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We define alomain-specific languad®SL) to inductively assembllow networkgrom small networks
or modulesto produce arbitrarily large ones, with interchangeablecfionally-equivalent parts. Our
small networks or modules are “small” only as the buildingdbis in this inductive definition (there
is no limit on their size). Associated with our DSL istype theory a system of formal annotations
to express desirable properties of flow networks togethén wiles that enforce them agvariants
across their interfacebe., the rules guarantee the properties are preserved as vaddmgier networks
from smaller ones. A prerequisite for a type theory f@amal semanticsi.e., a rigorous definition of
the entities that qualify as feasible flows through the nekaopossibly restricted to satisfy additional
efficiency or safety requirements. This can be carried oohaof two ways, as@denotationasemantics
or as amoperational(or reductior) semantics; we choose the first in preference to the secantly o
avoid exponential-growth rewriting in the operational ejgzh. We set up a typing system and prove its
soundness for our DSL.

1 Introduction and Motivation

Flow Networks. Most large-scale systems can be viewed as assemblies gfseins, or gadgets, each
of which produces, consumes, or regulates a flow of some soa.computer network, a discrete flow
of messages (packets) is produced by seneis, (streaming sources), regulated by network devices
(e.g, routers and shapers), and consumed by clientg 6tream players). In a road network, the flow
constitutes vehicles which enter and exit at edge excharagebswhich are regulated by speed limits
on road segments, and by traffic lights at forks and inteimest In electric grids, a continuous flow
of energy (electric current flow) is produced by power sosireegulated by transformers, transported
by transmission lines, and consumed by power sinks. In aosemtwork, a flow of measurements is
produced by sensors, regulated by filters and repeaterssarsiimed by sinks and aggregators. In a
computing grid or cloud, a flow of resourcesd, CPU cycles) is produced by physical clusters of hosts,
regulated by schedulers, resource managers, and hypsnasal consumed by applications.

In each of the above systems, a “network” is assembled froailenbuilding blocks, which them-
selves could be smaller, inductively assembled networkétemately, they could be individuaiodules
Thus, what we calflow networksare inductively defined as assembliessofall networksor modules
The operation of a flow network is characterized by a set aabéers and a set of constraints thereof,
reflectingbasic assumedor inferred properties or rules governing how the network operates ydrat
constitutes safe operation. Basic rules (variables andtaints) are inherently defined, and are typi-
cally specified by a domain expert for individual modules.sémed rules are speculatively specified
for outsourced or yet-to-be fleshed out networks, which titoms holesin a larger network. Holes in a
network specification allow the design or analysis of a sydie proceed based only on promised func-
tionality of missing modules or networks to be plugged irtatinferred rules are those that could be
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derived through repeated composition and analysis of mksv&uch derivations may be exact, or may
underscore conservative approximatioag( upper or lower bounds on variables or expressions).

Basic or inferred rules — underscoring constraints on theraion of a flow network — could be
the result of analysis using any one of a set of diverse thean calculi. For instance, in a streaming
network application, the size of a maximum burst of packetslpced by a server over a window of
time may be bounded using analysis that relies on real-tcheduling theory, whereas the maximum
burst of packets emitted by a sequence of networking elesrerst, multicast routers and shapers) over
a (possibly different) window of time may be bounded usinglgsis that relies on network calculus [7].
Clearly, when a larger flow network consisting of streamiexysrs as well as network elements — not to
mention holes — is assembled, neither of these underlyileglcan its own could be used to perform the
requisite network-wide analysis to derive the rules at thenolaries of the larger flow network. Rather,
the properties at the boundaries of the constituent (smakdworks of servers and networking elements
constitute a domain-specific language (of maximum burst gizr time, in this case), the semantics of
which can be used to derive the rules at the boundaries oatgerl flow network.

Several approaches to system design, modeling and anbbsgsbeen proposed in recent years,
overlapping with our notion of flow networks. Apart from thi&erences in the technical details — at the
level of formalisms and mathematics that are brought to beaurr approach distinguishes itself from
the others by incorporating from its inception three indeted features/goals: (a) the ability to pursue
system design and analysis without having to wait for misgor broken) components/modules to be
inserted (or replaced), (b) the ability to abstract awaitkethrough the retention of only the salient
variables and constraints at network interfaces as weiti@m$rom smaller to larger networks, and (c)
the ability to leverage diverse, unrelated theories toveguroperties of modules and small networks, as
long as such networks share a common formal language atinteifaces — a formal Domain-Specific
Language (DSL) that enables assembly and analysis thanhisstg to the underlying theory used to
derive such properties.

Examples of DSL Use CasesBefore delving into the precise definitions and formal argata of
our DSL, we provide brief descriptions of how flow networksiltbbe leveraged for two application do-
mains — namely resource allocation and arbitration sulbjeBervice Level Agreements (SLAS) feideo
streamingin acloud computingetting, and emerging safety-critical CPS anaart gridapplications.

The generality of our DSL is such that it can be applied to |gnois in settings that are not im-
mediately apparent as flow network settings. For examplesider a single, physical or virtual host
(processor). One may view such a hosis the source of aupply flowof compute cycles, offered in
constant increments every periodt;. Similarily, a process or applicationexecuting on such a host
can be viewed as demand flowof compute cycles, requested periodically with some chearistics —
e.g, subject to a maximum consumptionwsf cycles per period. In this setting, multiple supply flows
(e.g. a set of processors in a multicore/cluster setting), egofesented by an individual supplg,t;)
flow, can be regulated/managed using hypervisor systemwa@tto yield a flow network that exhibits a
more elaborate pattern of compute cycles. For instancegthdting flow may be specified as a single
(cm,tm) flow, wherecy, cycles are supplied over the Least Common Multiple (LCMjgekt,, or it may
be sepcified as a set ¢y,tx) flows, each of which operating at some discrete petjattawn from the
lattice of LCM periods defined by the individuilperiods. Similarily, multiple demand flows.@.a set
of services offered within a single virtual machine), eagpresented by an individual demaga;, t;)
flow, can be multiplexed to yield more elaborate consumppiatterns of the resulting workload. Finally,
a supply flow may be matched up to a set of demand flows throwghgé of a scheduler. Clearly, for
a flow network of compute cycle producers, consumers, anedstérs to operate safely, specific con-
straints (rules) must be satisfied. For instance, matchirgupply and demand flows adhere to a “supply
meets demand” condition, or to some other SLA, such as “gsrid overload cannot exceed 100 msecs”
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or “no more than 5 missed periodic allocations in any 1-ma@nuindow of time”.

Not only is our DSL useful in modeling the supply of, demand tnd consumption (through a
scheduler) of compute cycles, but also in a very similar reatiney can be used readily to model the
supply of, demand for, and consumption (through resouragageament protocols) of other computing
resources such as network bandwidth, storage capaéities,

In the above setting, the flow networks describing the symlayand, or scheduling of computing
and networking resources can be made as small as desiredity their whole-system analysis tractable,
or as large as desired to produce more precise system-wideysy For instance, readers familiar with
the vast literature on real-time schedulimyg, [21,[23]24]) willimmediately recognize that most of the
results in that literature can be viewed as deriving faiigyt bounds on specific processor schedulers
such as EDF, RMS, Pinwheel, among others schedulers. $ipileaders familiar with QoS provi-
sioning using network calculus, traffic envelopes, fluidvoek models will recognize that most of the
results obtained through these models are applicable &mifspprotocols such as AIMD, weighted-fair
gueuing, among other scheduleesy, [7),[20,[26]).

Modeling and analysis of the supply of (and demand for) caimguand networking resources is
particularly valuable in the context of cloud and grid reseumanagemenge(g, [1,[8,[14 17| 2[7]). In
such a setting, a cloud operator may use a DSL to specify pmdgical configuration of computing
and networking resources, the layer of system software tsgiltualize these resources, as well as a
particular mapping of client workloads to virtualized resmes. Compiling such a DSL-sepecification is
akin to verifying the safety of the system. Moreover, makihgnges to these DSL specifications enables
the operator (or a mechanized agent thereof) to explorehghan alternative arrangement of resources
or an alternative mapping of client workloads is more effic{d6].

As another example of the broad applicablity of our DSL, aeisyet another application domain
— that of smart electric grids. In this domain, a module wdagda grid “cell”, such as a power plant, a
residential or commercial building, a power transmissionr,la transformer, or a power storage facility
(batteries),etc. Each cell has a capacity to produce and consume power over(énergy flow). For
example, a house with solar panels may be contributing diym#iow to the grid or a negative flow de-
pending on the balance between solar panel supply and heosendl. Operational or safety constraints
on cells and interconnections of cells define relationsttipt may be the subject of exact whole-system
analysis on the small scale, or approximate compositionalyais on the large scale. The simplest of
cells is perhaps a transmission line, which may be modeledgayt and output voltageg, andvy, a
maximum allowable drop in voltag&,, a resistanc® which is a function of the medium and transmis-
sion distance, a current ratimgand a power ratin@. Ignoring delays, one can describe such a cell by a
set of constraintse.g, Vout = Vin — R* | (the voltage at the output is the difference between thet imqlir
age and the voltage drop due to resistanegg)+ | < P (the power drain cannot exceed a maximum rated
wattage), andR x| < 4, (the drop in voltage must be less than what is allowed). @ityil modules for
other types of cells may be specified (or left unspecified &éshand arrangements of such modules may
be used to model large-scale smart grids, allowing desigtoeexplore “what if” scenario®.g, under
what conditions would a hole in the grid cause a safety viim&t or what are the most efficient settings
(e.g, power generation and routing decisions) in terms of pooss tue to inefficient transmission? The
introduction of “smart” computational processes in thalde.g, feedback-based power management)
and the expected diversity of technologies to be pluggealtimt grid make the consideration of such
guestions quite critical.

A Type Theory and Formal Semantics of Flow Networks.Associated with our DSL is ype theory

a system of formal annotations to express desirable piepeat flow networks together with rules that
enforce them aBwariantsacross their interfacese., the rules guarantee the properties are preserved as
we build larger networks from smaller ones.
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A prerequisite for a type theory isfarmal semantics- a rigorous definition of the entities that
qualify as feasible flows through the networks, possiblytrieied to satisfy additional efficiency or
safety requirements. This can be carried out in one of twoswag adenotationalsemantics or as
an operational (or reductior) semantics. In the first approach, a feasible flow throughnitevork is
denoted by a function, and the semantics of the network is¢hef all such functions. In the second
approach, the network is uniquely rewritten to another nétvin normal form(appropriately defined),
and the semantics of the network is its normal form or diyeetttracted from it. Though the two
can be shown to be equivalent (in a sense that can be madsg)re@henever we need to invoke a
network’s semantics, we rely on the denotational definitioorder to avoid complexity issues related to
the operational definition. Some of these complexity issuieslready evident from the form of network
specifications we can write in our DSL.

As we alluded before, a distinctive feature of our DSL is thespnce oholesin network specifi-
cations, together with constructs of the forlat X = M in A/, which informally says “networkM may
be safely placed in the occurrences of h¥lén network A/”. What “safely” means will later depend
on the invariant properties that typings are formulatednforee. There are other usefable-binders
besidedet-in, which we denotédry-in, mix-in, andletrec-in. An informal explanation of what these
hole-binders mean is in Remdrk 6 and Exanple 7.

Rewriting a specification in order to eliminate all occues of holes and hole-binders is a costly
process, generally resulting in an exponential growth énsiae of the expression denoting the specifica-
tion, which poses particular challenges in the definitiommbperational semantics. We set up a typing
system and prove its soundness for our DSL without havingcpdiatly carry out such exponential-
growth rewriting.

Our DSL provides two other primitive constructs, one of thenf (M || Mz) and another of the
form bind (N, (a,b)). The former juxtaposes two networkg; and. M in parallel, and the latter binds
the output ara of a network " to its input arcb. With these primitive or core constructors, we can
define many others aterivedconstructors and according to need.

Paper Overview and Context.The remainder of this paper is organized as follows. SeBisrdevoted
to preliminary definitions. Sectidd 3 introduces the syraéour DSL and lays out several conditions
for the well-formedness of network specifications writtariti We only include théet-in constructor,
delaying the full treatment dfy-in, mix-in, letrec-in, to subsequent reports.

The formal semantics of flow networks are introduced in $eéli and a corresponding type theory
is presented in Sectidd 5. The type theory is syntax-didecéad thereforenodular, as it infers or
assigns typings to objects in a stepwise inside-out matinte order in which typings are inferred for
the constituent parts does not matter, we additionally lsa/the theory ifully compositional We add
the qualifier “fully” to distinguish our notion of compositality from similar, but different, notions in
other areas of computer scieftave only include an examination of modular typing inferencehis
paper, leaving its (more elaborate) fully-compositionatsion to a follow-up report.

The balance of this paper expands on the fundamentals laid the first four sections: Sectiohk 6
to [I0 mostly deal with issues of typing inference, whethertfe basic semantics of flow networks
(introduced in Sectiohl4) or their relativized semantichereby flows are feasible if they additionally
satisfy appropriately defined objective functions (introeld in Sectiofl9).

Acknowledgment. The work reported in this paper is a small fraction of a caieceffort involving

several people, under the umbrella of tBench Initiative at Boston University. The reader is invited
to visit the websitéhttps://sites.google.com/site/ibenchbu/ for a list of participants,

1Adding to the imprecision of the word, “compositional” iretliterature is sometimes used in the more restrictive sehse
“modular” in our sense.
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former participants, and other research activities. Thé P&sented in this paper, with its formal
semantics and type system, is in fact a specialized andaimgision of a DSL we introduced earlier in
our work for NetSketch, an integrated environment for thalaliong, design and analysis of large-scale
safety-critical systems with interchangeable parts [2533, In addition to its DSL, NetSketch has two
other components currently under development: an autamegefier (AV), and a user interface (Ul)
that combines the DSL and the AV and adds appropriate toolsofavenient interactive operation.

2 Preliminary Definitions

A small networkA is of the form.A = (N,A) whereN is a set of nodes andl a set of directed arcs.
Capacities on arcs are determined by a lower-bdumdl— R* and an upper-bound : A - R satisfying
the conditiond_(a) <U (a) for everyac A. We writeR andR™ for the sets of all reals and all non-negative
reals, respectively. We identify the two ends of an arcA by writing head a) andtail (a), with the
understanding that flow moves frotail (a) to heada). The setA of arcs is the disjoint union (denoted
“w”) of three sets: the s&; of internal arcs, the s&;, of input arcs, and the sé{,; of output arcs:

A = AyuAinwAque Where

Ay = {acA|heada)eN andtail(a) e N}
Ain = {acA|heada)eN andtail(a) ¢ N}
Aout= {acA|heada) ¢ N andtail(a) e N}

The tail of an input arc, and the head of an output arc, arettastteed to any node. We do not assurhe
is connected as a directed graph — a sensible assumptiomdiesif network flows, whenever there is
only one input arc (or “source node”) and one output arc (oK'sode”). We assumbl = &, i.e., there

is at least one node N, without which there would be no input and no output arc, amithing to say.

A flow fin A is a function that assigns a non-negative real to eearyA. Formally, a flow is a
function f : A - R* which, if feasible satisfies “flow conservation” and “capacity constraints2low).

We call a bounded intervdt,r’] of reals, possibly negative,tgpe and we call aypinga function
T that assigns a type to every subset of input and output accmdtly, T is of the following for

T : @(AmUAout) - RXR

whereZ( ) is the power-set operatdre., Z2(Ain UAout) = {A|Ac Ajn UAout}. As a function,T is not
totally arbitrary and satisfies certain conditions, diseasin Sectiohl5, which qualify it asrsetwork
typing Instead of writingl (A) = (r,r’), whereAc Aj, UAou, we writeT (A) = [r,r’']. We do not disallow
the possibility that > r” which will be an empty type satisfied by no flow.

Informally, a typingT imposes restrictions on a flod relative to everyA c Ai, U Agy Which, if
satisfied, will guarantee thdtis feasible. Specifically, i (A) = [r,r’], thenT requires that the part of
f entering through the arcs lin Aj, minus the part off exiting through the arcs iAn Ag, must be
within the interval[r,r’].

Remark 1. Let. A = (N,A) be a small network. We may want to identify some nodegraducersand
some others asonsumers In the presence of lower-bound and upper-bound functioasdU, we do
not need to do this explicitly. For example nfis a node that produces an amourtR™*, we introduce

20ur notion of a “typing” as an assignment of types to the memloé a powerset is different from a similarly-named
notion in the study of type systems for programming langsadye the latter, a typing refers to a derivable “typing judgnti
consisting of a program expressibh a type assigned tdl, and a type environment with a type for every free variabldvin
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instead a new input are enteringn with L(a) =U (a) =r. Similarly, if n’ is a node that consumes an
amount’ e R*, we introduce a new output aatexitingn’ with L(a’) =U (") =r’. The resulting network
A’ is equivalent ta4, in that any feasible flow ipd” induces a feasible flow i, and vice-versa. O

Flow Conservation, Capacity Constraints, Type Satisfactn. Though obvious, we precisely state
fundamental concepts underlying our entire examinatiahiatmoduce some of our notational conven-
tions, in Definitiond P 13,14, arid 5.

Definition 2 (Flow Conservatioh If A is a subset of arcs inl and f a flow in A, we write }° f(A)
to denote the sum of the flows assigned to all the ares iy f(A) =Y {f(a)|acA}. By convention,
>@=0.1f A={ay,...,ap} is the set of all arcs entering nodeandB = {by,...,by} is the set of all arcs
exiting noden, then conservation of flow aitis expressed by the linear equation:

1) Y f(A) =3 1(B)
There is one such equation for every nodeN. ]
Definition 3 (Capacity Constrainds A flow f satisfies the capacity constraints at arcA if:

(2) L(a) < f(a) < U(a)

There are two such inequalities for every arcA. ]
Definition 4 (Feasible Flows A flow f is feasibleiff two conditions:

« for every noden € N, the equation in[{1) is satisfied,
« for every arcac A, the two inequalities i {2) are satisfied,

following standard definitions of network flows. ]

Definition 5 (Type Satisfaction Let T : Z(Ain UAout) ~ R xR be a typing for the small networM.
We say the flowf satisfies Tif, for every Ae 22 (AinUAout) With T(A) = [r,r’], itis the case:

Q@) r< Z f(ANAin) - Z f(AnAow) <1’

We often denote a typing for A by simply writing. A: T. O

3 DSL for Incremental and Modular Design of Flow Networks (Untyped)

The definition of small networks in Sectibh 2 was less gentbah our full definition of networks, but

it had the advantage of being more directly comparable wihdard graph-theoretic definitions. Our
networks in general involve what we call “holes”. ile Xis a pair(Ain, Aout) WhereAin andAqy: are
disjoint finite sets of input and output arcs. A hi{es a place holder where networks can be inserted,
provided thematching-dimensionsondition (in Sectiof 3]2) is satisfied.

We use a BNF definition to generate formal expressions, eeicly la formal description of a net-
work. Such a formal expression may involve subexpressidrtheoform: let X=M in A/, which
informally says “M may be safely placed in the occurrences of Il N”. What “safely” means
depends on the invariant properties that typings are fatedlto enforce. In such an expression, we call
the X to the left of “=” a binding occurrence, and we call all th€s in A/ boundoccurrences.

If A=(N,A) is a small network wheré = Agw Aj, v Aoy, letin(A) = Ajn, out(A) = Agy, and
#(A) = Ag. Similarly, if X = (Ain,Aout) is a hole, letin(X) = Ajn, out(X) = Agy, and#(X) = . We
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assume the arc names of small networks and holes are allipaidigjoint,i.e., every small network and
every hole has its own private set of arc names.

The formal expressions generated by our BNF are built up:ftbmset of names for small networks
and the set of names for holes, using the construdigi®t-in, andbind:

A,B,.C €SMALL NETWORKS
X,Y,Z €HOLENAMES

M, N, P e NETWORKS n=A small network name
X hole name

let X=Min N let-binding of holeX
bind (NV,(a,b)) bindheada) to tail(b), where
(a,b) e out(N) xin(N)
wherein (N') andout(/') are the input and output arcs.&f. In the full report [19], we formally define

in(N) andout(N), as well as the set(/\') of internal arcs of\/, by structural induction.

We say a flow network\V is closedif every holeX in A/ is bound. We sayV is totally closedif it
is closed andh (N') = out(N) = @, i.e, N has no input arcs and no output arcs.

|
| MI|N parallel connection
|
|

3.1 Derived Constructors

From the three primitive constructors introduced aboH/etet-in, andbind, we can define several other
constructors. Below, we present four of these derived cocistrs precisely, and mention several others
in Remark 6. Our four derived constructors are used as indlf@iing expressions, whet®’, N, and
M, are network specifications aigtlis set of arc pairs:

bind (N, 0) conn(Ny,N2,0) NieN,  let Xe{My,.... Mp}in N

The second above depends on the first, the third on the semotdhe fourth is independent of the three
preceding it. Let\ be a network specification. We writg c;.; out(NV') xin(A\) to denote a partial
one-one map fronut(N) toin(AN). We may write the entries i@ explicitly, as in:

6 = {(a,by),.... (& be)}

whereay, ..., a € out(N') andby,..., b ein(N).
Our first derived constructor is a generalizatiorbaid and uses the same name. In this generaliza-

tion of bind the second argument is navas above rather than a single pgrb) € out(N') xin(N).
The expressiobind (NN, 8) can be expanded as follows:

bind (V,0) = bind (bind ( --- bind (V,{(ax,bk)) -+ ,{az,b2)),(a1,b1))

where we first connect the headapfto the tail ofby and lastly connect the head af to the tail ofb;. A
little proof shows that the order in which we connect arc lsdadarc tails does not matter as far as our
formal semantics and typing theory is concerned.

Our second derived constructor, calleann (for “connect”), uses the preceding generalization of
bind together with the constructdf. LetA; and N> be network specifications, ardc;-; out(N7) xin(N2).
We expand the expressieconn (N1, N>, 0) as follows:

conn(N1,N2,0) == bind ((N1[|N2),6)
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In words,conn connects some of the output arcsNfR with as many input arcs in>.

Our third derived constructor is a special case of the piagezbnn. Unless otherwise stated, we
will assume there is a fixed ordering of the input arcs andrerdixed ordering of the output arcs of a
network. Let\; be a network specification where the numbyer 1 of output arcs is exactly the number
of input arcs in another network specificatidf, say:

out(N1) ={as,...,am} and in(N2)={by,...,bn}
where the entries inut(/N1) and inin(N>) are listed, from left to right, in their assumed orderingt Le
0= {(az,b1),...,{am,bm)} = out(N1) xin(N2)

i.e., the first output ar@; of N is connected to the first input abg of N5, the second output aep of
N to the second input atw of N2, etc. Our derived construct¢/V; @ NV2) can be expanded as follows:

(NM1eN2) = conn(N1,N>,0)

which implies thatin(N1eAN>) =in(N7) and out(N1eAN>) = out(N2). As expected,® is associa-
tive as far as our formal semantics and typing theory areeamed,i.e., the semantics and typings for
Nio (N2oN3) and(NyeN2) @ N3 are the same.

A fourth derived constructor generalize-in and is expanded into several nestegbindings:
(let Xe {My,...,. M} inN) = (let Xi= My in (- (let Xq= Mpin (N1 ] - [ANG)) ))

whereXg, ..., X, are fresh hole names and is A with X; substituted foiX, for every 1<i < n. Infor-
mally, this constructor says thavery oneof the networks{ M3i,..., M;} can be “safely” placed in the
occurrences oK in A

Remark 6. Other derived constructors can be defined according to meagdplications. We sketch a
few. An obvious generalization af cascades the same netwgdvksomen > 1 times, for which we write
EB(J\/’, n). A condition for well-formedness is thaf’s input and output dimensions must be equal.

Another derived constructor Merge(N1,N>,A3) which connects all the output arcs/df and A%
to all the input arcs alV3. For well-formedness, this requires the output dimensaug; and N> to add
up to the input dimension of/3. And similarly for a derived constructor of the forBork (A1, N2,N3)
which connects all the output arcs.f to all the input arcs ofV, andAa.

While all of the preceding derived constructors can be edpdrusing our primitive constructors,
not every constructor we may devise can be so expanded. Bomseg, a constructor of the form

try Xe {My,.... Mp}in N

which we can take to mean thaitleast oneM; can be “safely” placed in all the occurrencesxoin N,
cannot be expanded using our primitives and the way we défigzie gemantics in Sectidd 4. Another
constructor also requiring a more developed examination tise form

mix Xe {Mgy,.... Mp}in N

which we can take to mean that every combination (or mixtafene or moreM; can be selected at the
same time and “safely” placed in the occurrenceX @i V, generally placing different; in different
occurrences. The constructany/-in and mix-in are examined in a follow-up report. An informal
understanding of how they differ from the construdit-in can be gleaned from Examglk 7.
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Another useful constructor introduces recursively defioeshponents with (unbounded) repeated
patterns. In its simplest form, it can be written as:

letrec X= M[X]in N[X]

where we writeM[X] to indicate thatX occurs free inM, and similarly inA/. Informally, this con-

struction corresponds to placing an open-ended netwotkeofdrm M [ M[M[--+]]] in the occurrences
of X in M. A well-formedness condition here is that the input and ougimensions of\ must match

those ofX . We leave for future examination the semantics and typidgtoéc-in, which are still more

involved than those dfry-in andmix-in. |

3.2 Well-Formed Network Specifications

In the full report [19], we spell out 3 conditions, not enfedcby the BNF definition at the beginning of
Sectior B, which guarantee what we call thell-formednessf network specifications. We call them:

» thematching-dimensionsondition,
 theunique arc-namingondition,
 theone binding-occurrenceondition.

These three conditions are automatically satisfied by sneiorks. Although they could be easily
incorporated into our inductive definition, more than BNfiestthey would obscure the relatively simple
structure of our network specifications.

We only briefly explain what the second condition specifies:aVoid ambiguities in the formal
semantics of Sectidd 4, we need to enforce in the specificafia network\ that no arc name refers to
two different arcs. This in turn requires that we distinguibe arcs of the different copies of the same
hole X. Thus, if we use > 2 copies ofX, we rename their arcs so that each copy has its own set of
arcs. We write’X ..., kX to refer to thesé copies ofX. For further details on thanique arc-naming
condition, and full explanation of the two other conditiptite reader is referred to [19].

Example 7. We illustrate several of the notions introduced so far. We aise holeX, and 4 small
networks: F (“fork”), M (“merge”), A, andB. These will be used again in later examples. We do not
assign lower-bound and upper-bound capacities to the &rEsM, A, and B — the arcs of holes are
never assigned capacities — because they play no role bafortyping theory is introduced. Graphic
representations d¥, M, andX are shown in Figurel1, and of and B in Figure[2. A possible network
specification\ with two bound occurrences &f may read as follows:

N = letX e {A,B} in conn(F, conn( X, conn(2X, M,63),6,),6,)
where 6y = {(c2,%e1), (cs, )}, 6 = {(%e3,%1), (%4, %)}, and B3 = {(%e3,d1), (%e4,d2)}. We wrote

above using some of the derived constructors introduce@ati&3.1. Note that:

« all the output arcgcy,cs} of F are connected to all the input arf'e;, e} of X,
« all the output arcg’es,*es} of X are connected to all the input arf®y, %e,} of 2X,
« all the output arcg%s,%,} of 2X are connected to all the input arfsh, d>} of M,

Hence, according to Sectién B.1, we can write more simply:

N = letX e {A,B} in (F@1X@2X@M)
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with nowin(N) = {c1} andout(N') = {d3}. The specification\' says that4 or B can be selected for
insertion wherever hol¥ occurs. Though we do not define the reductiohedfin-bindings formally N
can be viewed as representing two different network cordigpms:

Ni = Felde?4eM and N, = Fe'BoeBoM

We can say nothing here about properties, such as safety bafisfied or violated by these two config-
urations. The semantics of olat-in constructor later will be equivalent to requiring that botmfigu-
rations be “safe” to use. By contrast, the construttgrin mentioned in Remaik 6 requires onk or
N>, but not necessarily both, to be safe, and the construcivfin additionally requires:

Nz = Felde’BeM and Ny = Fe'Be?deM

to be safe. Safe substitution into holes accordingir-in implies safe substitution accordingl&t-in,
which in turn implies safe substitution accordingttg-in. O

Figure 2: Small networksA4 (on the left) and3 (on the right) in ExamplEl7.

4 Formal Semantics of Flow Networks

The preceding section explained what we need to write toifyp@metwork formally. Let\ be such a
network specification. By well-formedness, every smallvuek A appearing in\ has its own separate
set of arc names, and every bound occuréKoef a holeX also has its own separate set of arc names,
wherei > 1 is a renaming index. (Renaming indeces are defined in $&&@0) With every small network
A, we associate two sets of functions,fiti semanticq.A] and itslO-semanticg(.A). LetAj, =in(A),
Aout=o0ut(A), andAy =#(A). The setd.A] and(.A) are defined thus:

[A] ={f:AnhvAcwAs—R"|fisafeasible flowind}
(A) ={f:AinwAgi—~R"|f can be extended to a feasible fldwin A}
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Let X be a hole, within(X) = Aj, andout(X) = Agyt. Thefull semanticgX] and thelO-semanticg(X))
are the same set of functions:

IX] = (X) c {f:AnwAou—R"| f is a bounded functioh

This definition of[X] = (X)) is ambiguous: In contrast to the uniquely defined full seicarand |O-
semantics of a small netwotK, there are infinitely man§X] = (X)) for the sameX, but exactly one
(possibly[X] = (X)) = @) will satisfy the requirement in clause 4 below.

Starting from the full semantics of small networks and holesdefine by induction the full seman-
tics [] of a network specificationV” in general. In a similar way, we can define the 10-semaritis)
of A by induction, starting from the 10-semantics of small nefwoand holes. For conciseness, we
define[N] separately first, and then defitig/)) from [A/]. We need a few preliminary notions. L&t
be a network specification. By our convention of listing aput arcs first, all output arcs second, and all
internal arcs third, let:

in(M)={ag,...,a}, OUt(M)={a1, ..., 8}, and#H(M)={ars1;---,+r+m}-

If fe[M]with f(ay)=r1,..., f(awr+m) = rkie+m, We may represert by the sequencés, ..., Nrim)-
We may therefore represent:

* [f]in(u) by the sequencéry,....ri),
. [f]out(M) by the sequencéy,1,...,lk¢), and
* [flun) by the sequencricirit, ., Tirem),

where[f i, vys [loutcmy» @nd[flu ay), are the restrictions of to the subset# (M), out(M), and
#(M), of its domain. Let\ be another network specification agd [N]. We definef | g as follows:

(F19) = [flincany [9Tin vy [Foutcrn)  [9loueary  [F ety - [9) ey

where “” is sequence concatenation. The operatidri bn flows is associative, but not commutative,
just as the related constructdf™on network specifications. We define the full semanfitg] for every
subexpressioM of A/, by induction on the structure of the specificatibh

1. If M =A, then[M] = [A].
2. If M =X, then[M] ='[X].
3. If M =(P1||P2), then[M] = {(f1| f2) | fre [P1] andfo e [P5] }.
4. 1f M= (let X=P in P'), then[M] = [P'], provided two conditionB:
@) dim(X) ~ dim(P),
(b) [X] ~ {[9]5|9€[P]} whereA=in(P)uout(P).
5. If M =bind (P,(a,b)), then[M] = {f|fe[P]andf(a)=f(b)}.

3“dim(X) ~ dim(P)” means the number of input arcs and their ordering (or inpuedsion)and the number of output
arcs and their ordering (or output dimension)ofmatch those of?, up to arc renaming (or dimension renaming). Similarly,

“IX]~ {[g]A|g e [P]}” means for everyf :in(X) wout(X) — R™, it holds thatf € [X] iff there isg € [P] such thatf ~ [g]A,
Where[g]A is the restriction of to the subseA of its domain.



A. Bestavros & A. Kfoury 35

All of A is a special case of a subexpression\gfso that a the semantics 4f is simply [A]. Note,
in clause 2, that all bound occurrenc¥sof the same holX are assigned the same semanfiX$, up to
renaming of arc names. We can now define the 10-semantits as follows:

(M) = {[f]al feINT}

whereA =in(N') uout(N') and[ f], is the restriction off to A.

Remark 8. For every small networkd appearing in a network specificatiow, the lower-bound and
upper-bound functiong, 4 andU 4, are already defined. The lower-bound and upper-bound lfof A",
denoted_,r andU,, are then assembled from those for all the small networksventer, we do not need
to explicitly defineLnr andU s at every step of the inductive definition 6f.

In clause 4, the lower-bound and upper-bound capacities émpait/output ar@ of the holeX are
determined by those on the corresponding arc,aain P. Specifically,Lx(a) = Lp(a’) andUx(a) =
Up(a). In clause 5, the lower-bound and upper-bound are implisigt. Specifically, consider output
arcaand input ard in P, with Lp andUp already defined oa andb. If M =bind (P,(a,b)), then:

Lat(@) = max{Lp(a),Lp(b)}
Upi(a) = min {Up(a),Up(b)}

which are implied by the requirement thigia) = f (b). In M, arcais now internal and arb is altogether
omitted. On all the arcs other thanL ,, andU », are identical td.p andUp, respectively. |

Remark 9. We can define rewrite rules on network specifications in oraeeduce each into an equiv-
alent finite set of network specifications mormal form a normal form being free diy-in bindings.
We can do this so that the formal semantics of network spatiics are atnvariant of this rewriting.
This establishes th@undnessf the operational semanticgepresented by the rewrite rules) of our DSL
relative to the formal semantics defined above. We avoid diteting and presenting such rewriting rules
in this report, for reasons alluded to in the Introductiod again in the last section. ]

Flow Conservation, Capacity Constraints, Type Satisfactin (Continued). The fundamental con-
cepts stated in relation to small netwotksin Definitions[2[ 8, anll4, are extended to arbitrary network
specificationsV. These are stated as “properties” (not “definitions”) beeathey apply td ] (not to
N), and[A] is built up inductively from{[.A] |.A occurs in\'}.

Property 10 (Flow Conservation — ContinuedYhe nodes ol are all the nodes in the small networks
occurring in \/, because our DSL in Sectigh 3 does not introduce new nodesithélyose in the small
networks. Hencd\/] satisfiedlow conservatiobecause, for every small netwarkin N\, every fe [ A]
satisfies flow conservation at every node, i.e., the equati@d) in Definition2.

Property 11 (Capacity Constraints — Continuedyhe arcs introduced by our DSL, beyond the arcs in
the small networks, are the input/output arcs of the holesver-bound and upper-bound capacities on
the latter arcs are set in order not to conflict with those alitg defined on the input/output arcs of small
networks. Hence ] satisfieghe capacity constraintsecause, for every small netwarkin N, every

f e [A] satisfies the capacity constraints on every arc, i.e., tegulities in[(2) in Definition]3.

However, stressing the obvious, evelfi.if] + & for every small network4 in AV, it may still be that
N is unsafe to usd,e. it may still be that there is no feasible flow v becausd ] = @. We use the
type system (Sectidd 7) to reject unsafe network specidiaal/ .
Definition 12 (Type Satisfaction — ContinupdLet A/ be a network, withAj, = in(N'), Agyt = out(N),
andAgx=#(N'). Atyping T for NV, also denoted\ : T), is a function

T . (@(Am UAout) %RXR
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which may, or may not, be satisfied iy (N') or by f € [N]. We sayf € (N) or f € [N] satisfies T
iff, for every Ac Ajn UAoue With T(A) = [r,r'], it is the case that:

4) r< Y f(AnAR) - > f(AnAgw) <1’

The inequalities in[(4) extend those [d (3) in Definitidn 5 &work specifications in general. O

5 Typings Are Polytopes

Let V be a network specification, and I&f, =in(N') andAgyu = out(N). Let T be a typing for\V that
assigns an intervdl,r’] to Ac Aj, UAgut. Let|Ain|+|Aou] = m, for somem> 0. As usual, there is a fixed
ordering on the arcs iA;j, and again on the arcs My With no loss of generality, suppose:

Al :AmAil’] = {ala"'vak} and A2 :AmAOUt: {ak+17"' 7a£}7
wherel/ <m. Instead of writingT (A) = [r,r’], we may write:
T(A): ag+-+a—ag1——a : [r]

where the inserted polarities,or —, indicate whether the arcs are input or output, respegtivelflow
through the arc$ay, ..., ax} contributes gositivequantity, and through the ar¢say, 1, ...,a } anegative
quantity, and these two quantities together should add ap/&due within the interva]r,r’].

A typing T for Aj, uAgy: induces goolytope(or bounded polyhedrgnwhich we callPoly(T), in
the Euclidean hyperspa@". We think of themarcs inAj, UAqyt as them dimensions of the spad®™.
Poly(T) is the non-empty intersection of at most2™ - 1) halfspaces, because there 628 - 1) non-
empty subsets it? (Ai, UAout). The interval[r,r’'], which T assigns to such a subset {a;,...,a/} as
above, induces two linear inequalities in the varialfles . ..,a, }, denotedl, (A) andT¢(A):

(5) T(A): ag+-+ak-au1-——-a>r and T(A): ap+-+ak-ae1--a<r
and, therefore, two halfspacklf(T. (A)) andHalf(T.(A)):
(6) Half(T-(A)) = {reR™|r satisfiesT.(A)}  and  Half(T¢(A)) = {reR"™|r satisfiesT¢(A) }

We can therefore defireoly(T) formally as follows:

Poly(T) = ({Half(T:(A)) n Half(T<(A)) | @ # Ac Ain UAout }

Generally, many of the inequalities induced by the typingill be redundant, and the induc&aly(T)
will be defined by far fewer than-22™ - 1) halfspaces.

5.1 Uniqueness and Redundancy in Typings

We can view a network typin@ as a syntactic expression, with its semanBosy(T ) being a polytope

in Euclidean hyperspace. As in other situations connedymax and semantics, there are generally
distinct typingsT andT’ such thaPoly(T) = Poly(T’). This is an obvious consequence of the fact that
the same polytope can be defined by many different equivaksstof linear inequalities, which is the
source of some complications when we combine two typingsddyce a new one.
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To achieve unigueness of typings, as well as some efficiehmyaaipulating them, we may try an
approach that eliminates redundant inequalities in thiectbn:

(7 {T=(A)|g+Ac Z(AnVAou) } U {T<(A) | @ +Aec ZZ(AinUAoun) }

whereT,(A) and T.(A) are as in[(b) above. There are standard procedures whicimie¢éewhether
a finite set of inequalities are linearly independent andhéfy are not, select an equivalent subset of
linearly independent inequalities. Some of these issueta#ien up in the full report [19].

If V1:Ty and N> : T, are typings for networksVy and NV, with matching input and output di-
mensions, we writél; = T, wheneverPoly(T;) ~ Poly(T,), in which case we say tha and T, are
equivalenfl If Ay = N3, thenTy =T, wheneveiPoly(T;) = Poly(T>).

Definition 13 (Tight Typing$. Let A be a network specification, withj, = in(N') andAgyt = out(N),
andT : Z(AinUAout) ~ Rx R a typing forN. T is atight typing if for every typingT’ such thafl = T’
and for everyA c Aj, UAoy;, the intervalT (A) is contained in the interval’(A),i.e, T(A)cT'(A). O

Proposition 14 (Every Typing Is Equivalent to a Tight Typing)here is an algorithnTight() which,
given atyping NV : T) as input, always terminates and returns an equivalent tiging (A : Tight(T)).

5.2 Valid Typings and Principal Typings

Let A be a networkAj, = in(N') andAqyi = out(N). A typing N : T is valid iff it is sound:
(soundness)Every fp: Ajy UAqu — R satisfyingT can be extended to a feasible fldve [N].
We say the typingV : T for A/ is aprincipal typingif it is both soundand complete:
(completeness)Every feasible flowf € [A] satisfiesT.

More succintly, using the I0-semanti¢4/)) instead of the full semantidsV], the typing/V\ : T is valid
iff Poly(T) < (N), and it isprincipal iff Poly(T) = (N).

A useful notion in type theories Bubtyping If Ty is asubtypeof T,, in symbolsT; <: Ty, this means
that any object of typd; can be safely used in a context where an object of Tgfe expected:

(subtyping) Ti<:T, iff Poly(Ty)cPoly(Ty).

Our subtyping relation is contravariant w.r.t. the subséition,i.e., the supertypé> is more restrictive
as a set of flows than the subtypge

Proposition 15(Principal Typings Are Subtypes of Valid TypingdJ (N : Ty) is a principal typing, and
(N : T) avalid typing for the samd/, then T <: To.

Any two principal typingsT; and T, of the same network are not necessarily identical, but they
always denote the same polytope, as formally stated in thigpneposition.

Proposition 16 (Principal Typings Are Equivalent)lf (N : T;) and (N : T,) are two principal typings
for the same network specificatiovi, then T = T,. Moreover, if T and T, are tight, then T=T.

4Poly(Ty) ~ Poly(T,)" means thatPoly(T;) and Poly(T,) are the same up to renaming their dimensidres, up to
renaming the input and output arcsAfi andNo.
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6 Inferring Typings for Small Networks

Theorem 17 (Existence of Principal Typings)Let.4 be a small network. We can effectively compute a
principal and uniformly tight typing T fos.

Example 18. Consider again the two small networksand B from ExampldY. We assign capacities to
their arcs and compute their respective principal typingse sets of arcs il and B are, respectively:

A ={a,...,a11} andB = {by,...,bi}. All the lower-bounds and most of the upper-bounds are trivia
i.e, they do not restrict flow. Specifically, the lower-bound aeify on every arc is 0, and the upper-
bound capacity on every arc is a “very large number”, unlaesiicated otherwise in Figuid 3 by the
numbers in rectangular boxes, namely:

U(as)=5 U(ag)=10, U(ay1) =15 non-trivial upper-bounds in,
U(bs)=3, U(bs)=2, U(bg)=2,  U(byo)=10, non-trivial upper-bounds i3,
U(b11) =8, U(b13)=8, U(bis)=10, U(bse) =7, non-trivial upper-bounds .

We compute the principal typings, of .A and T of B, by assigning a bounded interval to every subset
of {a1,ap,a3,a4} and{by,by,b3,bs}, respectively. This is a total of 15 intervals for each, igng the
empty set to which we assign the empty intergalWe use the construction in the proof (omitted in this
paper, included in the full repoft [19]) of Theorém 17 to cargl 4 andTg.

T4 assignments

a;+ap:[0,30] a;—ag:[-10,10] a;—ay:[-2515]

ap-ag: [~15,25] ap—as:[-10,10] [—ag-a4:[-30,0]]
a1+a2—a3:[0,25] a1+a2—a4:[0,15] al—a3—a4:[—25,0] az—a3—a4:[—15,0]
ap+ap—az—ay:[0,0]

T assignments

bs : [0,15] by :[0,25] -bs:[-15,0] -by:[-25,0]
b1 + b2 : [O, 30] b]_ - b3 : [—10, 12] b]_ - b4 : [—257 15]
by — by : [~15,25] b, — by : [-12,10] | —bs—by:[-30,0] |

b1+b2—b3 : [0,25] b1+b2—b4: [O, 15] bl—b3—b4: [—25,0] bz—b3—b4: [—15,0]
b1+b2—b3—b4: [0,0]
The types in rectangular boxes are thos¢Tof],, and[Tz],, which are equivalent, and those 4],

and[Tz],, Which are also equivalent. Thyd4|,, = [Ts],, and[Ta],,.= [Tzl NeverthelessT 4 # Tz,
the difference being in the (underlined) types assignedoessubsets mixing input and output arcs:

* [-10,10] assigned byl 4 to {a;,as} # [-10,12] assigned byl to the correspondingbs, bs},
* [-10,10] assigned byl 4 to {ap,a4} # [-1210] assigned byl to the correspondingby,bs}.

In this exampleT <: T4 becauséoly(T4) c Poly(Tz). The converse does not hold. As a result, there
are feasible flows 8 which are not feasible flows iA. O
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Figure 3: An assignment of arc capacities for small netwarkéon the left) and3 (on the right) in Examplg18.

7 A Typing System

We set up a formal system for assigning typings to networlcifipations. The process of inferring
typings, based on this system, is deferred to Selion 8. \&& several preliminary definitions.

7.1 Operations on Typings

Let (N1:Ty) and (N2 : T,) be two typings for two networkd/; and NV. The four arc setsin(N7),
out(N1), in(N2), andout(N>), are pairwise disjoint. By our inductive definition in Secti3,in (N7) u
in(N>) is the set of input arcs, aralit(N7) uout(AN>) the set of output arcs, for the network specification
(M1 || NV2). We define the typing T, | T.) for the specificatior{ V1 || V2) as follows:

T1(A) if Acin(N7)uout(Ny),
(T2 T2) (A) = T2(A) if Acin(N2)uout(N2),
T]_(A]_) @Tz(Ag) if A= A]_ UA2 where

Aq cin(N7)uout(N7) andAz cin(N2) uout(N2).

where the operation&” on intervals is defined as follow$ry,ro] @ [ry,r5] = [r1+r7,r2+r5].
Lemma 19. If (N1:T1) and (N2 : T,) are principal typings, respectively valid typings, thenisdhe
typing (N1 || N2) : (Tw | T2)) principal, respectively valid.

Let (M :T) be atyping with(a, b) € out(N) xin(N), with dimin (N) = (aq, . .., a,) anddimgu(N) =
(ar+1,...,am), so thab = g anda = a; for some Ki</and/+1< j<m. Inthe full report[19] we explain
how to define a typing we denotend(T, (a,b)) from the given typingdl for the network specification
bind (N, (a,b)) satisfying the equatiorPoly(bind(T,(a,b))) = Poly(T)nPoly(a=b) where

Poly(a=b) = {(r1,....,rmye R™|ri=r;} whereb=a anda=ajwith1<i</<j<m

Lemma 20. If (N :T) is a principal (respectively, valid) typing an,b) € in(N') x out(N'), then
(bind (N, (a,b)) : bind(T, (a, b))) is a principal (respectively, valid) typing.
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7.2 Typing Rules

The system is in Figurle 4, where we follow standard convestia formulating the rules. We cdll a
typing environmentwhich is a finite set ofyping assumptionor holes, each of the forriX : T). If
(X:T) is a typing assumption, witim (X) = Ajy andout(X) = Agus, thenT : Z(AinUAou) > RxR.

If a typing T is derived for a network specificatioh” according to the rules in Figulé 4, it will be
the result of deriving amssertion(or judgmeny of the form ‘T - A : T". If N is closed, then this final
typing judgment will be of the form# A : T” where all typing assumptions have been discharged.

HOLE w i > 1is the smallest available renaming index
MeIX:0T
SMALL TEAT T is a typing for small networlk4
PAR I'I—N1:T1 rl—Nz:Tz
M- (M| V2): (Ta | T2)
Fr=N:T .
B b t
NP [~ bind (A, (ab)) : bind(T, (a,b)) (a,b) e out(N) xin(A')
Ler rM-M:Tp FTu{(X:T)}-N:T T T

M- (letX=MinN ):T

Figure 4: Typing Rules for Flow Networks.

The operationgT; || T,) andbind(T,(a,b)) are defined in Section 7.1. A derivation according to thesrige
stopped from the moment a judgmént N : T is reached such th&oly(T) = @, at which point\ is rejected as
“unsafe”.

Theorem 21(Existence of Principal Typings)Let A/ be a closed network specification and T a typing
for N derived according to the rules in Figulé 4, i.e., the judgttfen N : T” is derivable according

to the rules. If the typing of every small netwotkin N is principal (resp., valid) for4, then T is a
principal (resp., valid) typing fosV.

8 Inferring Typings for Flow Networks in General

The main difficulty in typing inference is in relation tet-bindings. Consider a specificatiovi of the
form (let X= M inP). LetAjp =in(X) andAy;=out(X). Suppose& occursn> 1 times inP, so that its
input/output arcs are renamed in each ofrtlegcurrences according (AR UAGL) 5 -+, "(Ain UAow).

A typing for X and for its occurrenceX in P can be giverconcretelyor symbolically If concretely,
then these typings are functions of the form:

Tx: Z(AinUA) ~RxR and Tx: Z('Ainu'Agy) > RxR

for every 1<i < n. According to the typing rule HLE in Figure[4, a valid typing foA/ requires thatTy ~
Ty ~ .-~ "Tx. If symbolically, then for ever ¢ Ai, UAous, the intervalTy (B) is written agxg,ys] where
the two endsg andyg are yet to be determined, and similarly fég (B) and evenyB ¢ 'Aj, U'Agu. We
can infer a typing for\/' in one of two ways, which produce the same end result but wbiggizations
are very different:

(sequential) First infer a principal typind for M, then usek copies'T, ..., My to infer a principal
typing Tp for P, which is also a principal typing, for NV.
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(parallel) Infer principal typingsTy, for M andTp for P, separatelyTp is parametrized by the typings
"Tx written symbolically. A typing forV is obtained by setting lower-end and upper-end parameters
in 'Tx to corresponding lower-end and upper-end valu€eg,jn

Both approaches amodular, in that both are syntax-directed according to the indectiefinition of
N. However, the parallel approach has the advantage of bedepéendent of the order in which the
inference proceeds.€., it does not matter wheth@m, is inferred before or after, or simultaneously with,
Tp). We therefore qualify the parallel approach as being amitly fully compositional in contrast
to the sequential approach which is not. Moreover, therlagguires that the whole specificatidvi
be known before typing inference can start, justifying tldelidonal qualification of being avhole-
specificationanalysis. The sequential approach is simpler to define apaegented in full in[[19]. We
delay the examination of the parallel/fully-compositibapproach to a follow-up report.

9 Semantics of Flow Networks Relative to Objective Functios

Let NV be a network, withAj, = in(N'), Aoyt = out(N), and Ay = #(N'). We write Agy» to denote
Aoutw Ag, the set of all arcs inV excluding the input arcs. Anbjective functiorselects a subset of
feasible flows that minimize (or maximize) some quantity. Ngetwo possible objective functions,
among several others, commonly considered in “traffic exging” (seel[B3] for example).

Minimize Hop Routing (HR) A minimum hop route is a route with minimal number of links.
Given a feasible flowf € [\], we define the quantityir(f) = Y aca,,., f(8). Given two feasible

flows fq, fo € [N], we write f; <"® f; iff two conditions:
* [fa]a, =[f2]a,, and
* HR(f1) <HR(f2).

Note that we comparé; and f, using <"? only if they assign the same values to the input arcs,
which implies in particular thaf; and f, carry equal flows acros¥'. It can be shown thair(f1) <
HR( f2) holds iff f; is non-zero on fewer arcs Mg #than fy, i.e,,

[{aeAous| f1(a) 0} < [{aeAoux| f2(a) 0}

We write f; <"® f, to meanf; <" f, or HR(f1) = HR( f2).

Minimize Arc Utilization (AU) The utilization of an ara is defined asi(a) = f(a)/U(a).
Given a feasible flowf € [\], we define the quantitpu (f) = Yaea,, ,U(@). Given two feasible
flows fq, fo € [N], we write f; <*Y f; iff two conditions:
* [fa]a, =[f2]a,, and
e AU(f1) <AU(fp).
It can be shown thatu(f;) < Au( f,) holds iff:

Y {1/U(a) |acAorrandfi(a) #0} < > {1/U(a) |acAorsandfz(a) =0}

Minimizing arc utilization corresponds to computing “stest paths” from inputs to outputs using
1/U (a) as the metric on every arc Aoy # We write f; <AV f, to meanf; <Y fo or au( 1) = Au( fp).

For the rest of this section, consider a fixed objective{HR, AU, ...}. We relativize the formal semantics
of flow networks as presented in Sectldn 4. To be correct, elativized semantics requires that the
objectivea be an “additive aggregate function”.
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Definition 22 (Additive Aggregate FunctiohsLet A be a network and consider its §ét’] of feasible
flows. A functiona : [N] —R" is anadditive aggregatéf a(f) is of the form} s, .0(f,a) for some
function 8 : [N] x Agut#—> R*. O

The particular objective functionsr andAu considered above are additive aggregate. Hrgrthe
corresponding functio® is the simplest and defined I8 f,a) = f(a). And for Au, the corresponding
function 6 is defined byd( f,a) = f(a)/U(a). All the objective functions considered in [3] are additive
aggregate.

The full semantics of a flow network/ relative to objectiven, denoted[ V| a, will be a set of
triples each of the forngf,B,r) where:

« fe[N], i.e, fisafeasible flowinV,

« Bcin(N)uout(N),

s r=a(f),
such that, for every feasible flogre [N], if [f]g =[g]g thena(g) >r. The information provided by
the parameterB andr allows us to determin@\/ | a] compositionally,i.e., in clause 5 in the definition
of [N]a] below: We can define the semantics of a netwarkrelative toa from the semantics of
its immediateconstituent parts relative ta. Informally, if (f,B,r) ¢ [A'|a], then among all feasible
flows that agree oB, flow f minimizesa (). We include the parameter= a(f) in the triple to avoid
re-computinga from scratch at every step of the induction, by having to swer all the arcs of\.
Based on the preceding, starting with small netwodksve define the full semantics of relative to the
objectivea as follows:

[Ala] ={(f.B,r)| fe[A], Bcin(A)uout(A), r=a(f),
and for everyg e [A], if [ f]g = [g]g thena (f) <a(g) }

The I0-semanticg.A| a)) of the small networkA relative to the objectiver is:

<<-A|a>> = {([f]A7B7r> ‘ <f7B7r> € [[A’aﬂ}

whereA=in(A)uout(.A). As in Sectiori $, the full semanti§X |a] and the 10-semanticgX |a ) of a
hole X relative to the objectiver are the same. L&, = in(X) andAgyt = out(X), so that:

[X|a] = (X|a) < {(f,B,s)| f:AnuA—~>R*, BSAjnUAoy, SeR*, andf is bounded

Again, as in Sectiohl4[X|a] = (X |a}) is not uniquely defined. Whether this assigned semantie§ of
will work depends on whether the condition in clause 4 belowaitisfied.

We define[ M |a] for every subexpressian of A/, by induction on the structure of the specifica-
tion V. The five clauses here are identical to those in Seftlion #ptXar thea-relativization. The only
non-trivial clause is the 5th and last; Proposifioh 23 disthés the correctness of this definition:

1. If M=A, then[M|a] =[A|a].
2. If M =X, then[M|a] ='[X]|a].
3. If M =(P1]| P2), then

[[M|Cfﬂ = {(fl || f2,B;|_UBg,I’1+I'2> ‘ <f1,Bl,l'1> € [[’P]_|C¥]] and(fg,Bg,r2> € [[772|a]]}
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4. 1f M= (let X=P in P'), then[M|a] = [P’|a], provided two condition:
(@) dim(X) =~ dim(P),
(b) [X]a] { [9]A.C.r) | g,C,r)e[[P|a]]} whereA=in(P)uout(P).

5. If M =bind (P,(a,b)), then

[Ma] = {{f,B,r)| (f.Bu{ab}r)e[P|a], f(a)=f(b),
and for every(g,Bu{a,b},s) ¢ [P|d]
if g(a) = g(b) and([ f]5 = [g]g thenr <}

We define(N|a)) from [N |a]: (N]a)= {{[f]a.B,r)|(f.B,r)e[N|a] } whereA=in(N)uout(N).
Proposition 23(Correctness of Flow-Network Semantics, Relativizeddt V' be a network specification

and leta be an additive aggregate objective. For everyAf, UAqtUAx — R™, every Bc Ai, UAqy, and
every re R*, it is the case that:

(f,B,rye[N]a] iff fe[N]andr=a(f)and
for every ge [NV, if [f]g = [9]g thena(g) >T.

In words, for every B Ai, UAoyu, among all feasible flows iV that agree on B, we include iV | o]
those that arex-optimal and exclude frof\V'| o] those that are not.

10 A Relativized Typing System

Let a be an additive aggregate objectiweg, one of those mentioned in Sectioh 9. Assumés fixed
and the same throughout this section. Mebe a closed network specification. According to Sedfion 7,
if the judgment ‘= A : T" is derivable using the rules in Figuré 4 amds a valid typing, therPoly(T) is
a set of feasible 10-flows iV, i.e., Poly(T) c (N)). And if T is principal, then in facPoly(T) = (N).

In this section, judgments are of the form /V': (T, ®)” and derived using the rules in Figure 5. We
call (T,®) arelativized typingwhereT is a typing as before and is an auxiliary function depending
on the objectivar. If T is a valid (resp. principal) typing fok’, then once mor@oly(T) c {(N) (resp.
Poly(T) = (N))), but now the auxiliary® is used to select members®bly(T) that minimizea.

If this is going to work at all® should not inspect the whole #f. Instead,® should be defined
inductively from the relativized typings for only the immiate constituent parts of/. We first explain
what the auxiliary® tries to achieve, and then explain how it can be defined imndhigt The objective
a is already defined of)\V], as in Section]9. We now define it V). For everyf € (N'), let:

a(f) =min{a(f")|f e[N]andf’ extendsf }.

As before, letAj, =in(N) andAoqyt = out(N). Let T be a valid typing for\V, so thatPoly(T) c (N').
For economy of writing, lefF = Poly(T ). Relative to thisT, we define the functio®; as follows:

q)T : e@(Am UAout)QL@(fXR+)
o (B) ={(f.r)| feF, r=a(f), and for evenyge F, if [ f]5 = [0]g, thenr < a(g) }

SReview footnot&R for the meaning of™.
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whereB € Z2(Ain UAout). In words, ®(B) selectsf provided, among all members ¢f ¢ (N)) that
agree withf on B, f is a-optimal — and also appends foits a-valuer for book-keeping purposes.
Whenever the context makes it clear, we omit the subscTipfrom “ ®;” and simply write ‘®”.

The trick here is to define the auxiliary functignfor A/ from the corresponding auxiliary functions
for the immediate constituent parts.df. The only non-trivial step follows the 5th and last claus¢hia
definition of [A/|a] in Sectior®.

Definition 24 (Valid and Principal Relativized TypingsLet (T,®) be a relativized typing fal\/, where
in(N) = Ain andout(N) = Aoy We definePoly™ (T, ®) as a set of triples:

Poly*(T,®) = {(f,B,r)|Bc AjpuAqiand(f,r) e d(B)}
We call this function Poly” ()" because of its close association witRdly()”, as it is easy to see that:

Poly*(T,®) = {(f,B,r) | fePoly(T), BcAinuAoy, r=a(f),

and for allge Poly(T) if [ f]g = [g]g thena(f) <a(g) }

We say the relativized typingV : (T,®)) is valid iff Poly*(T,®) c (N|a)), and we say it iprincipal
iff Poly™(T,®) = (N |a). m

A case of particular interest is whdh= A;,. Supposeg f,Ain,r) € Poly”(T,®). This means that,
among all feasible flowg in N agreeing withf on Aj,, f is a-optimal witha (f) =r.

10.1 Operations on Relativized Typings

There are two different operations on relativized typingpaehding on how they are obtained from previ-
ously defined relativized typings. These two operations @rg @, ) || (T2, P,)” and “bind((T,®), (a,b))",
whose definitions are based on clauses 3 and 5 in the indutetfugtion of [A/|a] in Sectior 9.

Let (N1 : (Ty,®;)) and (A2 : (T2, ®,)) be two relativized typings for two networks; and Aa.
Recall that the the four arc set&1(N7), out(N1), in(N2), andout(N?), are pairwise disjoint. We
define the relativized typingT,®) = (T1,®,) || (T2, P,) for the specificatior{ V1 ||./\f2) as follows:

« T=(T1| T2), as defined at the beginning of Section 7.1,
o for everyB; cin(N7)uout(N7) and evenyB; < in(N2) uout(N2):

®(B1UBy) = {((f1 || f2),ri+r2)|(f1,r1) e ®1(By) and(fz,rz) € ®,(By) }

Lemma 25. If the relativized typingﬁ/\ﬂ: (T1,<D1)) and (Ng: (T2,<D2)) are principal, resp. valid, then
so is the relativized typing\1 | NV2) : ((Tr, ®,) | (T2, ®,)) principal, resp. valid.

Let(P: (T,®)) be arelativized typing for network specificatizh We define the relativized typing
(T*,®*) =bind((T,®),(a,b)) for the networkbind (P, (a,b)) as follows:

e T*=bind(T,(a,b)), as defined in Sectidn 7.1,
« for everyBc (in(P)uout(P))-{a,b}:
®*(B) = {([f]g.r)|{f,r) e®(Bu{a,b}), f(a)=f(b), and for all(g,s) e P(Bu{a,b})
if g(a) =g(b) and[f]g =[g]g thenr <s}

Lemma 26. If the relativized typing(P (T, CD)) is principal, resp. valid, then so is the relativized typing
(bind (P, (a,b)) : bind((T,®),(a,b))) principal, resp. valid.
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HoOLE % i >1is smallest
- X (T ) available renaming index
SMALL  ———— (T, ®) is a relativized
M- A:(T,®) typing for small networkA4
PAR I I—N]_Z(TL(D]_) I I—Nz:(Tz,(DZ)
M= V|| AV2): (Ta, @) || (T, @)
M= N:(T,®) .
BIND T Bind (W, (a.b)) : bind((T.®), {@.b)) (8,b) € OUL(N) xin(N)
LET M= M: (T, ®,) Fu{X:(Tz,®,)} - N': (T, D) (To, ®y) = (T, ®,)

M- (letX=MinN):(T,®)

Figure 5: Relativized Typing Rules for Flow Networks.

The operations(T1, ®,) || (T2, P,)” and “bind((T,®), (a,b))” are defined in Sectidn10.1. A derivation according
to the rules is stopped from the moment a judgniient\ : (T, ®) is reached such th&oly™ (T, ®) = @, at which
point\ is rejected as “unsafe”.

10.2 Relativized Typing Rules

Theorem 27 (Existence of Relativized Principal Typingslet ' be a closed network specification
and (T,®) a relativized typing for\/ derived according to the rules in Figufé 5, i.e., the judgimen
“+ N :(T,®)"is derivable according to the rules. If the relativized tyg of every small networld in

N is principal (resp., valid) forA4, then(T,®) is a principal (resp., valid) relativized typing fov'.

11 Related and Future Work

Ours is not the only study that usegervals as types angbolytopesas typings. There were earlier
attempts that heavily drew on linear algebra and polytogerth mostly initiated by researchers who
devised “types as abstract interpretations” — 5ee [11] afetences therein. However, the motivations
for these earlier attempts were entirely different andiapidio programming languages unrelated to our
DSL. For example, polytopes were used to define “invariafatgaroperties”, or “types” by another
name, for BTEREL— an imperative synchronous language for the developmeaetafive systems [15].

Apart from the difference in motivation with earlier workthere are also technical differences in
the use of polytopes. Whereas earlier works consider gedgaefined by unrestricted linear constraints
[12,[15], our polytopes are defined by linear constraintsreviesery coefficient is-1 or -1, as implied
by our Definitiond 2[B[14, and 5. Ours are identical to thedmeonstraints (but not necessarily the
linear objective function) that arise in tinetwork simplex methdd3], i.e., linear programming applied
to problems of network flows. There is still on-going resbai@ improve network-simplex algorithms
(e.g, [22]), which will undoubtedly have a bearing on the efficgmf typing inference for our DSL.

Our polytopes-cum-typings are far more restricted thaytppks in general. Those of particular
interest to us correspond t@lid typings andprincipal typings. As of now, we do not have a charac-
terization — algebraic or even syntactic on the shape oétimenstraints — of polytopes that aralid
network typinggor the more restrictivgrincipal network typings Such a characterization will likely
guide and improve the process of typing inference.

Let NV be a network specification, withi, = in(N') andAyy; = out(N'). Another source of current
inefficiency is that valid and principal typings fov tend to be “over-specified”, as they unnecessarily
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assign an interval-cum-type averysubset ofAj, w Aqy. Several examples in [19] illustrate this kind of
inefficiency. This will lead us to studyartial typings T: 2 (AinwAout) — R xR, which assign intervals
to some, not necessarily all, subset®gfw Ay Such a partial mapping can always be extended to a
total mappingl’’ : Z(AinwAout) — R xR, in which case we writd ¢ T'. We say the partial typing is
valid for V' if every(total) typingT’ 2 T is valid for A/, and we sayl is minimal validfor A if T is valid
for N/ and for every partial typinglT”’ for A such thafT” ¢ T, i.e., T" assigns strictly fewer intervals
thanT, it is the case thal # T'. And similarly for the definitions of partial typings thategrincipal and
minimal principalfor \.

As alluded in the Introduction and again in Remiark 9, we aditin operational semantics of our
DSL in this paper to stay clear of complexity issues arisiragf the associated rewrite (or reduction)
rules. Among other benefits, relying on a denotational séicgallowed us to harness this complexity
by performing a static analysis, via our typing theory, withcarrying out a naive hole-expansion (or
let-in elimination). We thus traded the intuitively simpler busti@r operational semantics for the more
compact denotational semantics.

However, as we introduce other more complex constructdvimgholes in follow-up reportst(y-
in, mix-in, andletrec-in mentioned in the Introduction and in Remaitk 6 of Seclibn 8 ttade-off
will diminish in importance. An operational semantics of @5L involving these more complex hole-
binders will bring it closer in line with various calculi inlwing patterns(similar to ourholesin many
ways, different in others) and where rewriting consistdimi@ating pattern-binders Seel[2 4, 9, 10, 18]
and references therein. It remains to be seen how much di¢toeyt developed for these pattern calculi
can be adapted to an operational semantics of our DSL.
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