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FLUCTUATION ANALYSIS FOR PARTICLE-BASED STOCHASTIC
REACTION-DIFFUSION MODELS

M. HELDMAN, S. ISAACSON, J. MA AND K. SPILIOPOULOS

ABSTRACT. Recent works have derived and proven the large-population mean-field limit for several classes of
particle-based stochastic reaction-diffusion (PBSRD) models. These limits correspond to systems of partial
integral-differential equations (PIDEs) that generalize standard mass-action reaction-diffusion PDE models.
In this work we derive and prove the next order fluctuation corrections to such limits, which we show
satisfy systems of stochastic PIDEs with Gaussian noise. Numerical examples are presented to illustrate
how including the fluctuation corrections can enable the accurate estimation of higher order statistics of the
underlying PBSRD model.

1. INTRODUCTION

In this work we consider the large-population limit of particle-based stochastic reaction-diffusion (PB-
SRD) models. Such models are used to study the interplay between spatial transport via diffusion and
chemical reactions for systems of interacting particles/molecules, and have been used in a variety of bio-
logical and population process studies. Several recent works [LLN19, IMS22, PV22] have investigated the
large-population (thermodynamic) limit of such models, first studied in [O89], where the number of particles
and a system size parameter (typically domain volume and/or Avogadro’s number) are allowed to become
infinite such that the initial concentration of different chemical species (i.e. different types of particles) is
held constant. In such limits one obtains systems of partial-integral differential equations (PIDEs) for the
associated macroscopic concentration field of each species.

Here we build on our previous studies in [IMS22] and [IMS21], in which we investigated the large-
population mean-field limit for the volume reactivity (VR) PBSRD model, which is a generalization of
the classical Doi model [TS67, D76a, D76b]. In the VR model, molecules are approximated as point par-
ticles that move by Brownian Motion, unimolecular reactions such as A — B occur as an internal Poisson
process with a fixed probability per time for each substrate molecule (i.e. each A molecule), and bimolecular
reactions between two individual reactant particles, like A + B — ..., occur with a probability per time
based on the positions of the two substrate molecules. Products of a reaction are placed randomly based
on specified particle placement densities. In [IMS22] we derived a set of reaction-diffusion PIDEs that we
then proved corresponded to the rigorous large-population limit of the VR PBSRD model, with our analysis
being valid for general reaction networks involving both first and second order reactions in which particle
numbers can change. Our method of proof was based on formulating a weak representation for the dynam-
ics of measure-valued stochastic processes (MVSPs), which correspond to concentration fields of different
chemical species in the VR PBSRD model. We then adapted the classical Stroock-Varadhan Martingale
approach to calculating mean-field limits [EK86, SV06] to prove the large-population limit for the MVSPs.
A similar approach was used in [O89] to derive the analogous mean-field PIDEs for systems that involved
only linear zero and first-order reactions (and therefore no interactions between particles). In contrast, a
different approach was considered in [LLN19], which derived the analogous mean-field limit using relative
entropy methods, but for systems involving only reactions that conserve particle numbers. Using entropy
methods allowed for more quantitative estimates, but as pointed out by the authors, appears restricted to
systems in which particle numbers are unchanged by each reaction. Finally, we note that [PV22] considers

a novel underlying PBSRD model that is distinct from the VR model. This enables the consideration of
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higher than second order reactions, and is used in studying a large-population limit in which some species
remain discrete with a stochastic evolution while others converge to continuous concentration fields.

We next investigated in [IMS21] how the derived mean-field PIDEs relate to commonly used, but phe-
nomenological, mass action reaction-diffusion PDE models. We demonstrated that the latter could be
interpreted as an approximation to the rigorous mean-field PIDEs in the limit that bimolecular interac-
tions become short-ranged when bimolecular reaction kernels have an averaging form. Collectively, the
works [089, LLN19, IMS22, IMS21] establish the rigorous large population limit for VR PBSRD models,
and then rigorously demonstrate how they relate to commonly used macroscopic reaction-diffusion PDE
models.

The derived mean-field model has several clear limitations. In particular, as the resulting PIDEs are
deterministic it is unable to give any approximation to higher order statistics of the underlying VR PBSRD
models. To address this issue, in this work we derive the next order fluctuation corrections to the mean-field
PIDEs we derived in [IMS22], giving a proof that the scaled difference between the PBSRD MVSPs and the
mean-field PIDE solutions, see (1.1), converges to the derived fluctuation corrections in the large-population
limit.

Our analysis allows us to obtain an approximation to the distribution of the empirical measure of the
system to leading order in the system size parameter. Denote by u;” the marginal distribution (molar

concentration) of species j = 1--- , J, where v represents the system size parameter (e.g. Avogadro’s number
in RY). Letting fi; be the limit of 1}’ as v — 0o, we study the behavior of the fluctuation corrections
(11) EzJ = \/j}/(:u;yd _IB‘Z> ) .] = 1)""]7

as 7 — oo. We prove that, in the appropriate sense, EZ’j — Eg as 7 — oo with Z7 being Gaussian. We
therefore obtain the approximation
v a i o L oEi
H B + ﬁ~t>
which expands on earlier mean-field limit studies by allowing the approximation of the distribution of ug’j ,
as well as associated statistics.

The proof of convergence is based on weak convergence analysis of interacting particle systems. One of the
main challenges is that the fluctuations of the empirical distribution correspond to a signed measure-valued
process. As discussed in [BDGO7, SSG14], the space of signed measures endowed with the weak topology
is in general not metrizable. For this reason, we study convergence of the distribution-valued fluctuation
process in the dual space of an appropriately weighted Sobolev space (weights are introduced to control the
behavior at infinity). We use the weights introduced in [FM97] in studying the McKean-Vlasov equation,
and show fluctuations arising from our VR PBSRD model are elements of these spaces, see Section 6 for a
short exposition. The limit, =7, is then obtained as a distribution-valued process in an appropriate weighted
negative Sobolev space. In the process of studying the limit of 277 as v — 0o, we need to linearize the
dynamics of 7+ around its limiting behavior fi7. Doing so produces a number of remainder terms that need
to be appropriately controlled; details of these bounds are in Section 8.

As stating our main result, Theorem 5.6, requires significant notation and a number of assumptions, we
begin in Section 2 by summarizing our results for the special case of the reversible A + B = C reaction. In
Section 3 we then summarize the main notation we will use in describing the weak MVSP representation
for the VR PBSRD model. Section 4 summarizes our earlier work on the large-population mean-field
limit from [IMS22], along with recalling the main assumptions under which we proved the large-population
mean-field limit. In Section 5 we present the main result of this work, Theorem 5.6, along with stating
the additional assumptions we introduce to prove this theorem. We summarize in Section 6 the weighted
Sobolev spaces used to control behavior at infinity, and in which we prove convergence. In Section 7 we
illustrate how including fluctuation corrections can enable the accurate approximation of higher-order (i.e.
non-mean) statistics of an underlying VR PBSRD model. This is demonstrated via comparison of numerical
solutions to the SPIDEs of the fluctuation process model and a jump process approximation to the VR
PBSRD model [I13, IZ18]. Finally, in Section 8 we provide the proof of Theorem 5.6 via proving uniform
spatial moment bounds of the PBSRD model in Section 8.2, proving tightness in Section 8.3, identifying the
limiting SPIDEs satisfied by the fluctuation corrections in Section 8.4, and proving uniqueness of solutions
to the limiting equations in Section 8.5. An appendix proves several results that are used in Section 8.
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2. SUMMARY OF FLUCTUATION CORRECTIONS FOR THE A + B = C REACTION

In order to introduce the main result of this paper, let us first present the result in the special case of the
reversible A + B < C reaction. We first summarize the large population limit derived in [IMS22], and then
we show the fluctuation corrections we obtain in this work.

Let v denote a system size parameter (i.e. Avogadro’s number, or in bounded domains the product of
Avogadro’s number and the domain volume). We assume all molecules move by Brownian Motion in R?,
with species-dependent diffusivities, D*, DB and D¢ respectively. Let K{(x,y) = Ki(z,y)/v denote the
probability per time an individual A molecule at 2 and B molecule at y can react, with mq(z|z,y) giving
the probability density that when the A and B molecules react they produce a C molecule at z. We define
KJ(z) = Ky(z) and ma(z,y|z) similarly for the reverse reaction. Finally, denote by A(t) the stochastic
process for the number of species A molecules at time ¢, and label the position of ith molecule of species A
at time t by the stochastic process Qf‘(t)(t) C R%. The generalized stochastic process

A(t)

A== (-0

corresponds to the molar concentration of species A at z at time t. We can similarly define B7(z,t) and
C7(z,t). In [IMS22] we derived the large population (thermodynamic) limit where v — oo and A7(z,0)
converges to a well defined limiting molar concentration field (with similar limits for the molar concentrations
of species B and C). We proved, in a weak sense, that as v — oo,

(A7(z,1), BY(2,1), C"(z,1)) — (A(z,1), B(z,t), C(z, 1)),
where

R4 R2d

9y B(z,t) = DEAB(z,t) — /]Rd Ki(y,2)A(y,t)B(z,t) dy + /]de Ks(z)ma(y, z|2)C(z,t) dy dz.
9,C(z,t) = DYAC(x,t) — Ky(2)C(z,t) + /de Ki(y, z)mq(zly, 2) Ay, t)B(z,t) dy dz.

Here (A(z,t), B(z,t),C(z,t)) corresponds to the deterministic mean-field large-population limit.
In this work we derive the next order correction to these equations, obtaining an approximation as v — oo
of

1 -
AV (z,t) ~ A(z,t) + —fyA(x,t), v — 00,

N

with similar equations for B(z,t) and C(z,t). We prove that in an appropriate (weak) sense,

lim 7 (A7 (z,t) — A(x,t)) = A(z, t).

Y— 00

Here the fluctuation correction processes, (A(z,t), B(z,t), C(x,t)), satisfy the stochastic PIDEs

0AGw.) = DAL A+ € — [ Kae) [ Blont) + Al ) Bl 1)] dy

+ Ko(z)ma(z,y|2)C(z,t) dy dz,
R2d'

OiB(z,t) = DPA,B +¢P —/ Ki(y,z) [A(y, t)B(z,t) + A(y, t)B(z, t)] dy
Rd
—|—/ Ko (2)ma(y, z|2)C(z,t) dy dz,
R2d
9:C(z,t) = DPA,C + € — Ka(2)C(x,t)

+ / K1y 2)ma(aly, ) [A, 0B 0) + Ay, 0Bz, 1] dydz,
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where the noise processes, (7, 652,£C), are mean-zero Gaussian processes. For test functions f and g they
have the covariance structure

Cov ({61, 1) (6. 9)] =20 [ (V.1(0) - V.ole) Alw, o dds
Jr/o y Ks(z) ( - f(z)g(x)ma(z, y|z) dx dy) C(z,8")dzds'
w [ ] K i@ A, By, s) dedyas'
0 R2d
Cov[(6t. ) (2] = [ [ mata)

tAs
+ K1 (2,9) f()g(y) Az, ) Bly, ) de dy ds’,
0 R2d

o f(@)g(y)ma(z, y|z) dz dy) C(z,8')dzds

Cov [<£tc, Iy, Sc,g>] =2DC /OS (V.f(2)-V.9(2))C(z,5)dzds
[t ([ saems el ) At ) B, o) drdyas
+ / Ka(2)f(2)g(2)C(z,8') dz ds',
0 R4
Cov [(¢, f) . (¢S, 9)] = —/0 » Ko (2) ( » f(@)g(2)ma(z,y|z) dx dy) C(z,¢) dzds'

- /OMS K@) ( /R f(@)g(z)ma(z|z, y) dz) A(z,s')Bly, s') dx dy ds,

with Cov K@B, f> ,< SB,g>] and Cov [<§tB,f> ,< f,g>] defined analogously. In Section 7, statistics of the
PBSRD solution, (AY, BY,C7), the mean-field model solution, (A4, B,C), and the fluctuation process ap-
proximation, (4, B,C)+ (A, B,C)/ /7, are compared numerically for specific choices of the reaction kernels,
K7 and K5, and the placement kernels, m; and ms.

3. NOTATION AND PRELIMINARY DEFINITIONS

Our notation is similar to what we previously used in [IMS22], however, for completeness it is fully
described in this section.

We consider a collection of particles with J possible different types. Note, in the following we will
interchangeably use particle or molecule and type or species. Let § = {S1,---,S;} denote the set of
different possible particle types, with p; € 8 the value of the type of the i-th particle. In the remainder, we
also assume an underlying probability triple, (22, F,P), on which all random variables are defined.

Molecules are assumed to diffuse freely in R¢, and undergo at most L possible different types of reactions,
denoted as Ry, --- ,Rp. We describe the Ryth reaction, £ € {1,..., L}, by

J J
> oS = Y S,
j=1 j=1

where we assume the stoichiometric coefficients {av; }/

and {fe; }3]:1 are non-negative integers. Let a(¥) =

j=1
(o1, u, -+ 5 apy) and BY = (Ber, Bea, -+, Bes) be multi-index vectors collecting the coefficients of the
th reaction. We denote the reactant and product orders of the reaction by |a(¥)| = Z;’Zl op; < 2 and

|ﬁ(f)| = Z}]=1 Be; < 2, assuming that at most two reactants and two products participate in any reaction.
We therefore implicitly assume all reactions are at most second order. For subsequent notational purposes, we
order the reactions such that the first L reactions correspond to those that have no products, i.e. annihilation
reactions of the form

J
Z Cl{ngj — @,
Jj=1
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forte{1,..., f/} We assume the remaining L — L reactions have one or more product particles.
Let D? label the diffusion coefficient for the ith molecule, taking values in {D, ..., D }, where D; is the
diffusion coefficient for species S;, j = 1,---,J. We denote by Qi € R? the position of the ith molecule,

i € Ny, at time t. A particle’s state can be represented as a vector in P = R? x S, the combined space

encoding particle position and type. This state vector is subsequently denoted by Q@ def (Qi,pi).

We now formulate our representation for the (number) concentration, equivalently number density, fields
of each species. Let E be a complete metric space and M (FE) the collection of measures on E. For f : E — R
and p € M(FE), define

= [ s

We will frequently have £ = R?. In this case we omit the subscript £ and simply write (f, u). For each
t > 0, we define the concentration of particles in the system at time ¢ by the distribution

(®) N(¥)
(3.1) ve=) 0= 0qi0n
i=1 i=1
where, borrowing notation from [BM15], N(t) = (1,14)p represents the stochastic process for the total

number of particles at time t. To investigate the behavior of different types of particles, we denote the
marginal distribution on the jth type, i.e. the concentration field for species j, by

v () = v (- x {S;}),
a distribution on R?. N;(t) = <1, Vg> will similarly label the total number of particles of type S; at time ¢.

For v any fixed particle distribution of the form (3.1), we will also use an alternative representation in terms
of the marginal distributions 17 € M (R?) for particles of type j,

J

(3.2) v=> vis € M(P).

j=1
In addition to having notations for representing particle concentration fields, we will also often make use
of state vectors for the positions of particles of a given type. Define the particle index maps {o;(k) iv; (f),

which encode a fixed ordering for particles of species j, o) o< "J'(Nj(t)), arising from an (assumed
t = g
fixed underlying ordering on R%. We denote by

j gj gj Nj
(3.3) H) = (@M, ™ 0,0,

the position state vector for type j particles, using the same ordering on R?, with H Z(Z/g ) € R? labeling the
ith entry in H (th ). Note, as particles of the same type are assumed indistinguishable, there is no ambiguity
in the value of H (Vg ) in the case that two particles of type j have the same position.

With the preceding definitions, we last introduce a system of notation to encode reactant and particle
positions and configurations that are needed to later specify reaction processes.

Definition 3.1. In describing the dynamics of vy, we will sample vectors containing the indices of the specific
reactant particles participating in a single £-type reaction from the reactant index space

I® = (N {0,
For the allowable reactions considered in this work we label the elements of 1) in a manner that shows which
species they belong to:
(1) For Ry of the form & — ---
1 = g.
(2) For Ry of the form S; — ---
19 = (i e N\ {o}}
(3) For Ry of the form S; + Sy — -+ with j <k

10 = {47 e (N\ {0})*}



(4) For Ry of the form 25; — ---

1O = {(i{",i5) e (N\ {0})2}.

A generic element 4 € 1) can then be written as 4 = (zgl), e 2821, e ,ig“’), cee 8‘2)

Definition 3.2. We define the product index space J© analogously to 190, with j € J© given by j =

1 (J (J
(,7§ )a 7.7[(3,35 ?]§ )’7-];&)7)

Definition 3.3. We define the reactant particle position space analogously to 1),

X0 — (Rd)la“)l ’

with an element € X written as x = (xgl),--- x&1[)1,~-- , (J),~~~ x&‘?,) For x € X a sampled

reactant position configuration for one individual Ry reaction, ;v(J) then labels the sampled position for the
rth reactant particle of species j involved in the reaction. Let dx = (/\jzl(/\ae’ dxg ))) be the corresponding
volume form on X which also naturally defines an associated Lebesque measure.

Definition 3.4. For reaction Ry with L+1 < ¢ < L, i.e. having at least one product particle, define the
product position space analogously to X(©)

y© — (Rd)\ﬁ([)\ 7

with an element y € Y written as y = (ygl),~ ,ygi . ,ng), . ,y(B‘Z) Let dy = </\‘j]=1(/\fi’1 dyﬁ”))

be the corresponding volume form on Y, which also naturally defines an associated Lebesque measure.

Definition 3.5. Consider a fized reaction Ry, with i € 1) and v corresponding to a fized particle distribution
given by (3.1) with representation (3.2). We define the £th projection mapping PY) : M(P) x 1) — X(©) qs
(1) -(1) (J) -(J)
PO(w,4) = (HY (W), HSa WY, HY 7)), H (7)),
When reactants with indices i in particle distribution v are chosen to undergo a reaction of type ¢, P(e)(y, 1)
then gives the vector of the corresponding reactant particles’ positions. For simplicity of motation, in the
remainder we will sometimes evaluate PY) with inconsistent particle distributions and index vectors. In all
of these cases the inconsistency will occur in terms that are zero, and hence not matter in any practical way.

Definition 3.6. Consider a fized reaction Ry, with v a fixed particle distribution given by (3.1) with rep-
resentation (3.2). Using the notation of Def. 3.1, we define the allowable reactant index sampling space
QO w) 1 as

, |a(z)| =0,
= H(€)|z(])<<1 v}, la®@] = ay; =1
Q(Z) _ {7' Z E £j 5
(v) {z_((a) ))GW |z <Z(])<<1 VJ> |a(4)|:agj: ’
{i= (37 (]) ))G]I |z <1,1/J>, (lk) < <1,1/k>}7 |a(2){:2, agj = =1, j<k.

Note that in the calculations that follow QY (v) will change over time due to the fact that v = v; changes
over time, but this will not be explicitly denoted for notational convenience.

Definition 3.7. Consider a fized reaction Ry, with v any element of M (P) having the representation (3.2).
We define the (th reactant measure mapping XO[-] : M(P) — M(X®) evaluated at & € X© via \O[v](dx) =

@7y (@ v (doi)).

Definition 3.8. For reaction Ry, define a subspace X® c x® by removing all particle reactant position
vectors in X0 for which two particles of the same species have the same position. That is

XO = XO\ {z e X® |:cj)*a: forsomel <j<J1<k#r <o}
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4. PREVIOUS RESULTS AND ASSUMPTIONS FOR THE MEAN FIELD LIMIT

In this section we review our previous results on the mean field large-population limit from [IMS22] that
are relevant to the current work. ' .
Let us consider the time evolution of the processes v (z) = Z?{:l(t) 6qi (z)dp,,s;, which give the spatial

distribution of particles of type j (i.e. number density or concentration). Here N¢(t) = Z}Izl NS (t) denotes
the total number of particles in the system at time ¢, with N¢J(¢) = <1, z/f’j> _ the number of particles of
P

type j at time t. ¢ = (%, n) € (0,1)% is a two-vector consisting of a scaling parameter, v, and a displacement
range parameter, 7 (which will be explained in Section 4.2).

In the large population limit we consider 7 plays the role of a system size, and is considered to be
large (e.g. Avogadro’s number, or in bounded domains the product of Avogadro’s number and the domain
volume) [DK15]. On the other hand, n is a regularizing parameter allowing us to be able to consider and
rigorously handle delta-function placement measures for reaction products (a common choice in many PBSRD
simulation methods). We will further clarify these parameters later on, focusing on the (large-population)
limit that v — oo and 1 — 0 jointly, denoted as ¢ — 0.

4.1. Generator and process level description. To formulate the process-level model, it is necessary to
specify more concretely the reaction process between individual particles. For reaction Ry, denote by K, (x)
the rate (i.e. probability per time) that reactant particles with positions & € X® react. As described in
the next section, we assume this rate function has a specific scaling dependence on . Let mj(y|x) be
the placement measure when the reactants at positions & € X react and generate products at positions
y € Y, We assume this placement measure depends on the displacement range parameter 7.

To describe a reaction R, with no products, i.e. 1 < /¢ < l~/7 we associate with it a Poisson point measure
dNy(s,4,0) on Ry x 1) x R,. Here i € I¥) gives the sampled reactant configuration, with i) labeling
the rth sampled index of species j. The corresponding intensity measure of dN, is given by dN,(s,1,0) =
ds (/\J (/\‘% (Zkzo 5;€(di7(nj))))> df. Analogously, for each reaction R, with products, i.e. L+1 < ¢ < L,

j=1 r=1
we associate with it a Poisson point measure dNy(s,1,vy,61,602) on Ry X I0 x YO x Ry x Ry. Here
i € I gives the sampled reactant configuration, with igj ) labeling the rth sampled index of species j.
y € Y gives the sampled product configuration, with yﬁj ) labeling the sampled position for the rth
newly created particle of species j. The corresponding intensity measure is given by dN,(s,,y,01,02) =

ds (AJ=y (AT (Siso (@) ) ) ) dy oy doz.

The existence of the Poisson point measure follows as the intensity measure is o-finite (see Chapter I - The-
orem 8.1 in [NW14] or Corollary 9.7 in [KO01]). Let dNy(s,,y,61,02) = dNy(s,4,y,01,02) —dNy(s,i,y,61,602)
be the compensated Poisson measure, for L+1 < ¢ < L. For any measurable set A € 19 x YO x Ry xRy,
Ny(-,A) is a Poisson process and Ny(-,A) is a martingale (see Proposition 9.18 in [K01]). Similarly, we
can define ng(s,i,Q) = dNy(s,3,0) — dNy(s,3,0), for 1 < £ < L. In this case, given any measurable set
AelI® x R, we then have that Ny(-, A) is a Poisson process and Ny( -, A) is a martingale.

With the preceding definitions, we can formulate a weak representation for the dynamics of Vf and the
concentration (i.e. number density) fields for each species, Vf 7 see [IMS22] for the resulting equations. In
this work we only require a weak representation for the time evolution of the scaled empirical measures,
i.e. the molar concentration field for species j, ,uf’j = %Vf’j with j = 1,--- ) J. Note, with this definition

¢ _1,6_ v/ ¢.J
He =SV = Zj:l Hy ]§Sj~
Let us denote {W,"’},.cn, as a countable collection of standard independent Brownian motions in R? for
species j, j =1,2,---,J. We can write the marginal distribution (molar concentration) of species j as

sy (dr), g e{1,..., T},
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which satisfies the coupled system
(4.1)

aMS

(158%) = (1) + 5 [ ucspuen DGR iy + L[5 o s

L Qpj
1 .
52/ /(u /R+ <f’ O ">> i (s Loy (PO (s ) ANe(s:6,0)

=1 r=

L 521 Qg
+7 Z //(a /Y(e) /RZ <f725m 25H7< > {€Q® (ypus_)}

r=1
Lo, <i7 (PO (s )y Loasm? (| PO (yus )y ANe(5, 8,9, 01, 02),

for j € {1,...,J}.
In this formulation, one important fact is that for fixed ¢, v <17 u§j> is assumed finite, see Assumption 4.9
in the next section, which provides exchangeability of the sum and Lebesgue integral. It also implies that

the stochastic integrals with respect to Brownian motions in (4.1) are martingales (for a fixed ¢).

4.2. Assumptions for the Mean Field Limit. In this section we summarize the assumptions we pre-
viously used in proving the mean field large population limit [IMS22]. We will assume they hold in the
remainder in studying the fluctuation corrections.

Assumption 4.1. We assume that for all 1 < ¢ < L, the reaction rate kernel Ky(x) is uniformly bounded
for all x € X9, We denote generic constants that depend on this bound by C(K).

Assumption 4.2. We assume that for any n > 0, L+1<(<I, y € YO and z € XO, the placement
density mj(y | ) is a bounded probability density, i.e. [y, m](y|x)dy = 1.

We want to allow for placement densities involving delta-functions. To do so in a mathematically rig-
orous way we introduced the displacement (i.e. smoothing) parameter 7, through which we can define a
corresponding mollifier in a standard way, as given by Definition (4.1) below. This is needed for (4.1) to

be well-defined, since expressions like {6, < m] (y|73(l)(yf_,i))} are nonsensical when n = 0 and the
placement density is a Dirac delta function.

Definition 4.1. For x € RY, let G(x) denote a standard positive mollifier and G, (z) = n~%G(x/n). That
is, G(x) is a smooth function on RY satisfying the following four requirements

) G(z) >0,

(2) G(z) is compactly supported in B(0,1), the unit ball in R?,
(3) fRd de = 17

(4) 1i i

taken in the space of Schwartz distributions.

The allowable forms of the placement density for each possible reaction are given by Assumptions 4.3-4.6:

Assumption 4.3. If Ry is a first order reaction of the form S; — S;, we assume that the placement density
m}(y|z) takes the mollified form of

my(y|z) = Gy(y —x),
with the distributional limit as 1 — 0 given by

me(y|x) = 0.(y).

This describes that the newly created S; particle is placed at the position of the reactant S; particle.

Assumption 4.4. If Ry is a second order reaction of the form S; + S, — S, we assume that the binding
placement density my(z|x,y) takes the molliﬁed form of

(z]z.y) sz X Gy (z = (iz + (1 = aq)y)),
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with the distributional limit as n — 0 given by

I

ma(z|,y) = S0 pi % 8 (2~ (aaw + (1= ai)y)

i=1
where I is a fived finite integer and ), p; = 1. This describes that the creation of particle S; is always on the
segment connecting the reactant S; and reactant Sy particles, but allows some random choice of position. A
special case would be I =2, p; = %, a1 = 0 and as = 1, which corresponds to placing the particle randomly
at the position of one of the two reactants. One common choice is taking I =1, py = 1 and choosing oy to
be the diffusion weighted center of mass [1Z18].

Assumption 4.5. If R, is a second order reaction of the form S; + S — S; + Sy, we assume that the
placement density my(z,w | x,y) takes the mollified form of

my(z,w|z,y) =px Gy —2) @Gy (y—w)+ (1 —p) x Gy —w) @Gy (y — 2),
with the distributional limit as n — 0 given by
me(z,w|2,y) =P X Ozy) ((z,w)) + (1 =p) X I(g,y) (w, 2)) .

This describes that newly created product S; and S, particles are always at the positions of the reactant S;
and Sy, particles. p is typically either O or 1, depending on the underlying physics of the reaction.

Assumption 4.6. If R, is a first order reaction of the form S; — S; + Sk, we assume the unbinding
displacement density is in the mollified form of

I
m(z,y]2) = pllz —y) Y pi x Gy (2 = (iz + (1 — )y)) ,
i=1
with the distributional limit as 1 — 0 given by
I
m(w,y]2) = plle —y) D pi x 6 (2 = (i + (1 — ai)y)),
i=1

with ) . p; = 1. Here we assume the relative separation of the product S; and Sy particles, |z — y|, is sampled
from the probability density p(|x — y|). Their (weighted) center of mass is sampled from the density encoded
by the sum of § functions. Such forms are common for detailed balance preserving reversible bimolecular
reactions [1Z18].

We further assume some regularity of the separation placement density, p(r), introduced in Assump-
tion 4.6:

Assumption 4.7. For Assumption 4.2 to be true, we’ll need that the probability density p is normalized,
i.€.

/R pllul) dw = 1.

In the remainder we abuse notation, and write p € L*(R?) to mean p(|-|) € L*(RY).

Finally, to study the large-population limit of the population density measures, we must specify how the
reaction kernels depend on the scaling parameter (i.e. system size parameter) . Motivated by the classical
spatially homogeneous reaction network large-population limit [DK15], we choose

Assumption 4.8. The reaction kernel is assumed to have the explicit v dependence that
K] (x) = 10 gy ()
for any x € X(e), 1<¢<L.
Recall that || represents the number of reactant particles needed for the (-th reaction. As we assume

|a|e < 2, we obtain three scalings for the three allowable reaction orders:

° |a(€)| = 0 corresponds to a pure birth reaction. By Assumption 4.8, the scaling is ~; i.e. a larger
system size implies more births. In a well-mixed model this would imply that as v and the initial
number of molecules are increased, we maintain a fixed rate with units of molar concentration per
time for the birth reaction to occur.



° |a(€)| = 1 corresponds to a unimolecular reaction. By Assumption 4.8, there’s no rescaling as it’s
linear. We assume the rates of first order reactions are internal processes to particles, and as such
independent of the system size.

. |a(l)| = 2 corresponds to a bimolecular reaction. By Assumption 4.8, the scaling of reaction kernel
is v71. As the system size increases it is harder for two individual reactant particles to encounter
each other and react.

See [IMS22] for a more detailed discussion on how such scalings could arise.

Finally, we made two assumptions on the molar concentration fields, 7, in [IMS22], requiring boundedness
of the amount of particles in the system and convergence of the initial conditions in the large-population
limit.

Assumption 4.9. We assume that the total (molar) population concentration satisfies ijl <1,uf’j> <

C(p) for all t < oo, i.e. are uniformly bounded in time by some constant C(u). In the remainder we abuse
notation and also denote generic constants that depend on this bound by C(u).

Assumption 4.10. We assume that the initial distribution ,ug’j — 56 weakly as ¢ — 0, where 56 15 a
compactly supported measure, for all 1 < j < J.

4.3. Mean Field Limit. In [IMS22], we proved the following mean field limit result. Let Mp(R%) be the
space of finite measures endowed with the weak topology and D MF(Rd)[O,T] be the space of cadlag paths
with values in Mp(R?) endowed with Skorokhod topology.

Theorem 4.11. (Mean field large-population limit) Given Assumptions 4.1-4.10, the sequence of measure-

valued processes {(ué", - -- 7M§’J)}te[o,T] € ID®3_J:1MF(RG¢)([O7T]) is relatively compact in D®Jq:1MF(Rd)([0,T])
for each j =1,2,---,J. It converges in distribution to {(ff, - , i) }eepo,m) € C’®31:1MF(Rd)([O, T]) as¢ — 0,
respectively being with j = 1,--- ,J the unique solution to the system

(rt) = (r)+ | (), ) ds

P o
- Z/O /X(m ﬁ[(é (=) (Z fw&ﬂ)) A O[] (de) ds

{=1
L t 1 Bej _ [e7%} '
— (4) — (4) Ol
(4.2) +E_ZEJH / /M —oiKe (@) / o | 2T eyl dy =32 ) | X)) ds

Here L := D; A, denotes the diffusion operator associated with a particle of type j.

5. MAIN RESULT: FLUCTUATION THEOREM

In this work, we aim to prove a central limit theorem result for the particle-based stochastic reaction
diffusion (PBSRD) model. We define the fluctuation process by
=69 = ST~ =L
In Theorem 5.6 we show that the signed measure-valued process {(Ef’l, R ,Ef"]) ,t €0, T]}C 0.1)? con-
€(0,1
verges in law to a limit point {(Z{,--- ,Z/),¢ € [0,T]} as ¢ — 0 in the appropriate space.

As is commonly found for problems involving fluctuation analysis of interacting particle systems, weighted
Sobolev spaces are needed to control behavior of the fluctuation process as @ — oco. Such spaces have been
previously used to study central limit theorems of mean field systems in a variety of studies, include [FM97],
[KX04] and [SSG14]. The weighted spaces introduced in [FM97], denoted by W * = Wi *(R%), are what
is needed for our analysis. We subsequently denote by W@ = W~I¢(R%) the dual space to WOF’G. In
Section 6 we review the precise definitions and key properties of such spaces.

In order to prove the fluctuations theorem, we make a few additional assumptions:

Assumption 5.1. In the remainder we will make use of the non-negative integer parameters {D,T',T'y, a, b}
in specifying weighted Sobolev spaces. These parameters are chosen to satisfy the following constraints:
10



Assumption 5.2. We assume the large population limit v — oo is taken such that \/yn — 0. As such
n — 0 simultaneously and we write { — 0 for the dual limit.

Assumption 5.3. For the density p, in addition to Assumption 4.7 we assume fRd |w|®P p(w)dw < .

Assumption 5.4. ForT' = 2D +2, we assume that K, € C* (X)), that max,<r \|a Kg||OO < o0, and that
Ky(x) is symmetric with respect to permutations in the ordering of components of x that correspond to the
same species (e.g. to interchanging x(]) with x,(j,))

Note that this assumption means our results do not rigorously encompass the commonly used Doi bi-
molecular reaction model for an A + B — C reaction, in which an A at z and B at y would react with
probability per time A when separated by ¢ or less, i.e. K(x,y) = Aljg(Jz —y|). Similar to how we have
introduced 7 as a regularization of the J§-functions that arise in the particle placement densities and then
incorporated the limit 7 — 0 in our analysis, we could have introduced a second regularization parameter
into the Doi rate function K(z,y). For simplicity of exposition we have chosen to ignore this additional
complication, but note that our results would hold for any mollification of such a Doi kernel. We expect
these smoothness requirements are an artifact of our method of proof, and not intrinsic to the existence of
a limiting fluctuation process correction.

Assumption 5.5. LetI' =2D +2 and a = D. We assume thal sup¢¢ (g 1) ijl EHEg’jH_p,a < C for some
C < 0. In addition, we assume that Z}le E <| : |8D,ug’j> <C < 0.

For reasons that will become clearer in Subsection 8.1 we have the following definition.

Definition 5.1. For any ¢-th reaction, partz'cle distribution v = ZJ_l Vjés € M(P) and particle fluctuation

distribution E = E] | Blés, € M(P P) | define the (-th reactant mapping AO[.,.] : M(P) x M(P) —
M(X®) via
(5.1) A W, 5] = =k (x) if the £-th reaction is of the form Sy — - --

’ T =R (@) (y) + VR (@) E (y) if the £-th reaction is of the form Sy + S, — ---

Theorem 5.6. Assume T < co. Given Assumptions 4.1-4.10 as well as Assumptions 5.1-5.5, the sequence
{(Etm, . ’EE,J) telo, T]}ce(o e is relatively compact in Dy -r.agayes ([0, T]). For any subsequence of

this sequence, there is a further subsubsequence that converges in law to the process {(é%, s, B ) te[0,7]}
as ¢ — 0 satisfying in W~ E+Da the evolution equation

(r=)=(r2)+ / (1) (@), Zid)) s+ 3T ()

L o
(5.2) 21/ /XW oK <Zf ) [ 5, 25| (dx) ds
Bej o
i Z / ~/X(’) a(e)| /Y(/) Zf ]) me y‘;l: dy — Zf ) A(z [,U*s»h*s](dw) ds

l=L+1
11



forj=1,---,J and any f € W02+F’G(Rd). Here (M}, -+, M{) is a distribution-valued mean-zero Gaussian

martingale with marginal variance covariance structure for 0 < s,t <T and f,g € W02+F’Q(Rd)

Cov[ 7 (f) -y / /X ok ><Z ) ) <Zg ) ) AO [y (dw) ds'

=1

Bej auj

() — 20
+ Z / /w e (@) /W) ;f(.%« ) ;f( @)

(5.3) =L+1

Bek Qg
(Zg ) ngk >me (y|x) y) AO (i) (der) ds’

+/O <2ngé;( )6Q( ),ui}(dx)> 1ipeyy ds'.

Finally, the limiting stochastic evolution equation has a unique solution in (W_(2+F)7“)® fort e [0,T],
and thus the limit accumulation point {(Z,--- ,E/) ,t € [0, T]} is unique.

6. ON THE APPROPRIATE SOBOLEV SPACE

We study convergence in Sobolev spaces, see for example [AT8] for a general exposition. The weighted
Sobolev spaces introduced in [FM97] are designed to control growth as @ — oo, and are just what is needed
for the problem at hand. In this section, we recall their definitions and main properties.

For any integers I', a € N, consider the space of real valued functions f with partial derivatives up to order

T" which satisfy
‘Dk 1/2
a = dx < 0.
£l = <|Z L2 )

Define the space Wg "* as the closure of functions of class C§° in the norm defined above, where C§° is the

space of all functions in C*° with compact support. Wg "* is a Hilbert space (see Theorem 3.5 and Remark
3.33 in [AT78] and also [FM97] for the weighted version) and has the inner product

k X k X
U= [ D@D,

2
|k|<D R4 1+|.’IJ| a

When I',a = 0, we write (f,g), = (f,g). W~1* denotes the dual space of Wg’a that is equipped with the
norm

Ifll-r.a= sup ‘ (f.9) ’

tgews g0y 19l .

Let CT¢ denote the space of continuous functions f that have continuous partial derivatives up to order
T" such that ]
D))

=0, forall j <T.
|z| =00 1+|l‘|a » 0L ARJ >

The norm of this space is
| D7 f ()]
[fllere = ) sup :
Z; z€R4 1+ |m‘a
We refer the interested to [FM97] for details on this class of weighted spaces.
A few properties that we will use in this paper include the embeddings that
Wyt s 09 m > d/2,j > 0,a > 0.

and
W oy Wg,a+b’ m>d/2,j>0,a>0,b>d/2.
12



A key property we will subsequently make use of is that the latter is Hilbert-Schmidt, and implies that the
embedding

Whath ey ymm=ia ;> d/2,5 > 0,a > 0,b> d/2
is also Hilbert-Schmidt.

7. NUMERICAL RESULTS

In this section, we numerically compare the mean field with fluctuation corrections SPIDE system to the
underlying PBSRD model for a 1D (d = 1) model of the three species
MK (,
AyBMEY o

14
reversible reaction. The model we consider corresponds to that presented in Section 2, with the specific
choice of reaction kernels and placement densities summarized in Section 7.1.

We start by describing the model problem and discretization schemes for the SPIDE and PBSRD models
in detail before giving numerical results. Note that our notation in this section differs slightly from the
more abstract notation used previously; for example, we parametrize the particle types by uppercase letters
A, B, C instead of natural numbers S7, S5, Ss.

We demonstrate that for the total molar mass (i.e., the integral or L'-norm of the molar concentration
field) of the type C particles, the fluctuation process gives an increasingly accurately approximation of the
PBSRD variance as y increases. For v = 8000, the largest value of v that we consider, the variances for the
two models agree to statistical error. Since the concentration field is a Gaussian process, the distribution
of the molar mass is Gaussian at each time t. We observe empirically that the PBSRD molar mass is also
approximately Gaussian for large -, and so, given the close agreement of the means and variances, we also
see close agreement between the entire statistical distribution for the molar mass for large enough ~.

Throughout the following section, we use the terms PBSRD and particle model interchangeably. We
refer to the jump process discretization of the particle model that we actually simulate as the CRDME
(see discretization section). Finally, we subsequently refer to the solution of the combined mean field with
fluctuation correction SPIDE model as the fluctuation process.

7.1. Description of model problem. We restrict the reaction system to the periodic domain Q2 = (0, 27).
The function AK (z,y) denotes the forward reaction kernel, i.e., the probability per unit time that a forward
reaction A+ B — C occurs given an A at x and a B at y, where K (z,y) is a normalized function giving the
spatial distribution and A > 0 is the total reaction rate. Here we use the Gaussian

_le—yl?
1 e 222

Z V2re2

with € a parameter determining the kernel width, |x — y| the periodic distance between x,y € €, i.e.

K(x7y) =

|z —y| = min{|z —y|, 27 — [z —yl},

and Z a normalization constant,

|z—y|?

2¢2 dx.

1 27
7= 1 / e
V2me? Jo
For the placement density m(z|z,y), the probability of placing a C' at z given a reaction between an A at x
and B at y, we use the combination of d-functions

m(zlz ) = 56(r — 2) + 300y - 2,
meaning that in the event of an A+ B — C reaction the product C is placed at the location of the A or the
B each with probability %
Reversibility (equivalently detailed balance) implies that the reverse reaction in which a C' at z unbinds
into an A at x and a B at y occurs with rate pK (x, y)m(z|x,y), where u > 0 is a constant [Z122]. Integrating
over z and y, we find that the probability per time of an unbinding reaction for a C' at z is given by

w [ Kymlodedy =5 [ Ko+l [ K2z =
Q2 2 Ja 2 Ja
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Similarly, we can derive that given an unbinding reaction of a C' at z, either the A or B is placed at z with
probability 7 and the other molecule is placed with the Gaussian distribution K (z, z) (respectively K (z,y))
centered at z.

In the results that will follow, we have used the parameters Dy = 1, Dg = .5, and D¢ = .1. We also set
A=1, pu=.05 and ¢ = 277. We will also need an initial condition, which we set to be proportional to

A(z,0) = 6710(3071)2,
B(z,0) = e 10@=2)°
C(z,0) =0.

We use this initial condition for the PIDEs satisfied by the mean-field concentration fields, and to generate
initial conditions for the particle model (see the next section). The initial conditions for the SPIDEs that
correspond to the fluctuation corrections, a scaled difference between the particle and mean-field initial
conditions, were therefore zero.

7.2. Discretization of particle model. We numerically study the particle model using the convergent
reaction-diffusion master equation (CRDME), a convergent spatial discretization of the forward Kolmogorov
equation associated with the PBSRD model [I13, 1Z18]. The CRDME corresponds to the forward equation
for a system of continuous-time jump processes on a mesh, and can therefore be simulated using optimized
versions of the stochastic simulation algorithm (SSA), also known as Gillespie’s method or Kinetic Monte
Carlo [G76]. The PBSRD particles’ Brownian motions are approximated by continuous-time random walks
on the grid, and their reaction interactions by jump processes that depend on the relative positions of
reactants on the mesh. For these simulations we use a uniform mesh with nodes {z;}¥, C Q, where
z;=0l—1h,i=1,..,N,and h = %’T We denote the compartments, or voxels, that particles hop between
by V;,i =1,...,N, given by V; = (z; — %,xi + %)

As we require integer numbers of particles for each simulation, we converted from the molar concentration
field at x; to the number of particles, a;, in voxel V; as

1: m = vyhA(z;,0), m:= |m|

2: 7 ~ Bernoulli(m — m).

3 a;, =m-+r.
This choice ensured the average number of particles of species A in the ith voxel is yhA(x;,0), consistent
with the mean-field model’s initial condition. The initial number of particles of species B and C were chosen
similarly.

The diffusion rate for each species s € {A, B,C} from one voxel V; to either of its neighbors is given
by %, where h is the distance between the centers of neighboring voxels. Pair reaction rates between a
K(zi,y;)

v
The resulting C' is placed in voxel V; or V; with probability % each. When a C at location Vj, unbinds, an
A or B is placed in Vj with probability % The location of the other product particle is determined by the
(unnormalized) discrete distributions {K (2, y;) §V:1 = {K(x;, zx) }}¥; over the voxel sites. The total rate of

unbinding in the CRDME model then is given by the discrete marginal integral of the reaction kernel,

molecule of type A in voxel V; and a molecule of type B in voxel V; are computed as MK, (z;,y;) =

N
uZhK(mi7zk),
i=1

which for our chosen parameters is essentially u (i.e. to numerical precision). Specifying the rates with
the midpoint rule quadrature scheme as we have just described preserves detailed balance and also O(h?)
convergence for statistics as compared to the version of the CRDME presented in [IZ18].

The CRDME is simulated as a continuous-time jump process using a variant of the direct Gillespie
stochastic simulation algorithm (SSA) in which we view the simulation mesh as the top level (also referred
to as the fine grid) of a nested hierarchy of uniform meshes

Q2051 2.2,
so that |Q;| = 2¢. We keep track of the total reaction rate for each subvolume on each mesh throughout the
simulation, which allows us to identify the next fine grid subvolume where a reaction occurs in logarithmic

time using a binary search. When a reaction or a diffusion event occurs, we update the total reaction rate for
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each subvolume on each mesh that contains a fine grid subvolume involved in the reaction. The complexity
for these updates is also logarithmic, although the total cost of rate updates after a B molecule reacts or
diffuses will be O(N log N) (with a small constant) due to the cost of updating the reaction rate for all A in
the range of the reaction kernel.

In our CRDME simulations, we chose I = 10 so that the simulations used N = 2'9 voxels. This choice
was informed by looking at successive differences of statistics for simulations at different mesh resolutions
to check for convergence, and also by the requirement for the mesh spacing h = QW” to be below the kernel
spacing ¢ in order to achieve asymptotic O(h?) convergence rates.

7.3. Fluctuation Process Model and Discretization. The mean field model for the reversible reaction
is given by the system of PIDEs

%(x,t) = DsAA(z,t) — MK * B)(z,t)A(z,t) + g[(K * C)(z,t) + C(x,t)],
OB (.1) = DuAB(y1) ~ MK * A, 1B, 1) + 2 [ » O) 1) + Cl. 1),
oC

5t (z,t) = DcAC(z,t) — puC(z,t) + %[(K x B)(z,t)A(z,t) + (K * A)(z,t)B(z,t)],

where A, B, and C are the mean field molar concentrations for the corresponding particle types, and we
define the integral operator (K * f)(x,t) for a function f(x,t) by

(K = f)(t) = / K(z,y)f(y.t) dy.

This model has been previously explored and compared to CRDME simulations of the PBSRD model
in [IMS21]. o B
We denote by A, B, and C the fluctuation corrections that correspond to the limiting process in Theo-

rem 5.6. By augmenting the mean field solution with the fluctuation corrections, we obtain the fluctuation
processes

AV(z,t) == Az, t) + \%fl(x,t),
B(0,t) = Bt) + =Bl
C7(z,t) := C(z,t) + iC_’(z,t),

5

which we expect to provide an improved approximation of the particle model for finite v compared to the
mean field model. We note that the fluctuation processes are Gaussian processes.

From the rigorous weak MVSP equations (5.2) and (5.3) we obtain the following (formal) strong form
representation the fluctuation corrections should satisfy

%f(%t) = DaAA(z, ) = N[(K * B)(x,t)A(z, t) + (K * B)(x,t) A(z, t)] + % (K % C)(z,t) + Cla,t)] + &,
%(yat) = DBAB(yat) - )‘[(K * A)(yat)B(yat) + (K * A)(x,t)B(x,t) + g [(K * é)(mvt) + C($vt)] +£tBa
aa—f(z,t) = DcAC(z,t) — uC(z,t) + %[(K % B)(z,t)A(z,t) + (K % A)(2,t)B(z,t) + (K * A)(2,t)B(2,t)

+ (K * B)(2,t)A(z,t)] + €.



Here the noise terms, &, ¢P, €Y, are mean zero Gaussian processes with covariance structure

Covl( 1.6 .61 = [ 2D { 5546 58 42 (491, 1+ BY0)g) + HIUF(C 5 K)6),0) + (€Ol

oQ oQ
Covl( 68 0.6 = [ 200 (250051, 25 ) + (70161 0) + HFAG) o5 = BYO) + T BI6), (K« 4)) s

Cov[(f,&1) (9,67)] :/O MK * fA)(s),9B(s)) + gK(K* FC)(s), 9) + (K * gC)(s), f)lds

Cor((.6) (0:67)) = = [ (BSA() (K + B)(s) + (FA (K + gB) ()] + B * .C(s)g) + (Cs).g)]) s

with the remaining covariances following by symmetry. Note that in the preceding formula we have sup-
pressed writing the spatial dependence of the mean field solutions and test functions, and we have denoted
by (.,.) the L? inner-product on €.

To compute the SPIDE solution first requires the mean field solution. We use Fourier spectral discretiza-
tions for both problems. For the mean field solver, we use a total of 2% basis functions {e“““’“’}2 —o torepresent
the concentration fields for each of the three species. We use fast Fourier transforms provided by Scipy to
convert between Fourier representations and values at collocation points and compute all integrals using the
midpoint rule on intervals centered at collocation points.

Solving for the fluctuation process is more computationally expensive because of the covariance matrix
computation and factorization, and the large number of trials required to resolve statistics to sufficient accu-
racy for convergence testing. We therefore used 61 basis functions {sin(nx), cos(nz), 1}3% ; for approximating
the fluctuation corrections. Quadratures were computed at the original 2° collocation points for integrals
involving the mean field solution using the midpoint rule.

For the time discretization we used a one step IMEX Euler method for both the mean field and fluctuation
processes, treating the reaction and noise terms explicitly and the diffusion terms implicitly. In both solvers
we used a time step of .001.

7.4. Numerical results. In this section we present numerical results for the reversible A+ B = C reaction
using the CRDME approximation to the particle model, and Fourier spectral approximation to the fluctu-
ation process SPIDEs, as previously described. We examine several statistics that are not available from
the (deterministic) mean-field approximation, to illustrate the additional information gained by having the
fluctuation corrections. To generate the empirical variances and distributions, we used 280,000 simulations
for the CRDME and 1,600,000 simulations for the fluctuation process for each individual set of parameter
values.

We first compare the variance of the (,/9-scaled) molar mass within the interval for the fluctuation process
at various times t. Denote by Vgprpg(t) the variance of the total (scaled) molar mass of C' molecules from

the fluctuation process, i.e.
2 2
(/ (CY(x,t) — C(x,1)) dx) (/ C(x,t) dx) 1 .
Q Q

We denote by V2 ppae(t) the raw (unscaled) variance of the CRDME molar mass for a given « at time ¢,
ie.

Vsprpe(t) =vE

Verpup(t) =E

)

(/Q (Clrpme@,t) —E[CLapie(@t)]) dm>2

where Cl ;s p(, t) is the molar concentration field process in the CRDME. Then vV 1, (t) denotes the
rescaled variance of the CRDME molar mass, which is directly comparable to Vsprpg(t). That is, we expect
YWorpuet) = Vspipe(t) as ¥ — oco. Directly comparing the unscaled variances would be more difficult
as we expect the unscaled CRDME variance Ve (t) = 0 and unscaled SPIDE variance Vsprpg/y — 0
as vy — 0.

The top panels in Figure 1 show the rescaled CRDME variances over the whole time interval [0, 1] (top
left) and over the shorter time interval [.75,1] (top right), alongside the (scaled) SPIDE variance Vsprpg.
We see that by v = 8000, the variances agree to statistical error. The bottom panels show the difference
\Vspipe(t) — YV rpame(t)] over time (left) and at ¢ = 1 (right). We see from the left bottom panel that
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FIGURE 1. Scaled variance for fluctuation process, Vsprpg(t), compared to rescaled
CRDME variances YV ppap(t) for ¢ € [0,1] (top left) and ¢ € [.75,1] (top right). The
bottom row shows the difference between these two statistics vs. time (bottom left) and
at t = 1 vs. 7 (bottom right). The latter illustrates how YV 5y e(t) = Vspipe(t) as
v — 0.

over the entire interval [0, 1] the difference between the variances decreases as + increases. In the right
bottom panel we observe a noisy but roughly consistent rate of convergence as we increase 7. The orange
line represents an O(’y’%) convergence rate, which is similar to the best fit rate of convergence for the first
five values of « of v~ 71,

As a final demonstration of the accuracy of the SPIDE solution, in Figure 2 we show the entire distribution

of the CRDME molar mass, i.e. the distribution of

/Q Cg'RDME(x’ t) dx

compared to the distribution of the fluctuation process SPIDE molar mass, i.e. the distribution of

/Q (2, 1) da.

In the figure we have normalized the histograms such that both integrate to one, and use a fixed histogram
bin-width corresponding to the molar concentration of one-particle for the CRDME curves. We see that, as
expected, the SPIDE molar mass has an approximately Gaussian distribution. For large v, the SPIDE and
CRDME distributions have very little visible difference.

In our tests, the SPIDE solver is about 100 times faster than the CRDME simulation for large enough
v; it took approximately 21 hours on 28 threads for 1,600,000 SPIDE simulations, or 588 compute hours,
for an approximate time of 1.3s/simulation. On the other hand, the v = 8000 CRDME simulations took
around 132s/trial. Hence, the SPIDE provides an intermediate fidelity model, more accurate and more
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FIGURE 2. Empirical distributions of the CRDME molar mass density and the fluctuation
process molar mass density for v = 250, 500, 1000, 2000 at ¢t = 1 (plotted left to right top to
bottom). All histograms and curves have been normalized to have an integral of one. The
vertical dashed line shows the average molar mass predicted by the mean-field limit (i.e. the
v — oo limit).

computationally expensive than the mean field model, but less accurate and less computationally expensive
than the PBSRD model. As the figures show, the fluctuation process can very accurately capture the overall
distribution for statistics of interest at a reduced computational cost when + is sufficiently large.

8. PROOF OF THE FLUCTUATIONS RESULT, THEOREM 5.6

In this section we prove Theorem 5.6. We begin in the next section by formulating an evolution equation
for the ﬂuctuatlon process, ut . In Section 8.2 we prove a lemma giving moment bounds for the pre-limit
measures, ,ut , and the post-limit mean-field measures, ,ut . We then prove tightness for the fluctuation
process in Section 8.3, identify the limiting equation it satisfies in Section 8.4, and finally prove uniqueness
of the solution to this equation in Section 8.5.

8.1. Preliminary calculations for the prelimit fluctuation process. From Egs. (4.1) and (4.2), we
directly obtain

(27) = (27) + [ (a3 s 3 [ 11ic gy VEDS G a2

VY
1 L n Qg -
- ;WZ/O /11(0 /JR <f’ Z(SH"gj)(wuﬁ’j)> Lisent sy Hosiy (P (s _iy)y HVe(5 8, 6)
- Bej Qgj
- \/__ Z / /(e) /w> /Rz <f7 ;5 o Z(SH“@(V > Liea®ui )y

Loy < 17 (PO (s _iy)} = Loamy (5120 (yus_9))y BNe(5, 89, 01, 62),

_Z/ / o ot (Zf ”) 7 (AD[)(dz) = A, (dw) ) ds
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Bej o
(@) 2@ 0
/Xm aor (/W) (Zf ! )m (y|x) dy — Ef J )A (18] (de) ds

r=1

1
//Xm POTRS (/W) (if “)) (y|@) dy — Zf <J>)A“[ JJ(d) ds
G

), 25 (dac)> ds + M (f)

Vi
Vi
”CJ>
_Z/ /Xw POTES (if 2 ) 7 (AD [ (dw) = X[, (d) ) ds

t Bej g
K@ Y| myp (y | ) dy — e
+£§1/0 /;"g(z) amiKel )(/w (;f(yr )) o (y|=) dy ;f( ; ))

% v (N9 [uS)(dw) = A O[] (dw) ) ds

L + 1 Bej . .
* 3 ) foo am® ( L. (2 f(yfﬁ))> VA o ) — me (y @) dy) NO ] () ds.

(8.1)

Note that in the last equality of Eq. (8.1), we are using the notation

(8:2) ME(f) = CE7(f) + Dy (),

as the martingale part with quadratic variation

(8.3) (MST) () =(C7), (f) + (D), (f),

where

(8.4) C ;/ {i<y (18 }\/QD 6@ Hl %ué TN AW,

denotes the continuous part, i.e. Brownian motion, of the martingale and

L o
1 _
¢:J .
= fz/ /<e>/R <f’ “>>1“€Q‘“<w§>}1{asK2(7’“><w§n'))}d“f(s”ve)

Bej auy

(8.5) L
Z / /(e) /Y(@) /]11{2 fvrzlfs G — ZCSHZ() (il {leQ(l)('y# )}

Lo <y (PO (s i)y Lo <m? (| 7><f><w§,,i>)}de(Sv 0,9, 01,62),

denotes the discrete part, i.e. Poisson process, of the martingale.
The quadratic variation of CS¥ (f) is

(8.6) (c49)Y, (f)_/ot <2D (gg( )) ,ug’_j(dx)> ds,

and the quadratic variation of D¢ (f) is

(D59, ( / / Lo (jf (29) ) AO [ )(da) ds
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L t 65] Qpj
1 )
(87) + / /}M —iKe (@) / W) =3 S @) |l (y@) dy | AO[ul_](de) ds.
= 0 . _
(=L+1 r=1 r=1

Notice that in Eq. (8.1), {”C J}7_ | evolves through V7 (AOs) () — AO[a](z)). In particular, we have
the following cases. If the ¢-th reactlon is a first order reaction, Ay — --- ,

V7 (ML) = MO [a) (@) = 25

If the ¢-th reaction is a second order reaction, Ay + A, — --- ,
Vi (MOl y) ~ XO[a) (1)) = v (1S @)ué™ () — @)L () = EH @S () + B @)ES ()

When ¢ — 0, we would expect p$7 — il for all j = 1,--- ,.J. These considerations led to the notation used
in Definition 5.1.

For the remainder of the proof of Theorem 5.6, and without loss of generality, we assume that L = 0. The
case when L > 0 follows by similar arguments.

8.2. Preliminary moment bounds. The purpose of this section is to obtain moment bounds on uf’j that
are uniform with respect to ¢, and on the limit measure ], for all ¢ € [0, 7] for any T < .
We are interested in obtaining a uniform bound with respect to ¢ € (0,1)? of the quantity

j, 4D
05940 = E sup (|- [*7, u$7).
s€0,t]

For this purpose, we have the following lemma.

Lemma 8.1. Let k € N be given. Let us assume p € L*(RY) and that Assumptions 4.9, 5.8, 5.4, 5.5 hold.
Then, we have that there exists a finite constant C(u, K, p,T, D) < oo that depends on the upper bounds of
the quantities that appear in those assumptions, such that the following moment bound holds

J

D050 = ZE sup < I4D,uf’j> < C(p, K, p,T, D) < o0,
= te[0,T]
uniformly with respect to {. In addmon, we also have that

J

sup Z<| ’ |8Daﬂ{> <C(p, K,p,T,D) < o0
te[o,T]j:1

Proof of Lemma 8.1. We will only prove the statement for the moments associated with the prelimit measure
1$9 . The statement for the moments of the limit measure fi? follows by a similar argument.
Without loss of generality we assume L = 0. We start by defining

RS8P — | <| 8D 6 a>

We will first prove that Ejzl hgp’j 8P~ for some finite constant C' < .
Beginning with the equivalent Fock space forward equation representation of (4.1), we show in Appendix A
that

(8.8) E <f, uf’j> =E <f’ Mé’j> + /Ot E{(L;f)(x), s (dx)) ds

L t BZJ Qg
1
+ E// K ( / x) d () | A® dzx) ds.
; ] amie@ | | ;f ¢ (yle) dy - Zf (1] (dax)

Now we derive an a-priori bound. With f(z) = |z|3” in (8.8) we have that

. . t .
he PSP = h§ I8P 1+ 8D(8D + d — 2)D; / h$8P=2gs
0
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L t
E
- ; /0 /s‘w) a(")'

L t
E
+Z /o/s‘gw a(’v’)'
(8.9) < hSTPP £ 8D(8D 4+ d —2)D; hcjw 24

ey [ st (/W

L : .
Z E — K
" =1 /0 /Xu) a1t (x)

We first estimate

1 Bej
I ::E/X(“ a(z) (/(4) (Z|y(])|8D) (y|=) dy) A®) [,us](da:)

r=1

| () |8D
O)

Ar\

Bej Qej
/ WO | me (| @) dy — 3 @ P | XO (] (d) ds
Y© 1 —1

Dy |z) —me(y|z)) dy) AO 8] (dz) ds.
[y B2 | my (y | ) dy) OS] (d) ds
:13

(’)ISD ¢ (lz) —m(y|z)) dy) AO[g] (de) ds.

by analyzing all possible cases.
(1) If the ¢-th reaction is of the form S; — S;, so that ay; = 8¢ = 1, then

I = E/ K, () |I|8Du§’i(d1‘) < C(K)hg’i’SD.
Rd
(2) If the ¢-th reaction is of the form S; — S; + S,

E f]Rd Ky(x (f]de ly[*Pmy (y, 2 | x) dy dz) MC “(dx), (Bey =1)
T\ E fao Ko (2) (Jpoa (I9F2 + [2[F2) ma (y,zlw) dy dz) pé*(dx), (Be; =2)

< IE/Rd Ky(z) </de (|y|8D + |Z|8D) ply — 2) Zpié (x — (auy+ (1 —ay)2)) dy dz) Mg,i(dx)
I
- ZpilE/d Ky(x) (/M (Jw + 232 + [2|*P) p(w)é (x — (azw + 2)) dz dw) 1S (da)

—sz / Ky(x (/ |z + (1—ai)w\8D+\x—aiw\8D) P(w)dw) pst (dar)

< C(M,K)(l +h$H8P)
(3) If the ¢-th reaction is of the form S; + S, — S,

1= [ o) ([ 1PPme Gl @) s o )
R2 R

I
= 0B [ K s+ (1= 0y " () )
=1
K) Z hSI8D.
j=1
(4) If the ¢-th reaction is of the form S; + S, — S; + S,
7= 3B fora Ko (2,y) (Jpaa |57 me (2w | 2,y) dz dw) p§ " (dw)p* (dy), (B =1)
%E f]de K, (J?, y) (fde (|Z|8D + |w|8D) my (Zv w I €, y) dz dw) :ugvn(dx)/’ég’z(dy)v (ﬁfj = 2)
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<AE [ Kl) (P + 51*7) " o) )

K) i RS8P,

j=1
Thus, we obtain that

(8.10) I<C(u, K 1+Zh4J8D

It remains to bound the second term in (8.9),

Bej

! 1
B L ame@ | [, | S0 ) onf 1)~ eyl 20) dy | Ao

The analysis of this is done as in Lemma B.2 of [IMS22] using the decomposition in terms of the different
types of reactions as was done above. Following the same process, one gets that there exists a constant

C = C(p, K) that depends on >, 7 Z'j]:l <1,/¢§’j> and on the upper uniform bound for the reaction
kernel K (x) such that

5[]

¢ 1
E/o /m WKZ /(ﬁ) ZIy(”IgD (m] (y|x) —me (y| ) dy | A\O[us](de) ds

+ J
<nC(u, K)/ D h$PP s,
0 i

Combining the last bound with (8.10) implies the following bound for (8.9)

h$I8P < p§I8P L 8D(8D + d — 2D/h<ﬂ4’f 2ds + C(u, K t+2/ (R8P 4 ppSI8P1) ds

J t
< COu D) (1§50 41+ [ 1830
0

by bounding the lower moments by C(1+h$78P). Summing over all j € {1,--- , J} and using Grownwall’s in-
equality, we find that there exists some constant C(u, K, p, T, D) < oo that depends on SUPc(o,7] 25:1 <1, uf’j>,

on the upper uniform bound for the reaction kernel Ky (), on [ |w[3 p(w)dw, on ||p|| 11 (gay, and on T' < oo,
such that
J
(8.11) sup th’j’SD <C(u,K,p,T,D) <
tE[O,T]jzl

74P Recall that we can assume, without loss of generality, that

|4D

We now prove the uniform bound for Gf

L = 0. Due to the preceding bound, we can now write (4.1) for f(z) = |z
(8.12)

(107) = (5 + [ {(€an)@).n2 ) ds + M)

BZ;

L t
30 [ L ame@ | [, (3060 | o 1) =m0 dy | 2Ol )

where MSI(f) = CS7(f) + DS (f) is the martingale given by (8.2). By the Burkoholder-Davis-Gundy
inequality with f(z) = |z|*”, we have that there exists a finite constant C' that depends on D; and k, such
22



that

T
(8.13) E sup |CS(]-|*P)? < C / hS I8P =2 s,
t€[0,T) 0

Similarly, using Doob’s maximal inequality and calculations for the different reaction possibilities as before,

we obtain that there exists a constant C' < co that may depend on Zte[o 7] ijl <1,,utc’j>, on the upper

uniform bound for the reaction kernel Ky (x) , on [ |w[*P p(w)dw, on ||p||11 (e, and on T' < oo such that

E sup |Dp7(]-[*7)

t€[0,T]
L T 1 Bej ‘ (o7 ‘ 2

<CEY. / / e (@) / SOOI 3 D1 | md (yla) dy | A (de) ds.
/=1 : r=1 r=1

J T ]
< CZ/ h$38D ds.
j=1"0

Using then the bound (8.11), we obtain that

(8.14) E sup |[MS7(]-[*P)]? <C,
t€[0,T]
for some constant C' < oo that may depend on Zte[O,T] ijl <17 Mf’j>, on the upper uniform bound for the

reaction kernel Ky (z) , on [5, [w|*P p(w)dw, on ||p| 11 (ga), and on T' < oo, but not on ¢.

Taking now supremum over ¢ € [0,7] and then the expectation operator in (8.12), using (8.14) for the
martingale terms and (8.11) to bound the supremum of the Riemann integral terms, we obtain the desired
bound

J J

C:J4D _
20" =
j=1

concluding the proof of the lemma. O

E sup <| : |4D,Mf’j> < C(u, K,p,T,D) < o0,
1 t€[0,T]

8.3. Tightness. In this section, we aim to rigorously show the relative compactness of the fluctuation process
26 28T te (0,7 and of the martingale vector § (M, -, M&7) [t € [0,T] in
¢€(0,1)?

¢€(0,1)2
D(W—F,a(Rd))®J([O7T]).
Let k > 0, ¢ > 0 and define the stopping time

(8.15) 0¢,=infqt>0:

e

(119,187 =

1

J

The estimate in Lemma 8.1 implies that for 7' < co and ¢ = 2k > 0, we have that

(8.16) lim sup PO _<T)=0.
PR
Thus, for an appropriately chosen ¢ > 0, it is enough to prove tightness for {(Ef/\leq g ,Ef/’\‘gq )}
¢ ¢.x/ Jt€0,T]
. 1 J .
and of the martingales {(Mf/\egm, e ’Mfwé,) }te[O - in Dy -r.agayes([0,7]).
8.3.1. Uniform Bound on the Fluctuation Process {(Ec’lo% yeee ,EC"Z)% )} . Before we prove our main
N0 N0E ) ) velo,m)

Lemma 8.9, let us first present the technical Lemmas 8.2 to 8.5.
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Lemma 8.2. Let {f,},>1 be a complete orthonormal system in Wy »“(R%) of class C3°(R?). For a fived v,
and assuming from Assumption 5.1 that b > a+d/2, Ty > 2D+ 1, and a > D, we have that

tAOZ°, i 4
> [ () e

p>1

is a square integrable martingale with the expected value of its quadratic variation bounded by

twg’j
O<Dj,n>n*:/ 8712, ds
0

for a finite constant C' < co.

Proof. For a fixed ~,

IE$7]|—rya = sup  (f,E$7)
flley,a=1
=7 sup  (f.u$! —pl)
fllry.a=1
(8.17) < CﬁH Hsup [[fllco.a < Cy/y < o0,
fllry,a=1

where we used the moment bound from Lemma 8.1 and Sobolev embedding since I'; > d/2. For a fixed ~,
2b - .

b > a+d/2, by Eq. (8.6), we have that > -, Ot/\ec"‘ < s Eg_]> dCS$7(f,) is a square integrable martingale

with quadratic variation having expected value

N

o [ (hz) e, (g =20, =3 p’55f>2<<gg(”)) ’“S‘(dm)>ds

) tAOZ°, o
<20, [ S lfpllene | B[ (1SR o) s

p>1

tAOZ,
Sl o | B[ (ISR, ) ds <.

p>1

The derivation of the last line used the Sobolev embedding theorem, and that since I'y — (1 4+ D) > d/2 and
b—a > d/2 the embedding Wi * < Wi is of Hilbert-Schmidt type, so D op>1 1 fpll34py < oo. This
concludes the proof of the lemma. B |

We now develop several useful bounds involving the function

B@] Qg
.5,fm¢
(8.18) g (s,4,9,01,02) = <f725 @ Zl = (v CJ>>

Licaw (s o<y (PO (s )y Loa <mi (w1 PO (i) b

representing the ”jump” at time s. Notice that it is uniformly bounded and of order O( ) for f € C§°(RY).

Lemma 8.3. For any f, € WOD’b(Rd) N C§(RY), there is a finite constant C such that

tAOZD, _ ‘ . ) Ly
E sup Z/ / / / <<<fp75§f> +g&]7fp’yl (Sai7ya01792)) - < p;E§f>
te[0,T] y—; 1) Jy®) Ri

_296,]',)‘,),#‘(577;’%91’92> <fp75§7j>) dN@(Saiay791;92)
< TC|fllDy

is uniformly bounded in ¢ € (0,1)2. The constant C' depends on L,C(K),C(u),k and the upper bound from
the moment bound of Lemma 8.1.
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Proof. We write
(8.19)

tAO2b 2 2
o GG Fpitt® (o 4 =¢J
E sup fpa > e (8,1,%91,92)) - < pa‘:‘s—>
telo, T] =1 10 Jy® Jr2

_29 7j7f‘p7#c(8’i,y’91,62)< paE§7—‘7>) de(S7i7ya01792)

tn620,
~E sup / Lo L L s szy,91,02>) ANi(s.i,9,01,02)
tEOT ) Jy®) ]R2
Qpj

tAOZ°, _ Yy
—+'E sup / / / / W) = 3 <w5;>)
tel0,T] @ Jy® JR2 —1 r—1

T

e (6 )y Lo <167 (PO (s )3 Hoam? (3| PO (v y)y ANe(8, 3,01, 602)
2

tAOZ°, Bej agj
=FE su ()Y _ 2() m(ulz) du | K NG dae) ds
) / Lo aton | Lo | 25090 = ) | i) dy | ol a)
< T s

<CT||fpl[pp < 00

which follows using the Sobolev embedding theorem as D > d/2, using Assumption 4.8 on the -scaling of
K/ (x), and using the uniform bound on the moments of u$ from Lemma 8.1.
Note, in the preceding estimate the final bound has no v dependence. ([l

Lemma 8.4. For a fized y, and any f, € W' (RY) N Cg°(RY),

L NG ) , ¢ 2 N\ 2 -
Z/O /H(;) /Y([) /']R2 <(<fp7E§J> +9Z’]’f”’u (87i7y791792)) - < p75§ﬁ> ) dNZ(saiay791792)
=1 ) ) +

is a square integrable martingale with quadratic variation bounded by

) \ , tAOZ°, e\ 2
§Ct|\fp\|p,b+c\|fp|b,b/o <<fp’55£>) ds.

The constant C depends on L,C(K),C(u), k, and the upper bound from the moment bound of Lemma 8.1.
Pmof. As shown in Eq. (8.17), for a fixed v, ||Z$}||_r,.a < 00, so that the quadratic variation

tn62°, . 2 A 2\?
/ / / / < fp7~<]>+g£7j’fp,# (57i7ya01702)) - <.fp7E§;j> ) dN@(Saiay701302)
@) Jy) ]RZ
NG 2 . . 2
/ Lo Lo L (G s1,00) 2 (5,287 95 (s.9.00,62) ) (901,60
@) Jy) ]R2

tAOZ°, . .
<22/ / / / (ge,a,fp,u (S,i,y,el,eg)) dNo(s,,y,01,05)
=170 1@ Jy@ Jr2
L tno2, pip s NI
8 (97997 (5,3,9,01,02) (1,257 ) ) AN(s, 3., 01, 02)
=170 I Jy® Rﬁ_

(Similarly as Eq. (8.19), we can get)
(8.20)

2 N 2
< = 4 2 E .
< ZCtlf b +Clliliba [ ((3nE8)) ds <o
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Lemma 8.5. For =€ W—Tu¢ and a > 1, recalling that L; = D;A,, we have that
— *= =12
:’Ej:>—F1,a < C’H:H_Fha.

Fla

Proof. By the Riesz Representation Theorem for Hilbert spaces, there exists a unique ¥ € W, »® such that

(f:2)=(f,¥)p, . for all f e Wy

Let us denote F(Z) = ¥, and note that S := {E € W-Tve: F(2) € W, '>*} is dense in W%, We will
first focus on such Z € S. Then £;F(Z) € W, * and

(2.L55) 1, = (FE).LE) = (LFE).5) = (£,F(E), FE)
Then, by Lemma B.1 we obtain that for some constant C' < oo
(2. L55) ., = (LFE),F@)y,, < CIFEIR, 0 = ClEIPr, o

By a density argument, the above result holds for any = € W—T1.¢, O

T'i,a°

Lemma 8.6. Let {f,},>1 be a complete orthonormal system in Wy “*(RY) of class Cg°(R%). Under As-
sumptions 5.1 and 5.8 we have that there exists a finite constant C' < oo such that

Bej o
E sup / =) [ ki@ | [ L) | me(yl@) dy -3 (@)
tG[O,T];; b > (£) alt Y ; P ( ‘ ) ; p(

x V7 (AO[ug])(dw) — A [m(dw)) ds

tAOZ%,

(8.21)
J

TAOZ%, -
<CE [N IE R, o ds
0 =

Proof. We begin by considering the term

(1) If the ¢-th reaction is a unlmolecular reaction S; — - -

I:/RdKe(x)fp(x)ﬁ(ug’j( 2) — i (dr) /Ke o)) S5 ) = (Ko, 25,

(2) If the ¢-th reaction is a bimolecular reaction 25; — -- -,
= %/de Ko (2,y) (fo(2) + fp(y)) (B8 (da)pé? (dy) + il (de) S (dy))
= 5 [((Kesng?) £, 557) + ((Kefp, B0) , ES7) + <<Kefp u§’j>»5§’]> + (Ko, i) £5,557)]

) If the ¢-th reaction is a bimolecular reaction S; +.5; — -+, with ¢ # j

/ Ko (2,y) fp(y) (B8 (da)u$ (dy) + p(de)Z287 (dy)) = [((Kefpu$7) ,ES7) + ((Keyitl) f.ES7)]
Next, we simplify
Bej

= [ ki@ | [ 500 ) el dy | v (Ol - 3O d)

(01
() O\ —1

by expanding out all the allowable reaction types:
(1) If the ¢-th reaction is of the form S; — S,

11— [ g ([ Sowmeulo) dn) V7 6 ae) - pkfa)

X(©)

= [ K@) £ @ o) = (Ko 25

26



(2) If the ¢-th reaction is of the form S; — 25;, we set the operator

D= ) = K ) [ fy ot (1= ) o) o)

and we have

1l = R Ky (x) (/R?d (fp(y)+fp(2))m£ (y,z| ) dydz> Cz(dx)

I
= o Ky (x) (/RM (o) + £5(2)) ply = 2) D pid (2 — (any + (1 = ax)2)) dy d2> E¢(dx)

k=1

= ZI:pk / K@) ( / | (fo(w+2) + f(2)) p(w)d (2 = (agw + 2)) d dw) 2 (dw)
fzpk L) ([ o (= an) )+ £ = ) plu) dw ) =5 (de)

=S (p0 ) + o150
k=1

(3) If the ¢-th reaction is of the form S; — S; + Sy, for j # n, mimicking the previous case we find

17 = Ky (x </ foly)me (y, 2| x) dydz) =S (dx)

]Rd

- S (25 ).

(4) If the ¢-th reaction is of the form S; + Si — Sj,

- / Ketoon) ([ foeme 1) d ) (5400S (@) + k(o) Z5 )

= a0 an K¢ (2,y) fy (anz + (1= an)y) (¢ (do)us " (dy) + i (de)=2 (dy))

n=1 R2d

I
<t 2 P (Kl y)fy (an + (1 = an)y) 1 (dy))  ZEH(do))

+ ((Ke(w,y)fy (an + (1= an)y) i (de)) , 24 (dy)) |

(5) If the ¢-th reaction is of the form S; + Sy — 25,
1=ty [ Kl ([ Gple) + Byt me e ) s ) (25 e (a) -+ ()25 )

= ﬁ/ Ko(z,y) (fp(@) + fo(y) (ES* (dw)pé (dy) + fig (dz)=5 (dy))
= ot (Ko 15) £, B5%) + (Bafpo 1) Z80) + (Ko fp n$)  Z87) + (Koo i5) £, Z8)]
(6) If the ¢-th reaction is of the form S; + Si — S; + S, for r # j, mimicking the previous case we find
a(/z)u/ Ko(z,y) </ fo(2)my (z,w ]z, y) dz dU/) (ES*(dr)us " (dy) + i (dx)ES (dy))
= ator (Ko p§7) f, Z5%) + <<Kefp7ué>a5§”'>) :

In each case studied above, the upper bound is of the form <D I E§> where the operator D is either a
local operator as Df,(z) = K¢(z)fy(x), Dfp(z,s) = (Ke(z), u$") fp( x) or a non-local operator of the form

Df,(x) = D'~ f,(2) (as defined above) or of the form Df,(z,s) = (K¢ fp, p$"). Due to Assumption 5.4
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(1=am) Assumption 5.3 as well, in all of the cases, the operators D are linear

Fl;

and for the operator D = D;
operators from WOF Y% into W,

Examining the left hand blde of (8.21), for such operators D we see that in all of these cases estimates of
the following form hold:

‘ ‘ tAOZ%, ) X
S (S 2 (Dh e = [ (29,0756 s

(8.22) 2

2
N

t/\OZ“ ) ,
SC/O (EXU N EENAED

Let us prove this for one possible form of the operators D, say for Df,(z, s; ¢, 1) = (K¢(x,y) fo(y), n$ (dy)).
The rest of the cases can being treated similarly!. Let us first show that D : Wg Ly W({ v and for
fp € Wo " the bound IDfpll, o < Clifpll7, o holds, for some unimportant constant C' < co. Indeed, the
following computation holds

IDLolIR, 0 = I (Ko, ) fp 1) I,

= 3 [ (o)) s

E<I'y
1
SR DUCCT Ay y
—C = ||az Z”oo Ré 1+|l‘|2a <(fp s 1 > x
<I'i
2 , 1
<C, a(k)K 2 (fp( )) 1 2a’ (¥ / d
< Co 2 0P (e 320 ) (L4 ) | Tt

<Co | S IR (1ol ) [ e | 161
| k<Ty

< Co | Y IO Kl (1 + |2, 1n$) | I1folIF, 0

| k<T'y
(8.23) = Cllfpll?, 0

where we have used the Sobolev embedding theorem, the boundedness of maxy<r, ||8( K/||%, and that
2a > d by assumption. This estimate also demonstrates why weighted spaces are needed. Then, as in
Lemma 8.5, the Riesz representation theorem for Hilbert spaces allows us to show that there exists a unique
Wi, Wi e Wi such that (omitting the ¢ for notational simplicity)

(&, DE) ., =(V,D'E) = (DW =) = (DWW, W), .

71—11,(1

Hence, using Young’s inequality, pulling the supremum of 6g(gk)K ¢ outside the integration and omitting the
time dependence for now, we shall have (following a similar computation as in (8.23))

(21, D2 . = (DW, ¥
(k) /i
= Z /]Rd _|_‘x|2a ( ’) ’MS > \II )) )d{E
k<I'y
() (k ))2 1 in2
=2 k; /Rd 1+ |x|2“ Kelw, 77, 45) de+ I, o

a i j Lo
D IOW K2, (1 + |27, pé*) II\I”II%I,@+§H‘1/ [
k<T,

IEven though we do not show this here, showing the desired bound for the choice Dfp(z) = DZl—a >le,(a:) leads to the
requirements ||pl|;1 < 0o and [pq |w]?*p(w)dw < co.
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a 1 i
0% Kl (L 4 e 1§ ) | IE 2 p, 0 + 5112, a0
2
kE<I'y

where to go from the first inequality to the second we did the same computation as in (8.23). From the
preceding estimate we find

tA62°, TAOZ,
(8.24) E sup / (52, D*“l>,F1ads§CIE/ (IE2012r, 0 +IEU2r, o) ds.
tc[0,7] Jo ’ 0

We conclude that there is a constant C' < oo that depends on &, C(K),C(n), ||pllLr, [pa(1+ [x]**)p(x)dz,
and the moment bound from Lemma 8.1 such that
Bej Qej

t/\ecﬁ 1
E (J) ) d (J)
sup Z/ >/XMW /( >S50k | ma (1) dy = 3

te(0,T] =7 =1 r=1

XW((‘”[ $J(dz) — O[] (dx)) ds
TNOZ%,
gcxa/o Z\rwu%lads

[I]

]

Lemma 8.7. Let {fp}p>1 be a complete orthonormal system in ng’a(Rd) of class C°(RY). Then, with
b > a-+d/2, we have that there exists a finite constant C' < 0o such that

tAOZ, Be;
E sup / ,:“/ / Tylx) —me(y|x)) dy | XO[us](dx) ds
temp»; 2 [ @ | [ (2500 Vit wle) - mewle) 1))
(8.25)
TAOZ,
<C ]E/O 2S5 112, ad8+|f77|21

The constant C' < oo depends on k,C(K),C(p),|lpllLt, [ga(1 + [#]**)p(x)dz and the moment bound from
Lemma 8.1.

Proof. By Young’s inequality, Lemma B.2 and the proof of Lemma B.1 in [IMS22], and the moment bound
Lemma 8.1, we have for b > a + d/2 that

tAOZ°, 4 1 Bej
2E sup / {fp, 257 / — K (x / Lo | A (m] (y|x) —me (y|2)) dy | AO[us](dx) ds
te[wm; » ) - @l () o Z‘; Vo (mi (y | ) (y|z)) (1) (da)

tAOZ°,

<E sup ZZ/ p,Eg’j>2ds

tel0.7] 37 1

L Bej

tAOZ°, 1
+E su / / — Ky (x / (7) 7 x)—m xz)) d MO8 (de ds
i SIS L et | [ (3080 | VAt 1) - et v ) 2O

T/\Of”
<c E/ 28912 1, odds + 972 S 120

0 p>1

T/\Ofb
= 2 2
<c E/ ES12 0y s + 972 S 1ol 2|
0

p>1

where the last line follows by Sobolev embedding with D > d/2. Now because I'y > d/2 + 1+ D and
b—a > d/2, the embedding Wy < Wy is of Hilbert-Schmidt type, so Y o1 [|£p|[?,p, < co. This

concludes the proof. |
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Lemma 8.8. Let a > D, b > 2D and I'y > 2D + 1, D = 1+ [d/2]. For all \/yn sufficiently small, see
Assumption 5.2, there exists a constant C' such that

(8.26) sup E[mu>H~MybH2na]<(l
¢e(0,1)2  t€[0,T)

forj=1,2,---J.

Proof. Let {f,}p>1 be a complete orthonormal system in W, *(R%) of class C5°(R%). By applying Ito’s
formula on Eq. (8.1), we can obtain

(fE$7Y = (257 +2 / (287 (L34 (@), 28 (da) ) ds

2 [ (5,28) de§) +(€49), (1)
Bej agj
+2Z/ (26 [ @ [ (600 | mewle) ay =3 sw)
i r=1

r=1

x 7 (MO [uS)(de) — A O[] (dx) ) ds
Bej

L t
w230 [z [ cmete) | [ | ) | @l - me ) dy | O )

L L (G
* @zzl/ot /Hw /Yw /JRQ+ ((<fp7

29" (5,3, , 01, 02) X (f,Z87) ) dN(s, i, y, 01, 02)

[1]

. . 2 -\ 2 ~
) 4 g (s,,y,01,02)) — (£, 28 ) AN (5,1, 9,61, 02)

(1]

. ] 2 N\ 2
§E> + ge,LfP’Mc (87 ivya 91,02)) B < P> E§£>

(8.27)

We will sum over all p > 1, take the supremum over ¢t € [0, 7] and then take expectations on both sides
of Eq. (8.27). Using Parseval’s identity, the first line of Eq. (8.27)’s right side becomes

B (f557) 28 sw > / M B (), 2 )

p>1 telo, T]
t/\egbﬁ . .
:Ez<fp,Eg’j +2E sup / Z p,E§f><fp,£TE§f> dt
1 t€[0,T] et
N\ 2 t/\eC,m . .
—EY (f,57) +2E sup / (267,287 an
p>1 te[0,7] JO

) TAOZ,
< E|[E$7|2r, , + CE / S|P . dt (by Lemma 8.5)

In the second line of Eq. (8.27), by Lemma 8.2, the stochastic integral 2 fmec " <fp, :C’j> dCSi(f,) is a

martingale. By Jensen’s inequality, Doob’s martingale inequality (see Lemma 8.2), we get

1&/\«92N ) T/\92b
E sup Z/ < p,E§f>dC§’J( < C(Dj,k) / 125912
0

te [OvT] pZ 1
TAOZ
<CG+E/ “IES | d%
>~ 0 — Ti,a .

30

—TI'1,a
(8.28)



By Eq. (8.6), the term arising from <C4’j>t/\92b (fp) on the second line of Eq. (8.27) is bounded by
[y

E sup Z(CC’ >t/\92” (fp) EZ/TM“< <gg(x)> ,us (dx)> ds

t€[0,T) p>1 p>1
13,20
< (2Dstupht<J )Zlfpllirp,b-
t<T 1

For the third line of Eq. (8.27), using Lemma 8.6 we obtain the bound

tAOZ°, ) 1 & - j
2E sup / ,Eg’] / —— Ky ( / f WD) | me(ylz) dy =Y fp(zl?

xﬁ(wf)[uﬁ( 2) = X[ (da) ) ds
A, J
<c [ S IEEHE 0 ds
0 k=1

For the fourth line, using Lemma 8.7 we obtain the bound

L ﬁéJ

tAOZ°, ‘
2 s S5 [0 [ @) | [ 560 | VA @) - m ] 2) dy

te[0,T] 51 =1 r=1

x A [u8](dx) ds
T/\agb
<C (n«:/ 125912 1, ods + (A1) )

The fifth line in Eq. (8.27) is a martingale by Lemma 8.4 and thus by applying Jensen’s inequality, Doob’s
martingale inequality, and Young’s inequality, similarly to the derivation of Eq. (8.28), it is bounded by

9 TAOZY, N2
oy E<70T|fp|4D,b+0|fp||%,b / T ((2)) ds>

p=>1

TAOZ, _
<0}, \/§||fp||%,b+\/||fp||%,bﬁ/o (S p,5§f>)2ds)

p>1

TAOZ,
<c[™ ||fp||Db+Z||fp||Db+E/ B

p=>1 p>1
The last term in Eq. (8.27) by Lemma 8.3 is bounded by
CT > follbs
p>1

Therefore, for some finite constant C' that depends on «, C(K), C(u), T, ||pllzr, b, D, [ga |2]**p(ax)dz
and on the upper bound of Lemma 8.1 for the moments, we find that

TAOZ,
(820) E sup Z<fp,W%> <E|E§? |, 0+ C +CE | SRS s

te[0,T k=1

+ CZ ||fp||%+D,b + C(vm)?

p>1

AsTy > 1+d/2+ D and b — a > d/2, the embedding WFI’ — WOHD’b is of Hilbert-Schmidt type, so
D op>1 ||fpl|%+D,b < 00. Summing over j = 1,---,.J, using Parseval’s identity, and using Assumption 5.2 to
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make /1 sufficiently small, we find

TAOZ,
ZE Sup H“tgjg% Pr,.a <Ci +ZEHHC’]H2F1 a +C2/0 ZE SUP B3 H%Fhadt
sE

Jj=1

(8.30) =C, +ZIEH”“HQF1 o +Cz/ ZE sup [[E5712r, oxqoz >t

5€Ot
. _ T J
scl+ZE\|E§J|\2_n,a+02/ D E s 2 I, o
j=1 1 s€0,t]

for some generic constant C7,Cy independent of {. Applying Gronwall’s inequality to Eq. (8.30), we obtain
the desired result Eq. (8.26) since by Assumption 5.5 E||Z§ ||, o is uniformly bounded.
([l

t/\e% ’ t/\9

8.3.2. Uniform Bound on the martingales {(M ¢l MC J )} .
te[0,T]

Lemma 8.9. There exists a finite constant C' < oo such that

(8.31) sup E[ sup [|M70a |I2r,.4) < C,
CE(O,I)2 t€[0,T]

forg=1,--- J.

Proof. Notice that the quadratic variation of Mt/\é% (f)is

M, (1= [ <2D (S w) ,ug_(dﬂf)> is

[ 1 S S (a0 0,
—— K ( - i f dy | A dz)d
P L wm e @ | [ (200 =30 | i i) dy | 2O ) i

r=1
2 2
< Ol fllers + Cllf[Ico.
<Clflliips

with D > d/2, for some C; depending on D}s,C(u),C(K),T,L,F; but independent of {. Above the last
inequality is due to the Sobolev embedding theorem since m > d/2. Doob’s martingale inequality gives

2 2
B| s (M ()| < 28| (M ()] < UL
te[0,T]
for j = 1,---,J. Now let {f,},>1 be a complete orthonormal system in W, “*(R?) of class Cg°(R%)

for Ty > 2D and b — a > d/2. Then, the embedding ng’a — W01+D’b is of Hilbert-Schmidt type, so
> ops1 1foll3ypp < 00. Thus, by Parseval’s identity, we obtain

supE[ sup [[M, Aazb 1200 <C YN IR D < oo,
¢>0  tel0,T] o1

concluding the proof of the lemma. O

8.3.3. Control of the increments. Since we showed Lemmas 8.8 and 8.9, to show tightness (see [FM97] pg
46), we only need to verify the following Aldous conditions.

Lemma 8.10 (Aldous condition for martingale). For every e1,e2 > 0, there exists § > 0 and an integer ng
such that for every F['-stopping time 7, < T, j=1,---,J,
¢.J ¢
52 b S PUIME o), = M, ll-pva 2 20) <
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Proof. Let {f,}p>1 be a complete orthonormal system in W, “*(R%) of class Cg°(R?). Then

Ez<fp’ (‘rn-l—a)/\@% o Mf;j/\ﬁzb > _EZ (Tn+0)/\92b (fp) _< >7'n 92b (fp)

p>1 p>1
(Tnt) N, aof L p(rato)neZ, 1
=FE 2D. | =22 d d E K
/TMQ?’N < J <3Q (:E)) S x)> s+ ;/mwéﬁ /}w) oI ()
BZ] Qg 2

/Y(L’) Z Foly B Z fi”(xg‘j)) mz (y|z) dy A [ug_](dw) ds

r=1

<Oyl x o

p>1

< CZ I follisps X @

p21
with D > d/2, for some C depending on the D;’s, C(u), C(K), T, L, and &, but independent of {. Here the
last inequality is due to Sobolev embedding theorem since D > d/2.
Since {f,}p>1 is a complete orthonormal system in W3 ““(R%) of class C§°(R?) for T'y > 2D and b—a >
d/2, the embedding Wi * « Wy is of Hilbert-Schmidt type, so Sopsilfollfipy < oo. Thus, by
Parseval’s identity, we obtain

(8.33) E|| M7 MC]G% 12r, 0 < Co

(Tn—i-a)/\eg?
where C'is a constant depending on C(K), C(u), and the D;’s. By the Markov inequality, we have

¢
sup sup (MG o) g = Mg ll-rya 2 €1)

< sup sup 2E||MCJ

— M |12
2b 2b I
n>ngo a<6 (7n +U)/\9 /\9 1

< sup sup 205 < &g,
n>ng o<§ €1

j=1,---,J, for § sufficiently small. |

Lemma 8.11 (Aldous condition). For every €1,e2 > 0, there exists § > 0 and an integer ng such that for
every Fl*-stopping time 7, <T, j=1,---,J,

=]
(839 sup spP(IE( o) ngz — =0 i 2 1) <2

Proof. By the Markov inequality, we have

=¢

_ =CJ
sup supP(IC) g = Zehag =i 2 €1)
_ =G 2
< sup o A oy, ~ = e
1 Ch0 + CaV/§é
< sup sup 2(010+02\f)§#§52
n>ng o< € €1

as long as we choose J sufficiently small, using the following argument to derive the bound on E| \H
~C J

(T,L+U)/\92b -
2
sz || —TI'1,a

Let {fp}p>1 denote a complete orthonormal system in Wg LARY) of class C5°(R?Y). By definition (let us
ignore the stopping time 63", for the moment),

. ) ™o . , . )
(52800 =287) = [ (i) @) 580 ds + CEL (1) = €83 () + DS () — DEI (1)

n
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Tnto 1 Bes &4 .
—— K ( (J) dy — (4)
/ /X(O N OTRA /(z) ;f ) | me(ylz) dy ;f(l} )

x 7 (AO] () = O[] (dw) ) ds
Tnto Bej
[ g ([ (Sre)

Applying Ito’s formula, we obtain
. N2 Tn+o
(28l =280 =2 [ (528 (630 28 (@) ds

Tn+0 . ) . X
2 [ (5B ACE(fy) + (€99, (£) = (CS0),, ()

n

VA (i (y| @) —me (y | @) dy | XO[ug)(de) ds.

L frato y 1 Bes 0 ag; 0
JrQ;/T" <fp,ZS’J>/§gm mKZ (x) /YW ;fp(yrj )| me(y|x) dy — ;fp(xrj )
x V7 (AO[uz](da) = O] (dw) ) ds
L Tn+o ) 1 B
2230 [ ) [ i@ | [ a0 | Al ) dy | 2O ) ds

[1]

j A 2 —¢i\2\ o
E,_j>+gz’%fp”u (Sazay7gl702)> - <fp7‘:'§7—j> > dN€(57z7yaO-1702)

/TnJra /u) /u) /11@2 ( T
* ;/T:Hw /w) /W) /R?F (<<fp7

_ng,j,fp’#c(s,i,y,al,ag) X < p,Ef_J>) dNy(s,i,y,01,09).

[1]

. . ¢ . 2 =¢.i\?
§f>+ge=]7fp’“ (s,z,y701,02)> - <fpv:‘§£>

(8.35)

Similar to the derivation of Eq. (8.29) from Eq. (8.27), we will sum over all p > 1 in Eq. (8.35), and take
expectations. Let us also reintroduce the stopping time, 9?,);1- Then the first line of Eq. (8.35)’s righthand
side becomes

(71;‘,—(7)/\9?’N

(Tnt0) A0, vy vy A -y
2EZ/ < p’:SL><(£jfp)’:sL> dS:2E/ §2b <:5L’£j:SL> ds.
Tn\ ok

2b
p>1 7'71/\9<)N

In the second line of Eq. (8.35), by Lemma 8.2, the stochastic integral 2 | T;:;Ub NOE <fp "“> dcsi(f,)
is a martingale and therefore its expectation is zero. By Eq. (8.6), the term <CC’ >(T Lo)A2D (fp) —
n ok
<Cc’j>T rgz (fp) from the second line of Eq. (8.35) is bounded by (using the Sobolev embedding theorem
n CVK‘
with m > d/2)
EZ ( () (rn+a)A92b (fp) = <Cg7j>rn/\0§bﬁ (fp)) = CUZ 1 £olli00

p>1 p>1
The third line of Eq. (8.35), according to Lemma 8.6, is bounded by

(Tn+0)AOZ, . 1 Bej i o)
2E , =297 / — Ky ( / m x) dy — x,’
>y / 259 [ I DEUR) ERVERE S

NG (w [2)(dw) = XD [j1,)(dw)) ds
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(Tn+0o) /\02” J
ch/ > 1SS0
T,

2b
W AB2E -

The fourth line of Eq. (8.35), by Lemma 8.7, is bounded by

'rnJrcr)/\&,;,,v ' 1 Bej
pID ECJ/ — K ( / YD) x) —my (y| ) dy | A\O[us)(dx) ds
};z . ) | 2 [ S50 ) v w1 @) ety ]2) dy | 2Ol
(8.36)
) (rn-s-a)/\e )
<c((mpore [ RSP, s ).
Tn/\ e

The second to last line in Eq. (8.35) is a martingale by Lemma 8.4 and its expectation is zero. The last term
in Eq. (8.35) by Lemma 8.3 is bounded by

CY ol po

p>1

Therefore, we obtain

2
—=¢,J _ =C,J
EZ< P = (ra )N, “rnAeg?) = Q]E/T

p>1

(‘rn-‘,-a)/\ezl:N

(284, £5287) ds+ Co 3 Il p

2b
n A2, 1

J
C (Vo + CE / S IESH| 2y, o d.

b
TnAOZ, k=1

(T71+U)/\92{7K

Let I'y > 2D and b — a > d/2 so that the embedding ng’a — WHD ' is of Hilbert-Schmidt type, and
hence ., I fpll34 by < 00. By Parseval’s identity, Lemma 8.8, and Lemma 8.5, we obtain

(8.37) ]EH” - HCJ no2Y, H2 Ia < Co

2b
(Tn+o)A chﬁ

where C is a constant which only depends on /47, C(K), C(u), £, and sup,,-.,,, E[sup,¢jo 1) ||=64 112 T .0l <
0.

Theorem 8.12. The martingale process {(Mtcl, ,Mtc"]) ,t e [O,T]}C (o.12 and fluctuation process
€(0,1

{(Eg,l, . ’EtC,J) ,te [O,T]}C o7’ are tight in the space of Dy —ri-1.agayes([0,T]).
€(0,1

Proof. By Lemma 8.8 and the fact that the set {¢p € W—T17La(R9) : ||§||_r, o < C.} is a compact subset of

W—T1=ha we get that the compact containment condition for {(:f Lo ,:f J) ,t e [O’T]}ge(0,1)2 holds.

Similarly, due to Lemma 8.9 we obtain that the compact containment condition for { (Mf’l, Sy Mf‘]) ,t € 10,7 }46(071)2
also holds. These facts together with Lemma Lemma 8.10 and Lemma 8.11 show that the tightness conditions

in Doy —ry-1.0(rayes ([0, T]) are satisfied. O

8.4. Identification of the Limit.

Lemma 8.13. Any limiting process of {(Ef’l, e ,Ef"]> }te[o . 18 continuous in time, i.e. takes value in

the space of C([0,T], (W’F’“(Rd))(zw).
Proof. 1t suffices to show that for j =1,---,J,
(8.38) lim E[ sup [|Z¢7 —=¢7(]2 ] = 0.

€=0 telo,T]
Now let {fp}p>1 be a complete orthonormal system in Wg’a(Rd) of class C§°(R?). By construction, the
discontinuity of < I =64 > comes from the Poisson martingale part D& ( fp) defined in Eq. (8.5). Notice that
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the jump size of Eq. (8.18) is uniformly bounded by O(%) Then we can get
e .2 C
(8.39) (2 =28) < Zlnl,
for some generic finite constant C' < oo and b > a4+ d/2. Since I' > 2D > D 4+ d/2 and b — a > d/2, the

embedding Wg’a — WOD’b is of Hilbert-Schmidt type, so Zp>1 ||fPH2D,b < 00. Thus, by Parseval’s identity,
we obtain, B

8.40 E[ sup [|E$7 — 289 )20.] < —,
(8.40) [te[O)T]II ; 2 |1Zr,q] A

and therefore

(8.41) lim E[ sup [|Ef7 — 07|21 ,] = 0.
€=0 “telo,T]

O

Lemma 8.14. For every f,g € Wg’a, the process (Mf’l, e ,Mtc"‘]> defined by Eq. (8.2) is a martingale in

(w— “(Rd)) *7 that converges in distribution in Dy -r.«ray)es([0,T]) to a mean-zero Gaussian martingale
(Mtl7 e ,Mt‘]) with covariance structure

Bej Qg

Cov[Mf} (/). M Z/ /xm aor’™ /W) 2 fw?) =2 fa)

r=1 r=1

Bek [
(5.42) x<zg< -3 <k>> (y|a) dy) AO,)(d) dr

+/0 <2D]gé;( ) Q( ),ur(da;)>1{k_j} dr

for <s,t<T.

Proof. Let fi, € Wg’aJ{: = 1,---,J. Consider the martingale Zizl O‘ka’k(fk), for some o, € R,k =
,J. By definition of M *(f;,) in Eq. (8.2), we see that

ZO’kok fk Z(Tkiz/ {Z<’Y 1#5 }\/ 2Dk S’—J))dWsz’k

z>1

1 & ﬁek
i Zaku/ /(e) /Yuz) /Rgr <<kak’u§f B ; 7;15le (yus Jr 2(5 (k)> - <kakaﬂ§’_k>>

Liica® (s )y * Lioy<iq (PO (s i))y X Loa<my (u| PO (v >)}le(8 0y, 01,02).

with quadratic variation

<g:lokMC’k(fk >t Zak/ <2Dk <8fk )) §f(dm)> ds

J Bek J o
+Z/ /x(a /W) (Zzakfk (k) ZZU’J’“ (k)> my (y|z) dy

k=1r=1 k=1r=1
or,,¢
For two different species, S; and S, their Brownian motions are independent, and therefore there are no
cross terms in the quadratic variation arising from the integrals with respect to Brownian motions that
involve S; and S; (see Chapter 3 Proposition 2.17 in [KS98]). Note, however, species can share the same
Poisson "random generators” via reactions in which they both participate.
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We know that (u$t,---,u$”) — (@l,---, @) in probability in D([0,T], Mp(R%)®”). Applying the
continuous mapping theorem, we can get that as ¢ — 0, <Zi:1 o MSF( fk)> converges in probability to
t

Zak/ <2Dk <af’“ )> ,ﬁf_(dx)> ds

t 1 J  Bek J ok )
+Z / / k(@) / A an @) =YY asi@®) ) miyl) dy | AV (dw) ds.
=170 JXO O \ =1 r=1 k=1r—=1

iai/ot <2D,c (g‘g( )> ,ﬂf_(dm)> ds

2

L Bek ok
k A
+k:1a Z;/ /xu) ank /W) (;fk —;fk(:cg >)> ml (y|z) dy | AO[fi._](dz) ds
,8/7 (7]
( ) )
+;§0k®2/ /(4) a1 /(Z) ;fj J ;f](xj
Bek aor
(Z fi @) ka(xS’“))> me (y | ) dy) A, (da) ds.
r=1
(8.43)

As the jump size in the Poisson martingale part is uniformly bounded by O(-L), by a similar argument

]:o.

Therefore Z}i:l o, M (f1,) converges in distribution to a mean-zero Gaussian martingale 25:1 o MF(fr)
with the quadratic variation Eq. (8.43).
Since this is true for arbitrary ojs, by Cramer-Wold theorem, see Theorem 29.4 in [B95], the vector

(Mf’l, e ,Mf"]) converges to (Mtl, e ,Mtj) in W—1¢(R%)®/ with covariance structure Eq. (8.42).

as in Lemma 8.13, we can show that
J

> oM (fi) - Zaka, (/)

(8.44) lim E [ sup
k=1 k=1

RS t€[0,T

(Il

Theorem 8.15. For any f € Wg’a, {(Efl, ,EE’J) Jt e [O,T]}C 0.177 converges in law in the space
€(0,1

c([0, 1), (W‘F’“(Rd))®J) to the process {(E}, -+ =) hicpo,r) that must satisfy in W=+ the stochastic

evolution equation

(845) (£.5)=(r.5)+ /Ot<(ﬁjf)(x),5£(dw)>d8+Mf(f)

L t Bej Qg
1 _
+ — Ky ( / me (y|x) d Ay, Z4](dz) ds
Zz_;/o /s”w) o Y ;f ely|) dy - Zf [e; Z:](d)
forj=1,--- J, where (Mtl, e ,Mt") is a mean-zero Gaussian process defined in Lemma 8.14.

Proof. By Theorem 8.12 and Lemma 8.14, the sequence (Ef’l, e ,Ef’J,uf’l, e ,uf"],Mf’l, e ,Mf"]) is
relatively compact in D([0, 7], W=1*(R4)®7 x Mp(RH)®! x W-Te(R)®7), Since W1 s =2+ it
follows that it is also relatively compact in D([0,T], W~ C+)a(RH)®7 x Mp(RY)S7 x W—E+De(R)S),

Note also, as for any ¢ € {1,--- ,J}
| < Cllfll24r.a

the integral fo )*E$"ds makes sense as a Bochner integral in W~ (2+D).e
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Let us recall now the equation that (Ef',--- 207, ut, .o &7 MO .o M) satisfies for f €
W2+F,a

0
(8.46)

<f,E§’j>=<f758’j> [ (@)= )y as + aaf

Bej ag;
Gy | m ) dy — 2
//XM@ (/ > 10 ety du =3 s
x\f( (18] (dz) — A O[a dw)) ds
Bej 4
+Z/ Lo @ | [ 30560 | v 1)~ syl ) dy | Ao s
In the second to last line, we rewrite
250 (), reaction £ is: Sy — ...

AOEST () — AO [ (da)) = 4
ﬁ( [ms](d) [76]C :c)) 26K ()l (y) + S (2)ES" (y), reaction £ is: Sy + Sy — ...

to look like an approximation to A® [ﬂ, E], see (5.1). Notice, these expressions depend linearly on {uf’j}
and {267}

The last line of Eq. (8.46) may depend quadratically on {u$} but can be rewritten as a sum of two
terms, I + II. Here

Bej

L t 1 B
=30 [ ame@ | [, (000 ) v 1) - me w20 dy ) Ol aa) ds

does not depend on { uf’j } and {Efj } and goes to zero as v — oo and 7 — 0 due to the constraint /yn — 0.
The second term,

L t Bej
1
=7y — K ( o) 'l B p
5_1/0 /X(L’) a®! /([) Z;f VY (g (y|x) —mye (y | x)) dy

x (AO[] () = A\, (dw) ) ds,
again depends linearly on {u$7} and {257}, B B B B
Due to the linearity, we can directly obtain that (Zf,--- =/, uf, -+ , g/, M}, -+, M) solves Eq. (8.45)
by Lemma 8.14 and Theorem 5.5 in [KP96]. O

8.5. Uniqueness of Limiting Solution.

Theorem 8.16. The process {(Etl, e ,Eg)}te[m satisfying

(847) (£.5)=(£.5)+ /Ot<(£jf)(w),5f;(dw)>ds+Mf(f)

L t Bej Qg
1 _ =
+Z/ [ WKZ / Zf me (y| @) dy — Zf A(l)[ﬂs’:s}(d“;) ds
= Jo Jx® : o \ =
o 24Ta ; ; —(241),a(Tpd))®7
forj=1,---,J and any f € W , is unique in (W “(RY))
Proof. We start by making a couple of general observations. First, since for any ¢ € {1,---,J}
< Clfll24r.a
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the integral fo )*ZJds makes sense as a Bochner integral in W~ (241).a - Second, it follows by Lemma 8.8
that there ex1sts a constant C such that

E[ sup ||‘—‘t” Fa} S Ca
te[0,T

for j =1,2,---,J. In addition, since W~1"* < W42 we also have that

E[ o 1112 (241).0) < E S[U'p]H“tHzFa] <C.

Suppose now that there are two solutions {(Z¢,---,Z/)} and {(E%, . ,ég)} satisfying Eq. (8.47) with

the same initial condition. We consider the evolution of ®/ := ZJ — 27 that solves

<f’ ‘1’5> = /Ot ((Lif)(x), ®](dx)) ds

Lt Be; s
Z 1

TK / m x) d ) 55 dx) ds
el/o/s“w) e o §_1f ¢ (Y] Y — ;f AO [, ®,)(dx)

with <f, @g> = 0. By the chain rule we have

(r.o1) => / (£.22) (L) (@), ¥ (dz)) ds

L t ﬁ[_] Qg
. 1
J (J) (J)
+2€§_1:/0 <f7<1>s>/§§(£) o i@ /(2) Eﬁ fly?) | me (y|z) dy — Elf Ty

x AO [, ®,](dx) ds.

Let {f,}p>1 be a complete orthonormal system in W +0(R4) of class Cg°(R?). Then, similar to the proof
of Eq. (8.26), taking f = f,, summing over p > 0 and j = 1,---,J, and using the bounds of Lemmas 8.5
and 8.6 we find that

J t J
SO B2 o0 < C / SO BE2 541 0 s
j=1 0 k=1

for some generic constant C' depending on J, Dy’s, C(p), C(K), [|K|[cr, ||pllLr®)e, and [pa [w]**p(w)dw <
0o. By Gronwall’s inequality with the initial condition H‘I%H%(%r) . = 0, we obtain that for all ¢ € [0, 7]

J .
S @12 240 =0,
j=1

and therefore, uniqueness holds. O

A. FORWARD EQUATION FOCK SPACE REPRESENTATION

Our goal in this appendix is to derive (8.8). Our basic approach is to begin with the forward equation Fock
space representation for the dynamics, derive the analogous equation in the Fock space representation, and
then show it is equivalent under a change of notation to (8.8). This approach allows us to bypass estimates
that would be needed to rigorously derive (8.8) directly from (4.1) in the case that the test function can be
unbounded (as needed for moment estimates).

To describe the Fock space representation, we first define some alternative notation for representing the
numbers of particles of each species and their positions. Let

N(t) := (N1(t),...,Ns(t))
= ((Lud)..... (L))
:'y(<1,,uzt1>7"‘7<17/1';:]>)
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denote the vector stochastic process for the number of each species at time ¢, with n = (ny,...,ny) a possible
value for this process. We treat N (¢) as a multi-index, so that N(t) = Z'j]:l N;(t) = |N(t)| gives the total
number of particles at time ¢. > inj = || is defined analogously. Note, we previously used N, to denote a
Poisson random measure, but within this appendix N;(¢) will always denote the stochastic process for the
number of type j molecules at time ¢.

We denote by QN (t)( t) = HZ(I/,f) C R9 the stochastic process for the position of the ith particle of species
7 at time t, with

QY1) = (@), V1) c RIS

the stochastic process for the state vector of species J and
QY1) = (QV(r),.... QY (1)) c RING

the stochastic process for the state vector of all particles. Possible values for each of these are given by ¢,
q™ and g™ respectively.

With these definitions we denote by P™(q™,t) the probability density that N (t) = n with QN® (t) = g™,
and define the Fock space probability vector P(t) = {P™(g™,t)}n. Note that because particles of the same
species are assumed to be identical, P™(g™,t) is symmetric with respect to reorderings of the particle
positions of type j within ¢". As in [IMS22], we consider P(t) for t fixed to be an element of an L? Fock

space, F' = L?(X), where
X =Prin.
n

Note that Assumption 4.9 implies N(¢) is bounded from above, and hence X is finite dimensional. Letting
G ={G"}, € F and G = {G™},, € F, we construct an inner product on F by

G cl* => = G™(q™)G™(q") dq™
(0.6), =% [ e
where n! is defined in the usual multi-index sense.

The forward equation for P(t) is then given in strong form by
(A1) P(t)=(L+ R)P(t),

where L denotes a diffusion operator and R a reaction operator. The former is defined by
(LP)™ ZD Ay P™(q™,1),

where Aqnj denotes the Laplacian in g™7.

To define the reaction operator we need to introduce notation for adding and removing particles from a
state ¢, which requires notation for configurations of particles that could have been substrates or products
of one reaction. Abusing notation, we let Q) (n) := Q@ (v), see Definition 3.6, label the collection of
allowable reactant particle indices when there are n particles in the system, and note that the number of

elements in this set is given by
© B

We define the allowable product index sampling space Q) (n)cJ ) by

o, 80 =0,
R AL 9] = =1,
) }') 2 a(i) = Ij,y ) ) 05 ;

fi = ( i ,zﬁ ) eW iy <njiy” < g, B9 =2, By=pfu=1 j<k

Note, this is a slightly different definition :uhan that of Q) (n), needed due to our choice of normalization
for my (y | ). The number of elements in Q) (n) is

90| = gy
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Given the current state of a system, q™, we will write q;* for ¢ € Q¥ (n) to label the position of the
substrates for the fth reaction determined by ¢. Similarly, for j € Q(Z)(n), q; will denote one product
collection of particles in g™ that could have been produced through one occurrence of reaction ¢. To
represent the state vector with particles g}* removed from g™ we use the notation g™ \ q}*. We analogously
use the notation ¢"™ U x to denote adding the particles in @ into the state vector g™. Finally, we define the
overall reaction interaction function, encoding both the rate of a reaction and the placement of products, by

K/ (ylz) = K)(z)m] (y|z),
and note that
K] (y|z)dy = K/ (x)

Y
by assumption. With these notations, the reaction operator is given by
1 _o®
(RP)™(q" 1) = [ DEN@PNE + gy Do [ KD (@R =) P (g \ gft Ut da|,
¢ Lica®(n) et (ny X

where v(©) = 8) — a(® is the net stoichiometry vector for the ¢th reaction.
In the special case of the A+ B < C reaction, we proved in [IMS22] that P(t) is non-negative, normalized

in time, i.e.
1
) */ P™(g",t)dg" =1
o n! Rdln|

and that the mild form of (A.1),
t
(A2) P(t) = HP(0) + / =) (RP)(s) ds,
0

has a unique solution in C'([0, 7], H*(X)) if P(0) € H'(X). Let D(L) denote the domain of L. Assuming that
P(0) € D(L)NH*(x), we have that this mild solution is actually a strong solution to (A.1) in C([0,T], D(L)N
H?(X))NCY([0,T], L?(X)), see Proposition 4.3.9 of [CHI8]. We do not show here, but subsequently assume,
that these properties still hold for the general class of reaction systems considered in this work under the
assumptions of our main result, Theorem 5.6. Recall this includes an assumption that the total number of
molecules is uniformly bounded from above, which rules out finite-time blowup.

To derive (8.8), we begin by noting that for a given scalar test function g(z) € C(R?), we have that

N;(t)

E(gml)=E| Y g(QV"®)| = (G. P,

where

From (A.1) we then have that

t
(G.P(O)y = (G PO, + [ (G.(L+RIPW),.
We note that L is self-adjoint, see [IMS22], so that
(G, LP())p = (LG, P(1))p
1 .- nj n( . n n
=2 o [ DA el P ) dg
(A.3) N (#)
=E| Y Diag) (") @)
i=1

=E((£;9)@), 70l ).
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In considering the reaction operator, let ¢; € Q“)(n) denote one fixed configuration of product particle
indices, so that the symmetry of G™, K, and P™ with respect to permutations in orderings of particles of
the same species implies

Y n’U
Zn' Z /()K T |x) P ( \ gl Uz, t)dx| dg™

]Rd\n\ 'zemf)( :
‘Q(f) ’ "
:ZW/RL“ e G™(q™")K] (qf |=) P*™" (¢ \ q} Ux,t)dwdq™

29 |
Z Z n!a(®! ‘Q(Z)(n—v(f))‘

n €Q) (n—v®)

nl r—n® —o® @\ @ n—o O]
X/d|n_v<e>\ W€ (" "\ap= vy) K7 (y| ap=) P (@ 1) dy g,
R Y

=:1.

Noting that

o

—_u®
we find

1 (€3] —_u®
- L o (Mg U)K
Z Z (n_v(é))!/]Rd|"”(£) v q \qz ) e \Y

n 5€Q0) (n—v®)

(&)
n—uv
q; )

% Pn—v(e)(qn—v(z)’t) dy dqn—v“)’
1
=> > ﬁ/ G™(q"\q; Uy) K/ (y|q;") P" (q",t) dydq™.
n e (n) R IVE

Using this identity and the definition of K/ (y |x), we find

@ree) =Y [ | S [ e on - @l dy| PG o
n: Jrdn| €00 (n) Y

For our specific choice of G,

Bej au;

G™(q"\ g Uy) — G"(a") = > 9w?) =Yg (%)

so that
ﬁ@] N
i N
(G.RP(t) = E Z / 3060 - 30 (@00) | K7 (y]@Y00) dy
zEQ(f) SO =1 v
1 [ Be; o 1
_ () Y| K7 O 1,
(A4) = |am S fo |2200680) =30 (a87) | 57 )N ]y
,327 o 1
_ () () O [y,
E m/x(@/y(@ Zg ;g(ﬂcr )| Koy 12) 2O [p-] dy da

Combining (A.4) with (A.3), and integrating the Fock space forward equation, we obtain (8.8).
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B. AUXILIARY LEMMAS

Lemma B.1. Leta > 1 and J > 0. Then, for any ¥ € W(;H'Q’a, there is constant C' < oo, that may depend
on D; and a but not on ¥, such that
(£;9,9),, <C[¥|3,

Proof of Lemma B.1. For notational convenience we set, without any loss of generality, D; = 1.
Let us first consider the case that J = 0. By definition of the norm in question and integration by parts
we have

1
AR\ = —— AU (z)¥
v Wy, = [ Av@ @

B 1 ) 1
_—/Rd Ve d:z:—/RdV <1+|x|2“> VU (@)U (x)dx

Integration by parts of the last expression gives

—/Rd v (W) VU ()W (2)d = /R v (1+1x|2> V()W () der + /R A (W) () Pdee

so that

1
<£j\]:l7 \Il>0,a = /Rd WA\IJ(IE)\I}(.T)(L’E

1 1 1
VU@ P+ = [ A ——— ) |T(@)?
/R41+|:c|2a‘V (@)l d“z/Rd (1+|x|2“> () de

Direct algebra then shows that

(B.1) A 1 _ 2a(2 —d — 2a)\x|2(a*1)(1 + |CE|2’1) + Saz‘x|4a*2
1+ |z|?@ (1 + |x[20)3

1 1 a(2 —d — 2a)|z|>@D (1 4 |x[>*) + 4a?|z|**—2
2 A ————— ) ¥ (2))%dx = U(x)|2d
/. <1+|x|2a)' e = [ GENFEDE () de

4a2|x|4a—2 1
< U(z)|?dx.
< o e T

Analyzing now the latter integral separately for the regions |x| < 1 and |z| > 1, and using the assumption
a > 1, we obtain that there is a constant C' < co that depends on a such that

so that

4@2‘.’13|4a_2 1 9
U dz < C||w|? .
| s < i,

The latter then readily gives that

1
<£J\Ij, \Il>0’a = Ad WA\II(I')\I’(Z')dCU

1
— | ——|V¥()*d vl
| T V@R + i,

< CI1Y|[5 o

completing the proof for J = 0. The computation for J > 0 follows along exactly the same lines.
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