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THE GRAPH ANALYSIS TOOLBOX: IMAGE PROCESSING ON
ARBITRARY GRAPHS

LIEOQ GRADY AND ERIC L. SCHWARTYZ

1. Introduction. For various reasons, many researchers have in the past bee
interested in freeing themselves of the constraints of a uniformly sampled, Cartesian
data representation {or images. Motivations include a dependence on nonunilorm
sensors, featurve extraction, data reduction, or a desire to process even in the absence
of some samples {or regions). Another group of researchers have been interested in
modeling biological sensory systems or applying the architecture to machine vision
tasks.

Biclogical vision systems contrast sharply with standard video inputs. Although
the sampling of visual space varies widely between species in both the visual angle
subtended and the sampling arrangement (see, for example {71] or [37]}, a striking
feature is that all systems non-uniformly sample visual space, usually anisolropically,
with different types of receptors. A comparison of the retinal ganglion cell density for
various species may be seen in Figure 1.1,

The main reason for employing a space-variant architecture is to process with
dramatically lower bandwidth while retaining a high resolution in part of the visual
scene. However, the difference in visual sampling across species suggests that there is
a relationship between features of the sampling regime and the animad’s visual ecology,
An example of such a relationship is the beliel that the “horizontal streak” seen in
many animals {e.g., the rabbit in Figure 1.1} s helpful to species that live in open {j.e.,
non-occlusive) visual environments [37]. This belief has been supported by the strong
correlation between species with less occlusive visual ecologies and those possessing
a horizontal streak. Uncovering relationships of this nature help the engineer of a
machine vision system design an architecture that is optimized to match the design
constraints for the “visual ecology” of the artificial system. It is necessary that a
data styueture exists with sampling-independent {i.c., generalized) machine vision
algorithms in order for the designer to be free to craft the visual sampling to the
purpose of the system.

‘Traditional methods of space variant processing have focused largely on the trans-
Jorm: Trony a regular Cartesian grid to an alternale space (8, 6], Therefore, the primary
iterest has been on the properties of the transforin and not the necessary data struce-
ture. The netion of a “connectivity graph” was introduced by {70} to address the
question of data structure. Unfortunately, the idea was not fully developed in the
sense that the problem of visualization was not addressed, nor were many image
processing algorithms developed that could operate on this structure. Finally, the
structure was not generalized for an arbitrary sampling and no link with algebraic
graph theory [51 was made. Perhaps this is why the idea failed to survive in more re-
cent work on space-variant approaches (e.g., [42H. The purpose of the Graph Analysis
‘Tootbox Is to provide a data structure and algorithms to facilitate machine vision on
arbitrary visual sampling arrangemoents, even if a space-variant sensor is unavailable.

Work on the sampling of visual space emploved by the upper primate visual
systern may be divided into two sections:

1. Properiies of the transform
I addition to the considerable data reduction, the discretized log-polar trans-
form of a Cartesian grid has a number of properties that make it interesting
1
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Fia. 1.1, Isodensity lines for vetinal ganglion cell distribution. Reprinted from [37].

to rescarchers in machine vision. Casasent and Psaltis [9] discovered that
objects in the fovea which are scaled, rotated or translated have a roughly
Invariant spectral signature. Their method is fo employ the log-polar trans-
form of an image, apply the diserete Fourier translorm and find the log-polar
transform of the spectrum (i.e., a Mellin transform). This invariance may be
used for object recognition (see [12] for a recent application of this idea). The
drawback to this idea is that the properties of scale and rotation invariance
only apply if the fovea is directed to the center of the object. Turthermore, a
translated object against a static background wil not have the same spectrum
as a translated object against a translated hackground, which means that the
utility of this approach is limited to simple cases of an object moving against a
uniform background (or uniformly translated background). Another approach
to exploising the structure of the log-polar mapping is that of Bonmassar and
Scliwarty (6], who developed a specialized Fourier transform called the “expo-
nential chirp transforny” (BECTY. The BCT finds the Fourier franslorm of an
image in log-polar format and uses the structure of the logarithmic function
to obtain an even faster algorithm than what would be obtained simply by
the data reduction ol an ordinary log-polar transform.
2. Image Processing in o Space- Variant Domain
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The notion of a “connectivity grapl’ was introduced by {70] to allow for
image processing on a fovesl sensor. This notion is introduced specifically to
freat the sampling of the macaque retina (61}, However, standard machine
vision tasks (e.g., edge finding, filtering) were not developed for this structure,
Neither visualization of the connectivity graph nor how one simulates a space-
variant sensor, given access to an acquisition device hased on a Cartesian
sensor array. Furthermore, the generalizalion of the conneclivity graph to
other biological sampling schemes was not discussed. Chen [10} used a mesh-
hased representation to perform image processing in the manner of finite
clement analysis. His data structure does not allow for an arbitrary topology
{i.e., the graph must be planar and polygonal). Furthermore, his operators
are discretized continuum operators, instead of combinatorial operators (see
below).  Significantly, Chen proposed the use of a methed from computer
graphics [33] for resampling an image to allow the determination of pixel
values for an arbitrary sanpling hased on a given, Cartesian sampled, image.
Unfortunately, this method only applies to resamplings for which the Jacobian
is known. For the nearly log-polar mapping known to exist in macague [61]
this resampling works well. However, the method for resampling does not
apply for most. species, since the sampling known {o exist does not currently
have a mapping describing if.

The Graph Analysis Toolbox follows in the tradition of Wallace [76] and Chen
[10] by providing methods to perforra machine vision on graph-based architectures.
However, since data processing on graphs appears in other fields such as computer
graphics [67], 3D swiace fattening {72] and data clustering {39}, we hope that this

toolbox will find a larger audience. Specifically, there are three problems thal we hope
to address with this toolbox:

1.

Imporiing tmages

Since space-variant sensors [59, 58] are rare, tools must he developed for
transfarring image data acquired with a standard, Cartesian sensor amray to
a desived space-variant sampling arrangement., We use the term importing
an image to reler to the process of transferring image data from a Carte-
sian sensor arlay £0 a space-vayiant arrangement. Our strategy is to extend
the resampling work of Heckbert [33] by removing the requirement that the
resampling is performed by a known dillerentiable function.

Visualization

Additional tools are required in order to visualize space-variant images on a
standard raster CRT display. A Voronoi cell and interpolation method are
provided to allow visualization of image data on graphs.

Processing

At the core of the Graph Analysis Toolbox are methods for performing hmage
processing on data associated with each node in a graph. Some of the methods
represent oviginal work, while others arve collected from other researchers. The
theory underpinning much of this work was developed by Roth {57], Branin
[T} and classic research in civenit theory [40, 77).

Since Zahn’s classic paper |83}, graph processing algorithms have become increas-
ingly popular in the context of machine vision {82, 63, 73, 60, 52]. Typically, pixels are
associated with the nodes of a graph and edges are derived from a 4- or 8-connected
lattice topology. Some authors have also chosen to associate higher level features with

nodes {60, 52]

For purposes of hnporting images to space-variant architectures, we
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adept the conventional view that each node corresponds to a pixel.

Graph theoretic algoritlims often translate naturally to the proposed space-variant
architecture. Unlortunately, algorithms that employ convolution {or correlation) im-
plicitly asswine a shift-invariant topology. Although shift-invariance may be the natu-
ral topology for alattice, a locally connected space-variant sensor array {e.g., ohtained
by connecting to K-nearest-neiglibors) will typically result in a shilt-variant topology.
Therefore, a reconstruction ol machine vision algorithms for space-variant architec-
tures reguirves the use of additional theory to generalize these algorithms.

Data acquired from sensors may be viewed as samples of an exterior, continuous
world, about which conclusions must be drawn from the limited information given by
the samples. An alternate approach is to view the sensor data itsell as the object
about which conclusions wmust be drawn, For reasons that will become clear below,
the former view of sensor dala will be referved to as the sampling paradigm and
the second as the combinatorial paradigm.

The difference between these paradigms may appear to be purely academie, since
the primary output of many machine vision tasks (e.q., face detection) make no com-
ment on whether the result pertains to the pixels or the “real-world”. However,
some algorithms do operate under an hnplicit paradigm. Tor example, shape analysis
{43, 84] typically adopts the approach of the sampling paradigm, while morphological
analysis [64] employs the combinatorial paradigm. One practical difference hetween
these two approaches is that algorithms developed to outpul statements aboul the
continuous world should #mprove performance with increasing samples, while algo-
rithms developed to output statements about the pixels should decrease performance
due to the increased processing required. The difference between these two approaches
is amplified when the sensor arrangement is space-variant, since the sampling theory is
not as well developed for nonuniform samples [69], despite the fact that some anthors
have adopted the sampling viewpoint {6]. Furthermore, since a typical motivation
for employing a space-variant architecture is the ahility to employ a simall number of
pixels (while maintaining a high peak resolution), algorithms developed in the sam-
pling paradigm ave expected to decrease aceuracy while combinatorial algorithms are
expected to significantly increase in speed. For these reasons, the algoritiims collected
and developed for this toolbox adopt the combinatorial paradigm. Specifically, we ap-
proach the combinatorial paradigm through combinatorial analogs of vector caleulus,
since operators such as the gradient [56] and Laplacian [44) play such a prominent role
in computer vision. The mathematical foundation for this viewpoint wiil be reviewed
in the next section.

First we will introduce the hasic mathematics and notation used in this paper {or
developing and applying combinatorial algorithms. A discussion of the data structures
and implementational approach to these issues will then be addressed. The remainder
of this paper describes and demonstrates the various tools for importing, visualizing
and processing data on graphs,

2. Mathematical background. Most of the early work on the algebraic prop-
erties of graphs was done in the context of linear civeuit theory. This section is
essentially a short review of Branin's exposition on the algebraic-topolegical hasis for
analogy between graphs and vector ealeulus {7}

A graph is a pair G = (V, I} with vertices (nodes) v & V and edges e € I C
Vox Vo An edge, e, spanning two vertices, »; and vy, Is denoted by e;;. Let n = [V]
anl m = [2] where || denotes cardinality. A weighted graph has a value (typically
nonnegative and real) assigned to each edge called a weight. The weight of edge ey,
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is denoted by w(e;) or wi;. Since weighted graphs are more general than unweighted
graphs (e, w(ey) = 1 for all ¢;; € F in the unweighted case), we will develop all our
resulis for weighted graphs. Define the degree of a vertex vy, denoted d,, as

dy = Zw(e;j} Yoy €15 {2.1)

iy

A graph may be defined lrom a linear electrical cireuit by identifying the wire
hetween cirenit components with the node set, and the components bridging nodes
(i.e., branches) as the edge set with weights equal to the admittance of each component
{or the conductance, in the case of resistors). In this way, every linear circuit has an
cquivalent graph and wice versa. The explicit connection between cireuits, graphs
and algebraic topology was made in Roth’s fundamental paper [57]. Roth showed
that Kirelthoff's Current Law corresponds to a homology sequence in topology, while
Kirchhofl’s Voltage Law corresponds to a cohomology sequence. Roth then proposed
Ohm’s Law as a bridge between the sequences. Largely adopting the notation of
Strang [65], we may write the fundamental equations of cirenit theory in matrix form.

Deline the m x n edge-node incidence matrix as

ik
Acsgo = 4 =1 il =k, (2.2)

0 otherwise,

for every vertex ug and edge ¢;;, where ¢;; has heen arbitrarily assigned an orientation.
The notation Ag, v, s used to indicate that the rows of A are indexed by edge ¢y
and the columms of A are indexed by node vy

Define the m x m constitutive matrix, ¢, as the diagonal matyix with the
weights of each edge along the diagonal.

The three main laws governing civeuit theory may be written as

ATy e g {Kirchholl's Current Law}, {2.3)
Cp=y (Olm’s Law), (2.4)
p=Ax {Kirchhell’s Voltage Law), (2.5)

where [ represenis current sources at the nodes, p is the potential drop (voltage)
across a branch, @ is the potential at a node and y is the current threugh a branch,

By viewing the incidence matrix as a linear operator, it may be seen that appli-
sation of that operator to a set of numbers assigned to each node induces a related
set of numbers on the edges, Kirchhofl’s Voltage Law is an example of this operation,
in which electric potentials at each node are converted to voltages across edges by
application of the incidence matrix. In a similar manner, the application of the oper-
ator A" to a set of numbers on the edge set of a graph induees a related set. of values
defined on the node set. Kirchhoff’s Current Law is an example of this operation,
since the application of AT to the currents throngh each branch yields the values of
the current sources at each node. Application of ¢ may be viewed as bridging the
voltages and cuwrrents defined on each edge.

When an edge is added 1o a tree, the unique closed path so formed is called a
loop. The set of loops, €, formed by the addition of edges to a tree consists of
elements, ¢, such that ¢, € Q. Note that |@| = |F| — |V| + 1 {a variation of the
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Operator | Vector calculus | Combinatorial

Gradient v A
Divergence v AT
Curl VxV K
Laplacian V-V AT A
RBeltrami VO v ATCA

TanLe 2.1
Correspondence between continuum differential opervators end combinalorial differeniial opero-
tors on graphs, C represends o constitutive mairiz reloting fluz Lo flow, e.g., a conduetivily Lensor, o
diffusion tensor, ¢ thermel conduclivity, a stress-sirain lensor, or, in the context of differential ge-
ometry, a wmelric tensor. A is the edge-node incidence matriz of the groph representing the lopelogy
of the problewm ond K is the loop-edge incidence malriz of the graph.

Suler formula), since the mumber of edges in a tree of a connected graph is V] — 1
[5]. Define the loop-edge incidence matrix

+1 i ey is crossed positively in a clockwise traversal of ¢y,
Koo, = & 1 i ;5 i crossed negatively in a clockwise traversal of g 2.6
iy L) =3 - fles

0 otherwise.

Shnilar to the edge-node incidence malrix, the application of the loop-edge incidence
matrix to o set of numbers defined on the edges returns o related set of values defined
on each loop.

Branin [7} tdentified the A, AT and I operators with the familiar gradient, di-
vergence and curl operators [rom vector caleuius, This analogy holds for familiar
identitios such as J{A == 0 {(i.e., the curl of the gradient is zero) and allows delinition
of other operators, such as the Laplacian, I = ATA  The generalization of the
Laplace operator to the Laplace-Beltrami operator |74} {its well with this analogy,
where L = ATCA. Since the constitutive malrix defines a weighted inner product
of edge values (i.e, (i, Cy} for a veclor of edge values, ), it may be congidered as
representing metric information. As a matrix, the Laplacian may be derived divectly
from knowledge of V' and I2 by letting

d; if 4 == g,
Trgo, = ¢ —wley)  iley & 1 (2.7)
0 otherwise.

The notation L,,._,,,,_} is used to indicate that the matrix L is being indexed by vertices
v and vy, This matrix is also known as the edmitionce malriz in cireuit theory,
and a good review of the properties of this matrix is given in {46]. More than one
representation of the combinatorial Laplacian operator has been developed, depending
on the choice of metric and normalization [23, 24, 47, 12). However, unless othearwise
noted, the above formulation will be referred to ag the Laplacian. A summary of the
analogies between operators in vector caleulus and graph theory ig given in Table 2.1,
while additional relationships are listed in Table 2.2.

There is both a conceptual and practical dillerence between the graph theoretic
analog of a concept from mathematical physics and a discretization of the standard
continumn representation of that same concept. Cousider solving Poisson’s equation
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Cauation Centinuum | Combinatorial

I{.\'{L v‘f = E A,q; o ‘p

KCL V=% ATy =g

Ohn's Law e VB = Cp=1y
Dirichlet Integral | 4 fi, [Vu|2d( LT AT C Aw

TARLE 2.2
Clorrespondence between continuvum differentiol equations end combinatoriol differentiol equa-
[ 1 ;

tions on grophs, Kirchhoff's current law is o quasi-stedic (%'!i = 0} uppromimaetion to Mazwell’s
Pouation V x It = %Ifi Kirchhefl's voltage law follows from ithe definifion of cleciric field as the

gradient of potential. Ohm’s Luw is o conslitufive (phenomenclogical) luw asserling a preswmed
linear dependence between voltage and currend.

[19] on a continuous domain with a digital computer (e.g., through use of finite el-
ements). The objective of such a solution would be that the values assumed at any
point in the domain could be determined, not just those points used in the caleulation.
In contrast, solving Poisson’s equation on a graph, Lo = [, returns values only for the
node sel. Furthermore, the number of nodes and the grapl topology (i.e., edge set)
directly aflects the solution to Poisson’s equation. In contrast, a major design goal of
a diseretization procedure is that the solution lor points in the domain are invariant
to changes in the meshing.

Conecepfually, one can understand the difference between solving for the charge
distribution at the nodes of & planar electrical cirenis given initially charged capacitors
(i.e., the combinatorial diffusion equation |53]), and solving for the values taken at
diserete samples of a planar conductive material with an initial heat distribution {i.e.,
the discretized continuous diflusion equation). Therefore, the solution of a continmous
problein by use of a digital computer is referred to here as a discrete approach, while
the solution ol a problem using the graph-theoretic analogies shown above s referred
to as & combinatorial approach.

All functions in this toolbox operate under the graph-theoretic, combinatorial
paradigin. By this we mean that the eperators we are concerned with are represented
by matrices and the quantities of interest are defined by vectors associating values to
nodes, adges or meshes. Typically, the values associated with nedes are image values
{o.g., grayseale, RGI3 color channels) or coordinate values, while those associated with
edges and loops are dependent on the nodal values (e.g., the result of applying the
gradient operatonr),

2.1. Adjacency matrix. Another lundamental matrix in graph theory is the
n % n adjacency maltrix defined as

wley) ey ek,

W, = (2.8)

0 otherwise.

properties have been thoreughly analyzed [21]. By noting that the adjacency matrix,
Laplacian matrix and edge-node incidence matrix all completely specily the topology
ol a graph, it is not surprising that these matrices are related. Specifically, it is well
known [5] that DD — W e [ e ATC A, where D is the diagenal matrix with Dy = d;.

The adjacency matrix has also appeared in applications {e.g., [52]), and its spectral
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2.2. Indicator vectors, Another important type of values associated with nodes,
edges and loops is an indicator vector. Indicator vectors are used to indicate mem-
bership of a node, edge or loop in a set. A common goal {54, 63] is to determine which
components of a graph belong to a set (e.g., which pixels belong to a segment}, and
therefore the indicator vector represents the solution. Another important use of an
indicator vector is to perform sel operations {e.z., union, intersection) or determine
properties of the set {e.g., cardinality, boundary nodes). We develop this section in
the context of a nodal indicator vector. Indicator vectors on the set of edges or loops
follow an identical development. For a set of nodes, S5 ¢ V an indicator column
vector, 2, may he defined as

w0 o S, (2.9)
1 iy € 5.

For two sets, Sy and Sy, with corresponding indicator vectors 2y and ag, the usual
sel operations may be performed with

ENETT {Set cardinality), {2.10)
5105y = 2y A g (Set intersection), {2.11)
51U Sy = 2 Vg (Set union}, {212)

where A and v denote the logical (binary) “and”, “or”™ operations.
The matvices W oand L may be used to determine uselul properties of a vertex
sef, S, through operations with its indicator vector, «, in the following manner

1
5:.!_:1 Wa =

N

wleg) (Sum of the weights internal to 5), {2.13)
55,5 € .‘j',u.j o8

aF La = Z w(ey)  (Sum of the weights on the boundary of S}, (2.14)
{:-,:,,'U,GS,UJGB:

where S indicates the set complement of S.

3. Implementation. We chose to implement the toolbex in MATLADR for sev-
aral reasons:

1. Numerical lineer algebro is at the core of the combinatorial approach to space-
variant vision outlined above. Since MATLAB is well equipped with a nu-
merical linear algebra package and a sparse malrix package [29], MATLADR is
a natural environment for the toolbox.

2. Rupid prefotlyping of new ajgorithms is facilitated by the extensive set of tools
available in MATLAD. Since this toolbox is intended {or a research audience,
the ahility to rapidiy prototype new algorithms is essential,

3. Visualizafion of space-variant iinages associated with graphs is a major design
objective of the Graph Analysis Toolbox. MATLAR provides an excellent
ability to visualize data.

HMowever, MATLAB also has several drawhacks:

1. MATLAR is proprictery and licenses for the standard package and additional
toolboxes may cost hundreds to thousands ol dollars. This fact limits the
accessibility of the Graph Analysis Toeolbox.

2. Speed of computation in MATLAB can be very slow for certain types of
operations (e.g., code loops). Although it is possible to use the MIEX package
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to speed up some of this computation, the portability of the code suflers,
Fortunately for the Graph Analysis Toolbox, the numerical linear algebra
package in MATLAB is relatively fast.
A full listing of the functions in the Graph Analysis Toolbox is given in Appendix
A and & list of demos is given in Appendix 3. For reasons of consistency, ease of
readability and agreement with publications, the same variable names were used to
refer to the same variables across funciions and demos. A listing of standardized
variable names used in the Graph Analysis Toolbox is givenr by Appendix C.

4. Data structures. There are different ways of representing a graph on a
computer {(e.g., lists, matrices). The choice of representation is often dependent on
the particular application. The guiding principle in defining data structures for the
Graph Analysis Teolbox is that functions should exist for switching hetween different
representations and that information which may not be bound tegether should not be
forced together {e.g., in a struct). Since MATLAD uses a pass-hy-value system, this
latter principle is especially important. Consequently, there is no all-purpose struct
that contains all possible information about a graph. A (ull listing of standardized
variable names is given in Appendix C.

4.1, Topological information. The most fundamental description of a graph
is the topology, since none ol the matrix representations may be defined without
it. The most space efficient vepresentation of the graph topology is given by a list,
edges, that contains pairs of integers indicating nodes joined by an edge. However,
the matrices A, L and W may be generated from the edge list with the functions inci-
dence.m, laplacian.m and adjacency.m, respectively. The funclion adjtoedges.m
allows conversion flrom a adjacency maérix representation of topology to an edge set.

4.2, Nodal information. Numbers associated with nodes in the Graph Anal-
ysis ‘Toolbox typically have two separate meanings: coordinates and image values,
Aside from the semantics, there is no difference in the way in which these values may
he represented or processed. However, since one may be interested in keeping nota-
tion of these quantities separate, two different N-dimensional lists are kept to refer
to these guantities. The list called points refers to coordinate values, while the list
vals typically refers to image values {e.g., RGB, grayscale).

4.3. Structs. Two quantities are kept in MATLAR structs, since their compo-
nent vaiues are never used separately. The information necessary to perform importing
of a graph is kept in a struct called imgGraph. Vorenoi visualization information
{see below) is kept in a struct called voroneiStruct.

5. Generating graphs. When huilding a graph [rom a sensor array {(or sim-
ulated sensor array), it is common to assign the value of each sensor to a node.
However, the cholce of connectivity (i.e., edge set} is much less clear. Typicaily, one
wants the nodes Lo be locally connected. Two functions are provided for locally con-
necting a. point set in arbitrary dimensions, knn.m and triangulatepoints.m. An
Nedimensional Delaunay triangulation is implemented by triangulatepoints.m and
K-nearest-neighbors is implemented by kon.m. TFor 2-dimensional pobits, trianga-
iatepoints.m calls the MIEX version of Shewchuck’s triangle.c [(2], if installed,
Recent interest in the use of “small-world” networks [75, 76, 66] prompts inclusion
of the function addrandedges.m to randomly add a specified number of edges to the
graplh. The effect of using addrandedges.m is to dramatically decrease the diameter
of the graph [75] while ouly minimally increasing the number of edges.
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MG, 8.1, Bramples of the strucluced graphs (e, node coordinates and edge sels) gencrated by
Junctions in the Graph Analysis Toolbox. (a} A 4-connceted lallice. (b} An 8-connected latlice. {c)
A radially connecled laltice. (d)}) A f-connecied “smell world” loitice. [e) A [lellened 4-connected
pyranid tottice. (f} A K-necaresb-neighbors groph with a vandomly generoied sel of coordinates.

Due to the prominence of the Cartesian lattice in traditional machine vision, the
function lattice.m generates a lattice with three different topologies: 4-connected,
8-connected or a radially connected topalogy (as in [63]).

The use of a multi-scale image representation to enhance image analysis algo-
rithms has a Jong histery dating back to Witkin {79} Typically (81, 11, 1, 16, 50},
a multi-resolution representation is employed both for speed and robustness against
neise by performing the analysis at the comrsest level and projecting the solution
rack to the original image. Multiresolution approaches to general graphs have also
been proposed [4, 27, The Graph Analysis Toolbox includes one function latti-
cepyramid.m that draws on this literature by returning a pyramid-shaped graph with
d-climensional coordinates, such that every node at a higher level is connected to four
{non-overlapping) nodes on the lower level. Although the pyramid graph is returned
as o unit (e, a single node and edge set), an index is also returned indicating the
level of each node and = list of its four children on the lower level. Some of the graphs
described hy this section are displayed in Figure 5.1,

IFinally, the function roach.m generates the “roach™ graph of Guattery and Miller
132} for purposes of testing,
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5.1. Biological datasets. Included in the extended (demo) release of the Graph
Analysis Toolbox is a precomputed (Le., saved in .mat files) set of flters corresponding
to the visual sampling associated with 22 different species. Following the retinal
diagrams in [37] of ganglion cell isodensity lines (see Figure 1.1}, topographical maps
of other species have been published. Specifically, we have included node sets {and
fiiters) corresponding to the visual sampling (as determined by ganglion cell counts)
for baboon [78], beagle (51}, botUenosed dolphin [45], cat [36], cheetah {37}, cow [37),
deep-sea hass {i4), deer {37}, German shepherd [51], harlequin tusk fish [15], labrador
[37], pig [37], pigeon [78], plains kangaroo [35], rabbit [34], sacred kingfisher [49], tree
kangaroo [35], two-toed sloth [17], squirrel [37], wolf {51] and yellow-finned trevally
[131 A sampling reflecting the macaque retina is also provided by using the retinotopic
function w = log(z - a) of Schwartz {61]. Generating sampling points according to
this distribution is accomplished by the function logz.m.

Ciraphs were generated from topographic maps by mterpolating the contours
across the extent of the topographic image, {reating this intarpelation as a probalility
density funetion (PDF), sampling a predetermined number of points and scaling the
coordinates of the poinis to fit the desived input image size. In the case of the pre-
computed flters included with the Demos package, the desired input himage size was
256 x 256 (65, 530 pixels) and the number of samples was 6,400, resulting in less than
an order ol magnitude fewer pixels than in the original image. The [unction con-
tour2graph.m accepls contour images where the background is white, the contours
are shades of gray proportional to the values of the isodensity lines and the blind
spot {or pecten, in the case of Aves) is colored red and returns an interpolated image
{i.c., the PDF} by solving the corresponding Dirichiet problem (see below). Sampling
points from the PDT is accomplished with the function pdf2graph.m. The process of
converting a contour to a graph is shown in Figure 5.2. Tor purposes of comparison,
Appendix 1D {llustrates the PDIs of all the species included in the Graph Analysis
Toolbox.

6. Importing images. The problem of inporting an hmage is to transfer an
image taken with a conventional Iatlice sensor array Lo a space-variant graph {usually
with many less nodes than pixels in the original) with minimal aliasing. ‘The approach
proposed by Chen {10} was to treat the problem of importing as a resampling problem
by calenlating appropriate filters [33] to apply o a neighborhood of pixels in the
original image in order to output a value for each node. The method of Heckbert
[33] Tor defining filters requires the definition of a differential resampling function that
inputs points in the original sampling and oulputs points in the new sampling. This
formulation was suflicient for Chen, since he was using the w = log(z + a) formulation
ol the mapping given by Schwartz [61] to model macaque retinotopy. However, we
would {ike Lo make use of the visual sampling strategies of other species, for which no
retinotopic function is known.

Sinee space-variant sampling arvangenients typically have some areas of high acu-
ity and some areas of low acuity, they require an active vision system to allow the
high acuity regions to sample different regions of a visual scene. By analogy with the
high acuity foveal pit found in most vertebrate vision systems, we refer to the region
of highest acuity as the fovea and the process of addressing the high acuity area to
a region of an image as foveation. In order to simulate the active vision aspoects of
a space-variant visual sampling regime, we would like to he able to specily a point in
a large image for the system to fixate on. Therefore, a further design criteria for an
importing procedure is that we want the importing procedure to be relative to its own
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Fic. 5.2, Demonsivation of conversion from a velinel lopography to o graph. The example
chosen here is based on the vetinal topography of the cheetah [37]. (a) Isodensily contowrs of the
checlah retinel topography. Davker conlours represent a lower ganglion cell densily, while Lghter
contours represent o higher gunglion cell density. The blind spol i shown in black for publication,
although the funclion contourZyraph.m requires it Lo be coloved red. (b)) The inlerpololed and nor-
melized probobility density funclion determined from the confours fsee lext for delails). Davker
arcos correspond o areas of grealer probability. (o) The groph oblained by sampling 6,400 nodes
Srom the distribution dn (b)) and connecling with o Delounoy triongulation. Nole that the fovea is
noi ol the center of the image (G.e., the contours are Laken from the lefi cye).

il

internal coordinate system that may be “aimed” at different areas of a large image.
Our method for aceomplishing this is to give the nodes coordinates such that the fovea
is at the origin and each wniil represents one pixel in a standard raster image. The
advantage of this design is that the ilters may be precomputed for a graph relative 1o
the origin and simply shifted to different aveas of the hmage, resulting in fast on-line
importation. The drawhack to this design is that the extent of the “visual field” must
be fixed prior to computing the filters,

Heckbert’s Tlliptical Weighted Average filters are ellipses computed for each new
sample such that the axes of the ellipse lay along the eigenvectors of the Jacobian
matrix and the weights for each point in the ellipse are given by an elliptical Gaussian
function. In other words, the Image value assigned to each resampled point is the
weighted sum of image values on the original peints lying within the computed ellipse,
Owr approach to computing the ellipses for the resampled points is to perform a least-
squares fit of an ellipse to the Voronoi cell of each node and compute Gaussian weights.
The ellipses computed for a small randomly generated set of Gaussian distributed
points in the plane are seen in Figure 6.1.

The flters [or a point set are stored in a MATLAR struct named imgGraph. An
imgGraph has three fields: pntMap, breakpoints and filtWeights. In order {or the
inportation of images to be fast in MATLAB the three fields are used to avoid code
loops. The breakpoints field contains a list of indices to pntMap and filtWeights
that indicate the start and end of a block of pixels or weights corresponding to each
new node. ‘I'he pntMap field is a set of two vectors containing the x- and y-coordinates
for the nodes corresponding to those pixels that lie within the ellipse for each point.
The filtWeights ficld contains the weight to he applied to each pixel in pntMap.
Therefore, the size of breakpoints is the same as ithe cardinality of the node set,
while the size of pntMap and filtWeights are larger than the node set (since more
than one pixel typically maps to each node), but equal to each other. TFigure 6.2
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Fres 6.1 Voronai cells for a point sel and the corresponding cllipses fit with least squaves error
used Lo generate the Ellipticol Weighted Average fillers of Heckbert [33].

demonsirates the importing of an hmage onto a set of nodes thal were randomly
distributed in the plane with a wniform probability. Tigure 6.3 demonstrates the
simulated active vision system by Importing & large image at multiple fixation points.

7. Visualization. Visualization of arbitrary, nonuniformly 2D sampled data is
a difficult issue. Typical “stick-and-ball” representations of graphs poorly convey the
content of an image associated with the nodes. T'wo methods have been implemented
for visualizing an image on an arbitrary architecture.

The frst of these methods interpolates inage values at a node across the faces of
a graph. If the graph is planar, the interior faces will be polygons, with image data
at each point on the polygon. I the graph is nenplanar, a Delaunay triangulation of
the points may be found quickly foir purposes of the visualization. However, it should
be noted thal not all graphs will have faces that produce a good image {(e.g., il the
nodes were collinear). A common “shading” technigue from computer graphics is to
perform a bilinear interpolation across vertices (i.e., Gourand shading). Applying this
technique to the internal faces provides a simooth change across the image, Unlortu-
nately, the polygonal faces can introduce artifacts into the visualization that degrade
the quality. The function shoumesh.m generates a display in this manner.

A second visnalization methed is implemented in the Graph Analysis Toolbox
that uses the Voronol diagram of the vertex set. This technique simply assigns each
Voronoi cell the color (or grayscale value) of ils corresponding vertex. The visual-
imation benefits [rom its independence of the planar and internal faces requirements
of the previous technique. However, the visualization can sometimes look blocky.
Trarthermore, since the boundary nodes have Voronoi cells thal extend to infinily, a
dense set of phantom nodes is used to make finite, appropriately sized cells for the
boundary nodes. The Voronol inlormation for a graph is stored in a MATTLATRR struct
salied voronoiStruct. A vorenoiStruct is produced from a node set by the func-
tion vorencicells.m and consists of the three fields pts, faces and index. The field
voronoiStruct.pts contains coordinates for the vertices of the Voronoi cells for the
nede sef. Faces intended for use by patch.m are contained in voronoiStruct.faces
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Pl 6.2, Demonsiration of dmporling an tinage onto a sel of poinds distributed vondomly in the
plane with a uniform distribution. Nole thal the resolution of the sampling s almost two orders of
mugnitude smaller thon the vesolution of the originel, (o} Nodes randomly placed in lhe plane with
o uniform disteibulion. (b) Voronoi cells for the node set upon which the fillers were gencerated. (o)
The orviginel rester fmage: ESLab0043. §pg. (1) The dmage fmported ondo the node set.

and an index referencing nodes with Voronoi cells contained ingide the convex hull is
given hy voroneiStruct. index.

The two visualization techniques are illustrated in Figure 7.1 for a grayscale image.
Despite the smoothness given by the face interpolation method of visualization, the
Voronoi cells method offers a betier notion of the structure of the image distribution
on the nodes, and we therefore prefer it {or visualization of space-variant images in
the remainder of this document, as well as in the space-variant examples shown alove,

It is important to distinguish between sampling aliasing and visuael aliasing, Sam-
pling aliasing relers to the inadequacy of the local sampling density to satisly the image
frequency {(as detailed above). On the contrary, visual aliasing refers to the displeasing
visual artifacts induced as a result of the visualization techuique. Sampling aliasing
is minimized by the precompusation of Heckbert's resampling filters. Visual aliasing,
however, depends on the visualization method employed and in no way reflects an
inadequacy of the data obtained nor its internal representation.
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g, 6.3, Demonstralion of Gnporting o lorge dmoge onlo o smaller graph ol different points
(i.e., multgple fization poinis). The erample chosen here is bosed on the relinal lopogrophy of the
pigeon (78], (a) Originel image: ESLeb0043. fpg. The lwo fination peints are marked with o white
% and oowhite -0 (b)) The graph corresponding Lo the velingd Lopography of the pigeon. (e} Resuli
of smporling the dmage in (o) ol the poind marked with o white <’ (d) Resull of imporiing the
imege in (&} al the point marked with o white “+°.

8. Processing. Processing data on graphs is a recwrring theme that extends
beyond space-variant vision systems. There are four main types of processing im-
plemented in the Graph Analysis Toolbox: Interpelation, filtering, edge finding and
segmentation.

Isotropic and anisotropic versions of all the processing methods exist in the sense
that the edge weights all take unity value in the isotropic case and the weights as-
sume different values in the sotropic case. Tor example, use of uniform or nonuniform
weights in building the Laplacian matrix is the difference between the isotropic dif-
fusion of Koenderink (1} and the anisotropic diffusion of Perona and Malik [53].
Therefore, the theme is Lo encode data information {e.g., intensity changes for im-
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IMe. 7.1, Clomparison of the lwo visuelizotion lechnigues implemented in the Graph Analysis
Toolbox. {a) Griginal tmage: ESLab0043. jpg. (b} The greph corresponding to the relinal topogrophy
af the plains kangaroo [35]. (v} Visuebizalion of the space-variant fmage performed by interpolating
across the Delounay triangles of the graph implemented in shouwmesh.m  (d} Visualization of the
spuce-variant tmage performed by assigning a wniform greyscale value Lo the Vovonoi cells of the
node sel, implemenied in showvoronoet.m.

ages, distances for a point set) in the structure of edge weights, and then huild the
operator in accordance with the weights. This procedure provides the difference be-
tween isotropic or anisotropic dillusion, interpolation, fitering and edge finding, as
well as affording the structure necessary for some segmentation algorithms (e.g., [63]).

The Tanetions used to build the important matrix operators listed above are
incidence.m, laplacian.m and adjacency.m. The [unction incidence.m generates
the edge-node incidence matrix, laplacian.m generates the Laplacian matrix and
adiacency.m generates the adjacency mafrix. In order to allow the user to choose
between isotropic and anisotropic operators, all of the operator generating [unctions
allow specification of edge weights in order to produce anisotropic operators, hut
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default to generating isotropic operators if weights are not specified.

The important task of generating a weight set is handled by the function makeweights . m.

Define the vector of data changes, ¢;;, as the Fuclidean distance between the fields
{e.g., coordinates, image RGB channels, image grayscale, ete.) on nodes v; and v;.
TFor example, if we represent grayscale intensities defined on each node with vector &,
then ¢ = Ab. If the fields are nodal coordinates in the plane, then ¢ represents the
Fuclidean distance in the plane. In order to make one choice of 4 applicable to a wide
range of data sets, we have lound it helplul to normalize and histogram equalize the
vector ¢.

Although we typically treat coordinates as any other data field (e.g., to filter,
interpolate, ete.), in the context of space-variant vision we may want to treat spatial
differences between the nodes separately from image-derived differences. Therefore,
makeweights.m oplionally accepts hoth data values and coordinate values for the
node set and generates a corresponding (normalized and histogram egualized) ¢! and
¢? for data and coordinate values, respectively. Accordingly, associated with the data
and coordinates is a separate parameter, 81 and #2 we call scale. Setting either
parameter to zero nullifies the effects of the corresponding data or coordinates, A
common weighting function is implemented in makeweights.m, defined by

wij = exp (— (ﬁlc}j 1 '[3-2(%))_ (81)

8.1. Interpolation. The method of interpolation implemented in the Graph
Analysis Toolbox is to solve the combinatorial Laplace equation with Dirichlet bhound-
ary conditions given by the known values [30]. A solution to the combinatorial Laplace
equation has several desirable properties in the context of an interpolation method
{see below). Both isotropic and anisetropic interpolation are handled similarly. FFur-
thermore, use of the algorithm is independent of the dimension in which a graph is
embedded.

Solving the Laplace equation in order to “fill-in” missing values has been desceribed
in the context of digital elevation models (8, 80}, image editing [20], and is even used
by the MATLARB function roifill.m to fil} in vegions of missing data in mmages.

Solutions to the Laplace equation with specified houndary conditions ave har-
monie [unctions, by definition. Finding a haxmonic flunction that satisfies the bound-
ary conditions may be viewed as a method {or finding values on the interior of the
volume that interpolate hetween the boundary values in the “smoothest” possible
fashion {20]. In this section, we discuss the properties of harmonic lunctions that
rake them useful for interpolation, defining smoothness in terms of extremal solu-
tions to the Dirichlet integral.

From a physical standpoint, one may think ol a heat source with a fixed temper-
ature &t the center of a copper plate and a second heat source with lixed temperatre
on the boundary of the copper plate. The tenperature values taken hy the plate at
every point are those assumed by a harmonic function subject to the internal and
external boundaries imposed by the heat sources. In this analogy, the temperalures
measured on the inside of the copper plate may he viewed as smoothly interpolated
between the temperature on the internal heat source and the external heal source.
The internal and external heat sources are considered to be boundary points, while
points on the copper plate for which temperature vahues are found are interior points.
Three characteristics of harmnonic [unctions are atfractive qualities for generating a
“smooth” inferpolation:

1. The mean velue theorem states that the value at each point in the interior
(i.e., not a boundary point) is the average value of its neighbors [2].
17
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Fra. 8.1, Interpolation of fmage data on o spece-variant graph from which o hole fas been et
oul. (o) A space-variant groph patterned after the velinotopic map of the mocaque [61]. (b) The
Lena image smported onte the graph. {c¢) Space-veriant image with o hole arbilrerily cut oul of il
Underlying graph slructure is shoum inside the hole, [(d) Foveal image wilh isotropically interpolatod
doto in the hole.

2. The mawiman principle follows rom the mean value theorem. It states that
harmonic functions may not take values on interior points that are greater
(or less) than the values taken on the houndary {2].

3. The Dirichlet integral is minhmized by harmonic functions {18]. This means
that the integral of the gradient magnitudes for the system will be minimized,
subject Lo fixed boundary conditions.

The function dirichletboundary.m inputs an index of boundary nodes and theiy
values and solves the combinatorial Dirichlet problem for a graph with arbitrary
connectivity, producing a combinatorial harmonic function. An edample of using
dirichletboundary.m to perform isotropic interpolation on a space-variant hmage
with a region of missing values is displayed in Figure 8.1. By generating weights
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sed graph where the some
region as in Figure 81 has been removed. Woeighls were determined wusing 81 = 30 (see lext for
details).
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i, 8.3, An example of wsing the inlerpolation method for graph drawing. (a) A graph wos
crealed by randomly genceraling the coordinales with a wuniform distribution and connecting the points
with a 20 Delounoy triangulotion. The black dots vepresent the extremal points chosen Lo reprosent
the boundary (i, lo hove thew coordinates fived). (b)) The greph generaled by inlerpoloating the
coovdinales of the dterior nodes.

corresponding to the image intensities, anisotropic interpolation may also be used o
[ind the missing values in a region, as displayed in Figure 8.2.

Graph drawing is another task in which dirichletboundary.m s useful. DBy
treating the extremal nodes as boundary nodes, the coordinates of the interior nodes
may be interpolated in order to produce a more regular representation in the sense
shat each interior node is placed at the average of its neighbors (hy the mean value
theorem). This usage of dirichletboundary.m is displayed in IMigure 8.3.

9. Filtering. In the context of snrflace fairing, Taubin bas already ftaken a com-

binatorial approach to filtering on a graph [67, 68). Tauhin treats the coordinates of &
1 o £ H

vertex set of a 312 mesh as a signal for which low-pass filters may be designed in order
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to smooth a noisy surface. The signal processing treatment, in Taubin’s work follows
standard signal processing approaches, except that Taubin wants to apply the same
techniques to a shift-variant topology. Generally the eigenfunctions of the Laplacian
operator define the surface harmonics [19]. In the combinatorial setting, the Laplacian
operator is represented by the Laplacian matrix, although Taubin chooses a different
combinatorial representation of the Laplacian operator than the definition given in ee-
guation (2.7}, For shift-imariant topologies, the Laplacian matrix is civeulant and the
complex exponential basis veetors (Iunctions) are the eigenvectors [65]. In the general
case ol a shift-variant topology, the Laplacian is not circulant, reguiring a different,
set of (usually unknown) eigenvectors in order to perform signal filtering. Taubin’s
method of ltering cireumvents the need to compute the eigenvectors explicitly in
order to modily the spectral coefficients of an input signal (e.g., the coordinates of a
graph or an image on a graph). The lunction filtergraph.m implements Tanbin’s
A - g filtering technique ag well as standard mean filtering. Both the mean filter and
the A — g filter are low-pass filters, However, & high pass filter may be generated
by subtracting the low-pass filteved signal from the original. A band-pass filter may
be generated by using the difference of two low-pass filters. Figure 9.1 demonsirales
image filtering and Figure 9.2 demonstrates coordinate filtering.

The spectrum of the Laplacian matrix has been thoroughly investigated [48, 12,
4G, 3, 28]. It is well known that the eigenvalues of the Laplacian matrix are nonnega-
tive and ordered such that the smallest eigenvalue corresponds to the lowest frequency
harmonic {i.c., the 1DC component) and the largest eigenvalue corresponds to the
highest frequency harmonic. This view of the spectiral chavacteristics of the Laplacian
matrix predicts its use as an edge detector since, as an operator, it will clearly have
the effect of a high-pass filter. Another implication of the spectral properties of the
Laplacian matrix is that an iteration on the signal z of the form

wy =g — ooking, (9.1}

will have the effect of creating a low-pass signal, since a high-pass foirm of the signal
is subtracted from the original. Since equation {9.1) represents one iteration of the
diffusion equation

ﬂ = Lo, (9.2}
ddt

both isotropic [41] and anisotropic [53] diffusion may be viewed as a low-pass fil-

ter. The function diffusion.m performs diffusion on a signal. Figure 9.3 shows an

example of isotropic and anisotropic diffusion on an image.

The combinatorial Dirichlet problem method of interpolation presented above
may also be viewed as a low-pass filter, since it requires the solution to a system of
equations corresponding to the Laplace equation, constrained by Diricklet boundary
conditions. A sclution to a system of equations La == b may be viewed (if not com-
puted) as @ = L™'b. The inverse of a malrix retains the same eigenvectors as the
original, but the corresponding eigenvalues of the inverse malrix are the reciprocal
of the eigenvalues of the original. Therelore, the solution to the constrained Laplace
equation may be viewed as a low-pass [ilter since the lowest frequencies of the inverse
of the {constrained) Laplacian matrix will correspond to the largest eigenvalues and
vice versa. The relationship of the solution to a constrained Laplace equation to low-
pass filtering and steady state diffusion with houndary conditions (see [251) justifies
its inchusion as a [iltering method.
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Fre. 9.1, Filleving tmege dete on ¢ spoce-varionl imege. (o) The originel image:
ESLeb0058. gpg (b) A space-veriont graph patlerned after the nolopic map of the boltlenosed
dolphin {15]. (¢} The imported dmage, before any processing. {d) Result of the mean filler applicd
Lo the smage in (o). (e) The low-pass X — p filler [67] applied o the émege in (c). (f) A high-pass
Jilter of (¢), produced by differencing the low-pass signal of (e} with the original.
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F1a. 9.2, Filtering coordinele date on a ving graph. (o) A noisy ring graph produced by adding
radial Gaussion distribuicd rondom fo nodes arranged in a pevfect circle. (b} The effect of applying
the mean filter to the coordinates of the graph in (o). (¢} The low-pass A — p filter [67] applicd
to the coordinates of the graph in (o). (d) A high-pass filter of the coordinates in (), produced by
difforencing the low-puss signal of (¢} with the originel.

Figure 9.4 demonstrates anisotropic interpolation applied to low-pass filtering
{i.e., smoothing) an image. To generate Figure 9.4, a 4d-connected lattice was goner-
ated with the Gaussian weight function of equation (8.1}, based on the Lena image.
Samples ware chosen [rom relatively uniform areas by computing the swn of the edge
gracients bcident on each pode.  All nodes with gradient swns helow a threshold
were selected as sample nodes to have their values fixed. The remaising nodes were
anisotropically interpolated, given the fixed set. One can see that sharp houndaries
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e, 9.3, Diffusion filteving on. an imaege. (o} The original image: ESLeb0059. jpg (b) The
effect of performing dsolrepic diffusion on the J-conmected lotlice representing image (o). (¢) The
effect of performing aniselropic diffusion on the J-commected laltice representing image {a).

are maintained, due to the encoding of image information with weights. Areas ol the
fimage with high variability (e.g., the leathers) are simoothed considerably since very
few samples were taken, while arcas with initially low variability remain uniformn.

10. Edge finding. Edge detection is a common goal of low-level machine vi-
sion. Common edge detection approaches [38] make use of gradient [56] or Laplacian
[44] operaters. An interesting feature of these operators is that although they both
operale on values associated with the nede set, the combinatorial gradient operator
(the edge-node incidence matrix) retwms values on the edye set while the combina-
torial Laplacian returns values on the node sei. This diflerence is analogous to 31
vector ealeulus in which the application of both the gradient and Laplacian operators
to a scalar field results in a scalar Beld for the Laplacian and a vector field for the
gradient. Standard gradient eporators used for edge detection are applied to pixels
and return values on pixels [56, 55, 22, causing the output of a typical gradient or
Laplacian-based edge detection algoritlnm to be a set of edge-pixels.

The function findedges.m keeps with tradition hy returning a set of edge pix-
els, regardless of whether a combinatorial gradient or Laplacian-based edge detection
scheme is chosen. In the context of space-variant edge detection, we have found that
hetter edge detection results are obiained by using an anisotropic edge operator, where
the weights are based on the FBuclidean distance of the point coordinates. The reason
for this is that sensors (nodes) that are located more distant from each other are
more likely to have a infensity change that crosses threshold, even if the continuous
light distribution varies smoothly across a single object. Weighting the edge opora~
tor by distance compensates for this eflect. Tigure 101 demonstrates gradient and
Laplacian-hased edge detection on a space-variant image. In order to reduce noise
buf preserve edges, anisotropic diflusion was performed belore the edge operator was
applied. Note that different nodes correspond to different sized Voronoi regions in the
visualization, due to the space-variance, which results in varying edge width.
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F1G, 9.4, Andsolropic inferpolation used to low-pass filier an image. () Original Lena dmage.
(b} Magnilude of summed mmage grodientds. {c) Semples laken from lowest magnitude points. {d)
Anisotropically inferpolated image.

11. Segmentation. The use of graph theory for data clustering and bnage seg-
mentation may be traced Lo the work of Zalm on Gestalt clustering [83]. By lraming
the segmentation problem in the context of graph partitioning, Wu and Lealy devel-
oped the minimum eut algorithin {821 Graph partitioning approaches to segmentation
has led Lo several other algovithms [63, 52, 73, 60}. The [unction partitiongraph.m
performs a graph bipartition using the isoperimetric algorithm [31], normalized cuts
[63] or spectral partitioning [54L Converting a graph bipartitioning algorithm te a
complete segmentation may be accomplished by recursively applying the hipartition-
ing algorithin 10 each new segment and stopping the recursion when a specified metric
of partition quality [ails to be satisfied. The function recursivepartition.m recur-
sively applies partitiongraph.m and retwrns integer labels of each node such that
nodes sharing the same label are considered 1o be in the same partition. Since one
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Fi, 10010 Bdge detection on imaege data on o space-variant image. (o) The originael image:
ESLab0032. jpg. (b) A space-variant graph potterned after the velinolopic map of the labrador [37)].
(¢} The fnported image, before any processing. (d) Result of anisotvopic diffusion preprocessing
wsed to sharpen edges and blur noise. {¢) Resull of gradieni-based edge delection. [f) Resull of
Laplacian-based edge delection.



often wants to apply these algorithims to standard Cartesian images, the functions
imgsegment.m and imgsegpyr.m inpul standard images and rebun segmentations
by using an underiying lattice or pyramid topology, respectively. 'The function iso-
solve.m parforms the calculations for computing the potentials for a single application
of the Isoperimetric algoritlun, An example of applying the segmentation algorithim
{0 a space-variant image is given in figure 11.1.

12, Miscellaneous functions. This section details the minor Munctions in-
cluded in the Graph Analysis Toolbox used to manipulate and visualize data,

Three functions used to perform minor graph and matrix manipulation are adj-
toedges.m, circulant.m and removeisolated.m. The function adjteedges.m con-
verts an adjacency matrix to an edge set. Since shift-invaviant graphs correspond
to cirenlant adjacency and Laplacian matrices, the function circulant.m is used to
gemerate a sparse cirenlant matrix from one row that details the topology of a single
node {which suffices to deline the topology of the whole graph, since the graph is
shift-invariant), The function removeisolated.m is used to remove any nodes which
are not connected to any other node.

The funnctions binarysearch.m, equalize.m and normalize.m provide additional
data processing. The [unction binarysearch.m implements a divide-and-conquer
search algorithm of a sorted vector for the closest value of a given input, Normalization
of the columus of a matrix to a specified range {defaulting to [0,1]) is accomplished
by the function nermalize.m. Histogram equalization of a vector is performed hy the
function equalize.m.

Four functions are available fo aid in visualization ol a segmentation and the
production ol segmentation results for publication. Three representations of a seg-
mentation are returned by segoutput.m and segoutputSV.m: integer node labels,
black outlines of segments against a white background and red outlines of segments
superimposed on the original image. The special case of Cartesian images is han-
dled by segoutput.m, while the general case ol space-variant images is handled by
segoutputSV.m. Since one may wants to use the red-outlined segmentations retuwrned
by segoutput.m and segoutputSV.m in publication, the [unctions colorseg2bwseg.m
and colorseg2busegSV.m converl the red-outlined segmentation to a black-outlined
segmentation superimposed on a faded out copy of the original {s0 as not to conluse
the segmentation lines with image features). Cartesian and space-variant segmenta-
tions are handled hy colorseg2buseg.m and colorseg2busegSV.m respectively.

Since there is a frequent need in the Graph Analysis Toclhox for vectorizing an
RGB image, the function rgbimg2vals.m exists for this purpose.

13, Conclusion. The Graph Analysis Toolbox was developed to provide tools
for space-variant machine vision that are independent of sampling regime or a chosen
topology.  Graph theory comprises the primary data structure, and combinatorial
methods are the tools used Lo process the data. Since graph theoretic data structures
appear in other disciplines with problems of analysis similar to machine vision (e.g.,
segmentation, edge finding), we hope that the teols developed here may find a wider
andience.

Despite the ubiquity of space-variant sensors in hiological systems, it is rarve to
find artilicial space-variant acquisition devices or displays. Tor this reason, the Graph
Analysis Toolbox allows the simulation of a space-variant sensor, by providing tools Lo
transler images acquired with a Cartesian sensor array to an arbitrary space-variant
representation. Likewise, tools are also available Lo allow the display of space-variant
images on a standard CRT monitor. In addition to simulation of a space-variant
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{a) (b)

{e) n

Fra. 110, Segmentation of tmage dolo e space-variant image. (o) The original image:
ESLab0043. gpg (b) A spece-uariani graph patlerned ofler the relinolopic map of the two-tocd sloth
[ (e} The fmported image, before any processing. (d) Segment lebels obtoined using the isoperi-
melrie elgorithm (1] {3 = 20, 8% = 8§, stop = 1 x 1078 ). (o) Segmentation resull displayed as the
outline of segments against o while backgrownd. () Segmentotion vesult displayed as black outlines
ngyeinst the foded imoage.
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sensor, the Graph Analysis Toolbox provides the simulation of an active vision system
that allows the simulated space-variant architecture to he directed to different points
in a larger image.

We hope that the Graph Analysis Toolbox will aid researchers in space-variant
machine vision and other disciplines that take a combinatorial approach to graph
theoretic structures.
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Appendix A. Function list.
This appendix is a reproduction of the Contents.m file.

Generating filters lor space-variant graphs.

contour2pdf.m Convert a contour map Lo a probability density function.
ellipsefit.m Fit an ellipse to a polygon with least-square error.
findfilter.m Compute resampling liiters lor a polnt set.

1/O on space-variant graphs.

importimg.m Import a Cartesian (standard) image to a space-variant architecture,

showmesh . m Visualize 210 data {e.g., an image) on a graph by interpolasing data
across the faces of the nodes.

showvoronoi.m Visualize 213 data {e.g., an image) on a graph by uniformly filling
the Voronoi cell of each node with its value,

voronoicells.m Jompute Voronoei information of a graph for visualization.

Data processing on graphs.

diffusion.m Diffuse data on a graph.

dirichletboundary.m Solve the combinatorial Divichiet problem on a graph
{o.g., interpolate missing data).

filtergraph.m Fiiter data on a graph.

findedges.m Detect edges in data on a graph.

imgsegment .m Segment & Cartesian (standard) image using a lattice

imgsegpyr.m Segment a Cartesian {standard) image using a pyramid,

isosolve.m Perform the calenlations required by the isoperimetric algorithnt,

makeweights.m Convert nodal graph dala to edge weights,

partitiongraph.m Segment data on an arbitrary graph.

recursivepartition.m Recursively segment data on an arbitrary graph.

Generating node/edge sels for graphs.

addrandedges.m Add random edges to “small worldify” a graph.

latticepyramid.m Generate a connected pyramid from a Cartesian lagtice.

knn.m Jonnpect nodes Lo their nearest neighbors.

lattice.m Jenerate a Cartesian lattice with varying connectivity.

logz.m Generate & point set using the w == log(z -+ o) [unction describing
the macague retinotopic map.

roach.m senerate the “roach” graph of Guatiery and Miller.

triangulatepoints.m Jompute an triangulated edge set for an input node set.

Graph matrix generation.

adjacency.m CGenerate the adjacency mafrix for a node/edge set.
incidence.m Generate the incidence matrix for a node/edge set.
laplacian.m Generate the Laplacian matrix for a node/edge set.

Support functions,

adjtoedges.m Convert, an adjacency matrix to an edge Hst.

binarysearch.m Perform a binary search of a vector.

circulant.m Generate a circulant matrix (similar to Toeplitz.m).

colorseg2buseg.m Jonvert a segmentation indicated with color to a publishable (3&W)
formadt.
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colorseg2bwsegiV.m

equalize.m
normalize.m
removelsolated. m
rgbimg2vals.m
segoutput.m
segoutputsV.m

Convert a space-variant segmentation indicated with color to a
publishable (B&W) format.

Perform histogram equalization of a dala vector,

Normalize data {columnwise} to a specified range.

Remove any isolaled nodes in a graph.

Vectorize an RGI2 image.

Convert a segmentation labeling of a lattice to a better visualization.

Convert a segmentation labeling of an arbitrary graph to a better
visualization.

Appendix B. Demo scripts. This section provides a list of demo seripts in-
chuded in the extended package. The information presented here is also inchided in

the ContentsDemo.m file.

Edge finding.
findEdgesDemo.m

findEdgesDemoSV.m

Graph filtering.
diffusionbDemo.m
filterCoordDemo.m
filterImageDemo.m
interpolationFilterDemo.m

Graph drawing.
drawGraphDemo.m

Image interpelation.
fovealAnisotropicDemo.m
foveallsotropicDemo.m
cartesianAnisotropicDemo.m

importing/Visualization.
buildFiltersDemo.m
contour2graphDemo.m
differentFoveationDemo.m
ellipseDisplayDemo.m
generateSVgraphsDemo.m

importVisualizationDemo.m

Segmentation.
clusterPointsDemo.m
segmentationSVDemo.m
segmentationCompareDemo.m

Compute edges for a Cartesian image using the
aradient and Laplacian edge detectors,

Compute edges for a space-variant image using the
aradient and Laplacian edge detectors,

Compute iso/anisotropic diffusion on a Cartesian image.
Filter coordinate data.

Filter a space-varianl image.

Use anisotropic interpolation as an image filter.

Use isotropic interpolation to smooth a graph drawing.
L=} =

Perlorm anisolropic interpolation on a missing hnage region.
Perform isolropic interpolation on a missing image region.
Perform anisotropic interpolation based on

sampling different regions of the image.

Generate importing Glters for a random point set.

Genaerate a graph from a retinal topoegraphy contour image.
Foveate on different points in a larger image.

IFit ellipses to Veronoi cells of & randomly generated point set,
Generale graphs and filters {from the existing set of retinal
topography images.

Import a Cartesian image to an imgGraph and visualize.

Cluster a point set {segmentation on coordinates).
Segment an imgGraph.
Compare segmentation of a Cartesian image generated by different algorithms.
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Pyramids.

pyramidSegmentationDemo.m

Graph generation.
connectGraphbemo.m

Compute a segmentation using a pyramid architecture.

Computes and compares graphs with different topology
and geometric arrangement.

Appendix C. Standardized variable names. Throughout the functions, doc-
umentation and demos, a set of standardized variable names are used. The list of
variable names and their meanings is given below, and a reproduction of this list is
included in the file variableNames. txt.

Scalars.

= = o= a

P
scale

stop
XY/Z

Matrices.

Voectors.
d

vals
welights

Graph components,
points

edges

faces

Structs.

imgGraph

imgGraph. pntMap
imgGraph. breakpoints
imgGraph. filtWeights

voronolstruct

voreonoiStruct.pts

Cardinality of lfaces set in a graph.
Dwnmy constant,
Sardinality of node set in a graph.
Cardinality ol edge set in a graph.
Number of coordinate dimensions of a node set.
The weighting function parameter.
The recarsion stop parameter,
Dimensions of an image or region {c.z., [X Y Z)=size(img}).

The N x N adjacency malrix.

The N x N diagonal matrix of node degrees.
The current image.

The N x N Laplacian matrix.

The M x N edge-node incidence mairix.

The N x 1 vector of node degrees.
The N x K vector of K —dimensional nodal values {e.g., RGB, with K = 3).
The M x 1 vector of edge weights.

An N x P list of node coordinates.
An M % 2 list of edges (containing indices to the node set).
A ) x K list of polygonal faces with order < K.

Struct containing the filters for hinporting an image to a space-variant graph.,

A K x 2 list of the I points in the image plane used to filter an image for importing,
Al x N list of the breakpoints in imgGraph.pntMap referring to the points
corresponding to different nodes.

A K 2 list of the filter weights for cach of the X points in imgGraph. pntMap.

Struet containing the information necessary to perform Voronol visualization on a
space-variant image,
K % 2 list of coordinates [or the vertices of the Voronoi cells for the node set,
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where X > N,
voronoiStruct . index  List of nodes that are represented in the visnalization {i.e., nodes with a
Voronoi cell within the convex hull of the node set).
voronoiStruct.faces  List of faces representing the Voronoi cells, 1o be used by patch.m.

Appendix D. Included refinal topographies.

This section shows the probability density function (PDF)} obtained {rom the
retinal topographies of ganglion cell density for the species included in the Graph
Analysis Toolbox. Darker areas represent higher ganglion cell density, while lighter
areas represent a lower ganglion cell density. In addition to having different visual
sampling arrangements, different species have varying degrees of nonuniformity in
the sense that the discrepancy between the most dense and most sparse regions of
ganglion cells may be 2 - 1 in some species and 100 : 1 in others. Since each image
given below is normalized to have unity sum, the species with a greater ratio of dense
to sparse areas are displayed as nearly white with a small dark region, while species
having a lower ratio of dense Lo sparse regions are displayed as a more unilorm gray.
However, since the topographic maps lor different species were studied by different
researchers who stopped counting cell densities at different points in the retinal pe-
riphery, the topographies {and hence the images here) may or may not represent an
actual comparison between species as regards the discrepancy between the region of
highest cell density and the region of lowest cell density.
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