough es-

timators to span U. We introduce an additional set of estimators, denoted as Z:

Definition 2.5.3 (Zero Estimators). Consider a set of estimators Z, defined as the

following;:
Z = {éo : éo = HT(0e9,..cx) = HT10,05,0,00,.000) — HT(0,0,e5,0,..00 + HL (0,00}, (2.15)

where there are at least two k, k" € {2, ..., K} such that e, # 0, e # 0, and without

the loss of generality, we assumed that es, e3 # 0.

The size of Z is:

K K

1Z|= [ +1) 1= my. (2.16)

k=2 k=2

The first term is equal to the number of exposures where e; = 0. Since we require
that at least two k, k' are such that e, # 0, e # 0, we subtract the case when e; =
-+ = ex = 0 and when only one of ey, ..., ex is non-zero. Under additivity, E(éo) =0
(hence we call 0o a zero estimator), which is needed to ensure the unbiased estimation
of 01,,,. We denote the union of the estimators of M and the zero estimators as
O=MUZ.

Theorem 1 (Affine basis for LUE). The set © forms an affine basis for the set of

linear unbiased estimators U.

The proof for the affine independence of 0 is very similar to the proof of Lemma 2.1

(see Appendix A.2.2). Note now that

~

supp(O) ={e: € & ep =my}

U{é:éeg,elE{1,...,m1—1},5|k:€{2,...,K}s.t. ek#O}
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u{e:ee& e =0,3k, k' €{2,..., K} st. ex, #0,ep # 0}.

We order the exposures in the support such that the exposures with first exposure
component equal to m € {1,...,my; — 1} are first, the exposures with first exposure
component equal to m; are next, and the exposures with first exposure component
equal to zero are last. Within each subset of exposures, we order the exposures ac-
cording to the reverse reflected lexicographic order. Similar to the proof of Lemma
2.1, we use induction and rely on the monotonocity and uniquely identifiable estima-
tors to show that © is affine independent. Note that each zero estimator is uniquely
identified by exposure (0,es,...,ex) corresponding to the first Horvitz-Thompson
term in the estimator. However, note that the zero estimators are not monotonic in
the sense that MALUESs are. Instead, they are monotonic in the sense that the expo-
sures follow a reverse reflected lexicographic order when we arrange them according
to the order of the corresponding Horvitz-Thompson terms. For example, for a zero
estimator where es, e3 # 0, the exposures corresponding to the Horvitz-Thompson

terms:
HTes,.exc) = HT0,2,0,04,..c0) — HT(0,0,3.0,..,00 + HT(0,..0)

are ordered (in increasing order) according to the reverse reflected lexicographic or-
der. Since exposures in supp(é)) are also ordered according to the reverse reflected
lexicographic order, then for the uth and u + 1th step, we have € < &®+1) Hence,
the zero estimator é(()u) is the last estimator that contains exposure €™ in its support.
We iterate through © using induction and show that if an estimator 6 = Y ico g(0)0
such that § € O, then the weights g(0) are given by Equation (2.13), i.e. O is affine

independent. Since O is affine independent, and the dimension of © minus one (since

the sum of weights is restricted to equal one for unbiasedness) is equal to the dimen-
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sion of U, then span(é) = U. Hence, © forms an affine basis for U , and properties of

the simpler estimators in O extend to estimators in U.

2.6 Optimal Linear Unbiased Estimators

At this point, we have defined a set of estimators © = M U Z which forms an affine
basis for the set of LUEs. Although there are fewer estimators in © compared to I/, the
set of estimators © could still be fairly large, especially if the number of components
is large. Additionally, thus far, estimators for the same estimand, such as two-term
and four-term ALUEs, are equivalent. Hence, a natural question is which estimator
should we use? In this section, we consider an additional property of variance in

order to rank different linear unbiased estimators.

2.6.1 Minimum Integrated Variance Linear Unbiased Estimators (MIV
LUE)
We consider a “good” estimator as one that is unbiased and has small variance.
Since LUEs depend both on the exposures and the parameters © = {«, 0y, } for
ke{l,...,K} and j, € {1,...,my} corresponding to the given exposures, we would
ideally account for the parameters when we compute the variance of LUEs. However,
in general, we do not know the true set of parameters ©. Instead, we use distributions
m on © which describe the set of parameters. We then focus on minimizing the inte-
grated variance (IVAR), where the variance is computed with respect to distributions
mon O, ie. IVAR = [, Var(f)r(df). Borrowing from Bayesian statistics, one can
view the distributions as “prior” distributions on the parameters. However, note that
this is not actually Bayesian since we do not have posterior distributions—instead,
we use the prior distributions to inform our choices of the weights for LUEs. These
prior distributions act as a weight, where parameters that have a higher likelihood are

weighted more when computing the variance of the estimator. Minimum integrated
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variance linear unbiased estimators (MIV LUEs) (Sussman and Airoldi, 2017) are
then given by weights, which depend on the prior distributions, that minimize the
integrated variance. As with linear estimators, MIV LUEs depend only on the prior
means and covariances (Hoff, 2009; Bickel and Doksum, 2015; Sussman and Airoldi,
2017).

We seek weights w(€) that minimize the integrated variance such that the linear
constraints in Proposition 1 hold. To simplify the optimization problem, we assume
that the parameters are uncorrelated across units, but can be correlated within units.
We also assume that the priors have zero mean. However, note that if priors do not

have zero mean, the estimator

O1,m, = w(@) (Y (&) — hiyv(@) + Horm, - (2.17)

where piy @ and pg, ,, denote the prior mean of the potential outcome and the prior
mean of 6y, , respectively, is unbiased if w(€)Y (€) is unbiased for 6 ,,,. If w(e)
minimizes the integrated variance of the estimator when priors have zero mean, then
w(€) also minimizes the integrated variance of the estimator given by Equation (2.17)
(Hoff, 2009).

Under these assumptions, the optimization problem is solved by minimizing the

following Lagrangian over the weights, w(€), and lambdas:

L= % /@ Z (&) (w(@)Y (&) = Orm,)* w(0)d6 + M\ <1 =Y p@w@l{e = mﬁ)

DR (me@ﬂ{el - m}) WG
=302 M 2 p(@w (@ {ex = i} (218)

where, by taking the derivative of £ with respect to w(€) and setting it equal to 0,
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the MIV LUE weights w(€) are defined as:

C A{er = ma} 30 N l{en = mY A+ 300, D00 A I{en = i}
B Var(Y (€)) ’

(2.19)

w(e)

where the variance of the potential outcome, Var(Y(€)), is given by the prior vari-

ances of the parameters. Note that we added the % in the Lagrangian to simplify
computations, but this does not change the optimization problem since it is a posi-
tive constant.

We can rewrite the optimization problem into a matrix equation. We first define
the following matrices. Let W be a |£]|x|€| diagonal matrix where the jth diagonal

entry for j € {1,...,|&|} is
W, = p(e;)Var(Y(€;)),

where €; is the exposure corresponding to the jth row/column of W. Let C be a
|©]x |€| matrix of linear constraints given by Proposition 1 where the rows correspond
to the parameters in © (i.e. k£ € {1,...,|0|}) and the columns correspond to the

exposures (i.e. j € {1,...,|€|}). That is, the k, jth entry of matrix C is equal to
Cr,; = p(€;) {0k € &)},

where we write ¢, € €; to mean the kth parameter ¢, contributes to the value of
the potential outcome given the jth exposure, Y (€;). The solution vector to the

optimization problem, denoted by

W:<w(€1) w(5|5|) /\1 /\4,K,mK /\3)T,
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is then the solution to the following matrix equation:

P'b=w, (2.20)

W C7T
C o0
corresponding to A, at which by, = 1. The matrix P is full rank given that the

where the matrix P = ( ) and b is a vector of zeros besides at the element
diagonal elements in W are positive (see Lemma A.1 in Appendix A.3.2), which holds
provided that the prior variance for each exposure is positive and the probability
of observing each exposure is positive. Equation (2.20) shows that the solution w
depends on the prior variances of parameters and the probabilities of exposures.
Hence, not all LUEs are also MIV LUEs—whether LUEs are also MIV LUEs depend
on the design probabilities and support of the estimators. We characterize the set of

MIV LUEs in the next section through the support of the estimator.

2.6.2 Characterization of MIV LUEs

Before now, we have characterized LUEs through the linear constraints as given in
Proposition 1. However, we can also classify LUEs through their support, denoted by
E' C &. The support £ of a LUE contains exposures such that there exists weights of
exposures, w(€), where, when multiplied with the vector of indicators for exposures,

it solves

Ci=(0 ... 010 ...0)", (2.21)

where the jth element of @ € RI¥l is @; = I{¢; € £}w(€;), and the 1 on the right
hand side corresponds to 6, ,,,. Effectively, solving for « such that it satisfies Equa-

tion (2.21) ensures that the linear unbiased constraints are satisfied.

Example 4. Consider the network interference example where € = (d?, z;) for d? €

{0,...,d;}, where d; is the degree of unit i, and z; € {0, 1}. Examples of supports of
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LUEs include:

gtwo term,z; _ {(d“ Zi)7 (()’ Zz)}
ghowr termd — £(q. 1) (d, 1), (d,0), (0,0)}
gSiX term,d __ {(d“ 1)7 (d“ 0)7 (d, 1), (d, 0), (0, 1); (07 0)}7

where d € {1,...,d; — 1}. These sets of exposures satisfy Equation (2.21). For

example, the weight vectors (1, —1), (1, —1,1,—1), and (%, —%, -1,1, —%, —%) lead to

LUEs with support o termzi - glour term,d = 5y q gsix termd - pegpectively.

Given a subset of exposures £ C & that is a valid support for LUEs, i.e. it
satisfies Equation (2.21), we can divide the set of parameters © into the following
subsets. Let O C O denote the set of parameters where 8 € ©V are such that
ON ¢ & for all €’ € &. We further divide the parameters in ©F = 0\ OV as
OF = 6f U ©NE. Specifically, ©NF will be a maximal subset of ©F such that the
submatrix of C, with rows given by ©M% and columns given by &', has linearly
independent rows. Additionally, we can subdivide matrices W and C. Matrix W
is a block diagonal matrix with matrices N and F on the diagonal. Matrix N is a
diagonal matrix corresponding to exposures € € £ \ £ and F is a diagonal matrix
with rows corresponding to exposures €’ € £’. We denote the constraint submatrices
of C as C?, where the subscript corresponds to the set of exposures e and superscript
corresponds to the set of parameters p. For each e € {N, F'} and p € {N, NR, R},
we define C? to contain rows corresponding to constraints of parameters in ©F and
columns correspond to the exposures in £¢. Here, £ = & and EN =&\ &

Given the subsets of exposures and parameters defined above, we can then char-
acterize MIV LUEs through their support:

Theorem 2. Let & C & such that span ({Uz }ereer) N {Uz}eee = {Uz }ercer where for
e € &, vz € {0,1}° such that #Z¢ = Y (&) where @ is the vector of parameters ©.

Furthermore, assume that £ satisfies Equation (2.21), i.e. there exists an unbiased
estimator  where supp(é) = &'. If the design p is such that p(€) > 0 for all € € &,
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then there exists a  with supp(d) C £ and 0 is a limit of MIV LUEs. Furthermore,

- >/ / : OM 4 0o NRp—-1NRT

if for every exposure €’ € &', we have lim, ,o, > 3,2, 'Adj ( Cx"F, 'Cp {6, €
k1

U%,0} # 0, where Adj is the adjugate, then supp(é) =¢£.

Theorem 2 states that we can find a limit of MIV LUEs 6 whose support is a subset
of & C &£ as long as &£’ is a valid support for LUEs and £’ is such that the corre-
sponding set of vectors of indicators for exposures in £, denoted {¥z }z/cer, contains
all vectors in span ({Uz }z/ce/) that correspond to valid exposures of interest. Since
span ({U }erce) is a linear subspace of RI®l, there exists a positive semi-definite ma-
trix X such that span ({0 }zreer) = Null(X). For example, ¥ = I — X X7 where the
columns of X are vectors that form an orthonormal basis for span ({Uz }z/cer). Given
prior variance-covariance matrix 3, MIV LUEs are then given by w, which we obtain

by solving Equation (2.20). However, we require the following lemma:

Lemma 2.2. Let © = {a,011,...,0km,} be the set of parameters, and let ¥ €
RI®*I®l be a variance-covariance matrix for the parameters. Let @, v € {0, 1}l be
vectors such that o] ¢, = 0 and 0% Xty = a where 0 < a < oo. There exists a
sequence of positive semi-definite matrices f]n € RI®XI®l such that limy) 00 U7 5377271 <
oo and lim,, . 17’{537]172 = 00.

Specifically, let 3 = nX+B forn € R and B € RI®IXI®l be a positive semi-definite ma-
trix where elements 0 < by, ; < oo are small, where k, j € {1,...,|©|}. From Theorem
2, since there exists a positive-definite matrix 3 such that span ({Uz }zrcer) = Null(2),
under X, the variances of the potential outcomes corresponding to exposures €’ € &’
are zero. Lemma 2.2 then says there exists a sequence of variance-covariance matrices
2,7 such that the potential outcomes corresponding to exposures ¢’ € £ have finite
limiting variances. On the other hand, potential outcomes given by € ¢ £’ have in-
finite limiting variances under 3, since ¥y ¢ span({t }ercer) = Null(X). Denote P,
as the matrix P, where submatrix W, depends on variances given by in- We also

denote submatrices of W,, with the subscript 7, i.e. F, and N, are matrices given by
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n and corresponds to diagonal matrices F and N, respectively. Together with Theo-
rem 2, we then see that potential outcomes with finite limiting variances potentially
have non-zero weights, while potential outcomes with infinite limiting variances have
weights of zero. Note that this is supported by Equation (2.19), where the variance of
the potential outcome is inversely related to the MIV LUE weights. We can interpret
this as we put more weight on exposures that we are more confident about, i.e. po-
tential outcomes with smaller prior variances, while we put less weight on exposures
that we are not as informed about, i.e. potential outcomes with larger prior variances.

To ensure that weights of the potential outcomes corresponding to exposures in
&’ are non-zero, we further require that, for every exposure in &', the limit of the
sum of the entries of the adjugate of C]}[RF; 1CgRT in the column corresponding to
parameter 6y ,,, as n — oo is non-zero. Although it is possible for the weights of
exposures in £ to be zero, we show through an example of a six-term exposure set
(see Appendix A.3.3) that “typical” choices of design p will lead to non-zero weights
if we assume finite limiting prior variances. Hence, under most designs p, we have
supp(é) = &’. In general, if limiting prior variances of all parameters are finite, 0 is
a MIV LUE with non-zero weight on all exposures, and 0 is an affine combination
of estimators in ©. Note that formally, 6 is a solution to the matrix equation in
Equation (2.20) while taking the limit P, as  — oo. Since the matrix P, may
contain infinite values in the limit, it may not be a well-defined problem, and so 6

lies on the boundary of MIV LUEs. However, for convenience, we say that a limit of

MIV LUEs is also MIV LUE. Hence @ is a MIV LUE.

Example 4 (continuing from p. 32). We considered three examples of supports for

LUEs in the context of network interference:

givotems: _ {(d,, ), (0, 2)}
ghour termd _ £, 1) (d, 1), (d,0), (0,0)}
gsix term,d __ {(d“ 1)7 (d“ 0)7 (d, 1), (d, 0), (0, 1); <O7 0)}
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Consider ™o termzi — {(0, 2;), (d;, z;) }. Note that span ({U..,, Vg, 2, }) N {Usz}ece =
{U0.,,04, -} for z; € {0,1}. By Theorem 2, there exists weights w(€) under a
given prior such that §vetermz = S~ . w(€)Y(8) is a MIV LUE with sup-
port e term.zi - Qrecifically, examples of priors include the following, depending on
whether z; = 0 or z; = 1. First consider z; = 0, i.e. EWetermO = £((0 0),(d;,0)}.

Let Xt term0 he defined such that parameters Var(a) = Var(f;4,) = 0 and vari-
(c:two term,1 __

ances of all other parameters are positive. Now consider z; = 1, i.e.
{(0,1),(d;,1)}. Let Xtweterml he guch that Var(f4) = 0, « = —6y,, Var(a) =
Var(fs1) > 0, cov(e,021) = —Var(a), and variances of all other parameters are pos-
itive while covariances are non-negative. The prior variance matrices Xm0 and
ptwo term, L ynform the MIV LUE weights. In particular, the MIV LUE weights given
by priors Xtwo term0 and ytwo termyl are equal to the weights of the two-term ALUESs
éivfio term.0 and émo term.L - pegpectively. That is, the two-term ALUEs are also MIV
LUEs for some prior.

We now consider guwr termd — £(0 (), (d,0), (d, 1), (d;, 1)}, where d € {1,...,d; —
1}. We consider the span of {0z }zcgow terma. In particular, the vector vy o €
span ({Uz }oregtour terma) N {Uz}ece, Where Uy, o = Ug,1 — Ug1 + Ugo. However, vy, ¢
{Uz}s1cgtour trm,a. Then by Theorem 2, there do not exist MIV LUEs for any prior
under our formulation with support gfour term.d,

gsix term,d

The set of exposures is a support for a six-term MIV LUE. We focus on

a generalized example of a six-term exposure set in the next section.

2.6.3 Example: Six-Term Exposure Set

For notational simplicity, we focus on exposures with two exposure components,
but the results generalize to cases with more than two exposure components
where all other exposure components are the same for all six exposures. Let
gsixtermm — £(00),(0,7), (m,0), (m, 5), (my,0), (my, )}, where j € {1,...,my} and
m € {1,...,m; — 1}. By Theorem 2, since {Uz/cgsix termm } = span ({Uzcgsix termm } ) N
{Tsce}, there exists a MIV LUE 65 '™ such that supp(f5 ferm) — gsix termm iy 5

1,m 1,mq

six term

Ty s a LUE, we can write

given prior. By Theorem 1, since 0

ésix term __ ay (HT(ml,O) — HT(O,O)) + Qy (HT(ml,j) - HT(o,j))

1,my
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+ g (HT(ml,j) — HT(mJ) —+ HT(mp) — HT(()’O)) , (2.22)

where the three estimators are ALUEs and a; + as + a3 = 1. Furthermore, by a

similar argument as in the proof of Theorem 1, the set of ALUEs

{étwo term,0 étwo term,j, éfour term,m} _ {HT(th) - HT(O,O), HT(ml,j) _ HT(O,j)7

1,m1 » Y 1,ma 1,mq

HT oy ) — HT(n,j) + HT(im,0) — HT{0,0)}

forms a basis for estimators with exposure set €5 ™™ Hence, we only need to
focus on the three weights aq, as, ag as opposed to the six weights on the different

exposures. Recall that in the previous section, we showed that the two-term ALUEs,

ntwo term,0 ntwo term,j
lel and 917m1

, are also MIV LUEs for some prior, and so it is possible that
a; = 1,ap = 0,a3 = 0 or a7 = 0,9 = 1,a3 = 0. However, since the four-term
estimator éi‘?ﬁ;term’m is not a MIV LUE for any prior, then a3 # 1. Although four-
term ALUEs are not MIV LUESs, exposures in the supports of four-term ALUEs may
still contribute to MIV LUEs. Through the weights ay, as, a3, we investigate how
much emphasis might be put on exposures that are “seemingly unrelated” to the
estimand of interest, such as exposures (m, j) and (m,0).

Solving for the MIV LUE weights given by the MIV LUE problem in Equa-
tion (2.20) given exposure set £5* *™MM and some prior XX M (see Appendix A.4),

we determine that

r(m, o>r<m,j>{r<m1,j>r<o, 0) — r(ms, o>r<o,j>}

5 (2.23)

3 =

@ and

where r(€) = Varv @)

D =r(m,,0) |:T(O, 0)r(m,0)r(my, ) + r(0, O)T(m,j)r(ml,j)}
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+r(ms,7) [r(ml, 0)r(m,0)r(0,5) + r(my, O)r(m,j)r(O,j)]
+ |:7“(m1, 0) + T(ml,j)] [7‘(0, 0)r(m,0)r(0,7) + r(0,0)r(m,0)r(m, j)
+7(0,0)r(m, j)r(0,7) + r(0, j)r(m, O)r(m,j)] ) (2.24)

Hence, the weight a3 is determined by the prior variance-covariance matrix 35 term

and design probabilities p(€) > 0 for € € £. Since we assume that the design is fixed,
we focus on how a3 changes as we vary the different prior variances.

We first assume that the parameters are independent, i.e. covariances of param-
eters are zero. Rearrange Equation (2.23) such that Var(6,,,) appears only in the
denominator of a3. Hence Var(6,,,) is inversely related to as, and the weight oy is

maximized as Var(6;,,) — 0. This makes sense since exposures with e; = m con-

four term,m
1,my

tribute the most in estimating 6; ,,,, when we are certain about 6, ,,, and 0 is
the only estimator in Equation (2.22) whose support contains exposures with e; = m.
If we are not as certain about 0, ,,, relative to the other parameters, we put more weight
on the two-term estimators.

Figure 2-2 shows the trajectories of ay, as, and as as Var(«), Var(0y,,), and
Var(6s ;) vary when the probability of a unit being treated follows the Bernoulli distri-
bution with probability 0.5, m; = 3, and mo = 1. In each of the panels, the variances
of parameters that are not varying are fixed to values aimed to maximize a3 (see

Appendix A.4 for details). That is, we set Var(6,,,) = 0.00001, Var(«) = 0.00001,

Var(6;,,,) = 100,000, and Var(f,;) = 1. In general, the weights depend on the

Var(6..,) As Var(,,,)
Var,,m,) Var(61,m,)

fraction increases, the weight oy is generally non-decreasing

two term,0

Ly , which corresponds

while s is generally non-increasing. This is because 6
to ai, does not contain the parameter 6, ;, but 6", "™, which corresponds to as,
contains the parameter 05 ;. When we are less certain about 6, ; relative to 0, ,,,, i.e.

when the variance of 0, ; is relatively larger than the variance of 0, ,,,, the exposures
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var(6,;) var(a) var(e )

100

0751
5
2050 —m8 —3=w—""—r" —
=

0251

0 OO L .
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Figure 2-2: The trends of weight oy, as, and a3 (indicated by line type and color)
for Var(6y,,) = 0.00001 and different values Var(«), Var(f;,,, ), and Var(f,;) as
indicated by the panels. Variances of parameters that are not varying are set to
values to maximize as: Var(a) = 0.00001, Var(6; ,,,) = 100,000, and Var(6, ;) = 1.

WO b ; . . . .
of A7, ™ contribute less to the estimation of 6y ,, . When we are more certain

about 0, ; relative to 0y ,,,, i.e. when the variance of 6, ; is relatively smaller than

the variance of 6 ,,,, the exposures of é'jv,vn'iferm’o contribute less to the estimation of
01,m,- Recall that the support of the four-term estimator contains exposures that are

found in both of the supports of the two-term estimators. Hence, the weight as is

not necessarily monotonic as % changes. The weight a3 increases in general
1,mq
Var(6,,,) . -6 —4 Var(6,,;) ;
aS Vot 3 O] approaches the interval (2 x 107°,2 x 107%). As Vart, ) falls outside

of (2 x 10752 x 107*), then a3z decreases. Hence, when the probability for a unit to
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be treated follows a Bernoulli distribution with probability 0.5, m; = 3, and mq = 1,

o is maximized if % is inside the range (2 x 1075,2 x 1074).
1,mq

Var(6,,,)
Var(a) -

increases, the weight a3 is non-decreasing, while the weight as is non-

The weights as and a3 also depend on Var(a), specifically on the ratio

Var(6,;)
As Val"(a;

éfour term,m
1,m

increasing. This is possibly explained because , which corresponds to as,

also has exposures with es = 0 in its support, which only depends on parameters «

and either 6, ,, or 6 ,,,. On the other hand, é?:ﬁferm’j only has exposures with e; = j

in its support. When the variance of « is relatively higher than the variance of 0 ;,

two term,j

1y . When the variance of « is

we prioritize the exposures in the support of g
relatively lower than the variance of 6, ;, we prioritize the exposures in the support of

the four-term ALUE compared to exposures in the support of 8:*° *™J When the

1,m1

other variances are fixed to values to maximize a3, we see that the weight a; does

Var(6,,,)
Var(a) °

The weight a3 approaches zero when we take the limit of the variances of o and

not depend on

61 m,, specifically Var(a) — oo and Var(6y,,, ) — 0. However, a3 remains non-zero
even in the limits of Var(fs ), both towards zero and towards infinity. Hence, even if
one is highly uncertain about 6, ;, exposures in the support of the four-term ALUE
may still contribute to the estimation of 6, ,,,. Taking the limits of the variances of
the parameters when the parameters are uncorrelated, the weight a3 is maximized at

the following:

Corollary 3. Consider a set of exposures

g e — {(0,0), (0, 5), (m, 0), (m, 5), (ma, 0), (ma, )},

where j € {1,...,mqo} and m € {1,...,m; — 1}. Under the assumption that all
covariances are zero, the weight o is maximized when we take Var(«), Var(6, ,,) — 0,

Var(6y m,) — 00, and Var(f, ;) < co. Given a design p(€) for € € £, the maximum of
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ag is constant and depends only on the design:

p(m, j)plma, j
max Var(a),Var(61,m) {OéS} - ( ) ( ! )

. . . (2.25)
Var(01,m, ),Var(02,;) [p(()?.]) + p(m7])] [p(mh 0) + p(mbj”

The maximum contribution of potential outcomes corresponding to exposures with
e; = m depends on the design. The choice of the design is out of the scope for this
paper, and future work may be done on this topic. Under the conditions when as
is maximized, we require Var(6; ,,, ) — oo, Var(#;,,) — 0, and Var(a) — 0. Thus,
estimators with a weight a3 equal to Equation (2.25) formally lies on the boundary
of the set of MIV LUEs. However, since we considered the set of MIV LUEs to be
closed for convenience, estimators with as equal to Equation (2.25) are MIV LUEs.

When covariances between parameters are non-zero, similar deductions can be
made—the weights a1, s, a3 depend on the overall variances of the potential out-
comes of the corresponding estimators. Figure 2-3 shows the trends of the weights a4,
oy, and aj as the correlation between pairs of parameters: cor(a, 6, ), cor(a, 01 1, ),
and cor(fs;,01,m,) changes when the probability for a unit to be treated follows a
Bernoulli distribution with probability 0.5, m; = 3, and ms = 1. Note that ay, as, ag
do not depend on the covariances when the variances of parameters are taken to max-
imize as. Hence, we consider when Var(f; ,,,) = 0.00001 and Var(6,,,,) = Var(a) =
Var(f,;) = 1. Since the variances are equal to 1, the correlations here are equiv-
alent to the covariances between the parameters. The sign of cor(a, 6, ;) indicates
whether the variance of potential outcomes with exposures where e; = j increases
or decreases since all potential outcomes contain the baseline effect a—a negative
correlation indicates a decrease in variance while a positive correlation indicates an
increase in variance. As cor(a, 65 ;) increases, the weight «; increases while the weight

ap decreases—we are more certain about the parameters corresponding to exposures

in étwo term,0

. . Atwo t j
o) than the parameters corresponding to exposures in 6" ““™/ The tra-

1,m1
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Figure 2-3: The trends of weights ay, as, a3 (indicated by line type and color) for
Var(6 ,,) = 0.00001 and Var(6; ,,,) = Var(a) = Var(f,;) = 1 and different values of

cor(a, b ), cor(a, 01 1, ), cor(by m,, 02 ;) as indicated by the x-axis.

jectory of weight ay follows a similar pattern of the trajectory of a; as cor(a, 6 ;)
varies, but at a smaller magnitude. By a similar argument, as cor(a, 61 ,,,) increases,
the weight o decreases as the weight aw increases. However, the trajectory of weight
az now follows a similar pattern of the trajectory of as. Since oy and a3 correspond
to estimators whose supports contain exposure (mq, 7), we also see that ay and a3 de-
crease as cor (s j, 01, ) increases and oy increases with cor(6sy ;, 601 ,,,). Overall, when
covariances are non-zero, the weight a3 is generally smaller than when covariances
are zero. However, even when covariances are non-zero, we see that exposures with

e; = m may contribute to the estimation of 6 ,,,.
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2.7 Simulations

In the previous chapter, we characterized MIV LUEs through their supports which
vary depending on the prior distribution. Here, we evaluate the performance of the
MIV LUEs presented in Chapter 2.6 through simulations to estimate network inter-
ference effects as described in Example 2. Recall that we assume that the potential
outcomes of a unit depend on the unit’s treatment and the treatment of the unit’s
neighbors. In particular, we assume a binary treatment and assume that the potential
outcome of a unit depends on the number of treated neighbors and not necessarily
which units are treated. The set of exposures is given by € = {€": € = (d?, z;) }, where
d? € {0,...,d;} is the treated degree, or the number of treated neighbors. Further-
more, d; is the degree of unit ¢, and z; € {0, 1} is the treatment assignment of unit i.

Under additivity, the potential outcome of unit i, given exposure €;, is given by:
Yi(@) = o + 0z + Y 00 1{dz = d}. (2.26)
d=1

Here, we include i as a superscript and subscript to indicate different parameters,
exposures, treatment assignments, and treated degree for different units. We focus
on directed networks here, but results can be applied to undirected graphs. In the
case of directed networks, d; is the in-degree of unit ¢ or the number of edges pointing
at unit .

The parameter of interest is 9?@, which is the interference effect when the treated
degree is equal to the degree of the unit versus when the treated degree is zero.
More specifically, we are interested in the average interference effect when all of
the neighbors of a unit versus none are treated, 14, = £ 3" | 9% We compare
the performance of various linear estimators with inverse probability of exposure
weighting:

Two-term Horvitz-Thompson for untreated units: Horvitz-Thompson inverse
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_ Hei=(d:;,0)} ~ {e=(0,0)

probability weighting estimators where w;(€;) = o ldi O] (0.0) } The two-term

Horvitz-Thompson estimator for untreated units is unbiased even when additivity
does not hold. We denote this estimator as HTj.

Two-term Horvitz-Thompson for treated units: Horvitz-Thompson inverse

probability weighting estimators where w;(€;) = H{i";g,lis)} — H{ii:(éol’;)}. We denote

this estimator as HTj.

Average Horvitz-Thompson: Horvitz-Thompson inverse probability weighting es-

. — 1 ]I{é'i:(di,l)} H{a:(o,l)} 1 H{giZ(di,O)} H{€¢=(0,0)}
timators where w;(€;) = ;5 ol e }—1-5[ i 0) T no0.0) ] We

denote this estimator as HT 4,,.

MIV LUE with Independent Priors: LUE where weights are given by solving the
MIV LUE problem with prior distributions: (", Qg;)l, (9&1;)1, 9% ~ N(0,1) for all d €
{1,...,d;}. We assume that priors are uncorrelated between units and independent
between parameters. We denote this estimator as M;,,4.

MIV LUE with Dilated Priors: LUE where weights are given by solving the MIV
LUE problem with prior distributions: ¥ ~ A(0, 1), 952)1 =a, and 9% = d%m xa®
for all d € {1,...,d;} for a fixed value of ;. Note that the prior variances are:
Var(Gg)l) = 1 and Var(@ﬁ?i) = (%771)2. We assume that priors are uncorrelated
between units. However, there are covariances between the parameters. We let n; = 1
for our simulations, and we denote this estimator as Mp,;.

Recall that Aronow et al. (2017) proposed the linear unbiased estimator HTj to
estimate the network interference effect. Under additivity, the other estimators: HT7,
HT vy, Mg, and Mp; are also linear unbiased estimators. However, the supports of
HTpy and HT are of size two, whereas HT 4,5, Mpnq, and Mp; puts non-zero weights
on more than two exposures. Specifically, the support of HT,, is equal to the union
of the supports of HT, and HT}, while the supports of M;,; and Mp; may be equal

to the entire set of exposures.
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We fix the design to be a Bernoulli design where the probability of being treated

is 0.5. The probability of a given exposure is then given by:

P(e=(d,z)) = (‘f;) 0.5% 1, (2.27)

For each simulation, we sampled 1000 sets of parameters for each unit to generate
the potential outcomes. Unless otherwise specified, we generated the parameters for
the potential outcomes as follows: a<i>,9§f{,9§f; ~ N(0,1) for all d € {1,...,d;}.
Hence, the sampling distribution for the parameters for the potential outcomes may
be different from the prior distributions used for the estimators of interest.

We compare the estimators using the integrated mean squared error (IMSE), which
is integrated over the parameters as in the integrated variance. Under additivity, the
estimators considered are unbiased, and so IMSE is largely driven by the integrated
variance. We evaluate the performance of the estimators under settings of: varying
the number of units and the number of edges, varying the level of additivity and

interference, and varying the potential outcome distributions.

2.7.1 Varying Number of Units and Number of Edges

We first investigate how the IMSEs of the estimators change as we vary the size of
the network. In particular, we vary the number of units and the number of edges
in a network. For each n = 10, 20,...,50, we generated k-regular directed networks,
where each unit has in-degree k, for k = 2,4,6,8. For example, Figure 2-4 shows
a 4-regular directed (as indicated by the arrows) network with 40 nodes. We fixed
the networks while we sampled different sets of potential outcome parameters and
iterated through the treatment allocations. Since each unit in a k-regular network
has the same in-degree, each unit contributes equally to the estimation of the average

interference effect. For networks with n = 10, for each sampled set of parameters,
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Figure 2-4: Directed 4-regular network with forty nodes and each unit has in-degree
of four. Arrows indicate directions of edges.

we computed the IMSE using all 2!° possible treatment allocations. For networks
with n = 20,30, 40,50, we computed the IMSE over a sample of 1500 treatment
allocations. Hence, for n = 10, we computed the exact integrated bias and variance
whereas we estimated these for n = 20, 30,40, 50. Potential outcomes were simulated
under additivity, i.e. there were no interaction effects. Hence, in this simulation
setting, we expect HT,q to perform the best since the prior of HT7,4 matches the
distributions of the parameters for the potential outcomes.

Figure 2.5 shows the IMSE for the estimators as the number of units (indicated

by x-axis) increases for different values of k (indicated by panels). Overall, the IMSE
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Figure 2-5: IMSE for estimators (indicated by color and line type) when the number
of units (indicated by x-axis) increases for a k-regular network for different values of
k (indicated by panel) under additivity and when mean interference is zero.

decreases as the number of units increase. Since all units have the same in-degree
and hence the same exposure distribution, increasing the number of units leads to
a decrease in the IMSE. On the other hand, as the number of edges (or in-degree)
k increases, the IMSE increases for all estimators. This is possibly explained by the
fact that as the number of edges increases, the probability of a unit having treated
degree zero or treated degree d; decreases. Weights on exposures with treated degree

equal to zero or d; then increase with k since weights are inversely related to the
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probabilities of exposures. On the other hand, weights on other exposures are either
zero (for two-term HT estimators and HT4,,) or are relatively smaller (for M4 and
Mp;) since the probability of exposures with e; € {1,...,d; — 1} increase with k,
leading to a greater IMSE.

The red, dashed line indicates the IMSE for HTy. Under additivity, HT} is also
a linear unbiased estimator of 6, 4, but HT} has higher IMSE than HTy. This is
likely due to the extra variance introduced by the treated units. However, there is
a significant reduction in IMSE across the different panels when we average both
HTy and HTy. Indeed, the IMSE of HTy,4, given by the purple, long-dashed line, is
lower than the IMSEs of HT, and HT;. There is an additional reduction in IMSE
when we take the integrated variance into account and compute weights to minimize
the integrated variance. Although the IMSEs of My, and Mp; are only slightly
lower than the IMSE of HT}y,,, we still see the benefit of using optimal weights.
Furthermore, My, 4 performs the best as expected. The performance of the estimators
suggest that there is an advantage in leveraging information from all data available

as opposed to just using a subset of units.

2.7.2 Varying Interference Effects and Deviations from Additivity

Throughout this chapter, we derived linear unbiased estimators under the assump-
tion that causal effects are additive. In this section, we examine the robustness of
the MIV LUEs when the additivity assumption is violated. We represent varying
levels of additivity through an interaction effect between the direct effect and the
interference effect. Potential outcomes in this section were simulated according to

the parameterization:

dz‘ di
Yi(@) = o + 080+ Y 00{dr = d} + > AP x1{d% = d}, (2.28)
d=1 d=1
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where a(")ﬁg)l ~ N(0,1), and QY’Z ~ N(d%,ul, 1) and Ag) ~ N(dii51,]l{517di > 0})
are the interference effects and interaction effects, respectively. When Ag) = 0 for
all d € {1,...,d;}, additivity holds. We simulated potential outcomes under p; €
{0,10,50} and 6; € {0,2,4,6}. Note when §; = 0, we set Var(Ag)) = 0 so that
Aﬁj) = 0 to ensure that additivity holds. Even though interference effects were not
necessarily mean zero, we maintained zero-mean priors to evaluate the performance
of our estimators when the priors do not match the potential outcome distributions.
In particular, we estimated average nework interference effects on a 4-regular graph
when n = 40.

Figure 2-6 shows the IMSE of the estimators as the interaction effect increases
when the mean interference effect is 0, 10, and 50 (indicated by the panels). As the
mean interference effect increases across the three panels, the IMSE increases for all
estimators. Since we used zero-mean priors to derive the MIV LUEs, it is reasonable
that when the potential outcome distributions stray further away from the prior
distribution, all estimators do not perform as well. When the true mean interference
effect is zero and additivity holds, M,4 outperforms the other estimators, as expected.
However, as the mean interference effect increases, Mp;; actually outperforms Mjy,q4,
despite the fact that the potential outcome parameters are independent. Hence, there
may be slight concerns when using an estimator with weights obtained from a prior
distribution different from the potential outcome distribution. Even though M,
does not perform the best when the mean interference is non-zero, in general, the
multi-term MIV LUESs outperform the other estimators.

As the interaction effect (indicated by x-axis) increases, the IMSEs of estimators
increase in general. However, since HTj puts non-zero weight on untreated units, it
is invariant to the interaction effect. Furthermore, it is the only estimator considered

that is unbiased even when additivity does not hold. When the interaction effect is not
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Figure 2-6: IMSE for estimators (indicated by color and line type) when the inter-
action (indicated by x-axis) and interference effects (indicated by panel) vary for a
40 node 4-regular graph.

zero, the other estimators are biased, which partially explains the increase in IMSE as
the interaction effect increases. In particular, HT} performs the worst as it only puts
non-zero weights on treated exposures, and so the interaction effect is always present.
However, even when the interaction effect is non-zero, i.e. when additivity does not
hold, we see that there are instances when HT 4,4, Minq, and Mp; outperform HTy.
This is especially seen as the mean interference effect increases. Indeed, when the

mean interference effect is equal to 50, the three estimators outperform H7Tj for all
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of the values of interaction effects considered. This suggests that the estimators are
fairly robust to violations of the additivity assumption, especially when the mean
interference effect is large. Furthermore, as the interaction effect increases, there is
a bigger distinction between the IMSE of HTY,, and the IMSEs of Mp,q and Mp;,
which was not seen in the previous section when additivity holds. Hence, there is
a benefit in using Mp,q and Mp;, over HTy,,, especially when additivity does not

hold.

2.7.3 Varying Potential Outcome Distributions

Lastly, we compare estimators in settings with different potential outcome param-
eter distributions. In the previous sections, potential outcomes were sampled such
that units and parameters were independent. When additivity holds and the true
mean interference effect is zero, My,4 outperforms the other estimators. In this sec-
tion, in addition to the independent parameters, we also simulated potential outcome
parameters under a dilated distribution where parameters are correlated. That is,
ol ~ N(0,1), Gél)l = a®, and 9% = d%ma(i) for n; = 0,1,5,10,50. Under this
setting, we expect Mp; to perform the best. We compared results for a 4-regular
graph with forty nodes.

Figure 2-7 shows the IMSEs of the different estimators under the independent
and dilated potential outcome distributions (indicated by panel) as we vary n; or
p1 (indicated by x-axis) for the dilated and independent distributions, respectively,
and assuming that additivity holds. The IMSEs for estimators under the two differ-
ent potential outcome distributions are fairly similar, with estimators using potential
outcome parameters sampled from independent Normal distributions having slightly
higher IMSEs. As seen in Chapter 2.7.2 when we varied the magnitude of the interfer-
ence effect, the IMSEs of the estimators increase as the interference effect increases.

The performance of the estimators under different potential outcome distributions
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Figure 2-7: IMSE for estimators (indicated by color and line type) under different
potential outcome distributions (indicated by panel) as the interference effect varies
(indicated by x-axis) under additivity for a 40-node 4-regular graph.

reflected the results seen in Chapter 2.7.1. HT performs worse than HTj, but HT 4.,
M4, and Mp; outperform HTy, with Mp,; and Mp;; generally performing the best.
The multi-term MIV LUE whose prior distribution matches the distribution of the
potential outcomes performs the best when the true mean interference effect was
low, as expected. However, when p; and 7; increase, the multi-term MIV LUE
whose prior distribution matches the distribution of the potential outcomes does not
perform as well. Even so, the IMSEs of the two multi-term MIV LUEs are comparable.
Hence, even if we use a prior distribution that does not match that of the potential

outcomes, there is benefit in the multi-term MIV LUEs since they outperform the
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other estimators.

2.8 Discussion

We proposed linear unbiased estimators for general causal effects as specified by ex-
posure mappings under the assumption of additivity across exposure components.
Under this assumption, the space of linear unbiased estimators becomes much larger,
and exposures that are “seemingly unrelated” to the estimand of interest can con-
tribute to the estimation. We can then leverage the information from units under
other exposures not in the estimand of interest. Given the set of exposures, we de-
fined linear constraints for when these LUEs exist, and we introduced a class of atomic
estimators which, when combined with some unbiased estimators for zero, forms an
affine basis for the set of LUEs. Additionally, we characterized an optimal subset of
LUEs with minimum integrated variance.

In general, there is benefit to adding non-zero weight to more exposures. Even
if we just take the average of the two-term Horvitz-Thompson estimators for un-
treated and treated units (hence putting non-zero weight on four exposures), we saw
a significant reduction in IMSE compared to the IMSEs of each of the two-term es-
timators separately. If we further compute optimal weights for a LUE given a prior
distribution, there is an additional reduction in the IMSE. However, these multi-term
estimators are only LUEs under additivity. Under additivity, these multi-term estima-
tors perform well in practice. Although we require additivity for theoretical results,
the multi-term estimators are fairly robust to violations of additivity in practice. In
fact, these multi-term estimators outperform two-term estimators for low levels of
interaction effects and large interference effects.

Besides from additivity, we assumed that priors were uncorrelated between units

which allowed for easier computation of the variances of estimators. By assuming
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independent priors between units, we only had to account for the prior variances for
unit ¢ when computing the LUEs for the unit-level effect. Estimators may be derived
to account for the covariance between units when computing the integrated variance.
However, when priors are correlated between units, we are likely not able to derive a
closed form solution. Furthermore, we did not discuss estimators for the variance in
this chapter. To derive estimators for the variance, we may leverage the work done in
Aronow et al. (2017), who derived estimators for variances for two-term estimators.
However, in our work, estimators may have more than two terms. Since we have to
account for covariances between the various Horvitz-Thompson terms, estimators for
the variance could be quite complicated.

Although we focused on experimental settings, we would like to extend our multi-
term MIV LUEs to observational studies as a next step. In the context of obser-
vational studies, we would likely have to account for noise in the exposure mapping
and noise in the probability of exposures. In our current work, we did not make any
assumptions about the treatment effects, but we did assume that the exposure map-
ping was known. If the exposure mapping used is not the true underlying exposure
mapping, which could happen in both experiments and observational studies, then
results may not be accurate. Aronow et al. (2017) showed that in the case when
an exposure mapping maps two treatment allocations to the same exposure, but the
potential outcomes under the two treatment allocations are different, the two-term
estimator H'Tj is unbiased for a weighted average of the potential outcomes under the
different treatment allocations. In our case, we could possibly account for the various
types of noise in the exposure mapping. Furthermore, we assumed that the probabil-
ity of exposures were known, which is typically not true in observational studies. In
observational studies, we would have to estimate the probability of exposures using a

model given covariate variables. Therefore, we would like an estimator that is doubly
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robust (Robins et al., 1994; Li et al., 2021). However, unlike the typical doubly robust
models, where one can make misspecifications in the outcome model or the treatment
model, we would ideally want an estimator that is robust to misspecifications in the
exposure mapping and/or the probability of exposure model. Lastly, inclusion of co-
variates was not discussed in this work, but we would likely benefit from including
information from covariates when estimating treatment effects and can better quan-
tify treatment effect heterogeneity. Again, we could possibly leverage the work of
Aronow et al. (2017) who proposed linear unbiased estimators for treatment effects
using models that account for the covariates.

In summary, in this chapter, we characterized the set of linear unbiased estima-
tors under the assumption of additive exposures. We further specified conditions of
supports of estimators that lead to MIV LUEs with non-zero weights on all exposures
in the support. Using these proposed MIV LUEs, we saw an added benefit of incor-
porating information from all units as opposed to two-term LUEs which only place

non-zero weight on units with exposures in the estimand of interest.
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Chapter 3

Treatment Effect of Drug-Induced
Homicide Prosecutions Reported by the
Media on Drug Overdose Deaths

3.1 Introduction

We now transition to an observational study where we estimate the treatment effect
of drug-induced homicide (DIH) prosecutions reported by the media on drug overdose
deaths. In particular, we focus on the question: what is the effect of having any drug-
induced homicide prosecutions versus none on drug overdose deaths? We estimate the
treatment effects using data that is collected over time. First, units can be treated
at different time points, and so at each time point, the treatment and control groups
can be different. In addition, treatments, confounding variables, and outcomes were
collected at every time point—a repeated outcomes setting. With the additional
consideration of time, we have to account for additional complexities. In particular,
in a repeated outcomes setting, confounding by indication may occur. Confounding by
indication occurs when there are differences between the treatment and control groups
due to selection bias based on the predictors of the outcome. For example, states with
a bigger drug overdose problem may be more likely to prosecute more people in hopes
of potentially reducing the number of drug overdose deaths. If pre-treatment factors
are not taken into account, then estimated treatment effects may be biased. Hence,

there may be dependencies of treatments, outcomes, and confounding variables on
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Figure 3-1: Causal diagram for a subset of time points for the question: what is the
effect of having any drug-induced homicide prosecutions vs. mone on drug overdose
deaths?

the past treatments, outcomes, and confounding variables. Figure 3-1 shows the
causal diagram for multiple time points. The dotted lines represents the potential
dependencies between the different time points. Note that the causal diagram shown
only represents a snapshot in time, and the full causal diagram would contain variables
and dependencies for all time periods. Hence, the estimation of treatment effects of
drug-induced homicide prosecutions on drug overdose deaths is more complicated
than in traditional causal inference settings.

This work was done jointly with Leo Beletsky, J.D. (Northeastern University) and

Natasha Martin, DPhil (University of California, San Diego).

3.2 Background

Since 2000, the drug overdose death rate tripled, from 7.0 deaths per 100,000 people
in 2000 to 22.7 deaths per 100,000 people in 2019 (Xu et al., 2021). In just one

year, from 2018 to 2019, the death rate for drug-induced causes increased by 4.6%
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(Xu et al., 2021). As the world struggles with the COVID-19 pandemic, there are
additional concerns that the coronavirus emergency may compound the overdose risk
in the United States through exacerbating social isolation and despair (which are
contributing factors to opioid addiction) and perturbing drug markets, further fueling
the ongoing overdose crisis (Friedman et al., 2020a; Volkow, 2020; Wakeman et al.,
2020). As the number of drug overdose deaths continued to grow through the 20th
and 21st centuries, governments on all levels passed a number of policy measures.
Although some of the policy measures passed followed an evidence-based public health
approach (such as 911 Good Samaritan laws), there are also policy responses that are
carceral and punitive. We focus on one of these policy responses: drug-induced
homicide (DIH) prosecutions.

In 1986, the U.S. Congress passed the Anti-Drug Abuse Act, which includes a
law in which anyone who knowingly or intentionally distributes controlled substances
resulting in death is subject to a sentencing enhancement of a 20-year mandatory
minimum in prison (21 U.S. Code §841, 1986). A number of states also passed sim-
ilar DIH laws to punish those who distributed drugs resulting in death. However,
until 2000, these laws were almost never invoked in drug law enforcement (Health in
Justice Action Lab, 2021). As the drug overdose crisis grew, these DIH laws became
an increasingly popular tool because of a theory that the perceived threat of harsh
legal sanctions deters illicit drug activity, thus preventing overdose deaths. As of Jan-
uary 2019, the Prescription Drug Abuse Surveillance System (PDAPs) suggests that
23 states have specific DIH laws. However, many states without specific DIH laws
have also used generic manslaughter or felony murder laws to charge drug-induced
homicide.

States adopt DIH laws as deterrents in order to send a message by targeting high-

level drug dealers with steep penalties, thereby deterring drug trafficking, reducing
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illicit drug supply, and preventing overdoses as a result (New Jersey Revised Statutes
§2C:35-1.1, 1987). Per the wording of DIH laws, though, anyone who distributes con-
trolled substances, including friends and family members of victims, can be prosecuted
(People v. Boand, 838 N.E.2d, 2005). Thus, the message intended for high-level drug
dealers may be reaching friends and family members of victims and low-level drug
dealers instead, as these are the individuals who are modally prosecuted (LaSalle,
2017; Walker, 2017).

As a result, due to legal liability concerns, DIH prosecutions may be discouraging
people from seeking help during a drug overdose (Carroll et al., 2021) and may in
fact be aggravating the overdose risk. Despite these conflicting notions, the effect of
DIH prosecutions on overdose death risk has never been empirically assessed. Hetero-
geneity in state-level adoption of DIH prosecutions in response to the overdose crisis
provides an opportunity for quantitative modeling of the effect of DIH prosecutions
on fatal overdose patterns. Here, we estimate the effect of DIH prosecutions reported

by the media on drug overdose deaths.

3.3 Data

3.3.1 Outcome: Unintentional Drug Overdose Deaths

To assess the effect of DIH prosecutions reported by the media on drug overdose
deaths, we obtained monthly outcome data on unintentional drug overdose deaths for
people who were at least 18 years old for all 50 U.S. states from 1999 to 2019 from the
Centers for Disease Control and Prevention (CDC), using International Classification
of Diseases, Tenth Revision codes X40-X44. However, the CDC suppresses the number
of drug overdose deaths if it is below ten, leading to missing monthly data. Even
though the monthly data were sometimes missing, we were able to obtain most of

the yearly data since almost all of the number of unintentional drug overdose deaths
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surpassed ten when aggregated yearly. If the yearly total number of drug overdose
deaths were missing in a state, we imputed the missing yearly totals by dividing the
total number of unaccounted drug overdose deaths in that state from 2000 to 2019
equally by the number of years for which the yearly number of drug overdose deaths
were missing.

Using the yearly number of drug overdose deaths, combined with linear interpola-
tion, we imputed the missing monthly number of unintentional drug overdose deaths
in 2000-2019 as follows. For state s, we first linearly interpolated the number of
unintentional drug overdose deaths for month m in year w with missing outcomes
(indicated by Cj.m = 1). Denote the linearly interpolated number of unintentional
drug overdose deaths in state s for month m in year u by v, .. To ensure that the
imputed monthly drug overdose death data were consistent with the yearly CDC data,
we weighted the interpolated values as follows. First, we computed the number of
yearly overdose deaths that were not accounted for by the non-missing monthly data
using the observed number of yearly drug overdose deaths (ys,) and the observed,

unsuppressed, number of monthly drug overdose deaths (ysum):

12
# of unaccounted OD deaths in state s, year u = ys,, — Z Ysuin (1 — Csum) -
=1

Using the total number of drug overdose deaths that were not accounted for by the
monthly data, we scaled the linearly interpolated outcomes, v, ., by a factor so
that the total number of imputed drug overdose deaths in a year is equal to the total
number of drug overdose deaths that actually needed to be imputed for that year for
that state. Thus, the number of imputed unintentional drug overdose deaths for state

s for year u at month m was:

~ o ys,u - Zi*jzl ys,u,fh (1 - Cs,u,rh) /
Ysum = 212 , ys,u,m'

m=1 ys,u,ﬁl S,u,m

(3.1)
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If there were no suppressed values in state s in year u, we did not need to calculate
this imputed value. If we could not linearly interpolate the values for a specific state-
year-month combination (e.g. when there were a sequence of suppressed monthly
drug overdose deaths), we imputed the number of overdose deaths by dividing the
total number of unaccounted overdose deaths in state s in year u evenly amongst the

months for which the outcome data was suppressed:

g - ys,u - 271712:1 ys,u,ﬁL (1 - Cs,u,ﬁm) (3 2)
s, u,m — 12 . .
Z’Ih:l Cs,u,fn

We then aggregated the number of unintentional drug overdose deaths into six-month

intervals (from January to June and July to December) per year and analyzed the
data as such. Since, in general, we observed the yearly number of drug overdose
deaths, the imputation process of the missing monthly unintentional drug overdose
deaths essentially just allocated the observed yearly number of overdose deaths to the

two six-month periods.

3.3.2 DIH Prosecutions and Other Policy Measures

In the absence of centralized criminal justice data tracking DIH prosecutions, we used
data detailing mass media coverage of DIH prosecutions in 2000-2019 collected by
the Health in Justice Action Lab (Health in Justice Action Lab, 2021). Using Media
Cloud, a web-scraping media analysis tool, web articles published between 1978 and
April 2021 that were related to drug-induced homicide cases were identified. We
then filtered the data to exclude DIH prosecutions reported by the media where the
victims were known to be younger than 18 years old. The resulting dataset was then
analyzed to check for relevance and duplication. We focused on DIH prosecution
media reports because media reports are a good medium to spread information about

DIH prosecutions since they are readily available and widely accessible. Furthermore,
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media reports captured the intended effect of DIH prosecutions—to deter people from
using and distributing drugs by instilling fear of being prosecuted for homicide.

The dataset used for the analysis consisted of information such as the date and
the state where each individual was charged. For each state, the intervention date
for DIH prosecutions reported by the media was the first charge date that we found
for DIH prosecutions reported by the media in the state in 2000-2019. We denote
the intervention date for state s as 7). The intervention dates for the intervention
of interest, DIH prosecutions reported by the media, for each state can be found in
Table B.1 in Appendix B.1. We focused on the years 2000-2019 because 1) the CDC
data on unintentional drug overdose deaths date back only to 1999 and 2) prior to
2000, states rarely prosecuted people for drug-induced homicide (Figure 3-2).

To address the growing drug overdose risk during this time period, states also
adopted other policies. To account for potential confounding due to other policy
measures, we obtained data on the following additional policies that have been seen
in prior research to potentially impact drug overdose deaths (Abouk et al., 2019;
McClellan et al., 2018). From the Prescription Drug Abuse Policy System (PDAPS),
we collected data on the presence of naloxone access laws— one law where pharmacists
can dispense naloxone without a prescription (NAL: can dispense) and one law where
pharmacists cannot dispense naloxone without a prescription (NAL: cannot dispense),
the presence of legalized medical marijuana laws (MML) and recreational marijuana
laws (RML), the presence of 911 Good Samaritan laws (911 GSL), and the presence
of Prescription Drug Monitoring Programs (PDMP) in each state. Data on whether a
state expanded Medicaid as part of the Affordable Care Act were also collected from
the Henry J. Kaiser Family Foundation. Intervention dates for the relevant policy

measures for each state can be found in Table B.2 in Appendix B.1.
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Figure 3-2: The yearly number of drug-induced homicide charges per year in the
U.S. from 1974-2019 collected by the Health in Justice Action Lab.

3.3.3 Intervention Definition

Our primary focus was to estimate the effect of having at least one DIH prosecution
media report versus never having any DIH prosecutions reported by the media on
unintentional drug overdose deaths. We defined the intervention variables for the
other relevant policy measures and the DIH prosecutions reported by the media in
the same way, and so we describe the intervention variable in the context of DIH
prosecutions reported by the media. Denote the six-month time interval ¢ as Z; =
(D¢ 1, Dy ) where Dy and D, g, indicate the first and last dates of time interval ¢,

respectively. For each time interval ¢, the intervention variable was defined as the
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proportion of days in time interval ¢ in which the intervention was in effect:

(

0 if Dy <T:

Aprimary .
s,t -

1 if Dy > T - (3.3)

# of days exposed to intervention in Z; FT e T
\ number of days in Z; s t

That is, if by the end of time interval ¢, there had not been any DIH prosecutions
reported by the media in state s, then Agfjm”y = 0. If by the beginning of time
interval ¢, there had been at least one DIH prosecution reported by the media in
state s, then A}jf;mary = 1. Otherwise, if the intervention date for state s occurred in
7, Ag’fgm“y is equal to the proportion of days in the time interval in which the state
was exposed to the intervention.

As a secondary analysis, we assumed that the treatment effect of DIH prosecu-
tions reported by the media only lasted for two years. In this secondary analysis, the
intervention variables for the other policy measures were defined as in the primary
analysis. However, the intervention variable for DIH prosecutions reported by the
media was defined slightly different. We now have to account for all the DIH prose-
cutions reported by the media in state s, as opposed to just the first one. Let k(%)
and k, 1,(t) be the indices of the first and last DIH prosecutions reported by the media
in state s at time interval ¢, respectively. If there were no DIH prosecutions reported

by the media in state s at time interval ¢, then ks ;(t) = ks (t) = 0. Similar to the

primary analysis, for each state s and time interval ¢, we computed the proportion of
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time that a state was exposed to DIH prosecutions reported by the media:

1 if ko1(t —3), ks1(t —2),

orks1(t—1)>0

# of days exposed to intervention k, r,(t — 4) in Z;
Asec — number of days in Z,
8:t # of days exposed to intervention k() in Z;
number of days in Z,
# of days exposed to interventions k1 (t — 4) or ky1(t) in 7,
number of days in Z,

if oy p(t—4) > 0, k1 (t) = 0

if ks,L(t - 4) = 07 ks,l(t) >0

if kyp(t—4) > 0,ks1(t) >0

0 otherwise

(3.4)

Recall that each time interval ¢ consists of a six-month time period. Therefore,
t — M is the indicator for a six-month time interval occurring % years before time
interval ¢, e.g. 7, 4 indicates a time interval that occurred two years before time
interval ¢t. If there were any previous DIH prosecutions reported by the media in
state s within the time intervals Z; 3, Z; », or Z; i, then Ay = 1. Otherwise, if
there were any previous DIH prosecutions reported by the media in state s two years
prior to time interval ¢, i.e. ks (t —4) > 0, but no DIH prosecutions reported by the
media in time interval ¢, then A}y is equal to the proportion of days in time interval
t exposed to the last intervention from two years ago. Otherwise, if there were no
previous DIH prosecutions reported by the media in state s two years prior to time
interval ¢, but there were DIH prosecutions reported by the media in time interval ¢,
then AF% is equal to the proportion of days in time interval ¢ exposed to interventions
in time interval t. Otherwise, if there were DIH prosecutions reported by the media
in state s in Z; 4 and Z;, then A5 is equal to the proportion of days in time interval ¢
exposed to DIH prosecutions reported by the media either from two years ago and/or

DIH prosecutions reported by the media in time interval ¢. Otherwise, A3 = 0.
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3.4 Constant Treatment Effect

3.4.1 Model

We first assumed a constant treatment effect for DIH prosecutions reported by the me-
dia on unintentional drug overdose deaths. To analyze the effect of DIH prosecutions
reported by the media on the unintentional drug overdose death risk when assuming
a constant treatment effect, we used a difference-in-differences-like generalized addi-
tive model (GAM). The difference-in-differences model (Snow, 1856; Bertrand et al.,
2004) is often used to estimate policy effects by comparing outcomes before and after
policies were enacted (Powell et al., 2018; Abouk et al., 2019). The difference-in-
differences model relies on the parallel trends assumption, where in the absence of the
treatment, the difference in outcomes in the treatment and control groups is assumed
to be constant. We can then estimate potential outcomes for the treatment group,
had the treatment not occurred, for post-treatment time periods. The treatment ef-
fect in the treated is the difference between the observed outcome for the treatment
group and the potential outcome had the treatment group not received treatment.
In a classic difference-in-differences setting, there are only two time periods (before
and after treatment) and two groups of units (treated units and control units). In
our analysis, we applied the differences-in-differences model to a setting with forty
time periods and fifty states which can be treated at different time periods (Bertrand
et al., 2004). Hence, we also had to account for state and time effects, which we
estimated using a semi-parametric generalized additive model.

The generalized additive model (GAM) (Hastie and Tibshirani, 1990) assumes
that a function of the mean outcome is given by the summation of functions of

m < oo predictors:

JEY)) = fnlXim), (3.5)
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where ¢ is a link function and f,,, can be parametric or non-parametric functions such
as regression splines. For example, the ordinary least squares (OLS) model is a specific
example of GAMs, in which g is the identity link function and f,,(X,,) = BmnXm.
By using a GAM, we can estimate treatment effects using both non-parameteric
and parametric functions. We used a GAM to estimate smoothed time effects over
different U.S. regions using cubic regression splines. The list of states and their U.S.
regions were obtained from the U.S. Census (U.S. Census, 2018) (see Table B.3 in the
Appendix B.2).

We estimated the effects of the various interventions on a risk ratio scale as op-
posed to the risk difference scale (Powell et al., 2018; Abouk et al., 2019), since the
intervention effect could be proportionally higher in states with a higher overdose
death risk. Since the probability of a drug overdose death for a random person
was small (with a maximum probability of approximately 0.0003 in any state in a
six-month time interval), the odds ratio was essentially equivalent to the risk ratio.

Therefore, we fit the following logistic GAM to predict the overdose death risk:
lOth(E (}/s,t | S, t, Nt, Xs,t7 As,t)) = Qg + /77"(8) (t) -+ Nﬂﬂ -+ Xs,t5 -+ As,tﬁ7 (36)

where Y ; is the risk of unintentional drug overdose deaths in a state s at time interval
t, as indicates the state fixed effect of state s, 7,(5)(t) indicates the smoothed time
effects, which could differ by the U.S. regions of the states (denoted by 7(s)) and
estimated using cubic regression splines, /V; indicates the number of states exposed to
DIH prosecutions reported by the media by time ¢, X, indicates the various policy
measures (given by Equation (3.3)), and A, indicates the intervention of having any
DIH prosecutions reported by the media versus none given by Equations (3.3) and
(3.4). Note we included N; as a variable to measure additional time effects to avoid

treatment effects picking up time effects.
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3.4.2 Sandwich Estimator for Variance of ©

Under the logistic GAM, we typically assume independence between units. However,
this assumption may not hold in our setting of drug overdose deaths since there
may be dependencies between neighboring states and also within states between the
different time intervals. Hence, we could not use the standard errors estimated by
standard software. Instead, we derived a sandwich estimator (Van der Vaart, 1998)
for the standard errors of the logistic GAM (see Appendix B.3.1 for details). Denote
the vector of state fixed effects, time effects, other relevant policy measures, and the

DIH prosecutions reported by the media for state s at time interval ¢ by

I{state = s}
I{time = t}
Ty = N, . (3.7)
Xs,t
As,t

To derive the sandwich estimator, we made the following two assumptions.

Assumption 3.1. Consider states s and s’, where if s = &, let ¢/ < t, and if s # &,

let ¢ <t. Given Zs,t for state s and Zsl,t/ and Yy for state s’ at time interval ¢/,

Yor ik (Zoars Yo ) | Zo. (3.8)

Assumption 3.1 assumes that the dependence of unintentional drug overdose death
rates in state s at time interval ¢ on the state’s (and on other states’) past unin-
tentional drug overdose death rates, DIH prosecutions reported by the media, and
relevant policy measures was through the DIH prosecutions reported by the media
and relevant policy measures of state s at time interval ¢. Furthermore, we assumed

that given Zs,t, we have a correctly specified model for p; ;.

Assumption 3.2. Given the state fixed effects, time effects, other relevant policy

measures, and the DIH prosecutions reported by the media for state s at time interval
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t, denoted as Zs,t,

logit <]E(Y:9t ’ Zs,t = Es,t)) = Ds,t,0%5 (3.9)

where ps; o+, given by the true parameter ©%, is a correctly specified model for p; ;.
Under Assumptions 3.1 and 3.2, unintentional drug overdose deaths in a state
may depend on different states and on past time intervals, but the unintentional drug
overdose deaths in a state are uncorrelated with the outcomes and predictors from
different states and from past time intervals (see Appendix B.3.1 for a proof). The
sandwich estimator for the variance-covariance matrix equals:
2= %0—1 (Z (ysi - ps,tﬁéf Zs,t25t> (™7 (3.10)
S,

where

C = Z Zs,tzgtps,t,é (1 - ps,t,é) g

s,t

where we estimated the true parameter ©* by ©. We included a factor of %
in Equation (3.10) for bias correction, where N equals the number of state-time

combinations and d equals the number of parameters (Li and Redden, 2015).

3.4.3 Estimating the Number of Attributable Deaths

We also estimated the number of excess drug overdose deaths attributable to DIH
prosecutions reported by the media. To estimate the number of deaths in a state
that is attributable to drug-induced homicide prosecutions reported by the media,
we derived an estimator that is similar to the etiologic fraction (Miettinen, 1974).
Let 7t attributable deaths D€ the number of deaths attributable to DIH prosecutions
reported by the media in state s for time intervals ¢ where there were at least one

DIH prosecution reported by the media. The number of observed deaths in state s
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(as,t:())

s,t,overdose deaths denotes

at time interval ¢ is denoted by 705t observed overdose deaths, and 7
the number of unintentional drug overdose deaths that would have occurred had the
intervention not occurred in state s at time interval t. The number of drug overdose
deaths attributable to DIH prosecutions reported by the media was estimated by
computing the difference between the observed number of drug overdose deaths and

the estimated number of deaths had there not been any DIH prosecutions reported

by the media:

it i = — 3.11
N t attributable deaths = Tls,t,observed overdose deaths ns,t,overdose deaths? ( . )
where
. (a5,t=0) _ A(as,t=0)
ns,t,overdose deaths — !¥s,t,population X ps,t : (312)

That is, we estimated the number of drug overdose deaths had there not been any
DIH prosecutions reported by the media by multiplying the population in state s
at time interval ¢ by the estimated probability of drug overdose deaths had there
not been any DIH prosecutions reported by the media for state s at time interval ¢,

~(as,t=

denoted as pg, 0, Using the estimated effect of DIH prosecutions reported by the

A(CLSJ :0)

media, we estimated pyg, using (see Appendix B.4.1 for more details):
a = . - nS observed overdose deatns A
=0 = eapit (logzt( fyobeerved overdose denith ) —As,tﬁ), (3.13)
’ N g t,population

"'s.t,observed overdose deaths

where is the observed risk of unintentional drug overdose deaths

Ts,t,population
under the actual intervention. To find a 95% confidence interval for the number of
attributable deaths, we substituted B by the 95% confidence interval upper and lower

limits of 5.
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Figure 3-3: (a) Yearly number of unintentional drug overdose deaths in the 50
U.S. states from 2000 to 2019; and (b) Cumulative number of states exposed to DIH
prosecutions from 2000 to 2019.

3.4.4 Results

Figure 3-3(a) presents the yearly total number of unintentional drug overdose deaths
in the 50 U.S. states in 2000-2019 for victims who were at least 18 years old. The
total number of unintentional drug overdose deaths in the 50 U.S. states for those at
least 18 years of age ranged from 11,514 deaths in 2000 to 61,665 deaths in 2019. In
total, there were approximately 658,215 unintentional drug overdose deaths for those
at least 18 years of age in the U.S. from 2000 to 2019. Blue, solid lines in Figure
3-4 show the observed unintentional drug overdose death rates per 100,000 for each
state. Red, dashed lines in Figure 3-4 show the fitted values for the unintentional drug

overdose death rates per 100,000 people under the assumption of constant treatment
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effect. Figure 3-3(b) shows the cumulative number of states that had at least one
DIH prosecution media reported by the media from 2000 to 2019. The black vertical
lines in Figure 3-4 indicate the first intervention date of a DIH prosecution reported
by the media in each state. Hawaii was the only state without any DIH prosecutions
reported by the media by the end of 2019.

Exposure to DIH prosecutions reported by the media was associated with a 6.4%
increase in unintentional drug overdose deaths (risk ratio: 1.064; 95% CI: (1.012,
1.118)). Table B.4 in Appendix B.5 presents the risk ratios and 95% confidence in-
tervals for the exposure to DIH prosecution reported by the media and the other
relevant policy measures. We estimated a total of 33,115 (95% CI: (12,684, 52,776))
unintentional drug overdose deaths were attributable to DIH prosecutions reported
by the media in all states from 2000 to 2019 (Figure 3-5), which made up approx-
imately 5.03% (95% CI: (1.93%, 8.02%)) of the total number of unintentional drug
overdose deaths from 2000 to 2019. When we assumed that the effect of DIH prosecu-
tions reported by the media only lasted for two years, exposure to DIH prosecutions
reported by the media was associated with a 5.9% increase in unintentional drug over-
dose deaths (risk ratio: 1.059; 95% CI: (1.013, 1.107)). Further, we estimated a total
of 28,145 (95% CI: (6,511, 48,850)) unintentional drug overdose deaths attributable to
DIH prosecutions reported by the media which made up approximately 4.28% (95%
CIL: (1.92%, 6.55%)) of the total number of unintentional drug overdose deaths from
2000 to 2019. Hence, our results suggest that, when assuming a constant treatment
effect and controlling for other factors, exposure to DIH prosecutions reported by the
media may not decrease the number of drug overdose deaths. Instead, exposure to

DIH prosecution media reports is associated with an increase in drug overdose deaths.
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Figure 3-4: Results of fitted models (red and dashed) plotted against observed trend
(blue and solid) for all U.S. states in 2000-2019. Vertical black lines indicate the time
of the first DIH prosecution reported by the media for each state.
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Figure 3-5: Estimated yearly number of unintentional drug overdose deaths at-
tributable to DIH prosecutions reported by the media for main analysis (red with
circles) and secondary analysis (blue with crosses) with 95% confidence intervals
(dashed lines for main analysis and dot-dashed lines for secondary analysis) in all
50 U.S. states from 2000 to 2019.

3.5 Potential Issues with the Constant Treatment Effect
Model in Staggered Treatment Settings

When we assumed that the treatment effect of DIH prosecutions reported by the
media on drug overdose deaths was constant, we concluded that DIH prosecutions
reported by the media may have a harmful effect on drug overdose deaths. However,
there may be issues with the constant treatment effect model given by Equation (3.6).

First, for models which are linear in parameters, coefficients are consistent when

predictors are uncorrelated with the errors and the inner product of the design matrix
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is full rank (Wooldridge, 2010, p. 53, Theorem 4.1). Hence, even if there are not
enough data points to accurately estimate fixed effects, the estimated treatment effect
will still be consistent under the linearity in parameters. However, consistency of
parameters in non-linear models such as logistic regression models requires stronger
assumptions, and so consistency of parameters in non-linear models may not hold
(Wooldridge, 2010, p. 348, Theorem 12.2). If we do not have enough data points
to accurately estimate the fixed effects, the estimated treatment effect may also not
be accurate. Although we have forty data points for each state, we conducted a
sensitivity analysis using a GAM with a linear link function to compare our results to
a logistic GAM. We fit the same model as in Equation (3.6), but using a GAM with
a linear link function as opposed to a logit link function. For the GAM with a linear
link function, we transformed the risk of unintentional drug overdose deaths using
the log transformation. Because of the linearity in parameters in the GAM with a
linear link function, coefficient estimates are consistent. The risk ratios of the other
relevant policy measures with their 95% confidence intervals are found in Table B.5
in Appendix B.5. Using a linear link function, we estimated that having any DIH
prosecutions reported by the media when assuming that the treatment effect lasts
until at least 2019 is associated with a risk ratio of 0.975 (95% CI: (0.931, 1.021)), but
it is not statistically significant at level « = 0.05. When we assumed that treatment
effect only lasts for two years, we estimated a risk ratio of 1.014 (95% CI: (0.974,
1.056)). Hence, under a different model specification, the effect of DIH prosecutions
reported by the media was no longer statistically significant at level a = 0.05, and
we even estimated a potential protective effect.

Another potential issue with the difference-in-differences model given by Equa-
tion (3.6) is that we assumed that the treatment effects are constant. Consider a

general OLS difference-in-differences model with a constant treatment effect in a set-
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ting with more than two time periods:
Yie = i + 7 + BAu + €, (3.14)

where Yj; indicates the outcome for unit ¢ at time ¢, a; and +; indicate the unit
and time fixed effects, respectively, A;; is a treatment indicator where once a unit is
treated, it remains treated, and ¢; is a zero-mean error term. Following Borusyak
et al. (2021), by the Frisch-Waugh-Lovell theorem (Frisch and Waugh, 1933), we can

estimate § from Equation (3.14) using the following model:

Vi = AuB + éu, (3.15)
where f/;;t and /Lt are the residuals for the regressions regressing Y;; and A; on the
fixed unit and time effects, respectively (Borusyak et al., 2021). Furthermore, we
can model Y}, using the individual treatment effects: E (Y|Ay) = o + v + BiAu
(Borusyak et al., 2021). The coefficient (3 is given by:

cov (fit, flit> cov (Yit — M 4P, Ait) cov (Yit, Ait)
5 = ~ = ~ - ~ 9
var <Ait> var <Ait> var <Ait>

where the last equality holds since the residuals A;; are orthogonal to the projection

Yit

of Y;; on the space of unit and time fixed effects given by @gYit) + ’Ayt( ). We can then

estimate [ as follows:

Zit }/itfiit _ Zit <OAéz T /S/t T 5#14”) Ait _ Eit BitAitAit
Zit Az2t Zit Ath Zz’t AZQt ’

where the last equality holds since the residuals are orthogonal to ¢&; and #;. Letting

B =




7

B = ZwitBitAit = Z Wit Bir- (3.16)
it

it: Ay =1
Furthermore, note that ., , _, wi = 1 since

- -~ 1 A ~(A; ~(A; ~
A i AirAir 2 At (Ait + ag Y+ %( t)> > Al

Wit = = = = = = =
Z Z it A, Dt A, it A Dt A,

it:Ajp=1 it:Ajp=1

L,

where the second equality holds because A;; is a binary treatment indicator, the third

(Ast)

equality holds because &;" "’ and ﬁt(A“) are the coefficients for the unit and time fixed

effects using A;; as the response variable, and the second to last equality holds because

(Ait)

i &Z(A“)flit =0and ), %A“)Ait = 0 since residuals are orthogonal to &; and

(A
t

A i) Hence, the constant treatment effect 5 is a weighted average of the individual

treatment effects 3;;. However, the weights w;; may not be “proper” in the sense that
some w;; may be negative in settings where treatment is staggered and treatment
effects are heterogeneous (Borusyak et al., 2021).

Typically in difference-in-differences, one compares outcomes of the treated group
after treatment occurred with the outcomes of the reference group where units are
untreated. However, when treatment is staggered, i.e. when units are treated at
different times, the reference group used could be made up of treated units where,
throughout the entire time period considered, the treatment variable does not change.
OLS uses these treated units to estimate the time fixed effects; a “forbidden compari-
son” (Borusyak et al., 2021). When the true treatment effects are heterogeneous, but
one assumes a constant treatment effect, these forbidden comparisons lead to biased
estimates of the treatment effect (Borusyak et al., 2021). In particular, in settings
with staggered treatment, there may be an overweighting of short-term effects and

negative weighting (or at least underweighting) of long-term effects (De Chaisemartin
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and d’Haultfoeuille, 2018; De Chaisemartin and d’Haultfoeuille, 2020; Borusyak et al.,
2021; Roth et al., 2022). Whether the weights are negative depend on Ay, ie. the
residual for the regression where one regresses A;; on the fixed unit and time effects.
Unit fixed effects tend to be higher for those who were treated earlier in the analysis
and time effects tend to be higher in later time periods of the analysis. Hence, units
who were treated earlier are more likely to have negative weights at later time periods.
This results in potential negative weighting of long-term effects. As a result of the
negative weights, it is possible that ( is positive even though the §;; are negative.
Because of the potential issues with a constant treatment effect model given by
the difference-in-differences model, we also estimated the effect of DIH prosecutions
reported by the media using a model where treatment effects depend on treatment

duration.

3.6 Treatment Effects that Depend on Exposure Duration

Since there may be issues with the constant treatment effect model, we also considered
an approach resembling an event study, which allows for treatment effects to vary
depending on treatment duration. We estimated the effect of having at least one DIH
prosecution reported by the media on drug overdose deaths, assuming that treatment
effects may depend on the amount of time since the state was first exposed to a DIH
prosecution reported by the media.

Event study analyses are typically used in settings where treatment is staggered
(Sun and Abraham, 2021; Borusyak et al., 2021; Roth et al., 2022). Event study
models differ from the constant treatment effect model in that instead of a single
variable that indicates whether a unit is treated, event study models contain lead

and lag indicators which estimate the effects leading up to and following treatment
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initiation, respectively. In general, under an event study model, we assume that

C
E(Yy) = oq+ 7 + 06Xy + Y BI{Ky = k}, (3.17)

k=B
where «; and ~; are unit and time fixed effects, respectively, X;; is a vector of other
potential confounding variables, and K is the time relative to the treatment time.
Values of £ < 0 indicate periods before the treatment, and values of k£ > 0 indicate
periods at or after treatment. Under a fully specified model, all leads and lags are
included besides one (commonly £ = —1). Another common specification of the event
study model include B = 0, C' > 0. Under this specification of the event study model,
one assumes that there are no pre-treatment effects.

We focus on the latter model specification, where B = 0, i.e. we assumed there
were no pre-treatment effects. To verify the assumption that there were no pre-
treatment effects, we checked if coefficients 5 given by Equation (3.17) for £ < 0
are zero. Typically, the values of [ are checked both visually and statistically by
hypothesis tests. If there were no pre-treatment effects, i.e. 5, = 0 for k < 0, then we
could focus only on the estimation of post-treatment effects. Although in practice,
one usually excludes ($_; as the reference group, we excluded both f_g and SB_q,
where —K is the maximum number of leads (Borusyak and Jaravel, 2017). This is
because in absence of a control group (in our case, only Hawaii did not have any DIH
prosecutions reported by the media by the end of 2019), the leads and lags may be
collinear with the state and time fixed effects. By assuming that another lead is zero,

e.g. f_g =0, we avoid the issue of multicollinearity (Borusyak and Jaravel, 2017).

3.6.1 Model

Variables for the outcome, intervention of interest, and other policy measures were

defined the same as in Chapter 3.4. Again, we conducted 1) a primary analysis
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where we assumed that treatment effects lasted until at least the end of 2019 and
2) a secondary analysis where we assumed that treatment effects lasted only for two
years. Similar to the constant treatment effect model, we estimated the treatment
effect using a GAM where we estimated smoothed time effects over the U.S. regions
using a cubic regression splines model. Instead of a logistic regression model, our
primary focus was a GAM with a linear link function. Under the GAM with a
linear link, we transformed the risk of unintentional drug overdose deaths using a log
transformation.

We used a model that resembles the event study model to estimate the effect of
DIH prosecutions reported by the media on unintentional drug overdose deaths. In
addition to the state and time fixed effects, we included an indicator for having at
least one DIH prosecution reported by the media in state s at time interval ¢ and
a linear effect for the treatment duration. We also included this indicator for the
various policy measures, which we now index by [. The GAM model for the log of

the risk of unintentional drug overdose deaths was given by:

E(log(}/s,t) |S> ta Xl,s,t; Kl,s,t; As,t; Ks,t) = O + rYr(s) (t) + Xl,s,t(so,l + Kl,s,t(;l,l

+ As,tﬁo + Ks,tﬂlu (318>

where Y, indicates the risk of unintentional drug overdose deaths in state s at time
interval ¢, o, indicates state fixed effects, v,() (t) indicates the smoothed time effects
which may differ by U.S. regions indicated by r(s), X;; and A, indicate exposure
to the [th (out of L) policy measure and DIH prosecutions reported by the media,
respectively, as defined in Section 3.3.2, and K, and K,; indicate the treatment
duration of the lth policy measure and DIH prosecutions reported by the media,
respectively. Since we assumed there were no pre-treatment effects, for time intervals

t that occurred before the intervention time or if the intervention occurred in time
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interval ¢, we let the corresponding K s, or K,; be zero.

3.6.2 Sandwich Estimator for Variance of ©

Similar to the constant treatment effect model, we derived a sandwich estimator for

the standard errors. Note now,

I{state = s}
{time = t}

Zyy = s . (3.19)

As in Section 3.4.2, we assumed the conditional independence of the unintentional
drug overdose deaths in state s at time interval ¢ and the state’s (and other states’)
past policy measures, DIH prosecutions reported by the media, and unintentional

drug overdose deaths, given quyt. In addition, we assumed the following:

Assumption 3.3. Given the past history of state fixed effects, time effects, other
relevant policy measures, and DIH prosecutions reported by the media for state s at

time interval ¢, denoted as Z}t we have
E(IOg <}/s,t) ‘ Zs,t - Zs,t) = 108; (ps,t,@*) > (32())

where p; ; o+ is the underlying probability of unintentional drug overdose deaths given
by the true parameter ©*. That is, Assumption 3.3 states that we have a correctly
specified model for log p, + given the vector of predictors Zﬁsjt. Under Assumptions 3.1

and 3.3, we derived the Sandwich estimator (see Appendix B.3.2 for details):

. N .
> = N — dc_l (Z (103 (Ysu) — Zg:@) Zs,tZ§t> (C"l)T, (3.21)

s,t

where now C' =), fs,tfgjt and where we estimated the true parameter ©* by ©.
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3.6.3 Estimating the Number of Attributable Deaths

We also estimated the number of excess drug overdose deaths attributable to DIH
prosecutions reported by the media (see Appendix B.4.2 for details). The probability

of an unintentional drug overdose death had intervention not occurred is:

(as1=0) _ Tlstobserved overdose deaths ~ ~
Dsit = exp | —AgiBo — KsiB1) (3.22)

s,t
' Ns.t,population

s t,0bserved overdose deaths

where is the observed risk of unintentional drug overdose

Ts,¢,population

deaths. As in Section 3.4.3, we estimated the number of attributable deaths by:

N - ~(as,t=0)
N5 t,attributable deaths = Tls t,observed overdose deaths — ps,t X N5 t,population -

Note that since there are two parameters for the treatment effects, namely 5,
and (1, we cannot simply substitute Bo and Bl by their 95% confidence interval
upper and lower limits because we have to account for any covariances between the
parameters. Hence, we used the Delta Method to estimate the variance of the number
of attributable deaths in a time interval . By the theory of unbiased estimating

equations:
\/5(3—5) —>N<6>EB> ,

where § = (ﬁo 51)T and B estimates . Furthermore, ¥3 indicates the variance-

covariance matrix for 5. For a time interval ¢, we let

9(5) - Z Npopulation,s,t (ps7t — Psp€TP (_As,tﬁo - Ks,tﬁl)) y (323)

where ¢(() indicates the number of attributable deaths in time interval ¢, and we
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estimated ps,; using p"bs — ls.tobserved overdose deaths Using the Delta Method,
s ¢, population

Vi (a0B) = a(8)) = N (0. J5.ZaT3,)
where Jg; is the Jacobian matrix:

_ (99(8) 9g9(B)
Jﬁ7t - < gﬁo gﬁh >

- (Z Npopulation,s,tPs,tELP (_As,tﬁo - Ks,tﬁl) As,ta
s

Z Npopulation,s,tPs,tETP <_As,t60 - Ks,tﬁl) Ks,t) . (324)
Hence, the lower and upper bounds of the 95% confidence interval of the attributable

deaths at time interval ¢ were given by:

1.96
\/_

Z Nattributable deaths,s,t + — Jﬁ tZ,BJg t (325)

3.6.4 Sensitivity Analysis

As described in Chapter 3.5, OLS potentially makes “forbidden comparisons” in which
treated units are also used to estimate fixed unit and time effects. Because of the
invalid extrapolation of data points to estimate fixed effects, treatment effects may not
be separable from the time effects when all (or most) units are treated by the end of
the study (Borusyak et al., 2021). This potentially leads to an inaccurate estimation
of treatment effects, especially for long-run treatment effects. Borusyak et al. (2021)
suggested using the difference between the earliest and the latest treatment times as
an upper bound on the number of periods post-treatment. The first state that had
at least one DIH prosecution reported by the media was Ohio in March of 2000, and
the last state in the treatment group that had at least one DIH prosecution reported

by the media was South Dakota in February of 2017. We took extra precaution and



84

conducted a sensitivity analysis where we removed the last six years; i.e. the analysis
period ends at the end of 2013. With the removal of the last six years, the control
group consisted of eight states (Alaska, Delaware, Hawaii, Idaho, Mississippi, Rhode
Island, South Carolina, and South Dakota).

In addition to a GAM with linear link, we modeled treatment effects using a
logistic GAM to compare results. Recall that since the probability of a drug overdose
death for a random person was small, odds ratios were essentially equivalent to risk
ratios, so both the logistic GAM and GAM with linear link were essentially evaluated
on the risk ratio scale. The logistic GAM for unintentional drug overdose deaths was

given by

lOth(]E(YS,t | S, t; Xl,s,t; Kl,s,t; As,ta Ksﬂf)) = Oy + ’)/r(s) (t) + Xl,s,t50,l + Kl,s,t517l

+ As,tﬂo + Ks,tﬁly (326)

where variables were defined as in Equation (3.18).

3.6.5 Results

We first checked for any pre-treatment trends. Figure 3-6 shows the coefficients
and 95% confidence intervals for the periods leading up to and following the first
charge date of DIH prosecutions reported by the media. The red dotted vertical line
indicates the intervention time of DIH prosecutions reported by the media. Periods
right before the treatment time and 34 periods before treatment were excluded. From
the coefficients and the 95% confidence intervals, we concluded that there were likely
no pre-treatment trends—all coefficients prior to the treatment were not statistically
significantly different from zero. Hence, we focused on estimating post-treatment
effects. Furthermore, there was a decreasing trend for treatment effects for periods

after treatment, suggesting that the DIH prosecutions reported by the media might
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actually have a protective effect in the long run.

Coefficients and 95% Confidence Intervals
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Figure 3-6: Coefficients and 95% confidence intervals for periods leading up to and
following the first date of DIH prosecutions reported by the media. The red dotted
vertical line indicates the date of the first DIH prosecution reported by the media.
The period right before and 34 periods before the treatment time were excluded.

Table 3.1 shows the estimated risk ratios and 95% confidence intervals for effects
of the different relevant policy measures and the DIH prosecutions reported by the
media. We first considered the case where we assumed that the treatment effect
lasted until at least 2019. There was not a statistically significant effect when states
were first exposed DIH prosecutions reported by the media (0.9561, 95% CI: (0.8235,
1.1100)). However, DIH prosecutions reported by the media potentially have a pro-
tective effect as the exposure duration of DIH prosecutions reported by the media
increases (0.9863, 95% CI: (0.9734, 0.9994)). Results did not differ much when we

assumed that the effect of DIH prosecutions reported by the media only lasted for
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two years. In particular, the risk ratio of the treatment duration of DIH prosecutions
reported by the media when assuming the effect only lasts two years was 0.9884 (95%
CI: (0.9781, 0.9989)). However, when we assumed that treatment effects only lasts for
two years, there was a stronger and potentially harmful immediate effect of exposure

to DIH prosecutions reported by the media: 1.0476 (95% CI: (0.9263, 1.1849)).

Table 3.1: Estimated risk ratios and 95% confidence intervals for relevant policy
measures and DIH prosecutions reported by the media for GAM with linear link
function when assuming treatment effect lasts until at least 2019 and when assuming
treatment effect lasts only for two years.

GAM with linear link GAM with linear link

with Lasting Effect with Two Year Effect
(95% Confidence Interval)  (95% Confidence Interval)
Exposure to NAL: can dispense 0.9599 (0.8188, 1.1253) 0.9459 (0.8046, 1.1119)
Linear effect of NAL: can dispense 0.9734 (0.9475, 0.9999) 0.9718 (0.9450, 0.9994
Exposure to NAL: cannot dispense 1.1384 (0.9098, 1.4245) 1.1298 (0.8806, 1.4495
Linear effect of NAL: cannot dispense 0.9775 (0.9590, 0.9963) 0.9781 (0.9583, 0.9983
Exposure to MML 1.2120 (1.0112, 1.4526) 1.2203 (0.9898, 1.5046
Linear effect of MML 0.9915 (0.9784, 1.0049) 0.9917 (0.9768, 1.0067
Exposure to RML 0.9841 (0.7995, 1.2114) 0.9657 (0.7583, 1.2297
Linear effect of RML 0.9916 (0.9538, 1.0309) 0.9998 (0.9687, 1.0319
Exposure to 911 GSL 1.0741 (0.9397, 1.2278) 1.0885 (0.9486, 1.2491
Linear effect of 911 GSL 1.0106 (0.9898, 1.0318) 1.0103 (0.9903, 1.0307
Exposure to PDMP 0.8790 (0.7515, 1.0282) 0.8845 (0.7454, 1.0495
Linear effect of PDMP 1.0063 (0.9894, 1.0234) 1.0073 (0.9881, 1.0269
Exposure to Medicaid expansion 1.0800 (0.9273, 1.2578) 1.0828 (0.9324, 1.2575
Linear effect of Medicaid expansion 1.0130 (0.9883, 1.0383) 1.0155 (0.9928, 1.0386
Exposure to DIH prosecutions 0.9561 (0.8235, 1.1100) 1.0476 (0.9263, 1.1849
Linear effect of DIH prosecutions 0.9863 (0.9734, 0.9994) 0.9884 (0.9781, 0.9989

Figure 3-7 shows the estimated risk ratios and 95% confidence intervals of having
any DIH prosecutions reported by the media versus not having any, at each time
interval after being exposed to DIH prosecutions reported by the media. Figure 3-7
shows there was initially an increase in unintentional drug overdose deaths when we
assumed that treatment effects only lasted for two years. However, when we assumed
that treatment effects lasts until at least 2019, there was a decrease in unintentional
drug overdose deaths when the state was first exposed to DIH prosecutions reported

by the media. In both cases, though, there was a protective effect of DIH prosecutions
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reported by the media on unintentional drug overdose deaths as the exposure duration
increased. However, the treatment effects at each time interval post-treatment were

not statistically significant at level a = 0.05.
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Figure 3-7: Estimated risk ratios and 95% confidence intervals for main analysis
when assuming treatment effect lasted until at least 2019 and when assuming treat-
ment effect lasted only for two years (indicated by color and shape).

Figure 3-8 shows the estimated yearly number of drug overdose deaths attributable
to DIH prosecutions reported by the media. Since we found protective effects of
the DIH prosecutions reported by the media, the “deaths attributable” equate to

“lives saved”. From 2000 to 2019, we estimated a total of 197,298 (95% CIL: (-73,712,
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468,307)) lives saved due to DIH prosecutions reported by the media when we assumed
that treatment effects lasted until at least 2019. This makes up approximately 29.97%
(95% CI: (-11.20%, 71.15%)) of the total unintentional drug overdose deaths in the
U.S. from 2000 to 2019. When we assumed that treatment effects lasted only for
two years, we estimated that there were 67,364 (95% CI: (-55,714, 190,441)) lives
saved due to DIH prosecutions reported by the media, which makes up approximately
10.23% (95% CI: (-8.46%, 28.93%)) of the total unintentional drug overdose deaths
in the U.S. from 2000 to 2019. Note that a negative number of “lives saved” suggests
that there were also deaths that were attributable to DIH prosecutions reported by
the media. Hence, we cannot definitively say that DIH prosecutions reported by the
media reduced the number of unintentional drug overdose deaths.

Tables with the estimated risk ratios and 95% confidence intervals for the relevant
policy measures and DIH prosecutions reported by the media when we used a logistic
GAM and when we excluded the last six years are included in Appendix B.6. The
risk ratio estimates from the logistic GAM were similar to the risk ratio estimates
from the GAM with a linear link function. However, all risk ratio estimates were not
statistically significant at level a = 0.05. When we excluded the last six years of the
analysis, the risk ratios for the exposure to DIH prosecutions reported by the media
and the linear effect of DIH prosecutions reported by the media using a GAM with
linear link were similar to the corresponding effects in the main analysis. The risk
ratios for the exposure to DIH prosecutions reported by the media and linear effect
of DIH prosecutions reported by the media using a logistic GAM when excluding
the last six years of the analysis were slightly different from the risk ratios from a
logistic GAM without excluding the last six years. In general, results suggest a small
harmful immediate effect of exposure to DIH prosecutions reported by the media, but

a potential longer-term protective effect of DIH prosecutions reported by the media
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Figure 3-8: Estimated yearly number of potential lives saved in the 50 U.S. States
from 2000 to 2019 due to DIH prosecutions reported by the media 1) when assuming
treatment effect lasted until at least 2019 and 2) when assuming treatment effect
lasted only for two years (indicated by color and shape).

on unintentional drug overdose deaths.

3.7 Discussion

We found that under the different model specifications, there were different conclu-
sions for the effect of having any DIH prosecutions reported by the media versus
having none on the unintentional drug overdose deaths. Under the assumption of

constant treatment effects, results suggest that DIH prosecutions reported by the
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media may have harmful effects on unintentional drug overdose deaths. However, un-
der the assumption that treatment effects may depend on treatment duration, results
suggest that DIH prosecutions reported by the media may have protective effects on
unintentional drug overdose deaths.

The conflicting results support the recent literature which have found potential
issues when applying difference-in-differences methods with a constant treatment ef-
fect to settings where units are treated at different times and when treatment effects
are heterogeneous (Borusyak and Jaravel, 2017; Sun and Abraham, 2021; Roth et al.,
2022). Our results suggest that the estimated treatment effect in a model assuming
constant treatment effect is a weighted average of the treatment effects in a model
assuming that the treatment effect depends on treatment duration where the weights
are negative. A possible explanation for the negative weights in our case is that
negative weights tend to occur later in the analysis for units who were treated early
in the analysis period (Borusyak and Jaravel, 2017; Roth et al., 2022). Figure 3-3
shows that by 2010, approximately half of the states had at least one DIH prosecu-
tion reported by the media, which suggests that approximately half of states had been
treated at least nine years by the end of 2019. Since many states had at least one
DIH prosecution “early” in the analysis period, the conflicting results from the two
treatment effects models are likely due to a negative weighting of treatment effects
from the model where treatment effects depended on treatment duration. We saw
similar results even in the analyses in which we excluded the last six years.

Our results shed light on potential issues in applying difference-in-differences to
settings with staggered adoption of treatment when treatment effects are heteroge-
neous. To our knowledge, previous work done in analyzing effects of interventions
on drug overdose deaths conducted both difference-in-differences and event study

analyses, but none have encountered conflicting results such as the ones we found
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(Pacula et al., 2015; Powell et al., 2018). It was not until upon further investigation
that we found recent work (dating within the past few years) that highlighted these
potential issues with models assuming constant treatment effects such as difference-
in-differences models. The difference-in-differences model has been a very common
method in estimating treatment effects. However, our work and the recent literature
suggest that there are settings where traditional difference-in-differences methods are
not appropriate. We hope that our work serves as a example of what could hap-
pen when one does not carefully consider all aspects of the constant treatment effect
difference-in-differences model before applying the model to estimate treatment ef-
fects.

Although we found statistically significant results for the linear effect of the treat-
ment duration of DIH prosecutions reported by the media when using a GAM with a
linear link function, we cannot definitively conclude that DIH prosecutions reported
by the media have a protective effect. This is because the the risk ratios for the treat-
ment duration were 0.9863 with 95% confidence interval equal to (0.9734, 0.9994)
and 0.9884 with 95% confidence interval equal to (0.9781, 0.9989) when assuming
treatment effects lasts until at least the end of 2019 and when assuming treatment
effects lasts for two years, respectively. Since the upper bounds of the 95% confidence
intervals are very close to one, these risk ratios are barely statistically significant.
Furthermore, even though the effect of the treatment duration of DIH prosecutions
reported by the media are statistically significant at level a = 0.05, the treatment
effects at each time interval post-treatment (shown in Figure 3-7) are not statistically
significant. Figures 3-7 and 3-8 further show that the confidence intervals are quite
wide, suggesting that results are not practically significant. Figure 3-8 also shows that
negative “lives saved” were included in the 95% confidence intervals, suggesting that

DIH prosecutions reported by the media could also potentially lead to drug overdose
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deaths.

In addition to making conclusions based on the results from our analysis, we may
also want to consider other potential side effects of DIH prosecutions. First, DIH
prosecutions, and their coverage in the mass media, may actually discourage people
from seeking emergency medical help. In two previous separate studies, participants
stated that police involvement was the main reason people did not make a 911 call
or had a delay in doing so (Baca and Grant, 2007; Pollini et al., 2006). In addi-
tion, awareness of 911 Good Samaritan laws is broadly lacking, and criminal justice
measures such as DIH prosecutions may hurt efforts to increase public understanding
and the lifesaving spirit of 911 Good Samaritan Laws (Schneider et al., 2020; Carroll
et al., 2021). Furthermore, there are additional concerns about the impact of criminal
justice contact on the health risk of drug users. A recent systematic literature review
of global research found robust associations between police contact and HIV infection
and risk behaviors (Baker et al., 2019). Baker et al. (2019) also highlighted the struc-
tural impact of law enforcement as a barrier to protective measures, including impact
on Opioid Agonist Therapy (OAT) nonattendance, Site Engagement Program (SEP)
avoidance, and healthcare avoidance. Lastly, there are also ethical concerns about law
enforcement activities producing and reinforcing disparities by race and vulnerability.
The perceived risks of legal repercussions for seeking help during overdose events are
likely affected by existing racial disparities in contact with the criminal legal system
(Beletsky et al., 2011). A recent study explored the relationship between structural
vulnerability and police abuse and harassment among people who inject drugs, and
they found that a certain subgroup: men who were experiencing homelessness, were
from rural areas, had traded sex, and dropped out of high school were most likely to
experience police abuse and harassment (Friedman et al., 2020Db).

There were limitations to our analysis. First, it is possible that there was a mis-
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classification in the exposure to DIH prosecutions reported by the media. Specifically,
it is possible that there was an underreporting of the number of states being exposed
to DIH prosecutions reported by the media at any given time, since the exposure
indicator depended on the media reports that we collected. If we missed a media
report, then the state would be considered as not being exposed to DIH prosecutions
reported by the media. Previous research showed that in scenarios of underreporting
(here, it is likely that we have differential misclassification), the estimate of the treat-
ment effect is biased towards the null (Ferrao and Goldstein, 2014; Kesmodel, 2018;
Moradzadeh et al., 2018). Second, we only had information about the charge date of
the DIH prosecution and not about the date of the media report, which may lead to
misspecification of the intervention date. Third, we did not account for interference
effects from neighboring states, but the unintentional drug overdose deaths in a state
may depend on whether a neighboring state is prosecuting people for drug-induced
homicide. Lastly, we only considered the exposure to DIH prosecutions reported by
the media and not the number of DIH prosecutions reported by the media in each
time interval. In Chapter 4, we explore another model where can take the number of
DIH prosecutions reported by the media into account when estimating the effect of
DIH prosecutions reported by the media.

Given the results from our analyses and the potential side effects of implementing
DIH prosecutions, we cannot make concrete conclusions or suggestions regarding DIH
prosecutions. That is, we cannot conclude whether DIH prosecutions have a harmful
or protective effect. However, our findings suggest that the effect of DIH prosecutions

on drug overdose deaths need to be at least studied further.
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Chapter 4

Structural Nested Risk Ratio Models

4.1 Introduction

In the previous chapter, we estimated the effect of DIH prosecutions reported by the
media on unintentional drug overdose deaths. In particular, we estimated the effect of
exposure to DIH prosecutions reported by the media, i.e. a state is considered treated
at time t if there were any DIH prosecution reported by the media by time ¢. Hence,
we did not take the number of DIH prosecutions into account. Figure 4-1 shows
the number of DIH prosecutions reported by the media in each state per six-month
interval from 2000 to 2019. While most states continued to have DIH prosecutions
reported by the media after the first media report, the number of DIH prosecutions
reported by the media in each state varied greatly—of those with at least one DIH
prosecution reported by the media, Pennsylvania had a total of 652 DIH prosecutions
reported by the media between 2000 and 2019, while Mississippi and Nebraska only
had one DIH prosecution reported by the media between 2000 and 2019.

In this chapter, we take the number of DIH prosecutions reported by the media
into account and estimate the effect of an increase in DIH prosecutions. Recall that
we have a repeated outcomes setting where the data collected to estimate the effect of
DIH prosecutions on unintentional drug overdose deaths, as described in Chapter 3.3,
consisted of data for each state, for each six-month time interval from 2000 to 2019.
We focus on a different model in this chapter: Structural Nested Models (SNMs)
(Robins, 1992, 1994; Lok and DeGruttola, 2012). SNMs have been used to estimate
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Figure 4-1: Number of drug-induced homicide prosecutions reported by media in
each state per six-month interval from 2000 to 2019.

treatment effects in settings with repeated outcomes. We propose a new class of
structural nested models in which we estimate the treatment effect on the risk ratio

scale by modeling a function of the treatment.

4.2 Background

There have been several models that have been proposed to estimate treatment ef-

fects in settings with repeated outcomes. Some examples include the Structural
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Nested Models (SNMs) (Robins, 1994, 1998) and Marginal Structural Models (MSMs)
(Robins et al., 2000; Robins, 1999). MSMs are used to estimate treatment effects that
depend on baseline covariates, whereas SNMs use a g-estimation method to estimate
treatment effects depending on time-dependent covariates—covariates which could
change depending on the prior outcomes and prior treatments. Furthermore, these
time-dependent covariates may affect the future outcomes and treatments. We focus
on Structural Nested Models. There are two main classes of SNMs: 1) Structural
Nested Mean Models (SNMMs) (Robins et al., 1992; Robins, 1994, 1998; Lok and
DeGruttola, 2012) where one estimates treatment effects on the mean of the outcome
and 2) Structural Nested Distribution Models (SNDMs) (Vansteelandt and Joffe,
2014) where one estimates treatment effects on the distribution of the outcome. We
focus on SNMMs.

In general, SNMMs are used to estimate treatment effects under two different
treatment regimes. For example, early SNMMs were used to estimate the mean
difference between outcomes as a result of stopping treatment at time ¢ versus stopping
treatment at time ¢t — 1, given covariates at time ¢ — 1 (Robins et al., 1992). Since
the proposal of SNMMs, there have been newer classes of SNMMs that have been
proposed. The coarse SNMM (Robins, 1994; Lok and DeGruttola, 2012; Yang and
Lok, 2018) is a subclass of SNMMs where treatment occurs at time m and outcomes
are measured at a later time k. Coarse SNMMs are used to estimate the effect
of treatment initiation, conditional on a unit’s prior covariates up to time m. For
example, coarse SNMMs have been used to study the effect of the initiation time of
antiretroviral treatment in HIV infected patients (Lok and DeGruttola, 2012). We
extend SNMMs in this chapter to a model where, instead of comparing outcomes on
the risk difference scale, we compare outcomes on the risk ratio scale. In addition, our

work differs from previous work on SNMMs in that we estimate the treatment effect
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by modeling a function of the treatment. Hence, we are not restricted to estimating
the effect of treatment initiation, which was the focus on many previous work. In

particular, we choose a function that can be modeled using a generalized linear model.

We call this model the Structural Nested Risk Ratio Model.

4.3 Structural Nested Risk Ratio Models

4.3.1 Notation

To formalize Structural Nested Risk Ratio Models (SNRRMs), we first introduce
notation in the context of DIH prosecution media reports. Let Y;, be the observed
risk of drug overdose deaths in state s at time interval ¢ for ¢t € {0,..., K}. In our
analysis, ¢ = 0 corresponds to the first six-month period, i.e. January to June of 2000,
and t = K corresponds to the last six-month period, i.e. July to December of 2019.
Let fls,t be the number of DIH prosecutions reported by the media in state s at time
interval ¢, and let g(A&t) be a function of the number of DIH prosecutions reported
by the media in state s at time interval . We choose ¢ as a function that can be
modeled using a generalized linear model (GLM). For example, g(A,,) = A, is the
identity function, where [187,5 can be modeled using a Poisson GLM, and g(fls,t) =
H{fl&t > 0} indicates whether there were any DIH prosecutions reported by the media
in state s at time interval ¢, which can be modeled using a logistic GLM. Let X,
represent the other relevant policy measures in state s at time interval ¢. These
other policy measures are: naloxone access laws where pharmacists can and cannot
dispense naloxone without a prescription, the legalization of medical and recreational
marijuana, prescription drug monitoring programs, the 911 Good Samaritan law, and
the expansion of Medicaid.

We denote the history of a variable using the bar notation. Let Ys,t be the history

of the risk of drug overdose deaths in state s up to time interval ¢, ie. Y,; =
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(Yoo Yar)- Let Ay = (Ago,..., Ayy) and g(Ay) = (9(Aw). .. g(As,)) be the
history of the number of DIH prosecutions reported by the media in a state s up to
time interval ¢ and the history of a function of number of DIH prosecutions reported
by the media in a state s up to time interval ¢, respectively. Let X,; = (X0, ..., Xq4)
be the history of the other relevant policy measures in a state s up to time interval ¢.
Given a treatment regime /:137 x = ax up to time interval K for a state s, we denote

the policy measures that naturally progress under g(ax) as X s(;qt(aK ) Then, for a

given treatment regime ax and X S(f]t(aK )), we denote the potential outcome in state

s at time t as Ys(g(aK ) We use the bar notation again to denote the history of the
policy measures and the potential outcomes in state s up to time interval ¢ under

g(ax) as X (?t(aK ) and YS(“Z (@x) ), respectively.

s

4.3.2 Model and Assumptions

Contrary to previous work (Robins, 1994; Lok and DeGruttola, 2012) in which risk

differences were studied, we will work in the risk ratio scale.

Definition 1. For £ =1,... K, for t < k, we define the treatment effect of having
treatment regime (g(@;—1), g(@), - - -, 9(ar)) versus (g(as-1), 9(@-1), - - -, 9(@-1)) as:

E(}/;S.Z‘(atfl)7g(af)7"'7g(a't)) ‘ X’&t — js,t; sit — C:Lt

V(T @) = (4.1)

)
E(Y;i(ét_l)’g(&t_l)’m’g(at_l)) | Xs,t = T, Zst _ &t)'

The treatment effect 45 from Equation (4.1) is the ratio of the expected risks of
drug overdose deaths observed at time k, under different fixed treatment regimes,
(g(as—1),g(as),...,g(as)) versus (g(as_1), g(as—1),...,g(a—1)), while the other policy
measures naturally progress. Hence, we are interested in the treatment effect when
DIH prosecutions reported by the media at times ¢,t 4+ 1,..., K — 1 are g(a;) versus
g(@;—1), while the other policy measures naturally progress. If ¢ > k, there is no

difference between Y;i(at’l)’g(dt)""’g(dt)) and Y;i(at’l)’g(at’l)""’g(dt’l)), and so when t > k,
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VZ(Xs,tyAs,t) =L

Assumption 4.1. For k= 1,..., K, for t <k, 7} - (X, le,t) is a correctly specified
model for i, where 1* € R? (for d > 1) indicates the true parameter.

Similar to previous work on SNMs (Robins et al., 1992; Robins, 1994; Lok and De-
Gruttola, 2012), we require the Assumption of No Unmeasured Confounding for time-
dependent models:

Assumption 4.2 (No Unmeasured Confounding). Let flsi be the number of DIH
prosecutions reported by the media in state s at time interval t. Let fls,t_l = a,_; and
X, be the history of DIH prosecutions for state s up to time interval t — 1 and the

history of other policy measures in state s up to time interval ¢, respectively. Given
As,tfl and Xs,ta

les,t mn Y;(i(c:n—1),9(&t_1),...,g(&t—1)) ‘ js,t—l _ C:ltitht. (4.2)

Assumption 4.2 states that conditional on the treatment history f:ls,t,l = a4, and the

Y(g(fltfl)79(&1&71)7---19(&#1))

s,k

history of other policy measures X, the potential outcomes
do not depend on and do not predict the treatment at time t. Hence, under No
Unmeasured Confounding, we assume that we have all the information on factors
that potentially affects both the treatment and the potential outcomes. In addition
to No Unmeasured Confounding, we also require the consistency assumption for time-
dependent models:

Assumption 4.3 (Consistency). For time intervals 7' > k — 1, given Z&T = ar,

Ys(i(akfl),9(5k),~~-79(&T)) _ Ys(i(akfl))

measures, ng’gk(akfﬂ,g(ﬁk)w79(71T)) _ Xs(,gk(akil)) _ Xs,k-

= Y, . Additionally, for the history of other policy

Assumption 4.3 states that potential outcomes and history of other policy measures
at time k do not depend on treatments at time 7" where T" > k — 1. Furthermore,
if jls,k—l = Qy_1, then the potential outcome and history of other policy measures
under g(ay_;) are given by the observed potential outcomes and histories of other

policy measures at time interval k.
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4.3.3 Estimation, Consistency, and Asymptotic Normality

To estimate the treatment effect of DIH prosecutions reported by the media on unin-
tentional drug overdose deaths, we first estimate potential outcomes under treatment
regime (g(a;—1), g(@1),...,9(@—1)). We use a function that “blips off” the treat-
ment (Robins, 1994; Lok et al., 2004) to mimic potential outcomes under treatment
regime (g(a@;-1), 9(ar-1), - - -, 9(@-1))-

Definition 2. For k = 1,... K, for t > k, we define H,;(t) = Y;;. We define

recursively fort =k —1,...,0:

Hsk(t+ 1)
Hs,k t) = — —, 4.3
" V(Ko Asy) 4

where 7} is given by Equation (4.1).

Note that for t > k, we defined H;y(t) = Ysx since we assumed that the outcome at
time interval k is not affected by a treatment that occurs after time interval k — 1.
H; (t) mimics the potential outcome at time interval £ had the intervention at time
interval ¢t remained a;_; for time intervals t,t 4+ 1,..., K:

Theorem 4 (Mimicking Potential Outcomes). Under Consistency Assumption 4.3,

for k=1,...,K and t < k, H;(t) mimics the potential outcome at time k had the
treatment at time ¢ been blipped off. That is,

E(H, () | Xs,t)As,t _ C:Lt) _ E()/;(’i(atfl)79(541&—1)7---79(&1&71)) | Xs,tuAs,t _ Ci%)‘ (4.4)

)

We prove Theorem 4 using backwards induction (see Appendix C.1). Let k €
{(1,..., K} Given Ay y = a1, Hop(k) = Yoy = Y@9@D) by definition
of H (k) and Consistency Assumption 4.3. Starting at time ¢ = k — 1, by the defini-
tion of Hy(k —1) given by Equation (4.3) and the Law of Iterated Expectations, we
divide E(Y(g(a” 1):9(@-1) | Xk 1,A57k_1 = ax_1) by % (X&k_l,As k—1). Using the

definition of ’ykfl(X&k,l,AS,k,l) the quotient is equal to E(Y(g(a’“ 2)9(x—2)g(@r—2)) |
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Xor1,Ask_1 = ax_1), and so Equation (4.4) holds. Assuming that Equation (4.4)
holds for t =k —2,k—3,...,m+ 1, we show that Equation (4.4) holds for t = m (in
a similar way as in the case of t = k — 1) by the Law of Iterated Expectations and
the definition of the treatment effect 7" in Equation (4.1). Hence, H; x(t) mimics the
potential outcome under treatment regime (g(a;—1),g(@_1),...,g(@—1)) and can be
used to estimate treatment effects.

Using No Unmeasured Confounding Assumption 4.2, we estimate the true pa-
rameter 1) for the treatment effect model +; , by adding a(¢)) H,x(t) to the model
to predict a function of the treatment, g(fls,t), given the past treatment history and
history of the other policy measures (Robins, 1992). We estimate ¢* by the v for
which the coefficient &(i)) = 0 (Robins, 1992), and we can do this because of the
following theorem:

Theorem 5 (Unbiased Estimating Equations). Assume that No Unmeasured Con-

founding Assumption 4.2 and Consistency Assumption 4.3 hold. Let Ay, = E(g(fls,t) |
Xot, fl&t,l). For any measurable and bounded function ¢} : (X,., fl&t,l) — R%

=
VR
™
M)~
=2
>
.
T
=
=
=
S
e

ot) — As,t)) =0. (4.5)

U
]
]~
=
E0><1|
-
T
=
o~
S
=
i

ot) — As,t)> =0, (4.6)

are the unbiased estimating equations for ¢* and 6* when stacked with other unbiased
estimating equations for 6, where P, is an empirical measure where P, X = % Yo, X
We prove Theorem 5 using the Law of Iterated Expectations by first conditioning on

X, and zézls,t (see Appendix C.2). By No Unmeasured Confounding Assumption 4.2,

E <H57;€(t) | stt,AS,t) =E <H57k(t) | )_(5775,14571&_1). We then condition on X, and



102

As -1 by the Law of Iterated Expectations, which gives:

K — —
E (Z Z Jé(Xs,ty As,t—l)E (Hs,k(t) ’ Xs,t; As,t—l) E <g(As,t) - >\s,t ’ Xs,ta As,t—l))a

where if Ag; g+ is a correctly specified model for A ;, then Equation (4.5) is equal to
zero. Hence, by finding the v such that &(¢) = 0, we solve the unbiased estimating
equations. By the theory of unbiased estimating equations, under regularity condi-
tions, the estimator 1/3 is consistent and asymptotically normal (Van der Vaart, 1998,

Theorems 5.9 and 5.21).

4.4 Treatment Effect of Drug-Induced Homicide Prosecu-
tions Reported by the Media on Drug Overdose Deaths:

Binary Treatment

We applied SNRRMs to estimate the effect of DIH prosecutions reported by the media
on unintentional drug overdose deaths. For simplicity, we chose ¢}(X.., f:ls,t_l) =1.
To compare the SNRRM to the models described in Chapter 3, we first considered
the effect of having any DIH prosecutions reported by the media versus none on
unintentional drug overdose deaths. Let g([ls,t) = H{fl&t > 0} = A4, and denote the
intervention time for state s by 7. Denote the history of treatment indicators for
state s up to time interval ¢ as fls,t. For time interval ¢ in which state s first had at
least one DIH prosecution reported in the media, the treatment indicator A, =1 .
For time intervals ¢’ > ¢, the treatment indicators A,, remain as 1. We considered

the following treatment initiation model:
L
logit (P(As,t =1|A5,-1=0, Xs,t)) = fo + b1 Z Xigp—1+ Bot + B3Ys 1,  (4.7)
=1

where Zle Xi s is the number of policy measures, out of L policy measures, that

have been enacted by time interval ¢, and we accounted for linear time effects t¢.
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Furthermore, we took the state’s risk of unintentional drug overdose deaths at time
interval ¢t — 1, denoted as Y;,_1, into account. Given a model for the treatment effect
v};w, we wanted to find the true parameter 1* that solves the unbiased estimating

equation given by Equation (4.5). We considered two models for the treatment effect.

4.4.1 One-parameter Treatment Effect Model

We first considered a one-parameter model for the treatment effect:

Vi (Xap, Ast = ay) = exp(tp (a; — az_1)). (4.8)
Since the treatment variables are binary indicators, a; —a;—; > 0. If ¢b > 0, there is a
harmful effect of DIH prosecutions reported by the media on drug overdose deaths. If
1 < 0, there is a protective effect of DIH prosecutions reported by the media on drug
overdose deaths. When a; = a;_1, the treatment effect is 1. Under this one-parameter
treatment effect model, the function Hy(t) for k =1,..., K and t < k was defined
as follows:

Yo ifk<TY
Hg (1) = : (4.9)

ks ik >T)

Since the one-parameter model for the treatment effect ~+; is linear in ¢, we solved
the unbiased estimating equations in Equation (4.5) for a closed form solution of v

(see Appendix C.3):

0
0

772] — —lOg _Zs lec(zl Zf;& Y;Jf]l{k < Ts*}]I{As,t—l =
520 Bt Lo Yorl{k > ToH{A

where we estimated p;, using a weighted logistic regression model given by Equation

}( Ay @) o)
}(As,t - ps,t)

(4.7). Here, the weights were deterministic and were equal to the number of time

intervals from time interval ¢ until time interval K. Furthermore, Equation (4.10)
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includes only datapoints for states s at time intervals ¢ in which /_lw,l = 0, ie.
data points that occurred at or before treatment time for state s. The numerator of
the fraction within the log of Equation (4.10) contains terms corresponding to states
s at time intervals k that occurred at or before treatment time 77, i.e. untreated
outcomes. Similarly, the denominator contains terms corresponding to states s but
at time intervals k that occurred after treatment time 77, i.e. treated outcomes. We
estimated the 95% confidence intervals using a grid-search: for a grid of potential
¥, we computed H(t) using v, ,, and added a (i) H, x(t) to the treatment initiation
model in Equation (4.7) (Robins, 1992, 1998). The 95% confidence intervals included
values of 1 such that the p-value of a Wald test for null hypothesis Hy : a(¢)) = 0
was greater than 0.05 (Robins, 1992, 1998; Lok, 2007).

4.4.2 Two-parameter Treatment Effect Model

We also considered a two-parameter treatment effect model:

Lo 1 ifa,=0o0ra;_1 =1
Ve ( Xy Asp = @) = . (411)

exp (Y + ok —T7)) ifap=1and a1 =0
where we accounted for the treatment duration of DIH prosecutions reported in the
media, denoted as k — 7. Since a; — a;—1 > 0, ¥; > 0 means a harmful effect of
exposure to DIH prosecutions reported by the media. If 15 > 0, then for a longer
treatment duration, k — 77, there is a more harmful effect. Alternatively, if ¢4 < 0,
there is a protective effect of being exposed to DIH prosecutions reported by the
media, and if ¥, < 0, then for a longer treatment duration, there is a more protective

effect of drug overdose deaths.
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Under the two-parameter model, we have

Yo itk <Ty
Hoo(t) = | (4.12)

Ys,k 3 *
e SR R

Unlike the one-parameter model, we were not able to obtain closed form solutions for
both 1, and v when solving the unbiased estimating equations for a two-parameter
model for the treatment effect +i. Instead, we used a grid-search approach to solve
for * = (¥7,453), where for a grid of values for ¢ = (¥1,12), we computed 7, and
found 1& such that oz(@/A)) was closest to zero. The 95% confidence region for 1] and
13 consisted of values of 1) = (11, 13) in which the coefficients for the corresponding

treatment variables were not jointly statistically significant at level o = 0.05.

4.5 Treatment Effect of Drug-Induced Homicide Prosecu-
tions Reported by the Media on Drug Overdose Deaths:

Count Treatment

In this section, we consider a treatment given by flsjt, the number of DIH prosecutions
reported in the media in state s at time interval . Here, g(/Nl&t) = fls,t, which can
be modeled using a Poisson regression model with a log link function. To determine
how to incorporate the history of DIH prosecutions reported by the media into the
model for flw, we compared the log likelihood ratios of the various models of consid-
eration and a baseline model without accounting for past DIH prosecutions reported
by the media. In particular, the models of consideration included a weighted Poisson
regression model with a predictor of the total number of DIH prosecutions reported
by the media in state s before time interval ¢ and a weighted Poisson regression model

with a predictor of just the number of DIH prosecutions reported by the media in

state s at time interval ¢ — 1. We used deterministic weights given by the number
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of time intervals from time interval ¢ until time interval K. The log likelihood ratio
for the model with the number of DIH prosecutions reported by the media at time
interval ¢ — 1 and the baseline model was higher than the log likelihood ratio for the
model accounting for all of the past DIH prosecutions reported by the media and the
baseline model, suggesting that former model was more likely given the data. Hence,
the model for the mean number of DIH prosecutions reported by the media for state

s at time interval ¢ was given by:

— _ L ~
log (E (zzls,t | zzls,t—l, Xs,t)) =B+ b 121 Xisi—1+ Pot + B3Ys 11 + PaAs i1, (4.13)

where the predictors are the same as the predictors in Equation (4.7) but with the
addition of 1213715_1, the number of DIH prosecutions reported by the media in state s

at time interval ¢ — 1.

4.5.1 One-parameter Treatment Effect Model

We considered a one-parameter model for the treatment effect:

Vi (Xt Asy = ar) = exp( (ay — a_1)). (4.14)

Under this model, we no longer restrict a; — a;—; > 0 since there may be more or less
DIH prosecutions reported by the media at time interval ¢ — 1 versus time interval ¢.
Then, if ¢» > 0, there is a positive relationship between the change in the number of
DIH prosecutions reported by the media and the change in drug overdose deaths from
time interval t—1 to time interval ¢. That is, an increase in DIH prosecutions reported
by the media means a harmful effect on drug overdose deaths. If ¢ < 0, there is a
negative relationship between the change in the number of DIH prosecutions reported
by the media and the change in drug overdose deaths from time interval t — 1 to time

interval . That is, an increase in DIH prosecutions reported by the media leads to a
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protective effect on drug overdose deaths.

Recall that we defined H,(t) = Hgp(t + 1)yF(Xss, f:ls,t)_l. In the binary case,
since the treatment only changed once, we only have to “blip” off the treatment once.
However, when the treatment is not binary, we compute Hj(t) recursively, and so

we take H; . (t + 1) into account. Hence,

Y itk <Tr
Hi(t) = ) (4.15)

Hs,k(t + ]‘)’Yf(XS,t) /:ls,t)il if k> Ts*
Since we could not find a closed form solution for ¢ using the unbiased estimating
equations, we used a grid search to find ¢ such that when a(v¢)H,x(t) was added to
the model in Equation (4.13), we have () = 0. The 95% confidence intervals were

estimated as in the one-parameter model for binary treatment.

4.6 Results

First, we considered when treatment was binary, i.e. the effect of having any DIH
prosecutions reported by the media versus having none on unintentional drug overdose
deaths. Solving Equation (4.10) for ¢ for the one-parameter treatment model, ’QZAJ =
—0.107 with 95% CI (-.217, -.011) and ea:p(—@@) = 0.899 (95% CI: (0.805, 0.989)) on
the risk ratio scale. Results suggest a protective effect of exposure to DIH prosecutions
reported by the media on unintentional drug overdose deaths. When taking the
treatment duration into account in the two-parameter treatment model, we estimated
parameters ¢, = —0.132 (risk ratio: 0.876) and ¢, = 0.001 (risk ratio: 1.001).
Figure 4-2 shows the 95% confidence region for (11, 15), where the red “x” indicates
the estimated ¢ = (¢, ). The 95% confidence region for (¥, ) contains (0,0),
suggesting that treatment effects were not statistically significant at o = 0.05 level.

Figure 4-3 shows the estimated risk ratios of treatment effects at each post-
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treatment time interval for (a) the one-parameter model, i.e. 1/;, and (b) two-
parameter model, i.e. ¥; +15(k —T*). Since the one-parameter treatment model did
not depend on the treatment duration of DIH prosecutions reported by the media,
there was a constant, statistically significant protective effect. For the two-parameter
model, there was a potential protective effect when a state was first exposed to DIH
prosecutions reported by the media. As the exposure duration to DIH prosecutions
increased, there was a small, potentially harmful effect. However, for all possible
values of k — T, Uy + 1/32(16 — T¥) < 0, suggesting an overall protective effect. The

treatment effect at each post-treatment time interval was not statistically significant.

002

0014

000+

0014

100 075 050 025 000 025
A
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Figure 4-2: Confidence region for 11 and v in two-parameter treatment model.
The red “x” indicates the estimated ¥ = (¢1, ¥2).

When we estimate the effect of an increase in the number of DIH prosecutions
reported by the media, we estimated a 1 of 0.00749 (95% CI: (0.00703, 0.00798)).
On the risk ratio scale, e:cp(q,/A)) = 1.0075 (95% CI: (1.0071, 1.0080)). Since ¥ >0,
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Figure 4-3: The treatment effect given by (a) ¢ and (b) 1)y +1s(k—T7) by the length
of exposure to drug-induced homicide prosecutions reported by the media k—77 with
95% confidence interval when treatment is binary.

results suggest that the risk of unintentional drug overdose deaths move in the same
direction as the change in the number of DIH prosecutions from time interval ¢ — 1 to
time interval ¢. That is, an increase in DIH prosecutions reported by the media led
to an increase in unintentional drug overdose deaths. Figure 4-4 shows the estimated
risk ratio of treatment effect given flt — /Nlt_l = a; — ay_1. The observed change in
the number of DIH prosecutions reported by the media from time interval t — 1 to
time interval ¢, given by a; — a;_1, in the data ranged from -29 to 64. However, there
were often no changes in the number of DIH prosecutions from time interval t — 1 to
time interval ¢ in the data: the median a; — a;_; was -1 with interquartile range 17.
Hence, even though estimated risk ratios of treatment effects, given the data, ranged

from 0.805 to 1.615, most of the estimated risk ratios fell between 0.931 and 1.058



110

(computed from the first and third quartiles).
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Figure 4-4: Estimated risk ratio of treatment effect for one-parameter treatment
model where treatment is number of drug-induced homicide prosecutions and 95%
confidence intervals for each @, — a;_; observed in the data. The size of data point
represents the number of observed datapoints for the value of a; — a;_;.

4.7 Discussion

The effect of DIH prosecutions reported by the media on unintentional drug overdose
deaths depended on whether we took the exposure duration and number of DIH
prosecutions reported by the media into account. Exposure to DIH prosecutions
reported by the media assuming a constant treatment effect model had a potential
protective effect on unintentional drug overdose deaths. This result differed from the
results in Chapter 3.4.4 when we considered a constant treatment effect model. In

Chapter 3.4.4, we estimated a potential harmful effect of exposure to DIH prosecutions
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reported by the media on unintentional drug overdose deaths. When we took the
exposure duration to DIH prosecutions reported by the media into account in the
SNRRM, we estimated a potentially protective effect of exposure to DIH prosecutions
while we estimated a potentially harmful effect as the treatment duration increases.
Again, this differed from results in Chapter 3.6.5, where, when we took the exposure
duration into account as a linear effect in the GAM, we estimated a potentially
harmful effect at the time of exposure but a potentially protective effect as the length
of exposure increases. However, overall, the treatment effect in the one and two-
parameter models at each post-treatment time interval remained negative, suggesting
an overall protective effect.

When we took the number of DIH prosecutions into account, we estimated a
potential harmful effect as the number of DIH prosecutions reported by the media
increases. For each additional DIH prosecution reported by the media from one
six-month interval to the next, we estimated 0.75% (95% CI: (0.71%, 0.80%)) more
unintentional drug overdose deaths. However, since there could many more DIH
prosecutions reported by the media from one time interval to the next, there could
be a substantial increase in the number of unintentional drug overdose deaths due to
DIH prosecutions reported by the media.

There were limitations to the analysis. Of note, the treatment effect models were
simplified, e.g. we only took the number of other relevant policy measures that have
been enacted in the past into account as opposed to focusing on each of the relevant
policy measures separately. We also only considered one and two-parameter treatment
effect models. However, the estimation of the parameters becomes harder with the
addition of more parameters in the treatment effect model. Furthermore, we chose
qi (X&t,f:ls,t) = 1 for simplicity, but there are other choices of g} (Xs’hj&t) that

can be used for the estimation of treatment effects (Lok et al., 2021).
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In the next steps, we would likely benefit from finding an optimal function
qi (X&t, f:ls,t) and a treatment effect model with more parameters (Lok et al., 2021).
Furthermore, we would like to estimate the number of attributable deaths as we did
in the previous chapter. We would also like to estimate the effect of DIH prosecutions
reported by the media using the model using the number of DIH prosecutions reported
by the media as treatment and accounting for exposure duration. This would allow us
to determine the effect of the intensity and treatment duration of DIH prosecutions
reported by the media on drug overdose deaths.

Overall, results suggest that there might be an overall protective effect on unin-
tentional drug overdose deaths of being exposed to DIH prosecutions reported by the
media. However, when we account for the intensity of DIH prosecutions reported by
the media, there is a harmful effect of DIH prosecutions reported by the media on
unintentional drug overdose deaths. However, similar to conclusions in the previous

chapter, more work needs to be done to actually assess the impact of DIH prosecutions

reported by the media.
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Appendix A

Treatment Effects Under Exposure
Models

A.1 Linear Unbiased Constraints

Proof of Proposition 1. Let é1,m1 be a linear estimator for the unit-level causal effect
for a unit i whose weights only depend on the unit’s exposure, i.e. 01, = w(€)Y (é),
where &% = €. Without the loss of generality, we assume that the exposure compo-
nent of interest is the first one. The parameter of interest for the unit-level causal
effect of the first exposure component being m, versus zero is denoted as 01 ,,,,. The

expected value of the estimator under additivity is given as follows:

E(0rm) = 3 p(@w(@V (@)

ee&
= S p(@u(@)|a+ e = i)
ee&
mi1—1 K mg
+ ) Oml{er =m}+ > Y Oy {ew =G} -
m=1 k=2 jp=1

In order for E(f m,) = 61,m,, we need:

S p@w(@) =0

ecE
S p(@w(@fes = mi} = 1
eee

Vm:me{l,...,my — 1}Zp(é')w(éjﬂ{el =m}=0
ec&

Vk, gk k€42, K} g € {1,...,m} > p(@w(@){ex = ji} = 0.

eee
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These give us the constraints needed for unbiasedness. O

A.2 Affine Basis for Set of LUEs U

We first define notation for the weight of exposures in an estimator.

Definition A.2.1 (Weight of Exposure in Estimator in M). Let § € M. We denote
the weight on the Horvitz Thompson term associated with exposure € € £ as fj(€) :
£—{-1,0,1}.

A.2.1 Construction and Affine Independence of M

Proof of Lemma 2.1. Let M be the set of estimators described in Theorem 2.1. Note
that all estimators in M are MALUEs. Let 6 = Y G 9(0)0 where Y G g(0) = 1.
Assume 6 € M. If M is affine independent, then it implies that

B 1, if6d=0
g9(0) =

0, otherwise .

Since £ is ordered and each MALUE in M is uniquely identified by the exposures in
£, there is a natural ordering of the corresponding MALUEs. We prove that M is
affine independent using induction. Consider each of the MALUEs 6 € M.

Base Case: j =1

Consider the first MALUE 6 € M. In particular, we have the MALUE:

.....

Based on the construction of M, # is a unique MALUE for which é® e supp(é)
where €1 = (my —1,ma, ..., mg). Thus, if ¢ € supp(f), then 6 = 0, i.e. g(0) = 1.

Otherwise, g(6) = 0.

Induction Hypothesis: Now assume that for j € {2,... u}, the weight g for the
jth MALUE in M is given by Equation (2.13).

Case: j=u+1

Now consider the (u+1)th estimator §*+1) € M. From the definition of the estimators

in M, 6@+ is uniquely identified by an exposure ¢t € £ where either el(u+1) €

u+1)

{1,...,m; — 1} or el(u+1) = my, depending on whether ¢ is a four-term or two-
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term MALUE, respectively. If €1 ¢ supp(f), then g(0+tD) = 0. Otherwise, we
consider the different cases.

If for all j'th MALUEs 09) € M for j/ < j we have g(0Y)) = 0 and €@tV e
supp(f), then g(f®*+V) = 1. This is because M is ordered and since 0®+D is a
MALUE, the exposure components in the exposures corresponding to each of the
HT terms are simultaneously decreasing. Hence, 8@ is the last MALUE in M for
which € is in its support. Since all previous MALUEs 6U") have weight 0, then f(ut1)
must be equal to 8, i.e. g(6®D) = 1.

If there exists a j'th MALUE ) € M for j < j such that g(6U)) = 1, it
means that 0U) = §. Because of the induction hypothesis, there can be at most
one estimator before the (u + 1)th estimator that has non-zero weight (namely the
estimator equal to é) If et ¢ supp(é’) then et ¢ supp(é( 7). Furthermore,
o (ﬂ(uﬂ)) = faun (€ (UH))- It 9( uﬂ) # 0, the weight feu’>+g gut1))g glutn (€ g 1)) is
given by faun (€FD) 4+ g(0®+D) frin (€@HD). Since +Y is the last MALUE in
M with exposure €%*tY in its support, there are no other MALUEs for which we
cancel the extra weight on the Horvitz Thompson term with exposure €+, Thus,
if g(60+D) # 0, we have faon (€0HD) + g(00FY) fiin (€@TV) # fion (€0HD) =
£3(€@+D). This leads to biasedness. Hence, g(6®+) must be 0.

For all estimators in § € M, the weights g(f) are defined as in Equation (2.13).
Thus, if 6 e M., then 6 cannot be written as an affine combination of estimators 6 in

M, i.e. the set of estimators M are affine independent.
[

A.2.2 Affine Basis for U4

Proof of Theorem 1. First, we want to show that O is affine independent. Consider

the support of o:

supp(©) = {€: € £, e1 = my}
{e:ée€&ee{l,...om —1},Fk€{2,..., K} s.t. e, #0}
{5156 5,61:O,E|k,k3/€{2,...,K} s.t. ekséO,ek/ %0} (Al)

Note that each estimator in © can be uniquely identified by an exposure. In particular,
each two-term estimator in M can be uniquely identified by an exposure where e; =
my. Each four term estimator in M can be uniquely identified by an exposure where

e; € {1,...,m; — 1} and there is at least another non-zero exposure. Each estimator



116

in Z can be uniquely identified by an exposure where e; = 0 and there are at least
two other non-zero exposure components.

Order the set of exposures such that the set of exposures with e; € {1,...,m;—1}
are first, then the exposures with e; = my, and finally e; = 0. Within each subset
of exposures in supp(é)), order the exposures in a reverse reflected lexicographic
manner by uniquely identifying exposure. Recall that each estimator in M is a
MALUE, and so the exposures, and their corresponding Horvitz-Thompson terms, can
be arranged such that the exposure components are simultaneously non-increasing.
Furthermore, exposures, and their corresponding Horvitz-Thompson terms, in the
support of estimators in Z can also be ordered. In particular, exposures in the support
of an estimator in Z can be arranged, in increasing order, according to the reverse
reflected lexicographic order. Hence, the zero estimators are also monotonic. Because
of the ordering of supp(@) and the monotonicity of the estimators, each estimator
6 € O is the last estimator in © for which the uniquely identifying exposure is in its
ex) — HT{(0,e,
er €40,...,my}, is the last estimator for which (mq,es,. .., ex) is in its support.

Now, let § = Y 5co 9(6)0, where Y 5o g(f) = 1. Suppose that § € ©. Based on

the ordering of the estimators, we can extend the proof of Theorem 2.1 to here. By

support. For example, the two term estimator HT(,,, , where

k)

-----

doing so, we argue that g is given by:

y 1, ifd=40
g9(0) = o
0, otherwise

Hence, O is affine independent.
Next, we show that 6 spans the set of LUE. To do so, we determine the dimension
of © and the dimension of ¢{. The number of estimators in § € © is equal to the

number of uniquely identifying exposures. That is,

K

O = | [[rmx+1) [+ |01 [H(mk+1)—1]

k=2 k=2

two term estimators four term estimators
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= H(mk + 1) — ka (AQ)

However, since the weights of the estimators must sum to 1, there is one less free

dimension. Thus, the dimension of the affine space is
K K
H(mk + 1) — ka —1.
k=1 k=1

The dimension of the LUEs is determined by the number of exposures minus the

number of constraints. Hence, we have,

K K
k=1 k=1
number of exposures number of constraints
K K
=[x +1) = > mp—1. (A.3)
k=1 k=1

So O is an affine independent set with dimension equal to the dimension of the set of
LUEs, i.e. ) spans the set of LUEs. Hence, the set O is an affine basis for the set of
LUEs. O]

A.3 MIV LUEs

A.3.1 Optimization Problem

We solve the following optimization problem to find weights for exposures fora LUE
that has minimum integrated variance. First, let a € © be the parameter correspond-
ing to the baseline (i.e. when all exposure component values are 0) and 6, € ©

be parameters corresponding to the kth exposure component, where k € {1,..., K},
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when it is equal to ji versus zero, where j; € {1,...,my}. Suppose the parameter of
interest is 6 ,,,, € ©. To find a MIV LUE for a given prior, we find weights such that
the integrated variance is minimized with respect to the linear unbiased constraints.

Therefore, the optimization problem becomes:

- %/@ZP@ (W(E)Y (&) — 01, )> 7(0))dO + N, <1 - Zp(g)w(g)ﬂ{el _ m1}>

- Z_ Ao (Z p(@)w(@){e; = m}) - A?,Zp(f?)w@
— Z Z AL k,ji ZP e)w(e){ex = ji}

[Zp &)w( 5)2/Yé)2 d@'—i—Zp 5)/61m1 0')do'

—2 / Brom D @@ (@)m(O)at | + Ay (1 =3 pAu(@er = m1}>

_ le;l Moo (Zp(g)w(g)ﬂ{el = m}) =X )_p(@w(@)
_ fjiA SWCHCIOREY
lzp 0@ Var(Y (@) ~ [ 6,7 d@]
n (1 -3 pEEe = m1}> - ZZ N (Zp<aw<aﬂ{e1 - m})
SOWCICE fmzAzp @@ ex = i)

Taking the derivatives with respect to exposure € € £ and setting the derivative

to zero:
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0= G = PE(EVa(Y (@) = Mp@{er = mik = 3 dap(@ler = m)
— A3p é') Z Zk A4 NN Y é)]l{ek = J}

mi1—1

=p(E)w(@)Var(Y (&) = Mp(@L{er = mi} + Y Agmp(@)L{er = m}

+ A3p(€) + Z Z Ak, P(€){er = i}

k=2 jp=1

)\1]I{61 ml} + Zml ! )\2 m]I{el m} + )\3 + Zk 2 ij 1 )‘4,k,jk]I{€k = jk}

w(e) =
Var(Y (€))
(A.4)
The MIV LUE problem is equivalent to the following matrix problem:
p(@)Var(Y (@) -0 0 PE O €5} o p@ WOk €8} P@)]T 0] 1
0 w00 p(Ele)Var(Y(€ep))  pEle)H{b1m: € €l -+ p(Eg H{ek nic € Clel} P(f? ) 0 w('p;. )
PE) O € a1} - p(Ee){Oum, € G} 0 0 0 o
p(en)I{0, € €1} p(af\)ﬂ{eLl S as\} 0 oo 0 0 0 B ?
PEH Ok €61} - p(Ee) {0 my € e} 0 0 0 0 /\4,1;,"%»
p(&) - P(er) 0 o 0 0 0 :
(A.5)

where 0y ; € € means that the parameter 0, is a summand in the summa-

tion of parameters that equals to the potential outcome given exposure €. Let
. w C? . . .

matrix P = (C 0 ) be a block matrix of dimension <|5|+ Zszl my + 1> X

<]8H— S my 1), where W is a |€|x|€| diagonal matrix and the jth diagonal
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entry corresponding to €; for j € {1,...,|&|} is
W, = p(&;) Var(Y(€)))

and C is a |©|x|E| matrix of constraints given by Proposition 1 where the rows
correspond to the parameters in © and the columns correspond to the exposures. We

write Equation (A.5) as P~'b = w.

A.3.2 Characterizing MIV LUEs

Proof of Lemma 2.2. Let n € R be such that n — oo and B € RI®IXI® be a positive
semi-definite matrix where elements 0 < b;; < oo are small. Now consider the
variance-covariance matrix f),] =n3 + B. Then:
lim 73,0, = lim o] (2 + B)v,
n—00 n—00
= lim noi v, +v] By,
n—00
=0
= vl Bv; < 00 (A.6)

. T . T
7711_)1]([)1O vy X9 = nlg]go vy (NE + B)vg

= lim novi Bvy +vs Buy
~——

n—00
= lim 7 a+ vl By, — . (A.7)
100 N~ ~——
— 00 <00

Lemma A.1. Let the design p be such that p(€) > 0 for all € € £ and let Var(Y (€)) >

T
0 for all €€ £. The matrix P = (‘éf % ) is full rank.

Proof. First W is full rank since it is diagonal with positive diagonal entries. Further-
more, C has full row rank because otherwise, the linear unbiased constraints given
by Proposition 1 are redundant. If the constraints are redundant, we can remove a

constraint, but the constraints for unbiasedness are minimal. That is, if we removed
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a constraint, there are linear estimators that satisty the remaining constraints but are
not unbiased. Hence, C must have full row rank in order to preserve unbiasedness.
Suppose that ¢ = (gg) € RIEH®l satisfies ¢'P = 0 where c¢ is a vector of length |€|
and cg is a vector of length |©|. Then:

o 1 (W CT\ _ (W +ICY _ 0\£|><1)
o= (§ G = (=) - (0

We then solve for cg and cg:

Oigjx1 = GEW +cgC = cf = —c,CW ™,

T T 1T
0|@|><1:CSC —C@CW C - C@—O|@‘X1,

where in the first line, we can take the inverse of W since it is full rank and has positive
diagonal entries, and in the second line, we multiply both sides by (CW~!CT)~!
where CW'CT is full rank since C has full row rank and W is full rank and has
positive diagonal entries. Since cg = 0jg|x1, then cg = Oj¢|x1. Hence, all the rows in

P are linearly independent, and since P is a square matrix, P is full rank. O

Proof of Theorem 2. The proof will proceed as follows. We will first partition the set
of parameters and exposures into five sets. We will then show that if a specific one of
these sets is empty, then supp(é) C &’. We will also show that supp(é) C & holds if
that set is non-empty. Finally, we will argue that supp(é) = &' under the conditions
specified.

First, the MIV LUE problem is equivalent to the matrix equation:

p(@)Var(Y(@)) -0 o PEHOm €61} - p@)HIkme €6} PE)TT o w(@)
L0 w0 plég) Var(Y(ég)) (e H{ﬂlm 6%\} + plEie)HOkmy € Eley p(Eje)) 0 e
(€ )H{elm e} s p(Ee){01m, € e} 0 - 0 1| ’L(ilf\)
( H{911 €ai} p(qg‘)]l{ﬁu € ”\S\ﬁ 0 0 0 R e
p(E)I{0 ay e DOk o - 0 0 0 A
(&) {p?el) €ar - {111(15‘\5\) € et} 0 0 0 0 As

where we write 6y ;, € € to mean that 6 ;, € © is in the sum of parameters in Y (€).

T
We write this as P~'b = w, where P = VCV % ) is a block matrix of dimension

<]$H— S my+ 1) X (\SH— S M+ 1). W is a |E| x|€]| diagonal matrix and the
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jth diagonal entry corresponding to €; for j € {1,...,|€|} is
W, = p(&;) Var(Y(€)))

and C is a |©|x|E| matrix of constraints given by Proposition 1 where the rows
correspond to the parameters in © and the columns correspond to the exposures.
Given &' C &, we arrange the exposures in P, and the corresponding rows in b
and w, such that exposures €1, ..., € € £ C € and €jg/|41,...,€¢] € E\E'. For each
€€ &, let vz € {0,1}®l be such that v17 = Y (€), where # is the vector of parameters.
Suppose that span ({Uz}ercer) N {Ue}ece = {Uzr}ereer. Note that span ({Ue}ereer)
is a linear subspace of RI®l. Then there exists a positive semi-definite matrix ¥
such that span ({Uz }sreer) = Null(X). In particular, ¥ = I — X X7 where the
columns of X are vectors that form an orthonormal basis for span ({Uz }scs). By

Lemma 2.2, there then exists a sequence of variance-covariance matrices 3, such

that limnﬁooﬁg‘;inﬁgj < oo for j € {1,...,|&|} and lim, o 17%/21717%, = oo for j' €
{I€+1,...,E}.

Let the matrix P, be the same as P, but with rows rearranged as described below
and where the variances are given by variance-covariance matrix f]n. The MIV LUE
problem then becomes P, 'b = w,. Let lim,_,oo P,'b = w*. We want to show that
supp(w*) = &', and we first argue that supp(w*) C £'. Note that supp(w*) = supp(f)
since 0 is given by w*.

We define submatrices of P,, as follows. First, the diagonal matrix W can be de-
composed as follows. Denote F,, as the diagonal matrix of probabilities and variances

for the potential outcomes that have a finite limiting variancee:

p(@)Var(Y(e)), - 0 ]
&/|x €|

| (A8)
0 e p(ag/|)Var(Y(a£/|))n

77:

Similarly, denote IN,, as as the analogous matrix for potential outcomes that have a

non-finite limiting variance:
[p(gwm)Var(Y(gIE’lﬂ))n T 0 ]
0 v pEe)Var(Y (Gien)nd e - jenyxer-ien)

n

(A.9)

Next, denote the following subsets of parameters. Let @Y C © denote the set of

parameters where 0V € ©F are such that 0V ¢ &’ for all ¢’ € &'. Here, we write
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6 ¢ €to mean that 6 is not in the sum of parameters in Y (¢). Note that for 6% € OV,
we have lim,_,, Var(6") = oo by Lemma 2.2. In addition, we will further divide the
parameters in OF = ©\ OV as OF = OB UONE. Specifically, OV will be a maximal
subset of ©F such that the submatrix of C with rows given by ©V% and columns
given by £’ is linearly independent.

The matrix C € RI®¥I€l contains submatrices corresponding to the linear unbiased
constraints. We denote the constraint matrices as C?, where the subscript corresponds
to the set of exposures e and superscript corresponds to the set of parameters p. For
each e € {N,F} and p € {N,NR, R}, we define C? to be the submatrix of C
containing linear unbiased constraints in which rows correspond to parameters in ©F
and columns correspond to the exposures in £¢. Here, £ = £ and EN = £\ &

For example C¥ is defined as follows:

o | PO € g} oo p(Ee) {0 € éie}
O e 0N v € Got} oo p(Ee)T{ON v € Eer) - (A10)
PLCler|+1 jon| € €ler|+1 bleje 01 € CIE | on 1 qel—ien
Altogether, this results in the equation
_ >N
N, c¥" o cyrR" cr' L0 e W(;N)n
cy o c¥ o 0 gonx e
P;lbzw77 _— 0 CgT P CgRT CgT |Ei|><1 _ wE\e )n ’
c¥r o c¥r o 0 Ojovr_1x1 )\NRI\T’/\I
Cy o0 Cf 0 0 Ojor|x1 TR
n
(A.11)

where the 1 in b and A;,, in w,, corresponds to the constraint for ¢ ,,, € eONE,

Case 1 (Assume OF =():). We first consider the case when ©F = (), so we can

consider the linear equation

_ SN
N, C%T 0 C%RT ! 0g)— |7 %1 W()\GN )
Ccy 0 cy 0 [ON]x1 .
NT NET 0j¢71x1 = w(e"), . (A12)
0 C» Fz\? Cyr 1 .
C%R 0 CFR 0 0‘@NR‘_1><1 )\NR \ )\177
n

T
Note that since we can rearrange rows of P, such that P, has the form (Vg" % ) ,
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N, O cy C¥ . : .
where W, = ( 0 F ) and C = c e C ¥R |, and since variances are given by
U N F

3, we have Var(Y(€)) > 0 for all & € £. Then, by Lemma A.1, P, is full rank,

and so P, is invertible with solution w, = P 'b. Since P, = [g&l DB } is a block

U
matrix, where

_ (N, ¥ _ (0 CNART _( F, Cyr"
An_(Cﬁ o )’B_<C% b , and D, = CiR 0 ,

we have the following formula for P, L

-1
P =

A,'+A,'B(D, - B"A,'B)"'B"A;! —A,'B(D,-B"A,'B)"!
—(D, -~ B"A;'B)"'B"A;" (D, — B"A,'B)"!
(A.13)

First, we want to determine the vector of weights w*(e"), where &V € £V. We focus

on the first [£|—|E’| rows in P, ie.

f N\ _ 18 —1 1 TA-1p\—1RT A 1 Oig)— |7 %1
w (6 ) _ 771520 [An + ATY B(DTI -B A77 B) B A77 }ﬁrst |E|—|E'| rows |: |@N‘><>1< i|
+ lim [-A,;'B(D, — B"A;'B)"'] O'gf“ (A.14)
n—00 Ui n n first |E|—|E’| rows 0 ’
[ONE|-1x1

Since the first summand is multiplied by 0/¢|_|¢/|4je~|x1, We focus on the first |£]—|E|
rows of the limit of —A_"B(D, — B"A,'B)~'. Note that A, is also a block matrix,

so A! is equal to:

Al =

— _ NT _ NTN_ _ _ NT _ T 1
an—f-anCM (—C%anCM ) 1C%N7)1 —ancw (—C%anC% )

-1 -1
- (—C%N;lc%T) CAN;! (—C%N;10%T>

(A.15)

a b

For now, we write A" = [c d] Then, we have

-1 Ta-1p\—1_ _[a b] [ 0 C¥BE"
~A;'B(D, - B'A'B) = - | ] [cfg ¥ }

F, o o o HRIE ALl A
CNE 0 CNE 0 |lc dl|cN 0



125

:_[bcg ac%ﬂ
ACY  cCNR"

F, oY [e)le eyt [o ey
CY¥E 0 CNEq CN¥Rp| [CN 0
:_[bcg aC%RT}

dCY cCNR"

. [ F,— CNTdcy  oprT - C%TCC%RT] o

CNE - CNEbCY — —CNRaCNE'
T T -1
:_[0 ac%RT] [Fn CyE T]
0 cC¥¥| [epr —cyfacytT]
a v
¢ d’}

T ) T
_ |:CLC%R d aCR! d} , (A.16)

NRT NRT y
cCyv o cCyvd

where C¥ = 0 since by definition of OV, for all ¥ € OV, we have 0V ¢ ¢ for
¢ € &'. We are interested in the first |E]|—|E’| rows, but since the first |£’| columns

are multiplied by 0, we focus on the last |©N| columns:
~aCNd = NJCNT (CNAN e
— ONRN -1 NT (N1 N T\ -1 N1 W NRT NRpp—1~NRT\ !
Cy'™N, Cy (CyN,"Cy )7 CyN,'Cy™" + C"F, " Cp
1 ~NT 1 ~NT— _ T _ T
- N,'CN(CAN, ' CY) TOAN, TR (CNAN PO

-1
— C¥N, ey (CAN,'CYT) TOAN, e o e oy )
(A7)

Note that F, is full rank and by definition, C¥* is also full row rank. The rank
of the product CgRFgngRT is equal to min (rank (C¥¥) ,rank (F,)). The rank of
F, is |€'| and the rank of C}% is |ONE|. If |£'|< |©NF|, then there are parameters
such that they only appear in the same exposures, leading to linearly dependent
constraints in C¥#. This contradicts the definition of CX¥%, so |£/|> |©NE|. Hence,
rank (CgRF,;ngRT) — |OVE|. So CYRF1CNA" is full rank.

By the continuity of matrix inverse at full-rank matrices, we can exchange the
limit and the inverse in Equation (A.17). Note that we can write the jth diagonal

entry of N, as p(€;) (nag, + 273; By, ). Let Nn be the matrix with diagonal entries
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; <a~. + %ﬂB}.) so that N, = 7N, i.c. N, ' =

lim (CNRN 1cNRT_CNRN lcNT(CNN lcNT) lcNN lcNRT)

nN—00 n

1
= lim C]N\,R—N 1CNRT
1n—00 n

lN lcNRT
77
= 0|@NR|><|@NR‘. (A.IS)
Hence,
1~ -1
lim aCY¥A"d = lim —=N'CyA" (chFglchT)
n—00 n—oo 1)
1~ -1
1 lim N 1CNT(CNN 1CNT) 1CNN 1CNRT (CNRF 1CNRT>

n—00 T]

(A.19)
Since each matrix above is bounded in 7, lim, aCNRT @ = Oj¢|—|e/|xjo~r|- Hence,
w*(e™) = 0jg_je/|x1. This establishes that supp(w*) C & if ©F = 0.

Case 2 (Assume OF £ ():). Now we consider the case when ©F # (), i.e. CE # 0.
The matrix equation becomes

ci”
P, |@N| %eR\ w,\ /b
AR ) T \Ojer|xi)
(C¥ Oprxon; CF Opnjxovr))  Ooren

(A.20)

where P,, w,, and b are matrices and vectors from Equation (A.12). Denote Equa-
tion (A.20) as ]_5,7w7\/77 — b. Since we already showed that w* is the solution to the
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matrix equation in the limit when ©f = (), we have the following:

O0e\e7x1
0|®N|><1
S [ W o €% 1
P (0 0mr) = . , (A.21)
Olevr|—1x1

CRw*(eN) + Clw*(eT)

>F

eN) and w*(eT) are the weights of the exposures in €\ £ and &', re-

where w*(é
spectively as given by w* and P* = lim,) 00 1577. Recall that in the previous case,
we showed that w*(e?) = Oj¢|—¢/|x1- Furthermore, recall that by construction of
CHE CE = TCYE, where the first column of T only contains zeros since 6; ,,,, can-
not be linearly dependent with another parameter. Otherwise, unbiasedness does
not hold. Since w*(¢%") solves the matrix equation given by Equation (A.12), then

R *(2F\ _ P*w* = b W= v
Cliw () = 0. Then, Pw* = b, where ' = (0% ).

Let w be the true solution in the limit to the problem P,w, = b as given by
Equation (A.20). Then:

P'w — P*W* = P* (W — W") = 0|1 je|- (A.22)

cy C¥
By Lemma A.1, P* is full rank, where now C = C% CE . We can then multiply
cikh

both sides by P* ', and since all elements in P* ' are finite, we have:
w—w"= O‘g|+|@‘. (A23)

Thus, in the limit, the solutions w* and w are the same, and we see that w*(e™) =
0j¢—jer| and W*(€¥') depends on w*(e™).

Hence, if there exists & C &£ such that span ({Uz }ercer) N {Uztece = {Vz feres,
then there exists a 6 with supp(d) C £ and @ is a limit of MIV LUEs.

!

Showing supp(w*) = &’:

Finally, we want to determine the vector of weights w*(€%), where ¥ € £, which is

given by:

n—00 i [ON|x1

w'(@) = lm |(D,~B'A;'B) 7 B'A;| . (O]
rst |E'| rows
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) T a1 _1 0|5’|><1
+ lim (D, —B"A,'B) 1 : (A.24)

n—00 first |£] rows O\G)NR\—lxl

We focus on when ©F = () since we have shown that the weights for € when ©F #£ ()
are the same in the limit as the weights when ©% = (). Here, we focus on the first |£’]
rows and last |©V#| columns of lim,_, (D, — BTAng)fl. Note that D, —B"A; 'B

is a block matrix, so we are interested in the upper right block of the inverse. Again,

we denote A, = [CCL Z] Then, using the right hand side of Equation (A.13), the

upper right block of (D,, — BTAng)f1 is:

-1
upper right block

(D, - BTA;'B) =B, oY (C¥taCy™ 1 oY, o)

—F, 'Y (CAmN, e

~ CNEN,TCN' (CVN;'CN' )" LCAN, Lehr!

4 cyRF,;lcyRT>1. (A.25)
Since CF7F,'CL R is full rank as shown previously, we can take the limit inside the

inverse. From Equation (A.18), we have

Jim (C%RN;(J%RT - C%RNglc%T(c%Nglc%T>—1cxNglchT) — 0jovr|x V|-

Hence,

1
wi (@) = lim FiC (cprE o) ! ] (A.26)

n—00 0|9NR\—1><1

Note that the (k,[)th entry of CgRFglchT is given by:

|€"]

CHAFIONT) =S Ok, 0 € &} g s () A27

( L Z {0, 6, € e]}Var(Y(é’j))’ ( )
7j=1

where the k,1 € {1,...,|©N%|} indexes the different parameters in OV, If for every

exposure €; € &', we have

Rl

m Y Adg (cyRF,;lchT)klﬂ{ek €&} #0, (A.28)
k=1 ’
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where Adj (CgRFgngRT> is the (k,1)th entry of the adjugate matrix of
k1

5

C%RF;ICJ}[RT corresponding of 6y ,,,, then w*(€) # 0. Hence, supp(w*) = &' O
A.3.3 Example: Derivation of Weights for Six-Term Exposure

We show that in general w*(¢¥) # 0 through an example. Consider

gextermm — £(0.0), (0, 5), (m, 0), (m, ), (m1,0), (m1,5)},

where m € {1,...,m; — 1},j € {1,...,my} and consider a prior covariance-matrix
3, where all prior variances of parameters are finite. Denote entries of the inverse

)Adj (C]}fRF;ICgRT) ~where Adj is the

k,j

NRp—-1~NRT ~ 1
of CrF'C as g ; =
F tn “F 0 det(CYRF, TCNRT

adjugate. Then,

r 1
P00 Var(©0.0)) 0 0 0 0 0

0 p(o,j)Véf)rww,j)) ? 3 g g
*( SF J— p(m V‘dI’YmO
w(e") = p(m.0) VAI(Y (m.0)
0 0 0 p(m,j>Va1r<v(m,j>) ? 0
0 0 0 p(m1 ,())VaI'(Y(ml ,0)) (1)
0 0 0 0 0 p(m1,5) Var(y (ma,j)) |
0 p(0,0) 0 0
0 p(O,j) 0 P(Oaj) aiy Q2 413 A1y
« 0 p(m,0) p(m,0) 0 a1 G2 Q23 Q24
0 p(m,j) p(m,j) plm,j) | |as1 Gs2 G33 G34
p(mq,0) p(m4,0) 0 0 (41 Q42 Q43 G4y
_p(mlvj) p(mhj) 0 p(mlaj)_
- L _
0 Varolf(o,o» 0 ?
0 o 0 -— o - ~ -
Var(llf((),j)) Var(y (0.5)) 11 Ai12 AaA13 aya
_ 0 Val"(li(m,o)) Var(yl(m,O)) ) 2,1 Az2 G23 a24
0 Var(y(mg) Varomg) Varamg) | |93 932 @33 034
v 1 L 0 0 A4,1 Q42 Q43 Q44
aI‘(Yl(m1,0)) Var(yl(ml,o)) .
L Var(y(m1,j))  Var(y(mi.j)) 0 Var(y (mi.)) |
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az,1 az 2 az,3 az 4
Var(Y(o 0)) Var(v Var(Y(o 0)) Var(y
az, 1+a4 1 az 2+a4 2 az 3+a4 3 az 4+a4 4
Var Var(Ygo,]) Var Var(Ygo,])
&2,1+53,1 az 2+a3 2 ag 3+a3 3 a2 4+a3 4
_ | Var(y(m,)) Vargy (m,0)) Var()/(m 0)) Vargy (m,0)) (A.29)
— | agatazitaqn aze+tas, 2+a4 2 G2,3+as,3+as3  az4tas, 4+a4 4| - :

Var(ygm,])) Var(v(m,))  Var(v(m,)  Var(yv(m.;))

a1,1+a21 ai2+az 2 a1,3+a23 ai,4+a2 4

Var(y (m1,0)) VaI'(Y(m1,O)) Var(y (m1,0)) VaI'(Y(m1,O))

6111+612 14+a4,1  Q12+4+a22+as2  ag, 3+t123+a43 a1,4+a2 4+a4,4
| Var(mj) Var((mig) Var(v(mig) Var(y(ms) ]

The weights w*(e¥') are given by the entries in the first column, and so w*(€%) is

: : : : _ T
non-zero if the corresponding entries of the inverse of CF#F 'CE"" are non-zero. We

N o — 1 - (ANRp-1NRT
Var(y(0,0)° Here a, = det(CgRF;ICgRT)Ad] <CF F, Cp )

Since CF7F, LCNE" is full rank, the determinant is non-zero, and so we focus on the

focus on w*(0,0) = "

adjugate term in terms of the minor, denoted by M, ;:

. _ T
Adj (chFnlch )21 — M,,
p(m1,0) 4: p(m1,j) 0 p(m1,j)
Var(y(mi,0)) " Var(y(mij) Var(y (mi.5))
- _ pm0) — plm.j) pm0)  _plms) p(im.j)
Var(v (m,0)) V&Y(Y(m])) Var(y<mo)> Var(y J) Var(y (m,j))
p(0,5) + p(ma,j) p(m.j p(m.j) p(0.,4) p(mi,j) p(m,j)
Var(y (o)) ' Var(y(mi,j)) Var (Y (m.5)) Var(y (m.j)) Var(v(o,5)) ' Var(y(m,j)) mer(y (m,j))
o p(m1, 0)p(m, 0)p(0, j) p(mi, 0)p(m, 0)p(m, j)
Var(Y (my, O))Var(Y(m, 0))Var(Y(0,5))  Var(Y(my, O))Var(Y(m, 0))Var(Y (m, 7))
Var(Y (ma, ))Var( ( ))Var( (m1,7))  Var(Y(mi, ))Var( ( ))Var( (0,4))
n p(ma, 0)p(m, j)p(mi, j) N p(mi, j)p(m ) (m, j) >
Var(Y (m4,0)) Var(Y ( j))Var(Y(my,j)) = Var(Y(my, j))Var(Y ( ))Var( (m, j))

(A.30)

Thus, we would need to set at least two probabilities of exposures to be zero in order
for w*(0,0) = 0. This holds similarly for other parameters. Hence, for typical choices

of the design probabilities and for priors where all variances are finite, w(e”*) # 0,

gsix term,m

i.e. supp(f) =
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A.4 Example: Six-Term Exposure Set

Proof of Corollary 3. Consider the exposure set

gSiX termmm — {(070)7 (Oaj)v (mla())? (m17j>’ (m,O), <m’J>}’

where j € {1,...,mo} and m € {1,...,m — 1}. Note that {Uz }zcgsix termm =
span ({Uz }zrcgsix termm ) M {Uz}zce. By Theorem 2, there exists an estimator 6 such

that it is a MIV LUE, for a given prior variance-covariance matrix, and supp(f) =

gsixtermm - Gince § is a LUE, there are weights aq, as, az € R such that

0 = a1 (HT(m,.0) — HT(0,0)) + 2 (HT(m, 5 — HT(0,)
+ag (HTn, j) = HT(m.j) + HTimo) + HT(0,0)) » (A.31)

where the three ALUEs form a basis for six-term estimators. We know that «; and
ap can equal to 1 since the two two-term estimators are also MIV LUEs, but as # 0
because the four-term estimator is not a MIV LUE. However, exposures in the support
for the four-term estimator can still contribute to MIV LUEs. We investigate this
contribution by finding the maximum of the weight as.

First, we want to solve for the weights of the exposures in 5 *™™  From the

proof of Theorem 2, we know that the weights are given by

21

w(0.0) = GG (A.32)

w(0, ) = % (A.33)
w(m,0) = % (A.34)
w(m, j) = a%j&?;f;;;“ (A.35)
w(my, 0) = Vail(’;(*”i%lo)) (A.36)
oy gy — Bt 2+ sy (A.37)

Var(Y (mi, j)) °

where the terms a@;; are the limit of terms in the adjugate matrix divided by the
determinant of CgRF; 1CgRT and the potential outcome variances are given by the

prior variance-covariance matrix. Suppose the variances of the potential outcomes
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pe) .
ar(y(e)

r(‘?)zv

are all finite. We first compute the determinant. We write

det (CFMF,CYT) = [r(ms, 0) + r(my, )]

x { [r(o, 0) +7(0,) + 7(my1,0) + r(my, j) +r(m,0) + r(m,j)]

.00 4 )| 0.5+ 73+ 0015

= [0+ rlmd) 4 )| (0,0 + 1o, 5)

[ rm0) -4 . )| (. 3) 0.9+ vl 5) 5 rms. )

= [rm0) 40,9 {09+ 16 3) 4 s, )

10,304 70m.) + vl )] .00 4 70,

r(0,0) + r(0,7) 4+ r(m4,0)

e romssg) + 7(m,0) 4 r(m ) o, )
{004 1, [, 0) 4 70, )

~

Wl/

S | —|
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£
= =

l_|
w =
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IT ~
= 0=
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g
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+r(mq,j) +r(m,0) + r(m,j)}
X —r(m, 0) + r(m,j)}

_ :T(ml, 0) + r(ml,j)} {r(m, 0) + r(m,j)}

< [r0.3) + o, + rm )|
= r(my,0) |:7”<0, 0)r(m,0)r(ma, j) + (0, O)r(m,j)r(ml,j)]
+r(ms, ) [r(ml, 0)r(m,0)r(0,7) + r(m, O)r(m,j)r(O,j)}

X [r(ml, 0) + r(ml,j)} [T(O, 0)r(m,0)r(0, 5)
+7(0,0)r(m, 0)r(m, j) + r(0,0)r(m, j)r(0, j)
+ 7(0, 7)r(m, O)r(m,j)} )

The different entries of the adjugate matrix that are needed to compute the ex-

posure weights are as follows:

,7) +7(0,0)r(m,0)r(my, j) + r(0,0)r(m, 0)r(m, 7)

0,0)r(m, J)T(O 3) +7(0,0)r(m, j)r(ma, j) + r(ma, 0)r(m, 0)r(0, j)
0)r(mu, j) + r(ma, 0)r(m, 0)r(m )+7’(m170) (m, j)r(0,7)
,J)r(ma, j) +7(0, j)r(m, 0)r(m, j) + r(ma, j)r(m, 0)r(m, j)

+7(ma, 0)r(m, j)r(0,7) + r(ma, 0)r(m, 7)r(ma, 3) + r(ma, j)r(m, 0)r(m, j)

1213,1 = r(my,0)r(m,0)r(0, ) + r(mq,0)r(m,0)r(m, 5) + r(my, 0)r(m, 0)r(m, j)
+ r(ma, j)r(m, j)r(0,0) + r(ma, j)r(m, j)r(ma, 0) +r(ma, j)r(m, 0)r(m, j)

Ay = {rm.0) 0, )] [r01,00r0.) = o, (0,0,

Using the adjugate entries and the determinant, the weights a1, as, a3 are then as
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follows:

ay = r(my, O){r(O, 0)r(m,0)r(0,7) + r(0,0)r(m,0)r(mq, j) + r(0,0)r(m, 0)r(m, j)
0,00, r(0.) + (0,0t )r(ims )+ 0. 3)r(m, O)r (. )
{01, | (0.00 0, 0on1,5) + 70,0 ) o )
e m1,3) |, O)r 1, 0)r(0,5) + rlms )i, )r(0.)
11,0+ 1 )] 10,00, 0)r(0.7) 4 (0. 0) (i, 0o, )

- 0.0)rm,)r(0,7) 4 0. 3)rm.O)r . ) } (A.38)
a2 = r0.3){ i, 0 (i )7 (0,0) 4 7. 3)r(1,)r(0,0) + s, O)r m, O m, )
o, ) 0)r(m )+ o1, O ), )+ o ) O)r . )

L r01,0) |(0,0)r(m. 0)rms. ) + (0.0)rm, ) (ms. )

e m1,3) |, O)r 11, 0(0,5) + rlms )i, )r(0.)

011,0) 7, [ 0.0, 0)1(0,5) + 70,0, 0o, )
#0.0)rm, ) (0,1) 4 0. d)r . O)r . ) } (4.39)

as=1—a; — oy

= . 0)rm. ) { (s )7 (0,0) = r(m,0)r 0, |

X {r(ml, 0) [T(O, 0)r(m,0)r(my,j) + r(0, O)T(m,j)r(ml,j)}

- 0m1,3) |, O)r 11, 0(0,5) + rlms )i, )r(0.)

{r(ml, 0) + r(ml,j)} [7’(0, 0)r(m,0)r(0,75) 4+ r(0,0)r(m,0)r(m, j)

+7(0,0)r(m, 5)r(0,75) + r(0, j)r(m, O)T(m,j)} }_ ) (A.40)
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We focus on the a3 weight, and we want to find the maximum of this weight. To have
an idea on how a3 depends on the different parameters, we take the partial derivatives

of the weight by the different parameter variances.

Case 1 (Change of a3 as Var(#;,,) — 00). We can rewrite a3 as follows:

a0 = { 1,0 0.0) = om0 0.

Var(Y(m,j))r ) Var(Y (m,0))

X {T(m1, 0) {7’(0, O)—p(m,j) (my,7) +7(0,0)——

Var(Y (m j))r N4 r(m Var(Y (m,0))
p(m,j) (07]) + ( 170) p(m,O)

Var( (m. )

p(m, j)

(o1, ) 1,0
{r(ml, 0) + r(ml,j)] |:7”<O, 0)

+ (0, O)WMO,]’) + T(O,j)] }

Since the Var(fy,,) only appears in the denominator, then as decreases and ap-
proaches 0 as Var(f; ,,,) — oo.

For the following cases, for simplicity we use denominator and numerator to

denote the denominator and numerator of ag, respectively.

Case 2 (Change of a3 as Var(#; ,,,) — 00). The partial derivative of a3 with respect

to Var(0y ,,) is as follows:

T(m,O)T’(m,j) |: r(0,0)r(m1,5)  r(0,5)r(m1,0) :|

oo Var(y(mi.j) — Var(y(m:0)
OVar(0ym,) denominator
numerator
denominator?
X {Var mIT;Lb 7 { r(m,0)r(my,J) + T(0,0)r(m,j)r(ml,j)]
7(0,0)r(m,0)r(my,j) | 7(0,0)r(m,j)r(mi,j)
7l 0)| FOEER ) HOHES

=

i d) o 0, r(m
G, 0, 0)r(0,5) + om0, 0.

(
r(ma, 0)r(m, 0)r(0, j) N r(ma, 0)r(m, j)r(0, j)}
Var(Y (my,0)) Var(Y (ml, 0))

+T(m17j){
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r(my,0) r(ma,J)
- [VamY(mho» " Var<Y<m1,j>>]

X {r(o, 0)r(m, 0)r(0, ) 4+ 7(0,0)r(m, 0)r(m, 5)
(0,00 (m, )r(0, 1) + r(m, o>r<o,j>r<m,j>] }

There are two terms in the derivative with different signs. Thus, the sign of the partial

derivative depends on which term is larger. Here, the first term is roughly equiva-

lent to the numerator numerator
denominator’ denominator

since there are additional terms in the numerator. Hence, the second term should

while the second term is sightly larger than

roughly be larger in magnitude than the first term, and so the sign of the partial
derivative is determined by the second term. The sign of the second term is de-
termined by the sign of the numerator: r(my,7)r(0,0) — r(mq,0)r(0,5). Hence,
it r(mq,j)r(0,0) — r(my,0)r(0,7) > 0, then g increases as Var(6y,,,) — oo. If
r(mq, j)r(0,0) — r(my,0)r(0,7) < 0, then a3 decreases as Var(6 ,,,) — oo.

Case 3 (Change of a3 As Var(6,;) — oo). The partial derivative of as with respect

to Var(fy;) is as follows:

r(m,0)r(m,j) |:T(O,O)r(m1 )= (0,5)r(ma 7O):|

Oas Var(y (m.j))

OVar(6s ;) denominator

. r(0,0)r(m1,j) _ r(0,4)r(m,0)
r(m, 0)r(m. j) [Var(Y(ml,m Varmo,j))}

+ -
denominator

numerator
denominator?
7(0,0)r(m, 0)r(mi, j)
8 {T(ml’o) [ Var(Y (my, 5))
r(0,0)r(m, j)r(mi, j)
Var(Y (m, j))Var(Y (m, j))

) [ o V(0. 1) o OVl (0. 4
VaI'(Y(mlaj))|:( 1, 0)r(m, 0)r(0, j) + r(my, 0)r (m, 5) (07])]

Var(Y (m, ) + Var<Y<m1,j>>]]
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~[r(my,0)r(m,0)r(0,5)
+r(ma, j) [ Var(Y (0, ))
T(ml, O)r(m,j)T(O,j)
Var(Y (m, j))Var(Y (0, 5))

) 0. 0V V(0. 1) - (0. OV (om. OV (. i
{Var(Y(ml,j))} { (0,0)r(ma, 0)r(0, 5) + (0, 0)r(m, 0)r(m, j)

Var(Y (m, J)) + Var<Y<o7j>>]}

+7(0,0)r(m, 7)r(0, 5) + r(m, O)r(O,j)r(m,j)}

+ {r(ml,O) + r(ml,j)]

y lT(0,0)T(m, 0)r(0,7)  r(0,0)r(m,0)r(m,j)
Var(Y(0, 7)) Var(Y (m, 7))

0.0 (0,5

Var(Y(0, ))Var( (m, 7))

(m, 0)r(0, j)r(m. j) | |
Tt [Var(Y(O,m+Var<Y<m,y>>J}}.

numerator
denominator’

since there are additional terms in the

[Var(Y'(0, 7)) + Var(Y(m, j))]

+

Here, the first term is roughly equivalent to the 2 x while the sec-

numerator
denominator
denominator. The actual sign of the partial derivative will depend on the prior vari-

ond term is sightly larger than

ances and probabilities of exposures. However, generally, the first term should be
larger in magnitude than the second term, and so the sign of the partial derivative
is determined by the first term. The sign of the first term is equal to the nega-
tive sign of the numerator, which is determined by: r(mq, j)r(0,0) — r(m4,0)r(0, 7).
Hence, if r(mq, j)r(0,0) —r(m4,0)r(0,5) > 0, then g decreases as Var(fs ;) — oo. If
r(m1,7)r(0,0) — r(mq,0)r(0,7) < 0, then ag increases as Var(fs ;) — oo.

Case 4 (Change of a3 As Var(a) — o0). The partial derivative of as with respect

to Var(a) is as follows:

day 1 {T(m,O)T(mJ) [Var(Y'(m, 0)) + Var(Y (m, j))]
OVar(«) denominator Var(Y (m,0))Var(Y (m, 7))
X [r(m1, j)r(0,0) — r(my, 0)r(0, 5)]

0,0, )| ) V(Y (0,0)) + Vor(Y (. )

_ 7“(07]) <m1,0) ar m - )
G s Wan(Y o 0) + Var(y (0,)] |}
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numerator
denominator?
x {Va:(("gni)) 5 { (0, 0)r(m, 0)r(ma, 5) + (0, o)r(m,j)r(mbj)}
7(0,0)r(m, 0)r(my, j) [Var(Y(0,0)) + Var(Y (m,0)) + Var(Y (m1, 5))]
+7(m1,0) [ Var(Y'(0,0))Var(Y (m,0))Var(Y (my, j))
N r(0,0)r(m, j)r(m, ) [Var(Y(0,0)) + Var(Y(m, j)) + Var(Y(ml,j))]l
Var(Y (0,0))Var(Y (m, j)) Var(Y (m1, j))
% {r(ml, 0)r(m,0)r(0,7) + r(m, O)T(m,j)r(O,j)}
 [7(m1,0)r(m,0)r(0, 5) [Var(Y (m1,0)) + Var(Y (m,0)) + Var(Y/(0, j))]
+r(ma, ) [ Var(Y (my, 0))Var(Y (m, 0))Var(Y (0, 5))
N r(mq, 0)r(m, j)r(0,7) [Var(Y (mq,0)) + Var(Y (m, 7)) + Var(Y(O,j))]}
Var(Y (mq,0))Var(Y (m, 7)) Var(Y (0, 7))
r(mlaj) :|
Var(Y (my, 7))

r(ms,0)
+ {Var(Y(ml,O)) +
[rm, 0)r(m1, 0)r(0,4) + (0,0 (m, 0)r(m. j)
+7(0,0)r(m, 7)r(0, 7) + r(m, O)T(O,j)r(m,j)l

+ {r(ml,O) + r(ml,j)]

[ r(0,0)r(m,0)r(0, 7) [Var(Y'(0,0)) + Var(Y (m,0)) 4+ Var(Y (0, j))]
Var(Y(0,0))Var(Y (m, 0)) Var(Y'(0, j))
+7‘(0»0)T( 0)r(m, j) [Var(Y’ (0,0))Var(Y(m,0))Var(Y(m,j))]
Var(Y ( ,0))Var(Y (m, 0))Var(Y (m, j))
4 10, 0)r(m, j)r(0, j) [Var(¥'(0,0)) + Var(Y'(0, 5)) + Var(Y(m, j))]
Var(Y (0,0))Var(Y (0, 7)) Var(Y (m, j))
L r(m, 0)r(0, j)r(m, j) [Var(Y(m, 0)) + Var(¥'(0, j))+VaF(Y(m,J))]H
Vaf( (m,0))Var(Y (0, 7)) Var(Y (m, j)) '

X

numerator
denominator’

. The second term might generally be larger

Here, the first term is roughly equivalent to the 2 x while the second

numerator
denominator
in magnitude than the first term since there are more terms. The sign of the partial

term is sightly larger than 2x

derivative is determined by the second term. The sign of the second term is equal to
the sign of the numerator, which is determined by: r(my,j)r(0,0) — r(mq,0)r(0, ).
Hence, if r(myq, j)r(0,0) — r(m4,0)r(0,5) > 0, then a3 increases as Var(fs ;) — oo. If
r(mq, 7)r(0,0) — r(mq,0)r(0,7) < 0, then oy decreases as Var(f, ;) — oo.
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Putting everything together: We can now work to maximize a3. We consider the
case when 7(my, j)r(0,0) — r(m,0)r(0, 7) > 0. We first take lim Var (6, ,,) — 0:

lim  az=_lim {T(ml,j)T(O,O)—T(mho)?”(Oaj)}

Var(01,m)—0 Var(01,m)—0
Var(Y (m, j
X{T(ml,O) [7’(0, 0)—ar( (m. 7))
p(m, j)

, Var(Y(m,j))r N 4 r(m
o), 000, o0

Var(Y (m, 7))
p(m, J)

Var(Y (m,0)) 4

)

Var(Y (m, 0))
p(m,0)

r(0,5) +7(0,0)

r(my,j) +7(0,0)

m1,0) 7, )| [ 0.0

Var(Y (m,0))
p(m, 0

r(ma, §)r(0,0) = r{(ma, O)r <o,j>}
Var —l— Var (02)

+r(0,0) XX @0) o 5y 1o, ﬁ]}l

lim

Var (01,m)—0 {
(m

r(ma,7) + (0, 0)

( 0)"
Var(« )Var(Ogj) , Var(«a
( ) (07])+T(m1 )p( m, )

Var(oz) + Var(fs,;) .
o)) r(0,7) +r(0,0)

{

+r(ma, J)[T

,0)

[T(ml, 0) + r(ma, j)} [T(O, 0)

0. +r0.9)] b

_{ (m, 7)p(m, ){ (m1, §)p(0, 0)Var(Y (my, 0))Var(Y (0, )

+7(0,0)

o, 00,3 Ver (Y s ) Ver (0,0}
s { V(0 (0,5) s, 010, Ve (¥ (0. )1, 0
- (0.0)p(m, )Vax (¥ (0,0) (o )p(r1, )
- Var(y (0,00)[poms o, )0, )p(ms, O Var(¥ (0.7)
o, OV (¥ (0,000, )p(m, (. )

£ Var(Y (my, 7)) [p<ml,o>p<o7o>p<o,j>p<m, 0)Var(Y (0. 7))
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+ p(m1, 0)p(0, 0)p(m, j)p(m,0)Var(Y (0, j))
+ p(0,0)p(0, 7)p(m1, 0)Var(Y(0,0))p(m, j)
(0.3, OVer (¥ 0.0)p(m )p(. )
+ Var(Y (m1, 0)) | p(ma1, j)p(0, 0)p(0, 7)p(m, 0) Var(Y (0, j))

+ p(ma, 7)p(0,0)p(m, j)p(m, 0)Var(Y (0, 7))
+ p(0,0)p(0, j)p(m1, j)Var(Y (0, 0))p(m, j)

+p<o,j>p<m1,j>Var<Y<o,o>>p<m,j>p<m,o>] } |

Then, we take the limit of the term as Var(6 ,,,) — co. However, since Var (61 ,,,)
appears in both the numerator and denominator, the limit will lead to 2. Thus, we
use L’Hopital’s rule and take the limit of the partial derivative of the numerator and

denominator with respect to Var(6, ,,,) as Var(6 ,,,) — oc:

i a3 = { plon )p(m,0) [ pms. 0. 0V (1 0.
Var(01,m)—0
Var(01,m, )—+00

o, 0p(0.3)Vr (Y 0,0)| }

s {Var( (0,5) s, 0110, 0190, )0,

+ p(m1, 0)p(0, 0)p(m, j)p(m, 0)

- l01,3)p(0,0)p0.3)p(m,0) + s, )p(0. O}, ). )
# Var(y (0,0) [0, 000, )p(ms,O)p(m. )

+ p(0, j)p(ma, 0)p(m, j)p(m, 0)

- p(0,00p(0, §)plma, 3)p(ms ) + p(0, 3)p(ms, j)p(m, f)p(m. 0>] } |

To maximize the limit of the term, we can set Var(a) — 0 so that we are not

subtracting any terms. Note that in addition, we would need Var(f, ;) < co. Then,
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taking the limit as Var(a) — 0, we get:

lim a3 = {p(m,j)p(m, 0)p(m4, 7)p(0, O)Var(ﬁg’j)}x

Var(01,m)—0
Var(01,m, )—00
Var(a)—0

{Var<92,j) |:p(m17 0)}7(0, 0)}7(0, j)p<m7 O) + p(mh 0)])(0, 0)p(m7 j)p(mv 0)
T p(ma, (0, 0)p(0, 7)p(m, 0) + plama, §)p(0, 0)p(m, j)p(m. o>} } .

Since there is a Var(6s ;) in both the denominator and numerator, we get the following:

hm as = p(maj)p(mh.]) )
Var(01,m)—0 p(my,0)p(0,7) + p(my, 0)p(m, j) + p(ma, j)p(0, ) + p(ma, j)p(m, j)

Var(@Lml )—o0
Var(a)—0

A.5 Simulations from an Erdos-rényi Network

We also sampled networks from an Erdos-rényi distribution where the probability
of an edge is 0.25 (denoted as ER(0.25)). In particular, we sampled an ER(0.25)
directed network of sizes n = 10,20, ...,50. Figure A-1 shows a directed network
with 40 nodes. Note that in an ER(0.25) graph, units may have different degrees,
with an expected degree being (n — 1) x 0.25. Hence, an ER(0.25) graph is generally
more dense than a k-regular graph. Since units have different degrees, each unit is
affected differently by other units, and so unlike in a k-regular graph, each unit may
contribute to the estimate of the average interference effect differently in a ER(0.25)
network.

Figure A-2 shows the IMSEs for the different estimators as the number of units
increase when the true mean interference effect is zero and additivity holds. Note that
as the number of units increase, the number of edges also increase in an Erdos-rényi

network. Hence, the IMSESs increase with the number of units, unlike in the k-regular
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Figure A-1: Directed Erdds-rényi network with 40 nodes and probability of an edge
is 0.25.

graph. Instead, the increases in IMSEs are similar to the case of the k-regular graphs
when the graph becomes more dense. Furthermore, the IMSEs of the estimators in
the ER(0.25) network are higher than the IMSEs in the k-regular graphs. However,
in general, My,4, Mpy, and HT}y,, still outperform the two-term estimators, with
the IMSE of M4, Mpy, and HT4,, being very close as in the case of the k-regular

network.
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Figure A-2: IMSE for estimators (indicated by color and line type) as the number
of units vary (indicated by x-axis) when additivity holds and mean interference effect
is zero for ER(0.25) network.

Figure A-3 shows the IMSEs for the estimators for different interference and in-
teraction effect sizes for a 40-node ER(0.25) network. Again, the IMSEs are generally
higher than the IMSEs in the k-regular graphs. As in the k-regular network, the
IMSESs of all estimators increase as the mean interference increases since we assumed
a zero-mean prior for the parameters. There are some instances when the multi-term
MIV LUEs outperform HTj, such as when the interference and interaction effect is
low. However, unlike in the k-regular network, as the mean interference effect in-
creases, the multi-term MIV LUEs have higher IMSEs than HTj besides Mp;. This

suggests that in the presence of heterogeneity in the degree distributions of the nodes,
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the multi-term MIV LUEs are not as robust to additivity as in the case when the
degree distributions are more homogenous. Despite this, the multi-term MIV LUEs
still outperform HTy,, and HT}, suggesting that there might still be some benefit in
using the multi-term MIV LUEs.

Mean nter erence 0 Mean nter erence 10 Mean nter erence 50

1le+05

100004

1e+06 1

5e+04

3000 1

3e+04

5e+05 1

Integrated Mean Squared Error (IMSE)

10004

3e+05 1

nteraction Effect

Estimator H o H  — Mg = Mp H v

Figure A-3: IMSE for estimators (indicated by color and line type) as the interaction
effect varies (indicated by x-axis) for different mean interference effects (indicated by
the panels) for ER(0.25) network with 40 nodes.
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Appendix B

Treatment Effect of Drug-Induced
Homicide Prosecutions Reported by the
Media on Drug Overdose Deaths

B.1 Intervention Dates
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Table B.1: The intervention date (year-month) of DIH prosecutions reported by the
media in each state and the number of DIH prosecutions reported by the media in
each state.

State Intervention Date | Number of DIH prosecutions
Alabama 2008-04 11
Alaska 2016-06 6
Arizona 2012-10 5
Arkansas 2011-11 4
California 2001-10 51
Colorado 2011-08 27
Connecticut 2008-01 39
Delaware 2016-10 3
Florida 2001-02 102
Georgia 2000-04 24
Hawaii NA NA
Idaho 2015-09 7
Illinois 2002-07 298
Indiana 2010-04 50
Towa 2004-11 29
Kansas 2007-12 6
Kentucky 2011-09 34
Louisiana 2004-03 58
Maine 2009-01 15
Maryland 2002-08 54
Massachusetts 2008-01 25
Michigan 2005-08 99
Minnesota 2007-11 116
Mississippi 2014-08 1
Missour1 2005-08 35
Montana 2004-01 9
Nebraska 2013-01 1
Nevada 2005-10 10
New Hampshire 2010-06 37
New Jersey 2002-08 114
New Mexico 2010-02 4
New York 2007-10 83
North Carolina 2005-04 82
North Dakota 2013-01 37
Ohio 2000-03 356
Oklahoma 2011-05 31
Oregon 2009-10 16
Pennsylvania 2001-02 652
Rhode Island 2014-02 2
South Carolina 2016-03 9
South Dakota 2017-02 11
Tennessee 2008-03 82
Texas 2001-08 33
Utah 2005-07 16
Vermont 2009-07 12
Virginia 2003-09 29
Washington 2008-10 57
West Virginia 2013-03 31
Wisconsin 2004-06 338
Wyoming 2009-08 19
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Table B.2: The intervention dates (year-month) for the other relevant policy mea-
sures in each state: naloxone access law where pharmacists a) can dispense naloxone
without prescription (NAL: can dispense) and b) cannot dispense naloxone without
prescription (NAL: cannot dispense) ¢) medical marijuana law (MML) d) recreational
marijuana law (RML) e) Prescription Drug Monitoring Program (PDMP) f) 911 Good
Samaritan Law (911 GSL) f) Medicaid expansion (Medicaid).

State NAL: can = NAL: camnot —npyip - gy, PDMP 21 Medicaid
dispense dispense GSL
Alabama 2015-06 NA NA NA 2005-05 2015-06 NA
Alaska 2016-03 NA 1999-03 2015-02 2008-09 2008-09 2015-09
Arizona 2016-08 NA 2010-12 NA 2007-09 2018-04 2014-01
Arkansas 2015-07 NA 2016-11 NA 2011-03 2015-07 2014-01
California 2014-01 2008-01 1996-11 2017-01 1939-01 2013-01 2010-11
Colorado 2015-04 2013-05 2000-12 2012-12 2005-06 2012-05 2014-01
Connecticut 2015-06 2003-10 2012-05 NA 2006-06 2011-10 2010-04
Delaware 2014-08 NA 2011-07 NA 2010-07 2013-08 2014-01
Florida 2016-07 2015-06 2017-01 NA 2009-06 2012-10 NA
Georgia 2014-04 NA NA NA 2011-05 2014-04 NA
Hawaii 2016-06 NA 2000-06 NA 1943-01 2015-07 2014-01
Idaho 2015-07 NA NA NA 1967-01 2018-07 NA
Illinois 2010-01 NA 2014-01 NA 1961-01 2012-06 2014-01
Indiana 2015-04 NA NA NA 1997-01 2014-03 2015-02
Towa 2016-05 NA NA NA 2006-05 2018-07 2014-01
Kansas 2017-07 NA NA NA 2008-07 NA NA
Kentucky 2013-06 NA NA NA 1998-07 2015-03 2014-01
Louisiana 2015-08 NA NA NA 2006-07 2014-08 2016-07
Maine 2015-10 2014-04 1999-12 2017-01 2003-06 NA 2019-01
Maryland 2015-10 2013-10 2013-10 NA 2011-05 2009-10 2014-01
Massachusetts 2014-07 2012-08 2013-01 2016-12 1992-01 2012-08 2014-01
Michigan 2017-03 2014-10 2008-12 NA 1988-01 2017-01  2014-04
Minnesota 2014-05 NA 2004-05 NA 2007-07 2014-07 2010-03
Mississippi 2015-07 NA NA NA 2005-01 2015-07 NA
Missourl 2016-08 NA NA NA NA 2017-08 NA
Montana 2017-05 NA 2004-11 NA 2011-07 2017-05 2016-01
Nebraska NA 2015-05 NA NA 2011-04 2017-08 NA
Nevada 2015-10 NA 2001-10 2017-01 1995-06 2015-10 2014-01
New Hampshire | 2015-06 NA 2013-07 NA 2012-06 2015-09 2014-08
New Jersey 2013-07 NA 2010-10 NA 2008-01 2013-05 2011-04
New Mexico 2014-03 2001-04 2007-07 NA 2004-07 2007-06 2014-01
New York 2014-06 2006-04 2014-07 NA 1972-01 2011-09 2014-01
North Carolina | 2013-04 NA NA NA 2005-08 2013-04 NA
North Dakota 2015-08 NA 2016-12 NA 2005-12 2015-08 2014-01
Ohio 2015-07 2014-03 2016-09 NA 2005-05 2016-09 2014-01
Oklahoma 2014-11 2013-11 NA NA 1990-05 NA NA
Oregon 2013-06 NA 1998-12 2015-07 2009-07 2016-01 2014-01
Pennsylvania 2014-12 NA 2016-05 NA 1972-01 2014-12 2015-01
Rhode Island 2014-03 2012-06 2006-01 NA 1978-01 2012-06 2014-01
South Carolina | 2016-06 2015-06 NA NA 2006-06 2017-06 NA
South Dakota | 2016-07 NA NA NA 2010-03 2017-07 NA
Tennessee 2014-07 NA NA NA 2003-01 2015-07 NA
Texas 2015-09 NA NA NA 1981-09 NA NA
Utah 2016-05 2014-05 NA NA 1995-01 2014-03 NA
Vermont 2013-07 NA 2004-07 NA 2006-05 2013-06 2014-01
Virginia 2015-04 2013-07 NA NA 2002-04 2015-07 2019-01
Washington 2015-07 2010-06 1998-12 2012-12 2007-07 2010-06 2011-01
West Virginia | 2016-06 2015-05 NA NA 1995-07 2015-06 2014-01
Wisconsin 2014-04 NA NA NA 2010-05 2014-04 NA
Wyoming 2017-07 NA NA NA  2003-03 NA NA
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B.2 States and their U.S. Regions

Table B.3: The states considered in the analysis with their U.S. regions.

Northeast Midwest South West
Connecticut Ilinois Alabama Alaska
Maine lowa Arkansas Arizona
Massachusetts Indiana Delaware California
New Hampshire Kansas Florida Colorado
New Jersey Michigan Georgia Hawaii
New York Minnesota Kentucky Idaho
Pennsylvania Missouri Louisiana Montana
Rhode Island Nebraska Maryland New Mexico
Vermont North Dakota Mississippi Nevada
Ohio North Carolina Oregon
South Dakota Oklahoma Utah
Wisconsin South Carolina | Washington
Tennessee Wyoming
Texas
Virginia
West Virginia

B.3 Sandwich Estimator

B.3.1 Constant Treatment Effect Model

First, the Mean Value Theorem states that for a function f that is continuous on

la, b] and differentiable on (a,b) for a,b € R and a < b:
fe)(b—a) = f(b) - f(a)

for some value ¢ € (a,b). From the unbiased estimating equations, we let f(©) =
Yoo Zs,t (Ys+ — psto), where Ys; is the risk of unintentional drug overdose death in
state s at time interval ¢ and p,; e+« = expit (th@*) is the underlying probability of

unintentional drug overdose deaths given by true parameter ©*. Then,

f'((:)) <é — @*) = Z Z;t (Y&t — expit (Z?,@)) — Z Zﬁ&t (Ys,t — expit (Z?t@*>> ,
st st

(B.1)
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where © is between © and ©*. Since © 5 ©* and © is between © and ©*, then

© 5 ©*. Note that the derivative f’ is given by:
f(e) = % > Zy (YS,t — expit (ZZ@))
st
= _ ; a%zs,tempit (Z_;Tt@>
exp (th@>
8@ 1+ exp (ZSTtG)>
. 2
o . o exp (ZSTt ) exp (Zgﬁ))
%t: Dotlias 1+exp ( @> (1 + exp (th@>>2

=" 771, (pese (1 - pese)) -

s,t

——Z 9

Substituting in — Zs,t Z;jgt (psto« (1 — psto+)) for the derivative, we can rearrange

Equation (B.1):

Z Zg, (Y&t — expit (ZSTté)> = Z Zg, (Y&t — expit (Z_;Tt@*)>
st s,t
=3 20 2L (s (1= poser)) (6 - 67) . (B2)
s,t

Note that the left hand side of Equation (B.2) is 0 since © solves the unbiased esti-

mating equation. Then,

~1
(@ — @*) — (Z sttZﬁZt (psto+ (1 — ps’n@*))) Z Zs’t (Y;,,t — expit (Z_;Tt@*>) )

st st
A >

-1
(B.3)

Note that C' is a positive semi-definite matrix since quthﬁgt is positive semi-definite

and psye+ (1 — psre+) > 0. Since C™! is easy to estimate, we focus on the limiting
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distribution of ), Zﬁsvt (YS’t — expit (th®*>>
First, we find the expected value. By linearity of expectations, we focus on the

individual s, ¢ terms:
E (Zs,t <}/S,t — explt (Zg:t@*>)> =K (Zs,tE (}/Si — ps?t@* | Zsi = Zs,t)) = O7

where the first equality holds by the Law of Total Expectations and the last line holds
by Assumption 3.2. Since the expected value is zero, we focus on the second moment

to find the variance.

(S22 (o (220)) ) (S 2 (s o (Z20)) ).
Yy ]E(  (You —capit (25,6°)) (Vo — eapit (25,67)) zT)

st s/t

We now consider two cases: 1) when s # s’ and without loss of generality, ¢’ <t and
2) when s = ¢’ and without loss of generality ¢’ < t.

Case 1 (s # 5, t' <t).

E (Z;t (Y;J — expit (Z_;Tt@*>> (Y.S/,t/ — expit (ZZ t,@*)> th’)

=E (E [Zﬁs,t (Y — expit <ZSTt@ >> ( v — expit ( o t,@ )) Z:,T,yt/ | Zs,t, Zs',t’;Ys/,t/})
=FE (Z_;tIE [Yst — expit (ZSTt@ > | Z Ys',t/] (YS/J/ — expit <Z§7t,@*>) 2§7t,>
=E (Z_’&t]E [Y — expit (ZsTt ) ] (Y/ ¢ — expit <Z§,t,@*>) ZZ,J,>

0,

NL

where the first equality holds by Law of Total Expectations, the third equality holds
by Assumption 3.1, and the last line holds by Assumption 3.2.

Case 2 (s = ¢, t' <1).
E <Zs,t (Y;ﬁt — expit (Z;Ft@*>> (Y;,t/ — expit (Zzt,@*>> Z_Zt,>

= (E [Z_'&t (Y&t — expit (ZZ@*)) <Y8,t/ — expit (Z_Zt,@*>> Z_Zt, | Zs,t, Z;t/, Ys’tlD
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<Zs,t]E’ |:<Y8t — 6xplt (th )) | Zst7 ZS ty Y; t/i| (Ys,t’ — Gl'plt (th’@*>> th/>

E
E (ZH&tE [Y — expit (ZST / > | Z, t] (YS,tf — expit (Zﬂ@)) ZZ)
0

where the first equality holds by Law of Total Expectations, the third equality holds
by Assumption 3.1, and the last line holds by Assumption 3.2.

In both cases, we see that when s # s’ and t' <t or when s = ¢ and ¢’ < t, the

expectation is equal to 0. Hence, the expectation is only non-zero for when s = ¢’

and for t =1/, i.e

(S 2 (5 et (2207) ) (52 - e (z;;g@*»)T
-Y (v cavit (21,07)) " 2,122,

The Sandwich estimator is then given by

-1
. N Lo 2,
A <Zt ZoiZhmae (1 —ps,t,@)> (Zt (You = pare) Zs,tZsT,t)
T

—1
(D200 (1 0) (5.1

s,t

where we estimated ©* by ©. In addition, we included a factor of % for bias
correction, where N is equal to the number of state-time combinations and d is equal

to the number of parameters (Li and Redden, 2015).

B.3.2 Treatment Effect That Depends on Exposure Duration

The sandwich estimator under the GAM with a linear link is derived in a similar

manner as in the constant treatment effect model. The main difference is we now,
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the unbiased estimating equation gives:
1(0) =3 Zoi (log (V) - Z5,0)
s,t
Hence, the Sandwich estimator for the event study model is given by:

~ N _ o N2 & o
Y=g (o) <Z <log(Ys,t) - Z§t®) Z&tZST,t> (", (B.5)

s,t

where C = Zs,t Zs,tigt now and Z:,J is given by Equation (3.19).

B.4 Estimation of Attributable Deaths

B.4.1 Constant Treatment Effect Model

The estimated number of attributable deaths in a state s is given by Equations (3.11)
and (3.12):

— ~(as,t=0)
Ns t,attributable deaths = 7Tls,t,observed overdose deaths — Tls ¢, population X ps,t )

where 1 ¢ population 18 the population in state s at time ¢ and ﬁg(ff’t:o) is the estimated

probability of unintentional drug overdose deaths had the intervention not occurred.

For states s and time intervals ¢, our model (Equation (3.6)) implied that
loth (E (YTSJ | Zs,t>> = a5+ Yr(s) (t) + Nt,lvb + Xs7t6 + As,tﬁ-
If no intervention occurred in state s at time interval ¢, we have A,; = 0, and so

logit(pga;’tzo)) = a5 + V) (1) + Nt + X 40. (B.6)

)
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Let ¢sr = a5 + V(o) (t) + Nip + X, 46, and so the logit of probability of an overdose

death had the intervention not occurred is:

logit(p\s=") = ¢y, (B.7)

We can estimate logit <p§‘f;*t:°)> using B and gzgs,t, which are estimates for f

and ¢, respectively. However, note that we can also estimate logit(ps:) by

finding the logit of proportion of people who died from a drug overdose, i.e.

logit ( s.t,observed overdose deaths). Then, we have the following:

N5 ¢, population

5 N PN . Ts,t,0bserved overdose deaths
AsiB + sy = logit(ps) =~ logit (

N s t,population

n . Ts,t,0bserved overdose deaths A
= ¢s,t ~ lOth ( - As,tﬁ

N s t,population

as t= N . . Ts.t,0bserved overdose deaths A
= ﬁg,ts’t 0= expit(ps,) ~ expit (logzt ( BT ) o As,tﬁ) , (B.8)

N s t, population

where in the last line, we used Equation (B.7). Equation (B.8) provides an estimate
for the probability of a drug overdose death in state s, had the intervention not

occurred. Combining Equations (3.11), (3.12), and (B.8):

N t.attributable deaths — s, ¢,0bserved overdose deaths

. . Ts.t,0bserved overdose deaths A
— N ¢t population X expit <lOth ( - As,tﬁ :

N5 t,population

(B.9)

To find a 95% confidence interval for the number of attributable deaths, we substituted

B by the 95% confidence interval upper and lower limits of §.
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B.4.2 Treatment Effect That Depends on Exposure Duration

For states s and time intervals ¢, we assumed from Equation (3.18) that:
E<log<Y9,t)|Zs,t) = Q5 + 77“(5) (t) + Xl,s,t(SO,l + Kl,s,tél,l + As,t/BO + Ks,tﬁla

where Y, is the risk of unintentional drug overdose deaths in state s at time interval ¢.
If no intervention occurred in state s at time interval ¢, we have A;; = 0 and K,; = 0,
and so the log probability of unintentional drug overdose deaths had intervention not

occurred is

E(lOg (pg?ts’t:0)> |Zs,t) = Q5 + Vr(s) (t) + Xl,s,t(SO,l + Kl,s,t51,la (BlO)

where pgf?f:“) denotes the probability of unintentional drug overdose deaths had

intervention not occurred. We denote o + v, (t) + X1 54001 + Ki 5161 by ¢sr. We
estimated the probability of unintentional drug overdose deaths had intervention not

occurred in a similar manner as in the previous section using ¢s

5 5 n Ts.t,0bserved overdose deaths
As,tﬁo + Ks,tﬁl = qbs,t ~ IOg (

N s t,population

n M5 t,0bserved overdose deaths 5 A
= ¢s,t ~ log ( - As,tﬁo - Ks,tﬁl

N5 t,population

~las t= n n ,t, A ~
= pgilt it 0) — el,p(st’t) ~ s,t,observed overdose deaths exp <—A57t50 . K&tﬁl) ‘ (Bll)

Mg t,population
We then estimated the number of attributable deaths using ﬁﬁf?t:“):

Ts t,attributable deaths — 7Tls,t,observed overdose deaths

Ts.t,0bserved overdose deaths

— N ¢, population
N s t,population

x eap (= Agsfo — Ko ) (B.12)

Since the number of attributable deaths is estimated using both BO and Bl, we
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need to account for the covariance between the coefficients when computing the lower

and upper bounds of the 95% confidence interval of the number of attributable deaths.

We first denote § = (go) and denote B as the estimate of 3. We also use X3 to
1

denote the variance-covariance matrix of the coefficients 5y and ;. From the theory

of unbiased estimating equations, we have
Vi (B-8) B N(0,35).

Using the Delta Method, we have

N

vn (Q(ﬁ) — g(ﬁ)) Y N(0, Jﬁ,tzﬂjg,t)a

where for a time interval ¢,

g(ﬁ) = Z Nattributable deaths,s,t

S

- Z Npopulation,s,t (ps,t — Pst€TP (_As,tﬂo - Ks,tﬁl)) )

S

. . A n . .
where we estimate p,; using pob = s’t’ObsTf”ed OV‘Tdose deaths " the observed risk of unin-
’ s,t,population

tentional drug overdose deaths, and J3, is the Jacobian matrix. The Jacobian matrix

is given by the following:

B0 0B
where
aag—éf) - Zs:npopulation,s,tps,texp (=Asifo = Koifr) Asy
and
9g(8)

- Z npopulation,s,tpg})tsexp (_As,tﬁo - Ks,tﬁl) Ks,t'

s

9P
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Hence, the lower and upper limits of the 95% confidence interval of the attributable

deaths in at time interval ¢ are given by:

1.96

E nattrlbutable deaths,s,t + — \/—

Jﬁﬂfzﬂjﬁt

B.5 Results for Constant Treatment Effect

Table B.4: Estimated risk ratios and 95% confidence intervals for relevant policy
measures and DIH prosecutions reported by the media for logistic GAM when assum-
ing constant treatment effects and assuming treatment effect lasts until at least 2019
and when assuming treatment effect lasts only for two years.

Logistic GAM with Logistic GAM with
Lasting Effect Two-Year Effect
(95% Confidence Interval) (95% Confidence Interval)
NAL: can dispense 0.976 (0.927, 1.028 0.966 (0.917, 1.018)
NAL: cannot dispense 1.008 (0.963, 1.056 1.003 (0.958, 1.049
MML 1.065 (1.019, 1.113 1.070 (1.024, 1.118
RML 0.964 (0.913, 1.018 0.962 (0.911, 1.015
911 GSL 1.034 (0.994, 1.077 1.037 (0.996, 1.079)
PDMP 0.981 (0.939, 1.024 0.983 (0.942, 1.026
Medicaid expansion 1.104 (1.061, 1.149 1.108 (1.064, 1.154
DIH prosecutions reported by media  1.064 (1.024, 1.106 1.059 (1.026, 1.094
Number of treated states 1.004 (0.990, 1.017 0.998 (0.990, 1.005)

Table B.5: Estimated risk ratios and 95% confidence intervals for relevant policy
measures and DIH prosecutions reported by the media for GAM with linear link
function when assuming constant treatment effects and assuming treatment effect
lasts until at least 2019 and when assuming treatment effect lasts only for two years.

GAM with Linear Link GAM with Linear Link
with Lasting Effect with Two-Year Effect
(95% Confidence Interval) (95% Confidence Interval)

NAL: can dispense 0.923 (0.863, 0.987 0.919 (0.860, 0.983
NAL: cannot dispense 0.999 (0.936, 1.065 0.994 (0.932, 1.061
MML 1.213 (1.133, 1.298 1.215 (1.134, 1.301
RML 0.895 (0.832, 0.962 0.891 (0.829, 0.958
911 GSL 1.055 (0.999, 1.115 1.059 (1.003, 1.119
PDMP 0.858 (0.813, 0.906 0.857 (0.812, 0.905
Medicaid expansion 1.095 (1.040, 1.153 1.094 (1.038, 1.152

DIH prosecutions reported by media  0.975 (0.931, 1.021 1.014 (0.974, 1.056
Number of treated states 0.996 (0.979, 1.013 0.995 (0.978, 1.012)
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B.6 Results of Sensitivity Analyses for Model where Treat-

ment Effect Depends on Exposure Duration

Table B.6: Estimated risk ratios and 95% confidence intervals for relevant policy
measures and DIH prosecutions reported by the media for logistic GAM when as-
suming treatment effect lasts until at least 2019 and when assuming treatment effect

lasts only for two years.

Logistic GAM with
Lasting Effect
(95% Confidence Interval)

Logistic GAM with
Two-Year Effect
(95% Confidence Interval)

Exposure to NAL: can dispense 1.016
Linear effect of NAL: can dispense 0.979
Exposure to NAL: cannot dispense 1.064
Linear effect of NAL: cannot dispense  0.998
Exposure to MML 1.034
Linear effect of MML 0.996
Exposure to RML 1.002
Linear effect of RML 0.980
Exposure to 911 GSL 1.026
Linear effect of 911 GSL 1.014
Exposure to PDMP 0.968
Linear effect of PDMP 1.005
Exposure to Medicaid expansion 1.070
Linear effect of Medicaid expansion 1.014
Exposure to DIH prosecutions 0.981
Linear effect of DIH prosecutions 0.985

0.873, 1.182
0.956, 1.002
0.891, 1.270
0.981, 1.015
0.881, 1.214
0.981, 1.012
0.858, 1.170
0.949, 1.012
0.911, 1.156
0.994, 1.034
0.817, 1.146
0.983, 1.027
0.953, 1.202
0.995, 1.034
0.835, 1.154
0.967, 1.004

0.987
0.975
1.055
0.997
1.051
0.994
0.998
0.988
1.033
1.013
0.991
1.006
1.070
1.018
1.051
0.991

0.842, 1.158
0.947, 1.005
0.862, 1.291
0.982, 1.013
0.862, 1.281
0.975, 1.014
0.805, 1.236
0.957, 1.020
0.916, 1.165
0.992, 1.034
0.772, 1.273
0.979, 1.034
0.936, 1.223
0.994, 1.042
0.931, 1.187
0.977, 1.005
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Table B.7: Estimated risk ratios and 95% confidence intervals for relevant policy
measures and DIH prosecutions reported by the media for GAM with linear link
function when assuming treatment effect lasts until at least 2019 and when assuming
treatment effect lasts only for two years. We excluded the last six years of data.

GAM with Linear Link GAM with Linear Link
with Lasting Effect with Two-Year Effect

(95% Confidence Interval) (95% Confidence Interval)
Exposure to NAL: can dispense 0.836 (0.663, 1.055 0.794 (0.623, 1.012
Linear effect of NAL: can dispense 0.943 (0.885, 1.005 0.956 (0.894, 1.022
Exposure to NAL: cannot dispense 1.162 (0.847, 1.595 1.159 (0.847, 1.587
Linear effect of NAL: cannot dispense  0.957 (0.932, 0.982 0.959 (0.934, 0.984
Exposure to MML 1.264 (0.988, 1.619 1.260 (0.984, 1.614
Linear effect of MML 0.984 (0.968, 1.001 0.985 (0.968, 1.002
Exposure to RML 0.779 (0.518, 1.172 0.825 (0.559, 1.219
Linear effect of RML 1.015 (0.876, 1.175 1.014 (0.873, 1.177
Exposure to 911 GSL 1.144 (0.900, 1.455 1.136 (0.894, 1.444
Linear effect of 911 GSL 1.010 (0.971, 1.050 1.012 (0.973, 1.053
Exposure to PDMP 0.884 (0.755, 1.036 0.899 (0.766, 1.053
Linear effect of PDMP 1.011 (0.993, 1.030 1.013 (0.995, 1.032
Exposure to Medicaid expansion 1.034 (0.847, 1.264 1.037 (0.845, 1.271
Linear effect of Medicaid expansion 1.016 (0.957, 1.079 1.022 (0.958, 1.089
Exposure to DIH prosecutions 0.995 (0.843, 1.175 1.041 (0.912, 1.188
Linear effect of DIH prosecutions 0.983 (0.969, 0.997 0.981 (0.967, 0.995

Table B.8: Estimated risk ratios and 95% confidence intervals for relevant policy
measures and DIH prosecutions reported by the media for logistic GAM when as-
suming treatment effect lasts until at least 2019 and when assuming treatment effect
lasts only for two years. We excluded the last six years of data.

Logistic GAM with Logistic GAM with
Lasting Effect Two-Year Effect

(95% Confidence Interval) (95% Confidence Interval)
Exposure to NAL: can dispense 0.956 (0.798, 1.146 0.903 (0.7509, 1.0865)
Linear effect of NAL: can dispense 0.966 (0.919, 1.015 0.974 (0.9259, 1.0239)
Exposure to NAL: cannot dispense 1.109 (0.867, 1.418 1.092 (0.8568, 1.3917
Linear effect of NAL: cannot dispense  0.986 (0.971, 1.001 0.987 (0.9713, 1.0025
Exposure to MML 1.021 (0.840, 1.241 1.026 (0.8458, 1.2434
Linear effect of MML 0.995 (0.978, 1.012 0.993 (0.9763, 1.0094
Exposure to RML 0.854 (0.628, 1.162 0.927 (0.6944, 1.2372
Linear effect of RML 0.983 (0.879, 1.099 0.974 (0.8705, 1.0897
Exposure to 911 GSL 0.974 (0.843, 1.125 0.970 (0.8401, 1.1198
Linear effect of 911 GSL 1.001 (0.976, 1.026 1.001 (0.9763, 1.0263
Exposure to PDMP 0.955 (0.812, 1.124 0.992 (0.8423, 1.1676
Linear effect of PDMP 1.007 (0.986, 1.029 1.009 (0.9884, 1.0306
Exposure to Medicaid expansion 1.048 (0.903, 1.216 1.027 (0.8882, 1.1867)
Linear effect of Medicaid expansion 1.017 (0.974, 1.063 1.021 (0.9760, 1.0681
Exposure to DIH prosecutions 1.015 (0.880, 1.171 1.040 (0.9324, 1.1610
Linear effect of DIH prosecutions 0.982 (0.968, 0.997 0.985 (0.9712, 0.9995
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Appendix C

Structural Nested Risk Ratio Models

C.1 Mimicking Potential Outcomes

Proof of Theorem 4. We prove that

E(H, (1) | X&“A&t _ C:Lt) _ E(Ys(i(fzt—ﬂ,g(dt—ﬂ ..... g(@t—1)) | Xs,taAs,t _

Q1

)

for k=1,..., K and t < k — 1 using backwards induction.
Case: t = k-1
By the definition of H (k) and Consistency Assumption 4.3:

Hgp(k) =Y = Y;(’i(&kfl),g(ak,l)).

Then,

[y

7]];:71()?5,/6715 )

s,k—1
E [nﬁi(akil),g(&kil)) | Xs,kvjs,k] | Xs,k—la As,k—l = ak—l)

’y]l:_l(XS’k—l, As,k—l)
]E Y(i(&k,l),g(&k—l)) | Xs,k—lyfis,k—l = ék—l)

E (E [Hsk(/f) | Xs,k;;ls,k} | Xox_ 71;13,k—1 = C:Lk—1>
(
(

YN Xop1, As k1)
—E (Ys(’i(ak-—2)»g(&k—2)79(&k—2)) | Xch—l, As,k—l _ ELk—l) ’

where we use the Law of Iterated Expectations for the third and fifth lines, the fourth
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line is from the definition of Hjx(k), and the last line is a result of the definition of
1, as given by Equation (4.1). So Equation (4.4) holds for t = k — 1.
Induction Hypothesis: We assume that fort =k -2,k —3,...,m+ 1:

Q1

E (Hs,k(t) | Xy Ay = at> _E (Y;Ei(at,n,g(at,l) ..... sa-) | g, A, = t) ‘

E (E [Hor(m+1) | Komits Apns | | Koy Aum = )
: W (Ko Aym)

B (B [V o aCo) | 5 Ay | | Ko, A = )
: Vi (Koms Asm)

B <Y;€i<ém_1>g<am> ,,,,, 9@ | . A= 5m>

where we use the Law of Iterated Expectations for the third and fifth lines, the fourth
line is a result of the induction hypothesis, and the last line is a result of the definition
of 4 as given by Equation (4.1). So Equation (4.4) holds for ¢ = m. Since k was
not chosen specifically, Theorem 4 holds by backwards induction.

O

C.2 Unbiased Estimating Equations

Proof of Theorem 5.




K k-1 _ _
=E () Y > §i(Xe A )E [Hs,ku) | Xor. As t] (9(As) — Ast>>
s k=1 t=0
K k-1 _ _ ~
=E > D) (X Au)E [Hs,k@) | X, As,t_l} (9(Asr) = Ass)
s k=1 t=0 - 4
Y Assumption 4.2 and Theorem 4
K k-1 _ _
= E E ZZ CjZ(AXYs,t;Ast—l)E |:Hs k(t) XstaAs t—1:|
s =1 t=0

]

where the first and the fourth equalities hold by the Law of Iterated Expectations,
the third equality holds by Assumption 4.2 and Theorem 4, and the last line holds

for a correctly specified model for A, ;.

C.3 One-parameter Model with Binary Treatment

Since the one-parameter model for the treatment effect 7 is linear in v, we can solve

the unbiased estimating equations for a closed form solution for .

0=y 3 Y ( . k> T} o+ Yl < T*}) H{Auy 1 =0}(As — pos)

s k=1 t=0 \EIDP w
K k-1 . B
=S NS Viseap(—0)Hk > T A,y = 0}(Ayy — pos)
s k=1 t=0
—1

+ZZZY;]€H{]€ < T*}]I{Ast 1 — 0}( s,t _pst>

s k=1 t=0
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K k-
=exp(— Z Z Z Vorl{k > Ti{As ;1 = 0}(Ast — D)

s k=11t

ZZZ_: k]I{k < T*}H{Ast 1 — O}( s,t _ﬁs,t)

=exp(—1) =

o Z Zk 12 skH{k<T*}H{Ast 1= =0
D Zk 1 Vol{k > Ti}{As 1 =0

H )
K )
o~ —log (_ >, Z,;{:l o Yk < T Auis = 0} (Au = o)
D5 Dbt Doimo Yopl{k > Ty HI{As 1 = O}( )
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