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Abstract We show that the solutions to the damped stochastic wave equa-
tion converge pathwise to the solution of a stochastic heat equation. This
is called the Smoluchowski-Kramers approximation. Cerrai and Freidlin have
previously demonstrated that this result holds in the cases where the system
is exposed to additive noise in any spatial dimension or when the system is
exposed to multiplicative noise and the spatial dimension is one. The current
paper proves that the Smoluchowski-Kramers approximation is valid in any
spatial dimension when the system is exposed to multiplicative noise.
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1 Introduction

The motion of an elastic material in a region D C R exposed to friction
as well as deterministic and random forcing can be described by the damped
stochastic wave equation

ufa;t%“ (t,z) = Aul(t,x) — 2 (t,2) + b(t, v, ut (t,x))

+g(t, 2, ut (L, 2)) QG (1, 2), (L.1)
uh(t,z) =0, z€dD ’

u“((),x) = ug(x), ag: (va) = 1)0(35‘).

In the above equation, u > 0 is the mass-density of the material. The forc-
ing term Au* describes the forces neighboring particles exert on each other,
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—O0u* /0t models a constant friction term, b is a nonlinear forcing term, and
gQ0ow /0Ot is a space and time dependent stochastic forcing. The noise is driven
by w(t), a L?(D)-cylindrical Wiener processes [15, Chapter 4.2.1]. The Dirich-
let boundary conditions guarantee that the boundary of the elastic material
is fixed. Initial conditions are also prescribed.

We study the asymptotics of the solutions to this equation as the mass
density p — 0 and demonstrate that the solutions converge to the solutions of
a stochastic heat equation

%(t,x) = Au(t,x) + b(t,x,u(t, x)) + g(t, z, u(t,x))Q%’(t,x), (12)
u(t,z) =0, x€dD, u(0,z)=u(x). ’

The heat equation can be thought of as (1.1) with u formally replaced by 0

This limit, the Smoluchowski-Kramers approximation, was first investi-
gated by Smoluchowski [28] and Kramers [24] for finite dimensional diffusions
of the form

pXH(t) = b(t, XM (1) — X*(1) + g(t, XM (£)) W (1) (1.3)

where X# is Ré%valued, b : [0,+0c0) x R? — R? is a vector field and g :
[0, +00) x R? — R¥** and W(#) is a k-dimensional Wiener process. As j — 0
the solutions converge pathwise on finite time intervals to the solution of the
first-order equation

X (1) = bit, X (1) + g(t. X)W (2). (1.4)

Furthermore, the first-order equation approximates some longer-time behav-
iors of the second-order system including invariant measures and exit time
problems. Many Smoluchowski-Kramers results for finite dimensional systems
are summarized in [18] including pathwise convergence, invariant measures,
Wong-Zakai approximation, homogenization, and large deviations. Various
generalizations including the presence of state-dependent friction have been
investigated in the finite dimensional case [1,7,8,14,19-23,25,29].

The Smoluchowski-Kramers approximation for stochastic partial differen-
tial equations such as (1.1) were first investigated by Cerrai and Freidlin [5,
6]. In [5], they considered the additive noise case where g(t,z,u) = 1 and in
[6], they considered the multiplicative noise case when the spatial dimension
d = 1. In each case they show that the solutions u*(t,z) of (1.1) converge to
the solutions of (1.2) pathwise in probability, in the sense that for any T > 0
and § >0

lim P < sup /D lu (t, ) — u(t, z)|*dx > 5) =0. (1.5)

w=0 -\ ¢e0,17]

The Smoluchowski-Kramers approximation in the presence of a magnetic field
and Smoluchowski-Kramer’s interplay with large deviations in the small noise
regime for infinite dimensional systems and with invariant measures have also
been investigated [9-13,26,27].
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The main results of this paper fill a gap in the literature by demonstrating
that the Smoluchowski-Kramers approximation is valid in the case of multi-
plicative noise in any spatial dimension d > 1 if the noise covariance () satisfies
appropriate assumptions. Furthermore, the methods in this paper allow us to
improve from convergence in probability as in (1.5) to LP convergence. In par-
ticular the main result of this paper, Theorem 4.2, proves that for any 7" > 0
and p > 1,

lim E sup </D |u*(t, ) — u(t,:ﬂ)|2d:c)p/2 =0. (1.6)

=0 yel0,1]

If D c R? is an open region with smooth boundary then there is a com-
plete orthonormal basis of L?(D) consisting of eigenfunctions of A such that
Aey(z) = —ager(z) for an increasing sequence of eigenvalues oy > 0. Weyl’s
Theorem [17, page 356] guarantees that the eigenvalues of —A with Dirichlet
boundary conditions behave like o, ~ k?/¢ as k — +o0. In dimension d = 1,
the eigenvalues have the useful property that >~ ; aik < +00. A consequence
is that (1.1) is well-defined when is exposed to white noise (the case where
Q@ = I is the identity) (see [6]). In dimensions d > 2, the noise must be more
regular than white noise in order for (1.1) to be well-defined.

In the additive noise case considered in [5], the Smoluchowski-Kramers
approximation is proved under the assumption that ) is diagonalized by the
same basis of eigenfunctions as the Laplacian with eigenvalues Qer = Apeg

and that Y 7, Oﬁ‘—ig < +oo for some § € (0,1). This is also the minimal
condition that guafrantees that the solutions to (1.1) and (1.2) are well-defined
and function valued.

The minimal conditions on the noise covariance () that guarantee that
the heat equation with multiplicative noise (1.2) is well-defined and function
valued are characterized in [2-4]. We assume that @ is diagonalized by the
same sequence of eigenfunctions as the A, Qe = A\peg. In the dimension d = 1
case, (1.2) is well-defined if the eigenvalues of @ are assumed to be uniformly
bounded. In dimensions d > 2, (1.2) is well-defined if the eigenvalues of Q) are
assumed to satisfy

(oo} (oo}
Z}\?‘ejlioo(D) < 400 and Za;ﬂ\ekﬁmw) < 400 (1.7)
j=1 k=1

for some g, 8 > 0 satisfying 8=2) 1 Tp the case where the eigenfunctions of

q
the Laplacian are equibounded and the ay ~ %, this simplifies to the condition
that

2d

q
Zl/\j < 400 for some 2 < ¢ < T3 (1.8)
j:

In this paper, we show that the solutions to (1.1) exist and are function
valued under the same conditions on the eigenvalues of (). This requires a novel
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proof because the argument of [2—4] relies on the fact that the heat equation
semigroup is analytic, but the wave equation semigroup is not analytic. Fur-
thermore, we show that the Smoluchowski-Kramers approximation is valid in
the sense that (1.6) holds under these same minimal assumptions on Q.

The proofs of the well-posedness of (1.1) and the Smoluchowski-Kramers
approximation (1.6) are both based on a careful analysis of the wave equation
semigroup.

The paper is organized as follows. In Section 2, we describe the assumptions
and notations used in the paper. In Section 3, we recall some results about
the heat equation. In Section 4, we state the main results of this paper. In
Section 5, we carefully analyze the properties of the wave equation semigroup.
In Section 6, we analyze the properties of the stochastic convolutions with the
wave equation semigroup. In Section 7, we apply the results from Sections 5
and 6 to prove that the stochastic wave equation is well-defined. Finally, in
Section 8 we prove that the mild solutions to the stochastic wave equation
converge to the mild solution of the stochastic heat equation.

2 Assumptions and notations

We consider the damped stochastic wave equation (1.1) under the following
assumptions.

Assumption 2.1 The functions b : [0,+00) X D x R = R and g : [0, +00) X
D xR — R are uniformly Lipschitz continuous and have sublinear growth in
the third variable. There exists C' > 0 such that for any u,v € R,

sup (|b(t,x,u) - b(ta xz, U)| + |g(t,o:,u) - g(t7:177v)|) < C|U - rU" (21)
i€
and
sup (16(t, 2z, u)| + 1g(t, z, u)]) < C(1+ |ul). (2.2)
TE
t>0

Assume that D C R? is a bounded set with smooth boundary. Define
H = L?(D) and let A be the realization of the Laplace operator in H with
Dirichlet boundary conditions. There exists a sequence of eigenfunctions of
A that form a complete orthonormal basis of H. We list the eigenvalues in
increasing order 0 < oy < ap < ag41 so that

Aek = —OLk€L.

Because the boundary of D is smooth, the eigenfunctions e are infinitely
differentiable functions on the closure of D (see, for example, [17, Thoerem
6.5.1]).

The cylindrical Wiener process w(t) is defined as the formal sum

w(t) =Y enBi(t) (2.3)
k=1
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where {B;(t)} is a sequence of independent one-dimensional Brownian mo-
tion on a common probability space. Integration against a cylindrical Wiener
process is defined in [15, Chapter 4.2.1].

For a positive self-adjoint operator @ € £ (H) diagonalized by the basis
{e;} with eigenvalues Qe; = Aje;, define

1
00 a4y, |2 a :
@l = { (S Mlefiep) ' fac i)y
sup; Aj if ¢ = 4o0.

Assumption 2.2 The operator Q € £ (H) is diagonalized by the same or-
thonormal basis of H as A. Q has eigenvalues \j > 0 satisfying

er = )\jej.
There exist constants q € [2,4+00] and 5 > 0 satisfying
1Qllq < +o0 and [|(=A)~"|s < +o0 (2.5)

and
Blg—2)
q
In the case where ¢ = 400, (2.6) means that 5 < 1.

<1. (2.6)

Remark 2.3 By Weyl’s Theorem ([17, page 356]), the eigenvalues of the Lapla-
cian grow like o, ~ k7 where d is the spatial dimension of the domain D. If the
ey, are equibounded in the L>°(D) norm (which is the case when D is a gener-
alized rectangle) then (2.5)-(2.6) simplifies to the condition that ||Q|, < +o0
where ¢ = +o if d = 1 and 2 < ¢ < dQ—fQideQ.Thisisthesameas
Assumption 2 in [2].

Condition (2.5) also guarantees that the heat equation is well-posed in the
more general case that the eigenfunctions are not equibounded (see for example
[4, Hypothesis 1]). We will prove that the same conditions on @ that imply the
well-posedness of the stochastoc heat equation imply the well-posedness of the
stochastic wave equation as well as the validity of the Smoluchowski-Kramers
approximation.

Remark 2.4 Because the oy, ~ k%/¢ and inf}, lex| o= (py > 0, the condition
|(=A)~Y|s < +oo requires B > 1 unless the spatial dimension d = 1. This
means that ¢ could only possibly be +00 if d = 1. On the other hand, |ex |1 (p)
can not grow arbitrarily quickly. There must exist some p > 0 such that
lek| o (py < Caf < Ck?r/4 (see for example [17, Theorem 6.3.5]). This means
that there always exists some 3 < +oo such that ||(—A4)7![z < +oo, and
therefore one can always choose ¢ > 2.

For § € R, define the Hilbert spaces H° to be the completion of C§°(D)
under the norm

fl3s = af (fren)ys -
k=1
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For § > 0, these spaces are equivalent to the fractional Sobolev spaces Wg 2 (D)
[16].

It is helpful to study the wave equation as a system in an appropriate phase
space,

3t (t,2) = v(t, x),
9 (t,x) = % (Au(t,z) — v(t,2) + b(t, z,u(t, z)) + g(t, z, u(t,2)) QL) .
(2.7)
Define the phase spaces Hs := H° x HO~1. We also use the notation H = Ho.
Define the linear operator A, : D(A,) = Hs—1 — Hs by

Ay (,0) = (v, Au/pp = u/p). (2.8)

The operator A, generates a Cy semigroup S, (t) : Hs — Hs.
Define the composition mapping B : [0, 4+00) x H — H by, for any ¢t > 0
and u € H
B(t,u)(x) = b(t, z, u(x)). (2.9)

Define the composition operator G : [0,4+00) x H — Z(L>*(D) : H) by, for
any t >0, u € H, and h € L*(D),

[G(t,u)h](z) = g(t, z, u(z))h(z). (2.10)

Note that for u € H, G(t,u) is also well-defined as a bounded linear mapping
from H to L'(D) by Hélder inequality. Because of Assumption 2.1, B and G
are Lipschitz continuous in the second variable.

Define IT; : Hs — H?® is the projection onto the first component and
I, : Hs — H®"! is the projection onto the second component. That is, for
any (u,v) € H’,

T (u,v) = u, and Iy (u,v) = v. (2.11)

Define Z,, : H?® — H; such that
Zyu = (0,u/p). (2.12)

The equation (2.7) can be rewritten in the abstract formulation where z#(t) =

(ut(t),v"(t))
dzP(t) = [Au2"(t) + T, B(t, I 2" (1)]dt + T,G(t, IT 2" (1)) Qdw(t).  (2.13)

Definition 2.5 The mild solution to (2.13) is defined to be the solution of
the integral equation.

() =S, ()20 + /O S,(t — )T B(s, IT2"(s))ds

+/ Su(t —9)L,G(s, II1 24 (s))Qdw(s) (2.14)
0

where zp = (ug, vg). Then u#(t) = Iy 2*(¢) is the mild solution to (1.1).
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For any T > 0 the function spaces C([0,7] : H) and C([0,T] : H) are the
Banach spaces of H (resp. H)- valued continuous functions on [0, T]. They are
endowed with the supremeum norm

leloqormy = sup |p®)la,  [Yleqo,mn) == sup [¥(t)|n. (2.15)
te[0,T] te(0,7]

Let (£2, F,P) be a probability space. For any Banach space E, the space
LP({2 : E) is the set of all E-valued random variables with the property that
Elp|}, < 4+o0. LP(§2 : E) is a Banach space. In this paper we are most inter-
ested in the case where E = C([0,T]: H) or E = C([0,T] : H).

Throughout this paper, the letter C' refers to an arbitrary positive constant
whose value can change from line to line.

3 Heat Equation

In this section we recall some of the well-posedness results for the heat equation
(1.2). Using the notation of Section 2, (1.2) can be written in the abstract
formulation in H

du(t) = [Au(t) + B(t,u(t))]dt + G(t,u(t))Qdw(t). (3.1)
The mild solution for the heat equation is the solution to the integral equation

u(t) :S(t)uo—i-/o S(t—s)B(s,u(s))ds+/0 S(t—s)G(s,u(s))Qdw(s) (3.2)

where S(t) is the heat equation semigroup, which satisfies S(t)e, = e~ %tey.
All of the results of this section can be found in [2-4].
Denote the heat equation’s stochastic convolution by

D) = /0 S(t — 5)B(s)Qduw(s) (3.3)

where we will set @(t) = G(t,p(s)) or D(t) = (G(t, p(t)) — G(t,¥(t))).
By the factorization formula of [15, Chapter 5.3.1],

I't) = sin(;ra)/o (t —5)*"1S(t — s) [, (s)ds
where .
I,(t) = /0 (t—s)"*S(t — s)P(s)Qdw(s). (3.4)

We collect some results that we will use later in the paper.
Lemma 3.1 Let q,[ satisfy (2.5)-(2.6). For any o € (0,1/2) satisfying 0 <
200 < 1 — @, D> é, and any T > 0, there exists C = C(T,p,a) > 0 such
that for any t € [0,T],
EILW(®) < C sup 190 s (o0, (3.5)

s€0,t]
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For more information about the proof of this Lemma see Lemma 3.3 of [2] or
Lemma 4.1 of [4].

Lemma 3.2 Let q, 8 satisfy (2.5)-(2.6). For o € (0,1/2) satisfying 0 < 2 <

1-— 75((1{;2) and p > é,

Esup |I'(t)|]P < CTE sup ||45(t)||f(£(Lx

t<T te[0,T) (D), H)*

Lemma 3.3 Let Py be the projection onto span{ex}Y_,. Let @ fized progres-
siwely measurable £ (L (D), H) valued process satisfying

E sup (@))% Lo (py.my < 00
t€[0,T]

Then for any fived o > 0 satisfying the conditions of Lemma 3.2,

. _ D _

NngE‘(I Pn)To(t)|5 = 0.
Proof This is an immediate consequence of the dominated convergence theo-
rem.

The following Theorem is presented in [4, Proposition 4.2] and we state it
without proof.

Theorem 3.4 (Proposition 4.2 of [4]) Assume that Assumptions 2.1 and
2.2 hold. For any initial condition uy € H, there exists a unique solution
u € LP(2 : C([0,T] : H)) to (3.2) where p > 2 satisfies the conditions of
Lemma 3.2.

The proof is based on the well-posedness of the stochastic convolutions and a
fixed point argument.

4 Main results

The first main result of this paper is that the mild solutions z* solving (2.14)
are well defined.

Theorem 4.1 Assume that Assumptions 2.1 and 2.2 hold. For any initial
conditions (ug,vo) € H and p > 0, there exists a unique mild solution 2" €
LP(02:C([0,T]: H)) to (2.14).

The proof of Theorem 4.1 is given in Section 7. The proof requires careful
analysis of the Fourier decomposition of the wave equation semigroup and the
stochastic convolution, which can be found in Sections 5 and 6.

The next main result is that the Smoluchowski-Kramers approximation
is valid for these wave equations with multiplicative noise in any spatial di-
mension. The convergence of u* to w is in LP(2 : C([0,T] : H)), which is an
improvement over previous results, which were known to converge in proba-
bility. Furthermore, this result is true in any spatial dimension d > 1.
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Theorem 4.2 (Smoluchowski-Kramers approximation) Assume that
Assumptions 2.1 and 2.2 hold. Let u be the mild solution of (3.2) with initial
condition ug € H and u* = II 2" be the mild solution of (2.14) with the same
initial position ug € H and any fived initial velocity vo € H~'. There exists
p > 2 such that for any T > 0,

lim E sup |u(t) —u”(t)%, = 0. 4.1
B E s [u(t) () (11

The proof of Theorem 4.2 is presented in Section 8.

5 Estimates on the wave equation semigroup S, (t)

In this section we investigate the properties of the semigroup S, (t). The exact
form of the semigroup can be found in [5, Proposition 2.2]. We briefly recall
some of the main observations about this semigroup and then we introduce
some new analysis. Because A is diagonalized by the orthonormal basis {ey},
for any k£ € N the operator 4, is invariant on the two dimensional linear span
in H of the form {(uwer,vier) : ux,vpy € R} . The semigroup S,(t) is also
invariant on each of these two-dimensional spans.
Let u € H and v € H™1. Set uy, = (u, ex) y, vk = (v, k), and let

fi (tug, vr) = (en, INS,(t) (urer, vier))

and
gy, (L ug, vi) = (ex, IS, (t) (urer, vier)) 5 -
Then
Su(t)(u,v) = Z (f,’;(t; Uk, Vk )€k, gg(t;uk,vk)ek) . (5.1)
k=1

By the definition of A, g (t; uk, vi) = (f£) (t; uk, v) and ff (¢, uk, vi) solves

p(f)" (@) + () (1) + anf(H) =0, f(0) =uk, (fy)(0)=ve.  (5.2)

To study the stochastic convolution, we will be particularly interested in
the case where uy, = 0 and vy = 1. According to [5, Proposition 2.2],

1(t;0,1) = \/1%% lexp <_t (H;;WD

—exp (—t (H W)) ] . (5.3)

We use the notation that when 1 — 4pay < 0, /1 —4pog = iv/4pag — 1.
When 1 — 4par = 0, f{'(t;0,1) = te"2 . We see that that the solutions
to (5.3) feature different behaviors depending on whether 1 — 4uay > 0 or
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1—4pay < 0. When 1—4puay, > 0, the behavior is dominated by the exponential
term exp (—t (177 W)) This exponent is bounded by —ayt because

1—v1—dpoy dpa
24 2 (14 T = dpov)

Consequently, for any fixed p > 0 there are a finite number of k£ € N satisfying
1 — 4pay, > 0, and for this finite number of Fourier modes, f£(¢;0,1) can be
bounded by terms that behave like pe™ ¢,

On the other hand, for the infinite number of modes satisfying 1—4uay, < 0,

! ) sin (t““‘o""l> . (5.4)

2p
p‘t'O 1 = — _——
FE(0,1) 4Mak__1exp(: " -

S — Q.

In this regime, the functions no longer behave like their parabolic analogue.

They behave approximately as , /a% exp (72%) These observations are veri-

fied in the next sequence of lemmas.

Lemma 5.1 Assume that f}'(t;u,v) solves (5.2) for u,v € R.
1. Ifu=0 and 1 — dpay, > 0, then

[fE(#0,0)] < dulvfe™! (5.5)
and

() (850, 0)] < 2Jvfe™ ", (5.6)

2. Ifu=0 and 1 — 4pay < 0, then
dplv| e

0,0 < (5.7)
and .

[(f£) (£ 0,v)] < 2Jv]e” 3 (5.8)

3. Foranyk e N, p >0 and u,v € R,
Pl (FEY (tu, 0) 2+ anl f (B, 0)2 < plol? + agelul®. (5.9)

Remark 5.2 An immediate consequence of (5.9) is that if v = 0 and u € R,
then for any k € N,
| i (5 u,0)] < [ul. (5.10)

Proof For the simplicity of notation, we let f(¢) = f}{'(¢;u,v) and specify k, p,
u, and v throughout the proof. Let v > 0 and define h(t) = €7 f(t). We will
set v to be either oy or ﬁ depending on the relationship between ay, and p.
h solves the equation

?MWH+G—ZWMW%+w¢—W+awMﬂ:&

h(0) = u, R'(0) =~yu+v. (5.11)
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We calculate two energy estimates. First, by multiplying (5.11) by h’(t),

wd

1 d
DO + (1= 2 (O + 587 — 7+ @) RO = 0.

2
Therefore, by integrating the above expression and multiplying by 2,

t
Il ()] +2(1 — QW)/ |1 (s)|ds + (uy® = + ) [A(1)[?
0
= plyu+v* + (py? — v+ o) |ul. (5.12)

We derive a second energy estimate based on the fact that

L1 (1) + (1 2u)h(1)
— (" (1) + (1 — 2 )W (£)) (uh' (1) + (1 — 247)h(2))
= =2(uy* =y + ar)h(t) (ph' (t) + (1 = 2py)h(t)).

The last equality is a consequence of (5.11). Integrating both sides,

luh! () + (1 = 2u7)h(t)[* + 2(uy* — 7 + ax) (1 — 2uy) /0 |h(s)*ds
+ p(py® — v + ) |h(E) [
= |u(yu+v) + (1= 2uy)u* + p(py? — v + o) |ul?. (5.13)

If 1 —4pay > 0, we set v = . This choice guarantees that the coefficients
in (5.11) are positive. Specifically,

1 1 1
puy? =y +agp =pai >0and 1 —2uy = 3 + 5(1 —4pay) > 3 (5.14)

Then according to (5.12), if u =0
W (1)) < ol
and by the triangle inequality, (5.13), and the previous display,
(1 = 2pa)|h(8)] < plB'(£)] + |k (8) + (1 = 2pon ) h(t)| < 2plv].

Then by (5.14),

|h(t)] < M
1 —2payg

We chose h(t) = e*tf(t). It follows that |f(¢)| < 4plvle™**t which is (5.5).
Similarly, h'(t) = au f(t)e " + f'(t)e®*'. Therefore,

< 4plvl.

()] < awl f(B)] + e |1 ()] < (4pak + Dfvle™

In this regime 4pa; < 1 so we can conclude that (5.6) holds.
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Now we study the case where 1 — 4uag < 0. In this case we set v = Z%.

Then ) 5 !
Qe
1-2uy=-and py? — v+ o =ap — — > — 1
oy 3 and py YT Qg = Qg 6p = 4 (5 5)

because % < 32% f u =0, then by (5.12),

VI
h ____v7
)] < e

[0]-

and
W ()] < Jvl.

4;1, _t
< — Fm
O <[ lele

()] < imm ()l < (

Therefore by (5.15),

and

1 ¢ ¢
+1) vle 2z < 2|vle”
= t1)b o

because 4pay, > 1. This proves (5.7) and (5.8).
Finally, (5.9) is a consequence of (5.12) with v = 0.

Lemma 5.3 For anyt >0 and p > 0 it holds that
ISl < 4. (5.16)

Proof This is an immediate consequence of (5.5) and (5.7). By (5.1),
IS, (t)Ier = fi(t;0,1/p)ey. The ey, are a complete orthonormal basis of H
and are eigenfunctions of I11.S,,(T)Z,, and therefore

1118, () Zpll 21y < ilelg | fe(t;0,1/ ).

For k satisfying 1 — 4puay, > 0, (5.5) implies that |fi(¢;0,1/u)| < 4. For k
satisfying 1 —4pay, < 0, (5.7) implies that | f{'(¢;0,1/p)] < Vi -. For these F,

N
po, > i and we can conclude that
1118, ()Tl 2y < 4
Lemma 5.4 For any p >0 andt >0,
1
HHlSM(t) <0) H <1 (5.17)
Z(H)

Proof This is an immediate consequence of (5.10) because

Ims.0(g)]  =swigeo<.
L(H) keN
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Lemma 5.5 Let N, = max{k € N : 1 —4puay, > 0} and let Py, be the
projection onto the span of {ex}r<n,. Then for anyt >0,

0
Hmsm (p )Hﬂ < (5.18)
H
Proof By (5.5),

1S, (OT1 Py, || gy < ksguﬁu |fi (40, 1) < 4p.

Lemma 5.6 Let N, = max{k € N : 1 —4uar > 0} and let Py, be the
projection onto the span of {ex}r<n,. Then for anyt >0,

“nlsu(t) ((1 _OPNH)) Hg(Hl,H) < /. (5.19)

Proof Because of the presence of the (I — Py, ) projection and of the fact that
HlSﬂ(t)Ilek = f,':(t; 0, l)ek,

[ IS, ()1 (I = Px,)

_ 1 (s
L?(H—l,H) = ki“}% Vol fr, (0,1)].

Notice that the /ay is included because this is considered as a linear map
from H=! — H. By (5.7),

| 1118, ()1 (1 — PNM)H;Z(H*HH) < V.
Lemma 5.7 For any p € (0,1) and t > 0, it holds that
1S, (D)l zagy < /2. (5.20)
Proof Because p € (0,1) and the definition of H, for any (u,v) € H and ¢t > 0,
p1Su (1) (u, )3, < pl TS, () (u, 0) [Fr—1 + [T S (1) (u, 0) |-
By the Fourier decomposition (5.1), right-hand side of the above expression

equals
o0

> (Oi(ff)'(t;%,vk)F + |f5(t;uk7vk)|2)

k=1

where u, = (u,ey); and vy = (v, ex) . It follows from (5.9) that the above
expression is bounded by

— [
E < v|® + |Uk2) .
Qg

k=1

Because p € (0,1), this implies

SO0 < 3 (LG )+ 1 o) ) < )l
k=1 \F
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Therefore, for any (u,v) € H,

1,(8)(u, ) 2, < ~|(w, ) 2,

=

proving the result.

Now we study the convergence of the Fourier coefficients f}'(t; u,v) as p —
0.

Theorem 5.8 (Convergence) Let fi (t;u,v) solve (5.2).
1. Forany ke N, T >0, and u € R,

lim sup |ff'(t;u,0) —ue ***| = 0. (5.21)
10 4e(0,17]

2. Forany ke N, T >0ty € (0,T], and v € R,

lim sup |fE(t0,v/p) —ve” | = 0. (5.22)
#=0 4e[to,T]

3. Foranyk e N, T >0, to € (0,T], and v € R,

lim sup |(f})'(t0,v)] =0. (5.23)
10 4e[ty,T]

Proof One can prove each of these directly from the explicit formulas in [5,
Proposition 2.2]. Below we present an alternative proof based on some argu-
ments from [18]. Let f}'(t) = f}'(t;u,v). Then because p(fr)"(t) + (f£) (t) +
axfy (t) =0,

d

= (e (Y ©) = —aneE p ).

Integrating both sides,

t

peF (L) () = po— oo [ € f(s)ds

and

(LY (0) = we s = = T s)ds. (5.24)
0

Integrating once more and changing the order of integration,

(t=s)

) fi(s)ds. (5.25)

f,i‘(t):u+;w(1fe_ﬁ)fak/o (1—e"

If v =0 and a limit f{'(t) — fi(t) exists, then the limit must solve

Flt) = u— oy / Fu(s)ds,
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the unique solution of which is fi(t) = ue™ . To prove that f}'(t) converges
to fr, set g (t) = fi'(t) — fi(t). Then

g5 (1) :Oék/o - w flf(s)ds ozk/o gi(s)ds.

A standard Gronwall along with the estimate (5.10) proves that

sup |gj; (8)| < pofule=™
t€[0,T)
and consequently sup,c( 77 |9y (t)] — 0 and (5.21) follows.

We can use a similar argument to show (5.22). If v = 0 and v = l% in
(5.25), then

(t=s)

,5<t>=<1—e*%>—ak/0<1—e* 5 (s) ds.

Let f(t) = e7** and note that f(t) = 1 — ay, [] f(s)ds. Setting gl'(t) =
'(t) — f(t), we see that g} solves

t t
(t—s)
gr(t) = e+ ock/ e F (s)ds — ak/ gy (s)ds.
0 0

If 1+ > 0 is small enough that 1 4uak > 0, then (5.5) implies that for any ¢ > 0
|f1(t)| < 4. Therefore, ’f - fk( )ds‘ < 4u. By Gronwall’s inequality,

t
9" (O] < e + dpay + Olk/ (e‘ﬁ + 4uozk) ok (1-5) g
0

t
< e W 4 Spage®tt,

Therefore, for any 0 <ty < T,

sup [g"(t)[ =0
te[t07T]

and (5.22) follows for v = 1. For general v € R, simply multiply both f}" and

f by v.
Finally, we let w = 0 and v € R in (5.24). Then for ¢ € [to, 1],

coag [f )

(f;i‘)'()—veﬂ—j | " fi (s)ds

By (5.5), for p < ﬁ7 |fE(s)| < 4dplv|e=+5. Therefore,

t
-t _(t—s)
(FEY ()] < [ole™ % + daglo] / 524

which converges to zero uniformly over ¢ € [tg,T] as u — 0.
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6 Regularity of the stochastic convolution

Let G be the operator defined in (2.10) and let ¢(t) and v (t) be some H-valued
processes that are adapted to the natural filtration of w(¢). In this section we
study the stochastic convolution processes

| 81t = 92,605, p()Qaus)

and the differences

/ Su(t — TG (5, 0(5)) — Gls,0(5))|Qdu(s).

In order to study both of these objects at the same time and to simplify our
notation, for the rest of this section we will let @(t) denote either G(¢(t)) or

Gle(t)) — GH(2)).

Before establishing estimates on the stochastic convolution we discuss the
properties of such a @. For any ¢ > 0, &(t) is a bounded linear operator from
L®(D) to H. ®(t) is also a bounded linear operator from H to L'(D).

If p(t) € H, and h € L (D) then by the linear growth of g in Assumption
2.1,

Gt () h] = / 9t 2, o (t,2))h(z) Pz < C / (14 Jolt, 2)[2)? |h(a) P
D D
< O+ o)) e ).

If p(t) € H and h € H, then

Gt ()l () = /D l9(t, 2, (t, ) ()| da

< (/D |g(t,m,<p(t,x))|2dx)é(/D|h($>|2dx>§SC(1+|%@(t)|H)|hH~

Similarly, if &(t) = (G(t,¢(t)) — G(t,9¥(t))), and ¢(t),¥(t) € H and h €
L=(D),

(Gt @(1) = G(E,9(1)) hIH—/I (t,z,¢(t,2)) — g(t,2,9(t, ) h(z)|*dz

< C/ lo(t,2) — (¢, )] |h(x) Pz < Clo(t) — $(0) 5 |hl T ) (6.1)
and if h € H, then

(G, 0(t) = G(t,9(t))hlLr(py < Cleo(t) — ()| alhla.

Let &*(t) denote the adjoint of @(¢) in H in the sense that if hy € L°°(D)
and hy € H = L?(D) or hy € H and hy € L*>(D),

(D(t)ha, ha) g = (ha, D" (t)h2) g
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Notice that if &(t) = G(t,(t)), hy € L>®°(D) and hy € H,
(D(t)h1, ha) y = /Dg(t,fﬂ,@(t,x))hl(x)hz(f)dx = (h1, @*(t)h2),, -

In this way, @(t) is a self-adjoint £ (L>°(D), H)N.Z(H, L*(D))-valued pro-
cess that is adapted to the natural filtration of w(t). We define the stochastic
convolution

I'“(t) = /0 St — )1, P(s)Qdw(s). (6.2)

By the stochastic factorization formula [15, Chapter 5.3.1], for 0 < @ < 1
to be chosen later,

I'H“(t) = singrom)/o (t —8)* 1S, (t — s)IH(s)ds (6.3)
where .
() = /0 (t— 8)S,u(t — )T, B(s)du(s). (6.4)

We begin with estimates on I'%.

Remark 6.1 All of the proofs in the section are written for the case ¢ < +00
where ¢ satisfies Assumption 2.2. A standard straightforward modification of
the proofs is required if ¢ = +o0.

Lemma 6.2 Let g, satisfy (2.5)-(2.6). Let 0 < 2o < 1 — @. Then for

anyp > 2 and T > 0, there exists a constant C = C(«, p,T) independent of u
such that for any t € [0,T],

E|IL,TE(t)|5 < CE 51[10pt] H@(s)HfZJ(LM(D),H). (6.5)
s€l0,
Proof By the Burkholder-Davis-Gundy inequality [15, Theorem 4.36],
o p/2
LI, <cE (Y / (t = )20 1,8, (t — )T,0(s)Qe, % ds
=170
(6.6)

where {e;} is the complete orthonormal basis of H that diagonalizes ) and A
in Assumption 2.2.
For the rest of the proof, it is enough to study the quadratic variation.

0 .t
A=Y / (t— )2\ LS, (t — )T, 8() Qe [Bds.
j=1
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We expand this expression into a double sum

ZZ/ TS, (t — $)T,(5)Qey, ex)yy ds

k=1 j=1

—ZZ/ (®(5)Qe;, T2S(L — 5)IT ey, ds.

k=1j=1
Notice that for any k,j € Nand t > 0
<I/j8;(t)ﬂfek,ej>H = (IL:S,(t)L,e, ex)
Cfrrw it =k
0

otherwise

where f/'(t) = f}'(t;0,1/p) solves (5.2) with up = 0 and v, = 1/p. Therefore,
along with the fact that Qe; = Aje;, the quadratic variation can be written as

-y / )TN (S (= ) (B(s)ej ex) Ty d.
k=1j=1

Apply Hélder’s inequality with exponents 4 and 5 to the double sum where
q is from Assumption 2.2,

. 2/q
AR (1) S/ (t—s)" ZZ/\Q eJ,ek
0 k=1 =1
(¢=2)/q
ZZ Fl(t = $))21 ) (e, B (s)er) s, ds

k=1j5=1

t
:/ (t—s)~ Z)\q@ Vesl3r
0

2/q

s (-2)/a
x (Z(fﬁ(t - 8))2‘1/(‘1_2)@*(8)%%{) ds

k=1
2/q

t
< [u-sr zuenim(m

o (g—2)/
X (Z(ff:(t - 5))2q/(q2)|ek|2Loo(D)> 12 ()1 % (Los (D)..11) -

k=1
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The final inequality is a consequence of the fact that ®@(t) = &*(¢). Letting
Q|| be defined as in (2.4),

t
AR () < / (t = )2 |QIZI®() |12 (e ()10

[e'e) (q—2)/q
x (Z(f{:(t —~ s))Qq““Hekﬁm(D)) ds. (6.7)

k=1
We analyze the sum
00 (a—2)/q
(Z(fzf(t))%/(q2)|€k|iw(D)>
k=1

by splitting it into two pieces. Let N, = max{k : 1 — 4pay, > 0}. Then by
(5.5) and (5.7) with v =1/u

k=1

s (a—2)/q
< (fL ()27 @y, |2L°°(D))

NF‘
<C ( Z e~ 20kqt/(q—2) ‘ek|2L<x>(D)
k=1

e’} (¢—2)/q
Y (o) e ek|%m<D>> |
k=N,+1

For any =,y > 0 it follows that (z +y)@=2)/9 < g(a=2)/a 4 y(a=2)/4_ Therefore,
the above expression is bounded by

N, (a—2)/q
C Z e 2qoxt/(4=2) |€k|2L<x>(D)

k=1

. (a=2)/q
Ce 2 > _ 2
+ Z akQ/(q )|€k‘%oo(D)
K k=N, +1

=J; + Jo.

The finite sum J; behaves like the eigenfunctions of the semigroup in the
parabolic case considered in [2-4]. Let 8 > 0 be from (2.5) and (2.6). There

exists a constant such that for all K € N and t > 0, e~ < C’aﬁ—lﬂa. It follows
k
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that
(a—2)/q
Ji

NH
0[S
k=1

s} 1 (9—2)/q
¢ (Z Wkk%ww))

k=1 Y%
< Oll(=A) gl Pla=D/a, (6.8)

IA

We show that the tail sum J3 is small. It follows from (2.6) that f < 15

and it follows from the definition of N, that oy > ﬁ for all £ > N, + 1.

Therefore for all K > N, + 1, af_q/(q_Q) < (4p)9/(a=2=8 and by (2.5),

o0 oo
- —2 B— -2) -
Z akq/(q )|ek|%w(D)§ Z ol q/(q )akﬁ‘ekliw(D)
k=N, +1 k=N,+1

< @)@ N Plerliepy < Ot/ I TE(=A) TG (6.9)

k=N, +1
This means that
’ - (a—-2)/q
Ce 2 — 2
J2 = Z A o/t )|ek|%°°(D)
H k=N, +1
e [C VI (6.10)

Plugging (6.8) and (6.10) back into (6.7),

t
Aa(t) < C/ (t—s)~2 ((t — 5) B2 a 4 ~Bla=2)/ac- 21)
0

X H@(S)H?Z’(LM(D),H)dS

< C sup [9(s)llz(zo(p)m)
s€[0,t]

t
> / ((t _ S)fZafﬁ(q%)/q + u*ﬁ(qﬂ)/q(t _ 8)720‘67%) ds.
0

By a change of variables,

/ sT2%e B ds = (2#)172(1/ t2etdt = Cput—2e. (6.11)
0 0

From these estimates we see that

AL(t) < C sup [[D(s)]| 2L (p),m)
s€10,t]

t
y (/ (t— 5)-20-8a=2)/aq5 4 N1—2a—ﬂ(q—2)/q> .
0
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We assumed that 2a < 1 — @. Therefore, there exists a constant C > 0
independent of & € (0,1) such that

Aa(t) < Csup 12(3) 1% (Lo () .1)-

The result follows by the BDG inequality (6.6).

Now we analyze the second component of I'¥(t). This will diverge as p — 0.
It will be convenient to analyze the moments of I'2 in two pieces. Let N, =
max{k : 1 —4pcy, > 0} as above. Let Py, be the projection in H onto the
span of the modes {ey,..en, }.

Lemma 6.3 Let q, satisfy (2.5)-(2.6). Let 0 < 2a < 1 — @. Let TH be
given by (3.4). Then for any p > 2 and T > 0, there exist constants C =
C(a,p, T) >0 and ¢ = ((a,p, T) € (0,p) such that

1. For anyt € [0,T], and p € (0,1),

C
E|Py, LT (1[0, < 71@ Sl[lp D)% (1 () .20)- (6.12)
€lo
2. For any fized t € [0,T],
lim pPE|Py, I, T (t)[%, = 0. (6.13)
pn—0

3. For any fized t € [0,T] and p € (0,1),
C
P
I |(I - PN#)H2F£(t)|H*1 < WE Szl[tpt] ||@(3)||pg(Loo(D),H)' (6.14)

Proof The proofs of this lemma are similar to the proof of Lemma 6.2. Let
A1 (t) be the quadratic variation of Py, I1o1).

Z/ (t — 8)7 2% Py, IS, (t — 5)T,9(s)Qe;|3ds

[LOO

_ZZ/ ( )QeJ7I*SZ(t_S)H5€k>iI ds.

k=1j=1

The eigenvalues satisfy Qe; = Aje; and ZXSh(t — s)[I3e, = (f}) (t — s)ex
where f1' solves (5.2) with uy = 0 and vy = 1/p. Then

)< Z [ R OF e ey 619

y (5.6) with v = %L, for k€ {1,..,N,}

2€—akt

(&) (0] < .
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Therefore,

Nu oo t
HOES-DYY / (t —5)72N2e 2% (=9) (@ (s)e;, ex) gy ds.
W=5=0

By the Holder inequality on the double sum and following the arguments of
the proof of Lemma 6.2,

c [t B
Mt =13 / (t = 5)" 2 QUZIB(S) |2 1w 1y 11
N, (a-2)/a
% Ze—zakq(t—s)/(q—z)|ek|2Lw(D) ds.
k=1

By the same reasoning that we used in (6.8),

C ¢ 9o B(g—
(1) < 55 sup (09w oy [ (8= 5)2 24D ods
K= sefo,t] 0

C
< Z sup |[|[®(s)||% ;e .
Sz SSI?H ( )||,$(L (D),H)

By the BDG inequality,
E|Py, I TE®)|" < E(AL(2)P/?

and (6.12) follows.

All of the previous calculations allow us to use a dominated convergence
theorem to prove (6.13). The upper bound for (6.15) using (5.6) was established
above. Specifically, for k € {1,...,N,}, j € N, and s,t € [0, 7],

PRI (0,1/m) P (B(s)ej, ex)y < CAJe > (B(s)e;, en) -
Notice that p(ff)(¢,0,1/u) = (f£)'(t;0,1). By (5.23), for each s > 0, k < N,,,
and j € N,
i (¢ — 5) 2202 (£L) (10, 1/ )2 (@(s)esex’y = 0.
p—

Therefore, by (6.15) and the dominated convergence theorem A;(t) — 0 with
probability 1. Then by using the BDG inequality and one more application of
the dominated convergence theorem, (6.13) follows.

As for the higher modes, let

() =y /0 (t — 8)2|(I — Py )\ 28, (t — 8)T,8(5)Qe |21 ds

zz/ot(t—s)_m

(—A) V(1 - Py IS, (t — 5)T,P(s)Qe; i]ds.
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Expanding this to a double sum,
3> / (t— 52
k= N“—I-l Jj=1
2
% (@()Qe; TiSy(t = $)II3 (1 = Py, )" (=A4)"2e, ) ds.
(6.16)

Recognize that for k,j € N

(T3St = I = P, (—A) " ere;)

= (AL = Py YISt = 5)Tucsen)

a (Y (t—s) ifk=j>N,,
0 otherwise.

By (5.8), s »
a, I =) < Cay TP tem
By (2.5) and (6.9),

- /(a-2)
S (e Y E=)P) " Jerli~
k=N,+1
o —qt/(2 —2
’ et/ Gula—2) lerl2 ) < Cemat/Gula=2)) =a/(a=2)=8,
= 2q/(q—2) o3/ (a=2) "L (D)
k=N,+1 H k

Applying the Holder inequality to (6.16),

C e i
1al0) € iy [ (6= 9720 T 106 g s
ILL q

C
Aa(t) < e BED SUP [2(s )||.,2%’(L°°(D)7H)'
/J/ q SG

We chose a so that 2a + @ < 1. This means that there exists ( > 0 such
that

c
A2(t) < =7y S 12() 1% (1= (), -

By the BDG inequality,

o
o I - p
E|(I - Py, )% (1) < M(P*C)/QESZI[I()I,)t] 12C) e (). 11y

Now we can establish a priori bounds on the supremum norm of the stochas-
tic convolution.
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Theorem 6.4 Let g, satisfy (2.5)-(2.6). Let I'*(t) be given by (6.2). For
any p > é where 0 < 2a < 1 — w and T > 0, there exists a constant
C =C(a,p,T) such that for all p € (0,1)

T
E sup |ILI*()) < CE / Sup [(5) % 1 () gr - (6.17)
t€[0,T) 0 s€[0,t]

Notice that this constant is independent of p € (0,1).

Proof We use the stochastic convolution formula (6.3),

< /0 (t = 8)° 1S, (t — )T (s)ds.

We divide I'* into three different pieces. Recall that IT;, IT; defined in (2.11)
and Py,,(I — Py,) defined above Lemma 6.3 are all projections. We can
rewrite the stochastic convolution formula (6.3) as

I (t) = sin(a) /Ot(t —8)* 1S, (t - s)( (é) IILTH(s)

() = sin(a)

s

N (P?v) Py, II2T"(s) + <(1 OPNH)> (1— PN#)HQFC’:(s)).

Choose a > 0 satisfying the assumptions of Lemmas 6.2 and 6.3. Let p > é
Applying the Holder inequality and using (5.17) and (6.5),

t P
E sup /(t—s)o‘_lﬂlSH(t—s) <I> I TH(s)ds
t[0, 7] 1J0 0 H
AP/ NPT
<C / sl@=1p/(p=1) ’Hl " )(0> ds E/ |II TE(s) |5, ds
2(H) 0

< C/ E sup (|9(5)[" Lo~ (py,zrdt-
s€[0,t]
The previous line follows because p > 1 implies (a — 1)p/(p — 1) > —1.
By the same argument with (5.18) and (6.12),
p

¢
E sup / (t —8)* IS, (t — s) ( 0 > Py, 12T (s)ds
tefo,7] 1J/o Py,

T 0 \[P/@D P!
<C / gle=1p/(p—1) ‘ngﬂ(s) <P ) ds
0 Nu/ \l(H)

T
y / Py, IToT (s) 1y ds
0
T
< C’E [ [Py, L0yt < CE S 120 1 .
te

H

dt.
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By (5.19) and (6.14),

p

¢ a—1 0 H
/0 (t—s)* " IS, (t — ) ((I _ PN”)) (I — Py, )II,T%(s)ds

p/(p—1) p—1
ds

L(H-1,H)

E sup
te[0,T)

T
0
(a=1)p/(p—1)
S ¢ </0 i ‘HISH(S) (I - PN;L)

T
x/ |(I — Pn, )Tk ()|}, -1 ds
0

H

T
< CuP/QE/ (I — Py, )ILTH ()P, dt
0
T
< CuSlE / N G —
0 te[0,7]
Therefore the result follows.

Theorem 6.5 Let I'*(t) be given by (6.2). For any p > 1 where 0 < 20 <
1-— @, and T > 0, there exists a constant C = C(p,T, u) such that

T
E sup |[I*(t)[}, < C(T,p, ,u)E/ sup | D(8)[% o (py, £y dt- (6.18)
t€[0,T] 0 se0,

Proof The proof is similar to the proof of Theorem 6.4, but it is less compli-
cated because the constant is allowed to depend on p. The main difference is
that we use Lemma 5.7 instead of Lemmas 5.4-5.6 in the stochastic convolu-
tion argument. We omit further details.

7 Well-posedness of the stochastic wave equation — Proof of
Theorem 4.1

Let p > 0. We show that for any (ug,vo) € H there is a unique mild solution
zt e C([0,T] : H) solving

2 (t) =S, (1) (ifﬁ) + /O t S, (t — $)I, B(s, I 2(s))ds

—|—/ Syt —$)L,G(s, II1 2 (s))Qdw(s). (7.1)
0

We prove well-posedness with the contraction mapping principle. Let JZ# :
Lr(2:C([0,T):H)) — LP(£2: C([0,T] : H)) by

() (t) =S,(1) <Z§> —|—/0 S,(t — s)L,B(s, 1¢(s))ds

—|—/ S, (t —s)Z,G(s, II1p(s))Qdw(s). (7.2)
0
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Well-posedness follows from proving that there exists a unique fixed point for
VAR
For any 1,2 € LP(22: C([0,T] : H)),

E sup [K"(p1) — K"(02)}

t€[0,T]
t P
<CE sup Su( — )L, (B(s, 1p1(s)) — B(s, I1p2(s)))ds
te[0,T] H
P
+CE sup / S,u(t — $)T,(G(s, i1 (s)) — G(s, 102 (5))) Qdo(s)
t€[0,T] H

By Lemma 5.7, sup, ||S,(t) ||l (2) < = /2. By the Lipschitz continuity of B
(Assumption 2.1), for any ¢ € [0, T7,

/ St — )T (B(Ip (5)) — B(Iypa(s)))ds

H

S / |B(s, Tip1(s)) = Bls, Mpa(s)) | nds

t
Cu? / Ty (s) — Mypa(s) | ds.
0

For the stochastic term, Theorem 6.5 and (6.1) guarantee that

E sup
te[0,T]

/ S (t — )T (G5, 01(5)) — G(s, 92(5)))Qdw(s)

H

<CT, N)E/O Sl[zp] IG(t, ITvp1(s)) — G(t, ITv2(3)) % (L (py 1y O
s€|0,t

T
<CT, M)E/ s?p} [ITyp1(5) — Iypa(s)|fdt.
0 s€0,t

It follows from these two estimates that

T

E sup [K"(p1)—K"(p2)l5, < C(T7P7M)E/ sup |y (t) — I1pa(t)[pdt.
te[0,T] 0 s€[0,t]

Therefore, for small enough Ty > 0, * is a contraction on LP(£2 : C([0,Tp] :

H)). We can use standard methods to append solutions in the intervals [0, To],

[To, 2T%), [2T0, 3T0),..- to get a unique solution to (7.1) in LP(§2 : C([0,T] : H))

for any 7" > 0.

8 Convergence — Proof of Theorem 4.2

Before proving Theorem 4.2, we state two auxilliary results about the conver-
gence of the stochastic convolutions and Lebesgue integral convolutions with
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the wave and heat semigroups. We state a result about the convergence of
the stochastic convolutions where I'** defined in (6.2) converge to I" defined in

Theorem 8.1 Let g, satisfy (2.5)-(2.6). Let T > 0, let a € (0,1/2) satisfy
0<2a<1— @ and let p > é For any self-adjoint, progressively measur-
able @ € LP(£2 : L>([0,T] : ZL(L>°(D),H))) let I'* and I" be given by (6.2)
and (3.3) respectively. Then

= 0. (8.1)

Mg EMLI = Il o )

Theorem 8.1 is really the most technical piece of this paper. We will delay
its proof to subsection 8.1. We will need a similar result about the Lebesgue
integrals.

Theorem 8.2 For any T > 0 and ¢ € L>([0,T] : H),

lim sup
w=0¢el0,17]

/ (S(t—s) = IS, (t— )T )e(s)ds| —0.  (82)
0 H

The proof is in subsection 8.2.
We now prove the main convergence result via Theorems 8.1 and 8.2.

Proof (Proof of Theorem 4.2) We decompose the difference between the mild
solutions (2.14) and (3.2) into the following pieces

u(t) —u(t) = (S(t)uo — IS (t)(uo, vo))

+ /Ot(S(t —8) — IS, (t — $)T,,) B(s, u(s))ds

o ISt — YT (B(s,uls)) — Bls, u(5)))ds

+ [/t S(t — 5)G(s, u(s))Qduw(s) — /Ot IS, (t = $)T,G(s, u(s))Qduw(s)

+ [ LS, (t — )T, (G(s,u(s)) — G(s,u"(s)))Qduw(s)

= 25: JE(t). (8.3)

Letting uy = (uo, ex) it follows from (5.1) that

sup [S(t)uo — I8, (1) (uo, 0)| = D> ui sup (e — fli(t;1,0))
te[0,T] 1 te[0,T]
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The above expression converges to zero by the dominated convergence theorem
and (5.21). Similarly, letting v, = (vo, ex) i, and N, = max{k € N : 1—4poy, >
0} it follows from (5.5) and (5.7) that

N,

= Auw?
2 k
|H1 0 ’UO ka|fk t: O 1 | Z 16M + Z Tk
k=1 k=N,+1
If k <N, then 1 —4puag, > 0. In particular, p < — and p
this bound to the first sum in the above display, 1t follows that
|H18 ( ) 0 UO < 4’“2 < 4,u|v|%{,1.
These calculations show that
lim sup |J{'(¢)|m
Ay b |J1 (®)]
< lim sup (\S(t)uo — Hlé’u(t)(uo, 0)|H + |H1$M(t)(0,’l}0)|H) =0. (84)
w=0¢e(0,17]

By Theorem 3.4, the unique solution to (3.2) is in LP(£2 : C([0,T] : H)).
By the linear growth of B (see (2.2)), B(-,u(:)) € LP(£2: C([0,T] : H) as well.
It follows from Theorem 8.2 and the dominated convergence theorem that

lim sup E[J(t)|4 = 0. (8.5)
#=0¢elo,T)

By the Lipschitz continuity of B (2.1), there exists a constant C' > 0 such
that for all s € [0,T], |B(s,u(s)) — B(s,u"(s))|lg < Clu(s) — ut(s)|g. By
Lemma 5.3 and a Holder inequality,

T
sup E|J5(t)]P < C’TpflE/ sup |u(s) —u*(s)[Pdt. (8.6)
t€[0,T) 0 s€f0.]

From the linear growth of G (2.2) and the fact that uw € LP(£2 : C([0,T] :
H)), it follows that G(-,u(-)) € LP(§2 : L*>=([0,T] : £(L*°(D), H))). Theorem
8.1 implies that

lim sup |J. =0. 8.7
lim, sup 1Ol (87)

By Theorem 6.4

T

E sup |J5(t)]%, < CE/ sup [|G(s, u(s)) — G(s,u" ()l oo (), a1y At
t€[0,7) 0 s€[0,]

By the Lipschitz continuity of G (6.1), there exists a constant independent of

s and p such that ||G(s,u(s)) — G(s,u"(s))|| 2= (p),m) < Clu(s) —u(s)|q.

It follows that

E sup |J5(8)] < C(T)IE/O sup |u(s) — ut(s)|hdt. (8.8)

t€[0,T) s€[0,t]
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It now follows from (8.3), (8.6), and (8.8), that there exists an increasing
C(T) > 0 such that for any 7' > 0

E sup [u¥(t) — u(t)} SC(T)< sup [J1(t)[f; + sup E[Ja(t)[f
t€[0,T] t€[0,T) t€[0,T]

T

+ sup E|J4(6)|}; + ]E/ sup |u(s) —ut(s)|¥,dt |.
te[0,T) 0 s€[0,t]

By Gronwall’s inequality, for any T' > 0,

E sup |u¥(t) —u(t)|}
t€[0,T]

< O(T)e D) ( sup |1(8)[” + sup E|J5(t)[}; + sup E|J4(t)%>-
te[0,T] te[0,T] te[0,T]

Finally, we conclude that the above display converges to zero due to (8.4),
(8.5), and (8.7).

8.1 Proof of Theorem 8.1

Lemma 8.3 Let « satisfying 0 < 2o < 1 — (qq 2), p > é and ¢ € LP((2 :
L>([0,T] : Z(L>=(D), H))) satisfy the assumptions of Theorem 8.1. Let I'*
be given by (6.4) and I, be given by (3.4). For any t > 0,

. o b, _
lim |1, T (1) = Ta(1)[f; = 0.

Proof The scalar quadratic variation of ITy ¥ (t) — I',(t) is
Z / )| (ILS, (¢ — 8)T, — S(t — 5))B(s)Qe, [%ds.

Writing this expression as a double sum and using the fact that ey are eigen-
functions for S(t), II,S,(t)Z,, and Q,

ZZ/ )NS50, 1/ ) — e (@(s)ey, ex)y ds.
k=1 j=1

For fixed k,j € N and s € [0, ¢], this integrand is dominated by,

2(t — 5) 72N (|(f1) (150, 1/ )| + €7 2%1) (B(s)e, ex) 3y

which is integrable by the arguments of Lemma 6.2 and [2, Section 3]. By (5.22)
and the dominated convergence theorem, A(t) — 0. By the BDG inequality,

lim E[ILTE(t) — T P =0.
liy BII1T(0) — La(0)]f = 0
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Lemma 8.4 For any N € N andt >0,
lim Hmsﬂ(t) (PN> - S(t)PNH —0.
n—0 0 2L(H)

Proof Notice that because these operators are diagonalized by the orthonormal
basis {ex},

s () s

= max |f£(t;1,0) — e+,
pH) k=N

and the above expression converges to zero by (5.21). The limit will not be
true without the projection onto a finite dimensional span.

Proof (Proof of Theorem 8.1) By the factorization method of [15, Chapter
5.3.1],

F(t):/O (t—s)aflS(t—s)Fa(s)ds, F“(t):/O (t—s)aflSu(t—s)Fg(s)ds,

where I, and I'¥ are defined in (3.4) and (6.4).
We split up the difference into five pieces. Let N € N be chosen later. Let
N, =sup{k € N: 1 —4puay > 0}.

() — (1) =
N /Ot(t gt (5@ )Py — ISt —s) (%N» La(s)ds

+ /Ot(t gyt (S(t —8)(I— Py) — I Su(t — 5) (I ‘OPN>) Ta(s)ds

# [ tmsi— ) (§) ) - mroas

t
—/O (t — s)* U1 S,(t — 8) T Py, 11T (s)ds

t
- /0 (t —s)* 1S, (t — )T (I — Py, ) 2T (s)ds

=: IﬁN(t) + Ig,N(t) + I:;N(t) + IZ,N(t) + Ig,N(t)' (8.9)

We also denote I (t) := Ij'y(t) for i = 3,4,5 because these terms are inde-
pendent of the choice of N.
By the Holder inequality, for p > é and NV € N,

E sup |I{ y(t)%
t€(0,T]

/T (a=D)p
< s »-1
0

T
x / E| Py T (s)[2 ds.
0

stpy =m0 (1)

_p_ p—1
p—1

ds
Z(H)



S-K wave equation 31

By Lemma 8.4 and the dominated convergence theorem, for any fixed N € N,

. T (a=1)p P%l ot
lim / s p-1 ds =0.
1=0\ Jo 2L(H)

The dominated convergence is valid by Lemma 8.4, the well-known fact that
the heat equation semigroup is uniformly bounded, and the fact that p > i
(a=Dp=1) o 1

P

sty =m0 (1)

implies
Note that Lemma 3.1 implies that E|I,(¢)[%; is bounded uniformly in ¢ €
[0, T7]. It follows that for any fixed N € N,

lim sup [I¥\(#)|5 =0. 8.10
tin sup (1250 8.10)

Now we show that I;N converges to 0 as N — +oo independently of u > 0.
By the Holder inequality,

E sup |15 v (8)[
te[0,T]

T (a—1)p
< § -1
0

T
x/o E|(I — I ) Ta(s)|%ds.

21 Pt
ds
L(H)

The first integral is uniformly bounded by Lemma 5.4 and the boundedness
of the heat equation semigroup. Specifically, for any N € N and u € (0, 1),

S(s)(I = Py) — IT1S,(s) (I OPN>

st = py) - ms,o (1)) Hm)

<2.

I
< 56z + | M, ()
L(H)

For any fixed s € [0,T], E|(I — Pn)Ils(s)[%; converges to 0 as N — +oo by
Lemma 3.3. Therefore,

lim sup E sup |I{ ()% =0. (8.11)
N—=+400 ,6(0,1)  t€[0,T] 2N H

For I4', we notice that

E sup |I§(t)[}
t€[0,T)

/T (a=1)p
s P1
0

p
p—1

IN

I1,5,,(s) (é)

T
ds> / E| I (s) — I T (s) 2, ds.
) 0

L
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Lemma 5.4 guarantees that the first integral is uniformly bounded. Lemma
8.3 and the dominated convergence theorem guarantees that

lim E sup |I4(t)[5 = 0. (8.12)
w=0 " 4el0,T)

The dominated convergence is valid due to Lemma 6.2.
For I,

E sup |1} (1)
t€(0,T]

T -y T
a=1p
0 0

The first integral is bounded by Lemma 5.5. The second integral goes to zero

as p goes to zero by (6.12), (6.13), and the dominated convergence theorem.
Therefore,

lim E sup |I§'(¢)[5 = 0. (8.13)
w=0 " 4el0,T)

Finally,

-1

T —)p b

E sup [I£(1)[f < (/ s 7= [ISu($) T = Pr,)|| gy gy 05
te[0,T] 0 ’

T
X / E|(I — PN“)HQFéL(S) II]{,lds.
0

By Lemma 5.6, there exists C' > 0 independent of p such that

T p—1
(a—1)p _p_
</0 g Pt HHlSM(s)Il(I — PNM)||§&{—17H) ds> <Cuz=.

By (6.14),

w\'s

T
cT
_ 1 (s)|P et P
/0 E|(I — Py, )2k (s)[5 -1 ds < /l(pfo/zEseS[%PT] I2()1% (ary-
Therefore,

lim E sup |I£(t)[5 = 0. (8.14)
w=0 ye0,7]

We can now complete the proof. Pick any arbitrary n > 0. There exists a
constant C' > 0 such that by (8.9),

5

E sup |I(t) ~ T*(t)ff < CY K sup |18y (1)}
te[0,7T] 1 telo1)

Choose N large enough so that by (8.11), Esup,e(o 7 |15 5 (8| < 5. Then
choose pp > 0 small enough so that for any u € (0, po), (8.10), (8.12), (8.13),
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and (8.14) guarantee that Esup,c(o 7 |} 5 (t)|; < 55 for i = 1,3,4,5. Then
for IS (07H0)7

E sup |I'(t) — I"(¢)[% <.
t€[0,T]

The result follows because n > 0 was arbitrary.

8.2 Proof of Theorem 8.2

Let Py be the projection onto the finite dimensional span {Gk}g:y The fol-
lowing lemma is a consequence of (5.22).

Lemma 8.5 For any 0 <ty <T and N € N,

i sup [[(S() = IS, ()Z,) Pl gy = O- (8.15)
“_’Ote[to,T]

Proof Because for any fixed ¢ > 0, the operators S(t) and II,S,(t)Z, are both
diagonalized by the orthonormal basis {ey},

_ — Koy, _ gt
(56~ 1S, OT) Py = _pm | 17£(650.1/) = e

where f£(t;0,1/p) solves (5.2). The result follows by (5.22) and the fact that
we are only working with a finite number of modes at a time.

Proof (Proof of Theorem 8.2) Let T > 0 and ¢ € L*([0,T] : H). For any
N e N,

/O (S(t = 8) = ILS,(t — $)T)(s)ds

H

</ (S — 8) — TS, (t — )T Pap(s)] s
# [ US( —5) ~ ISt~ 9T~ P )0 s
< < / S~ ) — S (0 - sm)PM(H)ds) oo orrieny
+5 /Ot |(I — Pn)e(s)|uds. (8.16)

The last inequality is due to the fact that by Lemma 5.3 for any ¢ > 0,

15(t) = ILSu () Lull 2y < NSOl 2y + TS (D)Ll 2 r) < 5-
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It follows from (8.16) that

sup
t€[0,T]

/0 (S(t—s) —I1Su(t—s)Lu)p(s)ds

H

T
< / 1(S(t — 5) — ILS,(t — $)1) Pyl o ds | |elo (o
0

+ 5/0 |(I — Py)e(s)|ads. (8.17)

By Lemma 8.5 and the dominated convergence theorem,

lim sup

T
<5 [ I(I-Pr)elo)uds
w=0¢e(0,17] o 0

/0 (S(t— 8) = ILS,(t — $)T,)o(s)ds

Finally, we recall that N € N was arbitrary and that the dominated conver-
gence theorem guarantees that the limit of the right-hand side as N — +o0 is
0.
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