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Abstract

We investigate the problem of learning disjunctions of counting functions, which are
general cases of parity and modulo functions, with equivalence and membership queries.
We prove that, for any prime number p, the class of disjunctions of integer-weighted
counting functions with modulus p over the domain Z7 (or Z7) for any given integer
g > 2 is polynomial time learnable using at most n + 1 equivalence queries, where
the hypotheses issued by the learner are disjunctions of at most n counting functions
with weights from Z,. The result is obtained through learning linear systems over an
arbitrary field. In general a counting function may have a composite modulus. We prove
that, for any given integer ¢ > 2, over the domain 7§, the class of read-once disjunctions
of Boolean-weighted counting functions with modulus ¢ is polynomial time learnable
with only one equivalence query, and the class of disjunctions of loglogn Boolean-
weighted counting functions with modulus ¢ is polynomial time learnable. Finally, we
present an algorithm for learning graph-based counting functions.

1 Introduction

Recently, symmetric Boolean functions, especially parity functions and modulo func-
tions, have received much attention in computational learning theory. It is known that
the class of single parity functions (see Helmbold, Sloan and Warmuth [HRS]) and the
class of single modulo functions with modulus p for any given prime number p (see,
Blum, Chalasani and Jackson [BCJ]) are pac-learnable. Fisher and Simon [F'S] proved
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that parity functions of monomials with at most £ literals are pac-learnable, while given
the assumption that RP # N P parity functions of £ monomials are not pac-learnable
with the same type of functions as hypotheses for any fixed k£ > 2. Meanwhile, Blum
and Singh [BS] showed that, for any constant k, Boolean functions of & monomials
are pac-learnable by the more expressive hypothesis class of general DNF formulas.
They also proved that, for any k& > 2, for any fixed symmetric function f on k inputs,
f consisting of £ monomials is not pac-learnable with the same type of functions as
hypothesis under the assumption that RP # N P.

In the on-line model with queries, Angluin, Hellerstein, and Karpinski [AHK] have
shown that read-once Boolean functions over the basis (AN D,OR, NOT') are polyno-
mial time learnable with equivalence and membership queries. Hancock and Hellerstein
[HH] extended this result for Boolean functions to a larger basis including arbitrary
threshold functions and parity functions. Further, Bshouty, Hancock, and Hellerstein
[BHH] showed that read-once functions over the basis of arbitrary symmetric functions
are polynomial time learnable with equivalence and membership queries. However,
they also proved that read-twice functions over the same basis are not under standard
cryptographic assumptions.

Our goal in this paper is to obtain further positive results for on-line learning
of counting functions, which include parity and modulo functions, with equivalence
and membership queries. Bshouty, Hancock and Hellerstein’s negative result for read-
twice Boolean functions over the basis of arbitrary symmetric functions is very strong.
However, a key condition in their theorem is that they require the basis to include the
three-input consensus function, i.e., a function outputs 1 if and only if all its inputs get
the same value. However, for many specific symmetric functions, e.g., modulo functions,
counting functions, and threshold functions, this condition does not hold, i.e., no one
of those functions is equivalent to a consensus function.

We observe that a disjunction of integer-weighted counting functions over a field 7,
for a given prime number p corresponds to a linear system over the field Z,. We prove
that (1) the class of homogeneous linear systems over an arbitrary field is polynomial
time learnable with at most n equivalence queries, and (2) the class of linear systems over
an arbitrary field is polynomial time learnable with at most n + 1 equivalence queries.
Here n is the number of input variables, the hypotheses issued in (1) by the learner are
homogeneous linear systems of no more than n equations, and the hypotheses issued
in (2) by the learner are also linear systems of no more than n equations. The first
result implies that, for any prime number p, the class of disjunctions of integer-weighted
modulo functions with modulus p over the field Z, is polynomial time learnable with at
most n queries, where the hypotheses issued by the learner are disjunctions of modulo
functions with modulus p and weights from Z,. The second result implies that, for
any prime number p, the class of disjunctions of integer-weighted counting functions
with modulus p is polynomial time learnable with at most n + 1 equivalence queries,
where the hypotheses issued by the learner are disjunctions of counting functions with
modulus p and weights from Z,. We also extend the above results to disjunctions of
integer-weighted modulo functions (or in general integer-weighted counting functions)
with different prime moduli.



The above results rely on the facts that Z,, is a field for any prime number p. When p
is a composite number, however, this is not true. Nevertheless, we prove that, given any
integer ¢ > 2, the class of read-once disjunctions of Boolean-weighted counting functions
over the domain Z3 is polynomial time learnable with only one equivalence query and
O(n?) membership queries, where n is the number of input variables. This result
cannot be subsumed by Bshouty, Hancock and Hellerstein’s result [BHH] on learning
read-once functions over the basis of arbitrary symmetric functions in the sense of the
equivalence query complexity, since their result requires at most n® equivalence queries.
In general, based on analyzing the “modulo-structure” of a disjunction of Boolean-
weighted counting functions, we prove that, for any constant ¢, over the domain 2%,
the class of disjunctions of no more than loglogn® many Boolean-weighted counting
functions with modulus ¢ for a given integer ¢ > 2 is polynomial time learnable with
equivalence and membership queries.

Finally we study the problem of learning graph-based counting functions. Graph-
based functions, which were initially introduced by Tseitin [T], have played a key role
in the study of the complexity of the resolution method. Those functions are in a
one-to-one correspondence with graphs, Tseitin proved that the conjunctive normal
form representations of the functions based on square grids are hard for the regular
resolution method. Since then, these functions have been closely studied by Galil[G],
Ben-Ari[B], and Huang etc.[HLC], etc. However, it took almost twenty years to prove
that they are hard for the resolution method (see Urquhart[U]). We consider a more
general case in which, we not only label edges with independent Boolean variables and
assign an index to each vertex as Tseitin originally did, but we also label each vertex
with independent Boolean variables and associate a counting function with each vertex.
Another extension of Tseitin’s initial definition to hypergraphs was done by Chvatal
and Szemerédi [CS]. We prove that functions based on the graphs in which each vertex
is labeled with at least ¢ independent Boolean variables are polynomial time learnable
with one equivalence query.

2 Preliminaries

We assume that Z is the set of all integers. For any integer n > 1, let V,, be the set of
variables x1,...,2,. Let Z, = {0,...,¢—1} for any integer ¢ > 2, Z} = {0,...,q—1}".
Elements in Z7 are thought of here as n X 1 vectors. We consider counting functions
that consist of variables in V;,. Our example space will be Z" and Z for ¢ > 2. When
q = 2, Z; is the n-bit Boolean space. For any positive integer ¢, any k € Z,, and
any integer vector @ = (ay,...,a,)’ € Z", an integer-weighted counting function Cora
with modulus ¢ is defined as

0 if 3% a;z; =k (mod q),

1 otherwise.

Cq,k,d'(xlv ) xn) = {

Here we say that @ is the integer-weight vector (or weight for short) of C, ; z. When
k = 0, we say that C; ¢ 7 is an integer-weighted modulo function, and denote it by M, 5.



When @ € Z3, we say that ', j, 7 (or M, z) is a Boolean-weighted counting (or modulo)
function.

For a integer-weighted counting function Cy 7, let vars(Cy j z) denote the set of
all relevant variables x; of C, j 3, i.e., variables z; such that a; # 0. A disjunction F’
of integer-weighted counting functions Cy, g a5+ s Copkre 18 Coriyan Voo oV Cgpe -
Let vars(F) be the set of all relevant variables of F, i.e., the set vars(Cy, 5 z,) U
e Uwars(Cy, p,.q,)- If for any ¢,7 € {1,...,t}, ¢« # j implies that vars(Cy, k, z,) N
vars(qukwaj) = ¢, then we say that F' is read-once, i.e., each relevant variable of F’
occurs in exactly one counting function in F.

For X € {Z,,Z}, an example a € X" satisfies a counting function C' if and only
if C(a) = 1. «a is a positive example for a disjunction F of counting functions if
it satisfies at least one counting function in F' (we write Fi(a) = 1) and a negative
example otherwise (we write F'(a) = 0). For an example o € Z%, let afi] denote the
:-th bit value of a, i.e., the value of the variable z; in a. In general, for any literal y,
afy] denotes the value of y in a. Fori € {1,...,n}, flip(a,?) stands for the example
obtained from a by flipping exactly the i-th bit value in a. More generally, for a set
I CA{1,...,n}, let flip(a,I) be the example obtained from a by flipping the i-th bit
value in «a for every ¢« € I. For convenience, we also extend flip to act on literals or
sets of literals in the following way, when [ € {x;,%;}, let flip(a,l) = flip(a,i), and
similarly define flip(a,S) for a set S of literals.

Our learning model is the standard model for on-line learning with equivalence and
membership queries (see, [Aa]). A learning process for a class C' of Boolean-valued
functions over the domain X" with the variable set V,, is viewed as a dialogue between
a learner A and the environment. The goal of the learner is to learn an unknown
target function f € ' that has been fixed by the environment. In order to gain
information about f the learner proposes hypothesis function & from a fixed hypothesis
space H with C' C H. Whenever h # f for the proposed hypothesis &, the environment
responds with a counterexample o € X" such that h(a) # f(a). The learner may
also ask membership queries for some examples a € X,,, to which the environment
responds with “yes” if f(a) = 1 or “no” if otherwise. The learner succeeds when he
receives “yes” for an equivalence query from the environment, or he can conclude that
the current hypothesis is logically equivalent to the target function f. We assume that
the time complexity of asking a membership query for an example is the cost to write
it down, and the time complexity of asking an equivalence query for hypothesis h is the
cost to write h down. We say that (' is polynomial time learnable with equivalence and
membership queries, if there is an algorithm for learning any target function f € C,
using polynomially in n and the size of f many equivalence and membership queries,
while the time complexity of the algorithm is polynomial in n, the size of f, and the
size of the largest example that occurred during the learning process.



3 Counting Functions via Linear Systems

In this section, we assume that, K is an arbitrary field; addition and multiplication of
two elements in K, and inversion of a nonzero element in K, are all of polynomial time
complexity. For any positive integer n, K" is a vector space of dimension n over the
field K. Every a € K™ denotes an n X 1 vector, and o is the 1 x n transposition of
a. Let 6m71 be an m X 1 zero-vector, Xn,l be an n x 1 vector of n variables z4,...,z,,
where z; takes values from K. For any m X n matrix A,, , and any m X 1 vector I;mJ

—

over K, a linear system L(A;, ,,, b, 1) of m linear equations over K is given as follows,
A Xng = by
a € K™ is a solution of the linear system L(A,, ., l;ml), if
Ay no = I;mJ.

When I;mJ = 6m71, we say that L(Amm,l;mJ) is a homogeneous linear system, or ho-
mogeneous system for short. For convenience, we write L(A,, ) = L(Ay, 5,0,,1). The
following two general theorems are established.

Theorem A. The class of homogeneous systems over the domain K™ for any given
field K is polynomial time learnable with at most n equivalence queries. Moreover, the
hypotheses issued by the learner are also homogeneous systems over K with no more
than n linear equations.

Theorem B. The class of all linear systems over the domain K™ for any given field
K is polynomial time learnable with at most n + 1 equivalence queries. Moreover, the
hypotheses issued by the learner are also linear systems over the field K with no more
than n equations.

JFrom now on in this section we assume that, p is a given prime number, and ¢ > 2
is a given integer. We know that Z,, is a field with modulo p addition and multiplication.
Note that addition and multiplication of any two numbers in Z,, and inversion of any
non-zero number in Z,, are of poly(logp) complexity. Where the length of any number
in Z, is no more than log p. Before we prove the above two general theorems, we first
give the following corollaries.

Corollary A.1. Assume q < p. The class of disjunctions of modulo functions M, z
with integer-weights @ € Z™ over the domain Z} is polynomial time learnable with at
most n equivalence queries, while the hypotheses issued by the learner are disjunctions

of at most n modulo functions M, z with weights @ € Z.

Corollary A.2. Assume ¢ > p. Given X € {Z,, Z}, the class of all disjunctions of
modulo functions M, z with integer-weights @ € Z" over the domain X" is polynomial
time learnable with at most n equivalence queries, while the hypotheses issued by the

learner are disjunctions of at most n modulo functions M, z with weights @ € Z.

Corollary A.3. Given X € {Z,, Z} with ¢ > 2. Let P = {p1,...,px} be a set of prime

numbers. Then, the class of disjunctions of modulo functions M, z with integer-weights



i€ Z" and p € P over the domain X™ is polynomial time learnable with at most kn
equivalence queries, while the hypotheses issued by the learner are disjunctions of at
most kn modulo functions My, z with weights @ € Z; and p € P.

Corollary B.1. Assume g < p. The class of all disjunctions of counting functions
Cp kg with integer-weights @ € Z™ over the domain 7} is polynomial time learnable
with at most n + 1 equivalence queries, while the hypotheses issued by the learner are
disjunctions of at most n counting functions C, y z with integer-weights @ € Z.

Corollary B.2. Given X € {Z,,Z} with ¢ > p. The class of all disjunctions of
counting functions C, 1. z with integer-weights @ € Z" over the domain X™ is polynomial
time learnable with at most n+ 1 equivalence queries, while the hypotheses issued by the
learner are disjunctions of at most n counting functions Cy, 1. z with weights @ € 7.

Corollary B.3. Given X € {Z,,Z} with ¢ > 2. Let P = {p1,...,px} be a set
of prime numbers. Then, the class of disjunctions of counting functions C, 1 z with
integer-weights @ € Z"™ and p € P over the domain X" is polynomial time learnable
with at most k(n+ 1) equivalence queries, while the hypotheses issued by the learner are
disjunctions of at most kn counting functions C), y z with weights @ € Z; and p € P.

We now prove our theorems and corollaries.

Proof of Theorem A. Assume that L(A,,,) is the target system. Let I;; be the
[ x [ identity matrix over K. Let S5, be the set of all solutions received during the
first r stages, the learning algorithm Learn-HS (where “HS” stands for “homogeneous
system”) is given as follows.

Learn-HS:

Stage 1. Set the first hypothesis Hy = L(I,,). Ask an equivalence
query for Hy. If the learner receives “yes” then stop, otherwise he
receives a non-zero solution @y € K™ to L(A,, ). Let S1 = {a;}.

Stage r > 2. Let S,_; = {dy,...,d,_1}. Construct from vec-
tors in S,y a matrix B,_(,_y), such that the set of all solu-
tions of the homogeneous system L(B,_(,_1),) is span(S,—1) =
{tyay + -+ t,1d,—q|t; € K,1 < i < r—1}. Set the r-th hy-
pothesis H, = L(B,_(,_1),). If 7 = n+ 1, the learner concludes
that H, is equivalent to L(A,, ;) so stop. When r < n, ask an equiv-
alence query for H,, if “yes” then stop, otherwise the learner receives
a solution @, which is outside span(S,_1). Set S, = 5, U {da,}.

End of Learn-HS.

Claim 3.1. At any stage r with 1 <r < n+ 1, the following holds: (1)vectors in S,_1
are linearly independent; (2)the matriz B, _(._y), exvisls; (3)span(S,—1) is the set of
all solutions of H,; (4)every vector in span(S,_1) is a solution of the target system.

Proof of Claim 3.1. By induction on r. When r = 2, 5| contains exactly one
nonzero solution @y of the target system L(A,, ,), so it is trivial that vectors in S are



linearly independent, and every vector in span(S7) is a solution of L(A,, ). Since ay is
nonzero, we may assume without loss of generality that the first element in it is not 0.
Let @ = (@11, az1, - - .,anl)T. Since K is a field, ay; # 0 implies the inverse al_ll exists.
Let Dy_q1 = (ag, .. . an1)7, define the matrix

Bt = (=Ducia (a7)  Bocint)

Then, B, 1, has rank n—1. By simple calculation, B,_1 ,0; = 67%—1,1- Thus, span(S7)
is exactly the set of all solutions of the system L(B,_1,). Hence, our claim holds for
T = 2.

Asgsume our claim is true for any r with 1 < r < k < n 4+ 1. At stage k + 1,
by the induction assumption, we know that, vectors in Si_; are linearly independent,
vectors in span(Sk_1 ) are solutions of the target system, and span(S_1) is the set of all
solutions of the hypothesis Hx. Thus, when the learner receives a counterexample &y
for Hy, then @y is a solution of the target system outside span(Sk—_1), this implies that
dy, is linearly independent from vectors in Sj;_y. Hence, vectors in Sy = Sx_1 U {dx}
are linearly independent and vectors in span(Sy) are solutions of the target system.
Let the matrix @, = (dy,...,d%), since K is a field, we may assume without loss of
generality that the submatrix G/, ;, consisting of elements on the first £ rows in ), . has
an inverse G,;}g Let N,_j 1 be the submatrix consisting of elements on the last n — %
rows in ¢y, . Define the matrix

-1
Bn—k,n = (_Nn—k,kangEn—k,n—k) .

Then, B, _j, has rank n — k, and By _; ,Qn i = 6n—k,k- Thus, span(S) is the set of
all solutions of the system L(B,_f ). Combing the above analysis, our claim holds. O

By the above claim, at any stage r with 2 < r < n, either the learner learns the
target system, or receives a solution of the target system which is linearly independent
from the solutions in 5, _1. Since the target system has at most n linearly independent
solutions, the learner learns it with at most n equivalence queries.

Let N be the size of of the longest element in any counterexamples received by the
learner during the learning process. By the assumption that, addition and multiplica-
tion of any two elements in K, and inversion of any element in K, are of polynomial
time complexity, one can find at stage r the matrix B,_(,_y), in time polynomial in

n and N. So, the total time complexity of the algorithm Learn-HS is polynomial in n
and N. O

—

Proof of Theorem B. Assume that L(A., .,bn1) is the target system. Let I;; be
the [ x [ identity matrix over K. The learning algorithm Learn-IHS works in stages.
Learn-THS is given on the next page.

Claim 3.2. At any stage r with 1 < r < n+ 1, the following holds: (1)vectors in S,_1
are linearly independent; (2)the matriz B, _(._y),, exists; (3)span(S,_1) is the set of all
solutions of the homogeneous system L(B,_(,_1),), and every vector @ € span(S,_1)
is a solution of the homogeneous system L(A,, ,,); (4)finally, 1span(S,_1) = {a + dy|



Learn-THS:

Stage 0. Choose a matriz By, ,, and a vector Jn,l over K such that the
rank of By, ,, is different from that of the matriz (B, ., Jml). Ask an
equivalence query for the hypothesis Hy = L(Bnm,d_)n’l). Note that
Hgy has no solutions. If the learner receives “yes” then stop, other-
wise he receives a solution dg for the target system. Set So = ¢.

Stage 1. Set the hypothesis Hy = L(1,,,0d0). Ask an equivalence
query for Hy. If “yes” then stop, otherwise the learner receives a so-
lution dy € K™ to L(Ay, 5, by 1) other than dy. Let S1 = {d; — dp}.

Stage v > 2. Let S,_y = {d; — do,...,d,_1 — do}. Construct
Jrom vectors in S,_1 a matriz B,_(,_1), such that the set of all
solutions of the homogeneous system L(B,_(,_1),) is span(S,-1) =
{tl(O_Zl — O_Zo) + -4 tT—l(O_ZT—l — O_Zo)|t2 e K,1 <+ <r— 1} Set
the r-th hypothesis H, = L(B,_(;_1)ns Bp_(r—1),n>%). If r=n+1,
the learner concludes that H, is equivalent to L( Ay, ), so stop. If
r < n, ask an equivalence query for H,, if “yes” then stop, otherwise
the learner receives a solution d,. Set S, = S,_1 U {d, — dp}.

End of Learn-IHS.

a € span(S,-1)} is the set of all solutions of the hypothesis H, = L(Bn_(T_l)m,
By _(r—1)nfo), and any d € Ispan(S,) is a solution of the target system L(Ay, ., l;ml).

Proof of Claim 3.2. By induction on r. When r = 2, .5 contains exactly one nonzero
solution @y —d of the homogeneous system L(A,, ,,), since both & and @ are solutions
to the target system. So it is trivial that vectors in 57 are linearly independent, i.e.,
(1) is true.

Since by (1) @; — dp is linearly independent, we may assume without loss of gener-
ality that the first element in it is not 0. Let @ — @ = (a1, a21,...,0n)" . Since K
is a field, ay; # 0 implies the inverse al_ll exists. Let D,_11 = (ag,.. .,anl)T, we can

choose the matrix B, , as follows

Bn—l,n = (_Dn—l,l (al_ll) 7In—1,n—1) .
This implies (2).
Note that B,,_1 , has rank n — 1. By simple calculation, B,_1 (a1 — dp) = 671_171.

Thus, span(Sy) is exactly the set of all solutions of the system L(B,_1,). Since each
vector in S,_q is a solution to L(A,, ), so are vectors in span(S,_1). Thus, (3) is true.

Note that @y is a solution to L(B,—1,,, Bn_1,00). By (3), Ispan(5y) is the set of
all solutions of Hy = L(By,—1,, Bn—1,80), and every vector in Ispan(Sy) is a solution
to the target system. Hence, (4) is true.

Asgsume our claim is true for any r with 1 < r < k < n 4+ 1. At stage k + 1,
by the induction assumption, we know that, vectors in Si_; are linearly independent,



span(Sk—1) is the set of all solutions of the hypothesis Hy, and vectors in Ispan(Si_1)
are solutions of the target system. Thus, when the learner receives a counterexample
ay for Hy, then @y is a solution of the target system outside I'span(Sk—_1), this implies
that @ — @p is linearly independent from vectors in Sp_;. Hence, vectors in 53 =
Sk—1 U {dy — do} are linearly independent, i.e., (1) is true.

Let the matrix @, x = ((d1—dp), ..., (dr—dp)). Since K is a field, we may assume
without loss of generality that the submatrix G/ ; consisting of elements in the first &
rows in (), ; has an inverse G,;}g Let N,_j . be the submatrix consisting of elements
on the last n — k rows in @, i The matrix By, _1., exists, actually we can choose it as

Bn—k,n = (_Nn—k,kG];}gv In—k,n—k) .
Hence, (2) is true.

B_in has rank n—k, and B, ,Qn i = 6n_k7k. Thus, by (1), span(Sk) is the set
of all solutions of the homogeneous system L(B,_g ), and each vector in span(Sy) is
a solution to L(A,, ). This implies that (3) is true.

Note that @y is a solution to L(Bn_kn, Br—kndo). By (3), Ispan(5)is the set of all
solutions of Hyy1 = L(Bu—kn, Bnkndo), and every vector in Ispan(Sy) is a solution
to the target system. Hence, (4) is true. O

By Claim 3.2, at any stage r with 1 < r < n, either the learner learns the target
system, or receives a solution @, of the target system such that &, — @y is linearly
independent from the solutions in 5,. Since the homogeneous system L(A,, ) of the
target system has at most n linearly independent solutions, so the learner learns L(A,, ;)
(and hence L(Appn,bpm.1)) with at most n + 1 equivalence queries. Since addition and
multiplication of any two elements in K, and inversion of any nonzero element in K,
are of polynomial time complexity, at any stage r, one can find the matrix B,,_(,_1), in
time polynomially in n and the size of the longest element in any vectors received during
the first r stages. Thus, the time complexity of the algorithm Learn-THS is polynomial
in n and the size of the longest element in vectors received during the learning process.
O
Proof of Corollary A.1. Assume F' = M,z V---V M, z is the target function. For
the integer-weight @; = (a1, .. .,am)T of M, z,, let b: = (a;g mod p, ..., a;, mod p)T.
Then, b; € Z,. 1t is easy to see that F is equivalent to the function

F*=M > V---VM ».
P,b1 p,bt

Hence, in order to learn £, one only need to learn F*. Define a matrix
(b1)"
At,n =
(0:)"
Then, F* (and hence I') is equivalent to the homogeneous system over the domain Zy

At,an,l = Ot,l



in the sense that, for any vector ¥ € Z, F*(Z) = 0 if and only if &’ is a solution of the

above system. Note also that for a vector de 77, a linear equation (d_))T . Xn,l =0
(mod p) is equivalent to the modulo function Mp ;- Therefore, our corollary follows
from Theorem A and Lemma 3.3. O

Lemma 3.3. Assume ¢ < p. Let L(B;,) be a given homogeneous system over the
domain 7} with modulo p addition and multiplication. Assume that § = {dy,...,d,}
is a set of linearly independent vectors in 7} such that span(S) = {ki@+...+kd,|k; €
Zp, 1 <0 <1} is the set of all solutions of L(B; ) over the domain Z]. Then, the set
of all solutions of L(Bs ) over the domain Z; is Rspan(5) = span(S)N Z;.

Proof of Lemma 3.3. It is obvious that any vector in Rspan(S) is a solution of
L(B;,) over Z;'. Suppose that b is a solution of L(B;,) over Z, then it is also a

solution of L(B; ) over Z, since Z; C Z,'. Hence, be Rspan(5). O

Proof of Corollary A.2. In a similar way as one did in the proof of corollary A.1,
this corollary follows from Theorem A and Lemma 3.4. O

Lemma 3.4. Given X € {Z,,Z} with ¢ > p. Let L(B,,) be a homogeneous system
over the domain X" with modulo p addition and multiplication. Assume that S =
{di,...,a,} is a set of linearly independent vectors in Z} such that span(S) = {kid; +

.+ k PAp |k € Z,,1 < @ < r} is the set of all solutzons of L(B;,,) over the domain
Z;}. Then, the set of all solutions of L(Bs,) over the domain X" is Espan(S) =

{d+ (qp, .- qup)T|d € span(§);¢; € X,1 < j<n}n X"

Proof of Lemma 3.4. It is obvious that any vector in Espan(9) is a solution of
L(Bs,) over X", Suppose that b = (by,...,b,)7 € X" is a solution of L(B,,,). Let
b; = d; + ¢;p, where d; € Z,,q; € X. Let d= (dy,...,d,)T, then d e Zy, and d is
a solution of L(B,,) because b is. Since span($) is the set of all solutions of L(B,,)

over Z7, there exist k; € Z, for 1 < 4 < r such that d = kidy + -+ -+ kqa,. Thus,
g: klo_zl +- kTO_ZT + ((lev .. '7(]np)T € Espan(S) g

Proof of Corollary A.3. Assume that

F=M

P1, all

-V M

P1, alt

-V M -V M

PryaK1 Phykey

is a target function. For the integer-weight a@;; = (b;;1, .. .,bijn) of M let

pz@zg’

a;; = (bijy mod p;, ..., b;j, mod pi)T.

Then, a7; € Z7,. It is easy to see that F' is equivalent to the function

F* =M

.
p1,a

VM

P1,d

VM

pka

\/ VM

pk7 ktk
Hence, in order to learn £, one only needs to learn F*. Define the matrices,
=5 \T'
( 21)
7 _ . <
Aj = : , 1=1,...,k.

(L_i;‘tl )T
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Then, F* (and hence I') is equivalent to the “conjunction” of the homogeneous systems
Aii,nXml = 6151',17 1=1,...,k,

over the domain X" with modulo p; addition and multiplication in the sense that,
for any vector @ € X", F*(#) = 0 if and only if @ is a solution for each of the above

systems. Note also that for a vector @ € Z", a linear equation (@) -X,; =0 (mod p;)
is equivalent to the modulo function M, 7 with the integer-weight .

One then learns F™= (hence F) through learning L(A{ ), for i = 1,...,k, simulta-
neously. At each stage, let H; be the hypothesis for L(Af;m), t=1,...,k. In other
word, H; is a hypothesis for

Mpi7d‘:f1 VeV Mpi7d‘:‘ti .

One sets H = H{ V ---V Hy to be the hypothesis for F'*. According to Corollaries A.1
and A.2, one can learn each of the systems L(Af;m) with at most n equivalence queries,
and the hypotheses issued by the learner are homogeneous systems with weights from
Zp.. When one receives a counterexample for the hypothesis H, one can derive from
this counterexample a new linearly independent vector (i.e., solution) for at least one
of the systems L(Af;m). Thus, with at most kn equivalence queries one can learn F™.
Since by Corollary A.1 and A.2 the time complexity for learning each of the systems
L(Af;m) is polynomial in n and the largest size of elements in vectors received by the
learner during the learning process, so the time complexity for learning F* is kP(n, N),
where P is a polynomial and N is the size of the largest element in any vectors received
by the learner. O

Proof of Corollary B.1. Assume F'= C, 1, 7 V---V U, 1, 7, is the target function.
Our proof is similar to that of Corollary A.1. But, instead of modulo functions M, z,,
we consider counting functions C)p 1, 7., 7 = 1,...,{. In the same manner as we did for
Corollary A.1, we obtain a matrix A;,. Let Ry 1 = (kq,.. . k)T, Then, F is equivalent

to the linear system over the domain Z
At,nX)n,l = Et,l-
Therefore, our corollary follows from Theorem B and Lemma 3.5. O

Lemma 3.5. Assume ¢ < p. Let L(BSM,BSMI;SJ) be a given linear system over the
domain 7. Assume that § = {dy,....d.} is a set of linearly independent vectors in zy
such that span(S) = {kidy + ...+ k.a,|k; € Z,,1 <1 < r} is the set of all solutions of
L(B;,) over the domain Z,. Then, the set of all solutions of L(B; ) over the domain
Zy is Rspan(S) = span(S)NZ;, and the set of all solutions of L( B ., By nbsq) over the

q’
domain Z; is I Rspan(S) = Ispan(5)N Z;, where Ispan(S) = {d+b,1|d € span(S)}.

q’

Proof of Lemma 3.5. It is obvious that any vector in Rspan(S) is a solution of
L(B;,,) over Z;, and any vector in [ Rspan(5) is a solution of L(B,,,bs1) over Z.
Suppose that f is a solution of L(Bj,,) over 7y, then it is also a solution of L(B, ) over

7y, since Zp C 7. Hence, be Rspan(S). When ¢ is a solution of L(B; ., Bsml;&l) over
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7y, then g — 5571 is a solution of L(A,, ) over the domain Z. Thus, §— 5571 € span(9),
which implies § € I'span(5). Hence, § € [ Rspan(5). O

Proof of Corollary B.2. This corollary follows from Theorem B and the following
lemma in a manner similar to corollary B.1. O

Lemma 3.6. Given X € {Z,,Z} with ¢ > p. Let L(Bsm,Bsml_))S’l) be a linear system
system over the domain X" with modulo p addition and multiplication. Assume S =
{dy,...,d,} is a set of linearly independent vectors in Z] such that span(5) = {k1d; +
oot kpdnlk; € Z,,1 < @ < r}ois the set of all solutions of L(B;,) over the domain
7). Then, the set of all solutions of L(Bs,) over the domain X" is Espan(S) = {d
+Hq1p, - qup)T|@ € span(9); ¢; € X,1 < j < n}N X", and the set of all solutions of
L(Bs,naBs,ngs,l) is I Espan(S) = {f+ g§1|f€ Espan(S)}. Here, by = (b1,...,b5)7,

bs1 = (by mod p,...,b; mod ).

Proof. It is obvious that any vector in Espan(9) is a solution of L(B,,) over X", and
any vector in I Espan(S) is a solution of L(Bsm,Bsml_))SJ) over X". Suppose that f =
(fiy- s fu)T € X™is a solution of L(Bs,,). Let f; = d; + ¢;p, where d; € Z,,q; € X.
Let d = (dy,...,d,)T, then d e Zy, and d is a solution of L(B;,,) because f is. Since
span(.9) is the set of all solutions of L(B; ) over Z, there exist k; € Z, for 1 <v <r
such that d = k&) + -+ + kpd,. Thus, [ = kidy + -+ kdp + (qps- -, up) T €
Espan(S). Similarly, when g € X™ is a solution of L(Bs,,, Bsnbs1), § € I Espan(5). O

Proof of Corollary B.3. Assume that

F: Cp N \/Cp N ”'\/Cp57k517351 N ”‘\/Cp&kstsyasts

" "
1,k11,d11 1:k1tq 50184

is a target function. Instead of modulo functions M, 7, in the proof of Corollary A.3,

we now consider counting functions C, 1, z,,. Thus, we obtain matrices A, , in the
?
same manner. Define

- .
Riq = (kit, o k) =1,
Then, F is equivalent to the “conjunction” of the linear systems,
A X = Ryny i=1,0008,

over the domain X" with modulo p; addition and multiplication in the sense that, for
any vector @ € X", F*(i) = 0 if and only if @ is a solution to each of the above systems.
Hence, our corollary follows from Corollaries B.1 and B.2, with the similar analysis as
we did in the proof of Corollary A.3. O

4 Read-Once Disjunctions of Counting Functions

As argued in [BHH], it is reasonable to believe that an equivalence query is more
expensive than a membership query. A practically ideal learning algorithm will use as
few equivalence queries as possible. We will design a learning algorithm for the class of
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read-once disjunctions of Boolean-weighted counting functions over the domain Z that
requires only one (it is not hard to see that this is also the lower bound) equivalence
query. Previous work ([BHH]) shows that this class can be learned using equivalence
and membership queries, but the bound on the number of equivalence queries is n>. In
the following, we assume that ¢ > 2 is a given integer, F' = C 3 7, V-V Uy, is a
disjunction of counting functions with Boolean-weights @; € 75, = 1,...,t. We also
assume that o is a negative counterexample for F.

Lemma 4.1. For any variable x € vars(Cyy, z,), F(flip(a,x)) = Cyp, a,(flipla,x)) =
Li=1,....1.

Proof. Since a is a negative example for F', C' i, z,(a) = 0. This implies that

S = Z afz] = ki (mod q).

wEvars(quki 7ai)

Hence, for any @ € vars(Cyy, z,), after flipping « in «, the original sum S modulo ¢
then becomes either k; + 1 or k; — 1, so F(flip(a,z)) = Cyp.a.(flipla,z))=1.0

Lemma 4.2. wvars(F) = {z € V,|F(flip(a,z)) = 1}.

Proof. On the one hand, by Lemma 4.1, vars(F) = U{vars(Cyr,z)i = 1,...,t} C
{z € V,|F(flip(a,z)) = 1}. On the other hand, for any variable y € {z € V|
F(flip(a,z)) = 1}, we have Cyy 7 (flip(a,y)) = 1 for some j € {1,...,t}. Note
again that C'y 1. 7.(a) = 0, since « is a negative example. Thus, y € vars(Cy, z,) and,

vars(F) = {z € V,|F(flip(a,z))=1}. O

Lemma 4.3. For any two distinct variables u,v € vars(Cy . z,), for anyw & vars(Cyp, a,),
1 <@ < t, we have (1)F(flip(a,{u,w})) = 1 and, (2)F(flip(a,{u,v})) = 0 if
afu] # afv].

Proof. It follows from F(«a) = 0 that C, 4, z,(a) = 0, i.e.,

S = Z afz] = ki (mod q).

wEvars(quki 7ai)

For w € vars(Cyp, z,) and w € vars(Cyy, z,), after flipping v and w in a, the above
sum S is changed to k; — 1 mod ¢ or k; + 1 mod ¢, thus F(flip(a,{u,w})) = Cy.a
(flip(er, {u,w})) = 1. For two distinct variables u,v € vars(Cyy, z,), if olu] # a[v],
after flipping u and v in a, the above sum $'is still k; mod ¢, thus F( flip(a,{u,w})) =
Cq,ki@i(flip(av {u,0}))=0. O

Lemma 4.4. Assume that F is read-once. Then, for any set § of exactly p variables
such that they all have the same value in o, F(flip(a,S)) = 0 if and only if S C
vars(Cy i, z,) for some C, . 7. in F.

Proof. The sufficient condition is trivial, since F'is read-once. Assume F( flip(a, 5)) =
0 and suppose by contradiction that S € vars(C y, z,) for any C i z, in F, this implies
that there are C t, 3, and Oy . 7, with ¢ # j such that S Novars(Cyr, z,) # ¢, and SN
vars(cq,k],d’]) 7£ (b Thusv F(flip(a, S)) = Cq,ki,d‘i(flip(av S)) = Cq,ki,d‘i(flip(av S)) =

1, a contradiction. So, there must be some C . 7z, in F such that § C vars(Cy, z,). O
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Lemma 4.5. Assume vars(Cyp.z,) = {ut,...,un} and m < q. Then, (1)Cy z, 15
equivalent to [Cy oz (u1) V-V Cyoz.(un)] if [afw;] = -+ = aluy,] = 0]; (2)Cy .z, 15
equivalent to [Cy 1 z,(u1)V -V Cyq z,(um)] if [afw;] = - = afu,] = 1].

Proof. Note that C,, z(a) = 0. When afu;] = -+ = afuy,] = 0, afug] + -+ +
afuyn] = 0=k (mod q). When afu;] = -+ = afu,] = 1, afug] + -+ - + afu,] = m =
ki (mod ¢). In the first case, we have k; = 0. Since m < q, Cygz,(Ui,.. ., upy) is
equivalent to Cy g z,(u1) V-V Cy0.7,(tr). In the latter case, we have k; = m < ¢, thus
Com,a;(Uiy. .. Uy is equivalent to Cyq z,(u1) V-V Cyq z,(Um). O

Theorem 4.1. The class of all read-once disjunctions of Boolean-weighted counting
functions with modulus q over the domain Z3 is polynomial time learnable using only
one equivalence query and O(n?) membership queries.

Proof. Assume ' = C, 4 7z, V-V Uy, 7, is the target function. We construct the
learning algorithm Learn-RODC (where “RODC” stands for “read-once disjunctions of
counting functions”) that runs in stages. Learn-RODC is given on the next page.

We now analyze the algorithm Learn-RODC. We may assume without loss of gen-
erality that F' #Z “TRUFE”. Thus, at stage 0, the learner receives a negative coun-
terexample a for F. It follows from Lemma 4.2 that one finds vars(}') at stage 1 with
n membership queries. At stage 2, by Lemma 4.3, one finds all those vars(Cy, z,)
such that there are two variables in vars(Cy, z,) with different values in . Thus,
VA{Cqk(Pua),a(Ppuc)l(P, G) € PG} is the disjunction of all those counting functions in
F such that each of them has two relevant variables with different values in a. The
number of membership queries required at this stage is at most 2n%. At stage 3, by
Lemma 4.4, one finds all those vars(Cy , z,) such that vars(Cy k, z,) consists of at least
p variables that have the same value in a. Thus, \/{Cq7k(5)73(5)|5 € RS} is the disjunc-
tion of all those counting functions in # such that each of them has at least p relevant
variables with the same value in a. The number of membership queries required at
this stage is at most n?. By Lemma 4.5, V{C, 421 a1z € Fvars(F)} is equivalent
to the disjunction of all those counting functions Cy x, z, in F' such that vars(Cy g, )
consists of less than p relevant variables that have the same value in «. No member-
ship queries are required at this stage. With the above analysis, F’ is equivalent to H.
Learn-RODC needs only one equivalence query, n + 2n? 4+ n¢ membership queries. The
time complexity is O(n?® + 2n° + n?t1) = O(n?*!). O

5 Disjunctions of a Non-Constant Number of Counting
Functions

A typical strategy for learning k-term DNF formulas with equivalence and membership
queries is that at each stage the learner tries to learns only one term in the target formu-
las while turning all the other terms off. The difficulty involved in this strategy is how
the learner can turn off all terms off except one on. When & is a constant, this difficulty
was overcome by Angluin’s discriminant mechanism [Ab]. When k = O(logn), it was
overcome by Blum and Rudich’s derandomization technique [BR]. However, unlike a
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Learn-RODC:

Stage 0. Ask an equivalence query for the “TRUE” function. If “yes”
then stop; otherwise the learner receives a negative counterexample a.

Stage 1. For each # € V, , ask a membership query for flip(a,z).
Let vars(F') be the set of all those # such that the learner receives
“ves” for flip(a,z).

Stage 2. Fix any u € vars(}'). For any v € vars(F) — {u} such that
afu] # a[v], ask a membership query for flip(a,{u,v}). Let G, be the
set of all those v such that the learner receives “no” for flip(a, {u,v}).
Let P, be the set of all those  such that G, = G, # ¢, and a[z] = afu].
Set PG = {(Py,G)|u € vars(F),Gy, # ¢}.

Stage 3. Let Rwars(F') be the set of all variables in wvars(F) but
not in any set in PG. Fix any u € Rvars(F). For any subset S
of Rvars(F) — {u} with exactly p — 1 variables such that all those
variables and u have the same value in «, ask a membership query
for flip(a,{u} U S5). Let S, be the union of all those subsets $
and {u} such that the learner receives “no” for flip(a,{u} U S). Set
RS = {Syu|u € Rvars(F), S5, # ¢}.

Stage 4. Let Evars(F') be the set of all variables in vars(F’) but not in
any sets in PG or RS. For any set A C V,,, let @(A) be the characteristic
vector of A, and k(A) = 3" .4 a[z] mod g. The learner concludes that
the target function F is equivalent to

H = V{Cy xrug)arpuc)|(P.G) € PG}V N{C, k(s)acs)5 € RS}
vV \/{C%a[gg]@({w}ﬂx € EvaTS(F)}.

End of Learn-RODC.

monomial which turns on if and only if all its literals turn on, a counting function de-
pends on the modulo p value of the sum of its variables. Thus, it is not hard to see that
Angluin’s discriminant mechanism and Blum and Rudich’s derandomization technique
are not suitable for learning a disjunction of a non-constant number of counting func-
tions. Nevertheless, based on analyzing the “modulo-structure” of counting functions,
we prove that for any constant ¢, any disjunction with no more than loglogn® many
Boolean-weighted counting functions over the domain Z% is polynomial time learnable.

Assume that ¢ > 2 is a given integer number, > = Cyp 2 V-V Oy z, is a
disjunction of counting functions over the domain Z5 with Boolean-weights d; € Z5.
Assume also that « is a negative counterexample for F. For any S C vars(F'), define
Cs ={Cypia |9 Cvars(Cyr.z,),1 < i<t} Wesay that § # ¢ is a “modulo-block”
of Flif, § = ﬂCq,ki,aiecs vars(Cy . a,), and forany Cyp 7 & Cs, SNvars(Cyp z.) = ¢-
Let M Bp (“MB” stands for “modulo-blocks”) denote the set of all modulo-blocks of
F. Note that For any two modulo-blocks B, D € M Bp, either B =D, or BN D = ¢.
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Lemma 5.1. For any modulo-block B € M Br, for any two distinct variables x,y €
B an, for any variable u € vars(F) — B, we have (1)F(flip(a,{z,u})) = 0 and,
(2)F(flip(e, {z,y})) = 0 if afz] # ofy].

Proof. By the definition, z,y € B implies z,y € vars(C,, z,) for any Cy 1.2 € CB
and @,y ¢ vars(Cyp, z,) for any Cyp. 3. & Cp. Cyp, z,(a) = 0 means that

Z afv] =k (mod q).

vaars(quki a; )

If alz] # a[y], the above sum will not change after flipping both z and y in a. So,
F(flipla,{z,y})) = Cy .z, flip(a,{x,y})) = 0. On the other hand, it is easy to see
that Cy p, 7, (flip(a,{z})) = 1 for any C, 1. 7, € Cp. Since u ¢ B, thereis a Cy . 7. €
Cp such that u € vars(C, i, z,). Hence, F(flip(a,{z,w})) = Cyr, a,(flip(a,{z,u})) =
Cokya, (flip(a,{x}))=1. O

Lemma 5.2. For any S C vars(F') with exactly p variables such that they all have
the same value in o, F(flip(a,S)) = 0 if and only if S C B for some modulo-block
B € MBp.

Proof. The sufficient condition is trivial by the definition of modulo-blocks. Assume
F(flip(a,S)) =0 and suppose by contradiction that S is not a subset of any modulo-
blocks of F'. this implies that there are two distinct modulo-blocks By and By in M B
such that SN By # ¢ and SN By # ¢. Hence, by the definition of modulo-blocks, there
are one counting function in C'g, and another in C'g, such that each of them has at least
one but less than p variables of 5. So, after flipping all variables in .5 in «a, those two
counting functions (thus F') will have value 1, a contradiction to the early assumption.
O

Lemma 5.3. For any counting function C,, z, in F, there are modulo-blocks By,
..., By € MBg such that @ is the characteristic vector of B = BiU---UB,,, k =

ZxEB Oé[x] mod q.

Proof. We first show that there are modulo-blocks By,...,B,, € MBp such that
vars(Cy . z,) = B1U---UB,,. Fix a variable 2y € vars(Cy . 7). Let

Q) = ﬂ{vars(CMJ@J)Ml € vars(Cyr,a,)}

Then, z1 € Q1. Define By = {y € Q1|VC; 1, a, & Q1,y ¢ vars(Cyp, z,)} It is easy to
see that, x € By, and By is a modulo-block of F. Note that By C vars(Cyy, z,). If By =
vars(Cy i,z ), then we are done. Otherwise, fix a variable 29 € vars(Cy, z,) — Bi. We
define ()5 and B5 in the same manner, thus we obtain a new modulo-block By with x5 €
By Cwvars(Cyp,z). If BiU By =vars(Cyp, z,), then we are done. Otherwise, repeat
the above process to obtain a new modulo-block. Note that vars(C, . z,) contains at
most n variables. We eliminate at least one variable from vars(Cl . z,) when we obtain
a new modulo-block. Thus, we have m modulo-blocks By,..., B,, m < n, such that
vars(Cy p.a.) = B1U---UB,, m < n. It then follows that @ is the characteristic vector
of B=ByU---UB,. By Lemma 5.1, B; N B; = ¢ if ¢ # j, for any ¢,j € {1,...,t}.
Cykiai(a) = 0 implies that k = 3~ 5 u. uB,, @[z] mod p. O
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Lemma 5.4. ||M Bp|| < 2%. In other words, F has at most 2! modulo-blocks.

Proof. According to Lemma 5.3, given a negative counterexample for I, each C 1, 7.
in F'is determined by the modulo-blocks that consist of vars(C, s, 7). Thus, we can
represent F' with a matrix M, M has t rows and m columns. The i-th row of M stands
for the the function €, 1. z,. Each column contains a modulo-block, and no two columns
have the same modulo-block. Let e; ; denote the entry of M at the i-th row and the j-th
column. Assume that the j-th column contains the modulo-block B;. Then e;; = B;
if B; Cwars(Cyp, z,), otherwise let e; ; = “blank”. We now estimate how large ¢ can
be. For column a and column b, @ # b, by the definition of modulo-blocks, there exists
at least one ¢ such that e;, differs from e;y, i.e., either ¢; , = B, but ¢;;, = “blank”,
or €4 = “blank” but e;;, = By. This implies that m < 2!, since there are at most 2¢
many possible ways to place a modulo-block in a column. Thus, ||M Bp|| < 2% O

Theorem 5.1. There is an algorithm for learning the class of disjunctions of no
more than loglog n® many Boolean-weighted counting functions with modulus ¢ over the
domain 7%, using O(n? + nc(q-l-l)) many queries. The time complexity of the algorithm
is bounded by O(nTt + nzc(q"'l)"'l). So for constant c, the algorithm is polynomial.

Proof. Assume that £' = C ;. 7 V-V 4, 7 is the target function. The learning
algorithm LEARNER runs in stages.

At stage 0, the learner issues the initial hypothesis Hy = “TRUFE” to ask an equiv-
alence query. If he receives “yes” then stop. Otherwise, he receives a negative example
a for F. One query is used at this stage, the time complexity is constant.

At stage 1, for any = € V,,, the learner asks a membership query for flip(a,z).
By Lemma 5.2, the learner finds vars(F'), i.e., the set of all those variables such that
flipping any one of them in a will cause F' to output 1. The number of queries used at
this stage is n, the time complexity is O(n?).

At stage 2, using Lemma 5.1, the learner finds all those modulo-blocks in which
there are two distinct variables in each of them with different values in «: For any
u € vars(F'), for any v € vars(F) — {u} such that v and v have different values in «,
ask a membership query for flip(a,{u,v}). Let A(u) be the set of all those v such that
the learner receives “no”. Let F(u) be the set of all those w such that A(w) = A(u) # ¢
and afw] = afu]. Set B, = A, U F,, then B, is a modulo-block. At this stage at most
n? membership queries are required and the time complexity is O(n?).

At stage 3, using Lemma 5.2, the learner finds all those modulo-blocks such that
each of them has at least ¢ variables and all of the variables in it have the same value
in a: For any u € vars(F'), for any set S C vars(F') — {u} with exactly ¢ — 1 variables
such that w and variables in 5 have the same value in «a, ask a membership query
for flip(e,{u} U S). Let S(u) be the union of all those subsets S and {u} such that
the learner receives “no” for flip(a,{u} U S), then S(u) is a modulo-block if it is not
empty. The number of queries used at this stage is at most n?, and the time complexity
is O(n?th).

At stage 4, the learner finds all possible modulo-blocks such that each of them has
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at most ¢ — 1 variables and all variables in it have the same value in a: Let F'B be
the set of all modulo-blocks found at the above stage 2 and 3, let RB be the set of all
variables in vars(F) but not in any modulo-blocks in F'B. Then, each modulo-block
B € M Br — FB has less than ¢ variables and all variables in it have the same value
in a. It is trivial that B is a subset of RB. By Lemma 5.4, ||[RB|| < ¢2'. Actually,
one finds RB as a by-product of stage 2 and stage 3, i.e., whenever one finds a modulo-
block at those two stages one eliminates all variables in it from vars(#’). The remaining
variables in vars(F) is RB. Thus, the number of queries required at this stage is 0, the
time complexity is O(n> 4 n¢t1).

At stage 5, the learner constructs all possible counting functions using modulo-
blocks in FB and subsets in RB: For any modulo-blocks By,..., B, € FB, for any
subset R of RB, set W = B1U---UB,,,UR. Define a counting function H(By,..., B, R)
as (g4, where @ is the characteristic vector of W, and [ = 3~ .y a[z] mod ¢. Finally,
the learner sets the hypothesis

H, = \/ H(By,...,Bn, R).
Bi,...BmeMB,RCMR

With Lemma 5.3, every counting function in F is contained in H,. The number of
queries required at this stage is 0, the time complexity is O(n22t2q2t).

At stage 6, the learner asks equivalence queries for the hypothesis Hs. If the answer
is “yes” then stop. Otherwise one receives a negative counterexample 3, since Hy
contains all counting functions in F. Thus, one eliminates every counting functions in
Hy that outputs 1 for 8. One still uses Hy to denote the disjunction of the remaining
counting functions in H;. Repeat the above process until one receives “yes”. The
number of queries used at this stage is at most 22t2q2t, since Hy originally contains at
most 22242 counting functions. For each equivalence query one needs to write down
the hypothesis, so the time complexity of this stage is at most O(n22t+12q2t+1).

Combining the above analysis, the learner needs O(n? + 22t2q2t) many queries to
learn F, and the time complexity is bounded by O(n?t! + n22t+12q2t+1). When t <
loglog n°, the number of queries is bounded by O(n? —I—nc(q"'l)), and the time complexity
is bounded by O(ntt 4 p2eletD+1) O

6 Graph-Based Counting Function

In this section, we examine the problem of learning graph-based counting functions.
These functions are different from those studied in sections 4 and 5. It is not hard to
observe that the task of learning a disjunction of counting functions is as easy as that of
finding the relevant variables of each of the counting functions (see also [BCJ] for similar
observations about embedded symmetric concepts). However, relevant variables of the
counting functions in a given disjunction may be overlapped in arbitrary ways (one
will note that the graph-based counting functions are good examples of the arbitrary
overlapping). It is in general very difficult to find relevant variables for each of the
counting functions.
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Graph-based parity functions, which was initially introduced by Tseitin [T], have
played a key role in the study of the complexity of the resolution method. These
functions are hard for resolution, because the relevant variables of the parity functions
are overlapped arbitrarily. Graph-based counting functions are general cases of Tseitin’s
original definition, since we associate each vertex of a graph with a counting function
instead of a parity function. Another extension of Tseitin’s definition to hypergraphs
was given in [CS].

Now, we assume that a graph G(V, F) is undirected, connected, and has no multiple
edges or cyclic edges. Let ¢ > 1 be a given integer. Given a graph G(V, F), we label
each edge e of G(V, F) with an independent variable (denoted by label(e)) and call such
a variable an “edge-variable”. We assign each vertex v of ¢ with an index k£, 0 < k <g¢q
(write index(v)). We also label each vertex v of G(V, E) with a set of independent
variables (denoted by att(v)), which are called “vertex-variables”. We assume that
variables are not duplicated among vertices or edges. A graph G(V, E') with the above
labeling is denoted by G(V, F, index,label, att), where V is the vertex set, £ is the edge
set, index is the index-mapping from V to Z,, label is a variable-mapping from F to
V5., att is the variable-set-mapping from V to the power set of V,;. Given any variable
z, let vertex(x) denote the vertex at which z is labeled. When z is an edge-variable,
vertex(z) denotes the set of two vertices connected by the edge on which x is labeled.
Given a vertex v, let edge(v) denote the set of all variables labeled on the edges adjacent
to v.

Given a graph G(V, F,indez, label, att), for any vertex v € V', we define a counting
function €' at the vertex v as Cy ingex(v),a> Where @ is the characteristic vector of
the set att(v) U edge(v). We finally define F, ¢ = V{C"|v € V}. We call F, 5 a
counting function based on the graph G. For any graph G(V, E,index, label, att), define
size(G) = ||[E|| + Y,ev |latt(v)||. In other words, size(G) is the number of variables
labeling G'.

Theorem 6.1. There is a algorithm for learning the class of counting functions based
on graphs G(V, E,index,label, att) such that size(G) < n and ||att(v)|| > ¢ for any
v € V over the domain Z;. The algorithm uses only one equivalence query and O(n?)
membership queries, while its time complexity is bounded by O(n?+1).

Proof. Let V = {vy,...,v,}. Then, F, g =C" V...V C"". The learning algorithm
Learn-GBC (where “GBC” stands for “graph-based counting functions”) runs in stages.

At stage 0, the learner first uses the hypothesis Hy = “T'RU E7” to ask an equivalence
query. If “yes” then stop. Otherwise, one receives a negative example a. Only one query
and constant time are required at this stage.

At stage 1, one asks a membership query for the example flip(a,z) for any z € V,,.
By Lemma 5.2, one finds vars(Fj ), i.e., the set of all variables such that flipping any
one of them in a will cause Fj  to output 1. The number of queries used here is n, the
time complexity is O(n?).

At stage 2, the leaner finds those att(v) for v € V such that there are at least
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two variables in it with different values in a: For any v € vars(F, q), for any u €
vars(Fy ) —{v} such that v and u have different values in «, ask a membership query
for flip(a, {v,u}). Let A(v) be the set of all those v such that one receives “no”.
Let E(v) be the set of all those w such that A(w) = A(v) # ¢ and afw] = afv]. Set
B, = A, U E,. At this stage at most n? membership queries are required, the time
complexity is O(n?). The correctness of this stage is guaranteed by Lemma 6.1. Define

V= {BU|BU 7£ (b}

Lemma 6.1. B, # ¢ if and only if vertex(v) € V and there are two variables
in att(vertex(v)) with different values in o. Moreover, when B, # ¢, then B, =
att(vertex(v)).

Proof. Suppose that v is a vertex-variable, i.e., vertexz(v) € V. For any vari-
able u € wvars(F, ) with af[v] # alv], we consider two cases. When u is a edge-
variable, let f be the vertex in vertex(u) — {v}, then u € vars(C’) but v ¢ vars(CY).
Thus, F(flip(a,{v,u})) = CH(flip(a,{v,u})) = 1. When u is a vertex-variable with
vertex(u) = vertex(v), then u and v occur only in CU*"**() thus F( flip(a, {v,u})) =
cvertes (W) flip(a, {v,u})) = 0, since C* =) (a) = 0. If vertex(u) # vertez(v), then
v occurs only in CU**%(¥) and u occurs only in €V thus F(flip(a,{v,u})) =
cverter) (flip(a, {v,u})) = CYre= W ( flip(a, {v,u})) = 1, since C**"'**(")(a) = 0 and
Cvertex(v)(a) —-0.

Now suppose that v is an edge-variable. Let vertexz(v) = {f,¢g}. For any variable
uw € vars(Fy o) — {v} with a[v] # afu], there is at least one vertex in vertez(v), say,
f, such that v and u do not occur in Cf simultaneously. Thus, F(flip(a,{v,u})) =
CI(flip(e, {v,u})) = 1, since C/(a) = 0.

Combing the above analysis, our Lemma holds. O

At stage 3, the learner finds all those att(v) for vertexz(v) € V such that each variable
in it has the same value in a: For any v € vars(Fj ), for any set S C vars(F, q)—{v}
with exactly ¢ — 1 variables such that » and variables in S have the same value in a,
ask a membership query for flip(a,{v}US). Let S(v) be the union of all those subsets
S and {u} such that the learner receives “no” for flip(a,{v}U S). The number of
queries tequired at this stage is n?, the time complexity is bounded by O(n?*!). The
correctness of this stage is guaranteed by Lemma 6.2. Define V' = {5(v)|S(v) # ¢}.

Lemma 6.2. S(v) # ¢ if and only if, vertex(v) € V, |latt(vertex(v))|| > ¢, and
all variables in att(vertex(v)) have the same value in o. Moreover, when S(v) # ¢,

S(v) = att(vertex(v)).

Proof. Suppose that v is an edge-variable, let vertexz(v) = {f,¢g}. For any § C
vars(Fy o) such that S has exactly ¢ — 1 variables with the same value as v does in «a,
there is at least one vertex in vertex(v), say, f, such that 1 < [|[(SU{v})Natt(f)| < ¢—1.
Thus, F(flip(e, SU {v})) = C/(flip(a, S U {v})) = 1, since C/(a) = 0.

Now suppose that v is a vertex-variable. For any S C vars(F, ) such that S has
exactly ¢—1 variables with the same value as v does in «, if 5 € att(vertez(v)) then 1 <

(S U{v})Natt(vertez(v))|| < ¢—1. Thus, F(flip(a, SU{v})) = Cvte=O)( flip(a, SU
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{v})) = 1, since C¥(a) = 0. When S C att(vertex(v)), then ||(SU{v})Natt(vertex(v))||
= ¢. Thus, F(flip(a, SU{v})) = CU* ) flip(a, SU{v})) = C¥(a) = 0. Our lemma
then follows. O

At stage 4, the learner finds all edge(v) for vertez(v) € V: Fix a D(v) € VUV
For any D(u) € VI U V2, for any w € vars(F, ) — (D(v)U D(u)), define 3 to be the
example obtained from « by (1)flipping w; (2)flipping exactly one variable in D(v) such
that this variable and w have different values in «, if such a variable exists, otherwise
flipping exactly ¢ — 1 variables in D(v); (3)flipping exactly one variable in D(u) such
that this variable and w have different values in «, if such a variable exists, otherwise
flipping exactly ¢ — 1 variables in D(u). Ask a membership query for 5. Set F(v) to be
the set of all w such that one receives “no” for #. The number of queries required at
this stage is at most n®, the time complexity of this stage is bounded by O(n*). The
correctness of this stage is guaranteed by Lemma 6.3. Let F = {F(v)|D(v) € VIUV?2}.

Lemma 6.3. E = {edge(v)|v € V}.

Proof. We first show that £ C {edge(v)lv € V}. Fix E(v) € E. We then have
D(v) € VI U V2 By Lemma 6.1 and 6.2, D(v) = att(vertez(v)). According to the
process of stage 4, there are either one or p — 1 variables in att(vertexz(v)) flipped in «
to obtain . For any w € F(v), if w ¢ edge(vertex(v)), then no variables are flipped
in edge(vertex(v)). Thus, F(3) = Cv=()(3) = 1, since C**"**(¥)(a) = 0. This
contradicts to the fact that one receives “no” for 5. Hence, w € edge(vertez(v)). On
the other hand, for any w € edge(vertexz(v)), let vertex(u) be the other vertex connected
by the edge on which w is labeled. By Lemma 6.1 and 6.2, D(u) = att(vertexz(u)) €
V1 U V2 Again according to the process of stage 4, one receives “no” for 3 obtained
from flipping w and either ¢ — 1 (or one) variables in each of D(v) and D(w). This
implies that w € F(v). Hence, &/ C {edge(v)|v € V}.

Now consider any edge(vertex(v)). For any w in it, let vertez(u) be the other
vertex connected by the edge on which w is labeled. By Lemma 6.1 and 6.2, D(v) =
att(vertex(v)) and D(u) = att(vertex(u)) are in V1 U V2. According to the process
of stage 4, one receives “no” for § obtained from flipping w and either ¢ — 1 (or one)
variables in each of D(v) and D(u), thus w € E(v). Note that at stage 4 one only
considers variables in vars(Fj ¢)—(D(v)UD(u)). For any w ¢ edge(vertexz(v))U D(v),
according to the process of stage 4, there are either one or p — 1 variables in D(v) =
att(vertez(v)) flipped. Thus, F(3) = C**=()(3) = 1, since CV*"***(“)(a) = 0. This
implies that w ¢ F(v). Hence, E(v) = edge(vertex(v)), so {edge(v)lv e V} C E. O

At stage 5, the learner constructs Fy ¢ from V' UV? and E. For any D, € VIUV?Z,
one finds F(v) € . Let k = 3" cp g, a[y] mod ¢ and @ be the characteristic vector
of D, U FE,. Define a counting function C(D,, E,) as C, ; z. By Lemmas 6.1, 6.2, and
6.3, Hy = \/{C(Dy, E,)|D, € V! UV?} is equivalent to F, . So, the learner concludes
that Hy is equivalent to I, ¢ and then stops. No queries are required at this stage, the
time complexity is bounded by O(n?).

Putting the above analysis together, the algorithm learns Fj, ¢ using only one equiv-
alence query and O(n?) membership queries, while its time complexity is bounded by
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O(nith). O

7 Concluding Remarks

We have shown that, for any prime number p, the class of disjunctions of integer-
weighted counting functions with modulus p over the domain Z (or Z") with ¢ > 1
is polynomial time learnable with only equivalence queries. We don’t know, however,
whether similar results hold for composite number ¢ > 1. The linear algebra approach
is not suitable for this case, since Z, is not a field.

As argued in [BHS], it is reasonable to believe that an equivalence query is more
expensive than a membership query. A practically ideal learning algorithm will use
equivalence queries as less as possible. On one hand, there is no obvious way so far,
based on the linear algebra approach, to learn counting functions using substantially less
than n + 1 equivalence queries, with a polynomial number of additional membership
queries. On the other hand, we have shown that, for any given integer ¢ > 2, over
the domain Z%, only one equivalence is sufficient for learning the class of read-once
disjunctions of Boolean-weighted counting functions with modulus ¢, and the class of
counting functions based on those graphs G(V, E, index, label, att) such that ||att(v)|| >
g for any v € V, using polynomially many membership queries.

The graph-based counting functions are very interesting, because they correspond
to graphs and have played an important role in the study of complexity of resolution. In
general they seem difficult to learn. We have shown that the class of disjunctions of no
more than loglog n¢ many Boolean-weighted counting functions with modulus ¢ for any
given integer ¢ > 2 over the domain Z3 is polynomial time learnable. Very recently,
Jeffrey Jackson [J] observed from Fourier analysis that the class of disjunctions of
O(logn) parities is polynomial time learnable. It might be possible to extend his result
to the class of disjunctions of O(logn) counting functions with a composite modulus.
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