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RIGOROUS JUSTIFICATION OF TAYLOR DISPERSION
VIA CENTER MANIFOLD THEORY

OSMAN CHAUDHARY

Boston University, Graduate School of Arts and Sciences, 2017

ABSTRACT

Imagine fluid moving through a long pipe or channel, and we inject dye or solute into
this pipe. What happens to the dye concentration after a long time? Initially, the
dye just moves along downstream with the fluid. However, it is also slowly diffusing
down the pipe and towards the edges as well. It turns out that after a long time,
the combined effect of transport via the fluid and this slow diffusion results in what
is effectively a much more rapid diffusion process, lengthwise down the stream. If
0 < v << 1 is the slow diffusion coefficient, then the effective longitudinal diffusion
coefficient is inversely proportional to v, i.e. much larger. This phenomenon is called
Taylor Dispersion, first studied by GI Taylor in the 1950s, and studied subsequently
by many authors since, such as Aris, Chatwin, Smith, Roberts, and others. However,
none of the approaches used in the past seem to have been mathematically rigorous.
I’ll propose a dynamical systems explanation of this phenomenon: specifically, T’ll
explain how one can use a Center Manifold reduction to obtain Taylor Dispersion as
the dominant term in the long-time limit, and also explain how this Center Manifold
can be used to provide any finite number of correction terms to Taylor Dispersion as

well.
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Chapter 1

Introduction

My thesis research has focused on using Center Manifold reductions to explain Taylor
Dispersion, in a mathematically rigorous way. Taylor Dispersion is a phenomenon
occuring in pipe flows. Suppose one injects a small, concentrated blob of solute or
dye into a very long, straight pipe with fluid flowing through it; see Figure 1-1. If we
ride along with the blob as it flows down the pipe, eventually, we see the dye blob has
evened itself out in the radial direction. After this happens, the dye starts to spread
out very rapidly in the longitudinal direction, at a rate inversely proportional to the
original, slow rate of diffusion. This rapid diffusion is what we mean when we say

Taylor Dispersion. Taylor Dispersion has been analyzed many times over the years,

Figure 1-1: Tlustration
of the expected behavior of
the dye blob at initial time,
and several times just after
the initial time.

including by British fluid mechanist GI Taylor himself (for whom the phenomenon
is named) in the 1950s (Taylor, 1953) (Taylor, 1954), and later Aris (Aris, 1956),
Chatwin (Chatwin and Allen, 1985), Mercer and Roberts (Mercer and Roberts, 1990),
and others. All approaches conclude that if one looks in an appropriate moving frame,
the distribution of solute eventually looks Gaussian, with variance increasing rapidly
in time, and hence, spreading out quickly. However, though this problem has been

extensively studied since the 1950s, rigorous analysis of Taylor Dispersion has been

1



elusive, as each of these approaches seem to contain at least some non-rigorous steps.

The approach presented here is mathematically rigorous.

1.1 Setup and formal argument

We consider the evolution of a solute distribution w(z,y, z,t) advected by a fluid
velocity field V(x, y,2) = (V(y, 2),0,0) in an infinitely long, straight pipe with cross

section €2, as modeled by
uy = div(vVu) — V(y, z)u,. (1.1)

Here, z € R, and (y, z) € 2, with Neumann Boundary conditions on 9f2, and v is the
kinematic viscosity of the fluid, i.e. Vu - 17ijgo = 0. We assume 0 < v << 1. Note we
can write the velocity V (y, z) = A(1 + x(y, 2)), where A is the cross-stream average
velocity, and y is a zero average function. Continuing, we change to a frame moving

longitudinally with speed A by setting ¥ = = + At:
up = div(vVu) — Ax(y, 2)u,. (1.2)

Here we have suppressed the tildes for notational convenience. Next, owing to the
fact that Taylor Dispersion occurs due to interaction between cross-stream variations
in the velocity and radial diffusion (Taylor, 1953), we separate the radial diffusion

term:

Up = Vgy + V(Uyy + Usz) — AX(Y, 2)Uy. (1.3)



Continuing, we can expand both the solution u and the fluid velocity y in the eigen-

functions {4y }o2, of d; + 02:

uw g ot) = 3wl Ol 2) (1.4)
XW,2) = > xathn(y,2) (1.5)

Note that these are the eigenfunctions of the operator 85 + 0% on ), with Neumann
boundary conditions, which form an orthonormal basis for L?(£2). The corresponding
eigenvalues are denoted {—, }52, where 0 = py < p1 < pg < ... This eigenfunction

expansion will turn (1.3) into an infinite system of PDEs:

m=1
(Un)t = V(Up) gz — Vinty — AXn(ug)s — A Z Xnm (Um) (1.7)
m=1
Here n = 1,2,3,.... Here with a slight abuse of notation, Xn.m = (¥n, X¥m)r2(0)-

To get this system, we have used the fact that the average of x is zero, the leading
eigenvalue o = 0, and the corresponding eigenfunction v, is constant and can be
taken to be identically 1.

Notice in the system (1.6) (1.7), the “leading order” linear terms correspond to
longitudinal diffusion of the various cross-stream eigenmodes: v9? in the first equa-
tion, and v9% — vy, in the rest of the equations. However, the spectrum of v9? on
L?(R) is the entire negative real axis, so there is no spectral gap. We cannot separate
timescales into neutral directions and decaying directions. However, we can introduce
“scaling variables” as in (Wayne, 1997) and (Gallay and Wayne, 2002), which turn

vd? into an operator £ which has a spectral gap on a certain function space. These



variables will also tell us what the long-time leading order terms actually are. The

scaling variables are introduced via

1 x
1 T
up(x,t) = a +t>wn(\/1_+t,log(1 +t), n#0. (1.9)

and § = o=, T = log(1 + t). Scaling variables have been shown to be helpful in

analyzing one-dimensional diffusion equations u; = au,,. This PDE has the Gaussian
fundamental solution \/ﬁe_ﬁ/ 4at Tn fact, scaling variables will turn the PDE wu, =
au,, into the PDE w, = Lw =: a@ﬁw + %85(511)), with the Gaussian becoming an
eigenfunction for £ with eigenvalue zero. This operator £ corresponds to longitudinal
diffusion, with diffusivity a, in scaling variables.

The reason for the difference in the power of ¢t above in the prefactors of uy and w,, is
related to the intuitive discussion below. Additionally, we expect the dye distribution
to even out in the radial direction. Therefore, it makes sense to separate ug, which is
the coefficient of the radial eigenfunction vy = 1.

The resulting system of PDEs, in scaling variables, is

1 D
Orwy = 1/(95211)0 + éﬁg(fwo) —A Z XmOcW,

m=1

e TOw, = e T (VO w, + %85(510“) + %wn) (1.10)

- (V/*ann + AXnaﬁwO) - A€77/2 Z Xn,maéwm

m=1

Notice that the operator £ = V(9§2 + %85(5 -) appears above. As noted above, the op-
erator L corresponds to longitudinal diffusion, with diffusivity v, in scaling variables.
Note that in the limit 7 — oo, the second set of equations reduces formally to

Vi wy, + Axp0cwy = 0. Plugging this into the equation for wy, we obtain a simplified



equation for wqy only:

Orwy = vOPwo + 35 §wo) AZX’” ( A—ag w0> (1.11)
A2 & 1
= (1/ + — zm) 852100 + 585(511)0) =: Lrwy. (112)
m=1 "™

Observe that the right-hand side of the last equation has the operator L7, which is
corresponds to longitudinal diffusion with diffusivity v + ATQ > 2—2: =: vp. This
new diffusivity is proportional to 1/v, when v is small. This is precisely what we
were aiming for: wy is the coefficient of the leading radial eigenfunction (expressed
in scaling variables), and we have formally shown that after a long time, it obeys a
diffusion equation with diffusivity proportional to 1/v. This formula for the enhanced
diffusivity is the same as the one obtained non-rigorously in (Chatwin and Allen,
1985).

We need to explain how a Center Manifold arises here. Notice that in (1.10), the
quantity e~ "d,w, appears on the left-hand side of the second set of equations. In
the formal calculation, we compute a limit as 7 — 0o, and the result is an algebraic
relation vp,w, + Ax,0:wy = 0. We plug this result into the first equation, giving
us a reduced system with the apparent long-time behavior. In singular perturbation

theory, one typically has

¥ = f@y) (1.13)

/

ey = g(z,y). (1.14)

Sending ¢ — 0 gives an algebraic relation g(z,y) = 0, and plugging this into the
x equation gives a reduced system. In our setting, letting 7 — oo is analogous to
letting ¢ — 0. The analogy is promising, because in singularly perturbed problems,

invariant manifolds are central to the analysis, and in our problem, our goal is to



use an invariant manifold - a Center Manifold to explain the occurence of Taylor
Dispersion.

However, there are several aspects of system (1.10) that are atypical of standard
appliciations of Center Manifold theory. For instance, in the formal discussion, the
apparent invariant set is given by a linear relation vu,w, + Ax,0:wy = 0, as opposed
to a quadratic or higher-order one, as is standard in Center Manifold theory. Addi-
tionally, if one rewrites (1.10) with only 0wy, 0, w,, on the left-hand side, the prefactor
of the “stable coordinate” vy, w, + Ax,0:w, is €7, suggesting double-exponential in
7 approach to the invariant set, which is not typical of attracting Center Manifolds
(Chen et al., 1997). Therefore, in order to detect the approach to the invariant set, we
have to rescale the time coordinate back, using 7 = log(1+¢). However, the resulting
system is still non-autonomous. Therefore we make it autonomous by introducing a

~1/2 However, there is still a problem, as the “higher order”

new variable o = (1 +41t)
terms are proportional to o2Lw, and hence contain unbounded operators.

We can get around these issues. In fact, we can prove the following theorem:

Theorem 1.1.1. Given any M > 0, for initial conditions u(z,y, z,0) of (1.1) with
sufficiently rapid spatial decay, there exists a system of ordinary differential equations
possessing a finite dimensional center manifold, such that the long-time asymptotics
of solutions of (1.1), up to terms of O(t~™), is given by the restriction of solutions
of this system of ODEs to its center manifold. Moreover, the dynamics on this center

2
[e.9] Xm

manifold correspond to enhanced diffusion proportional to v+ A*/vy > g

Remark 1.1.2. The spatial decay required in the initial data is quantified in the
weighted Hilbert spaces defined below in Section 2.

The proof is motivated by my already published work in (Beck et al., 2015)
and is in preparation in (Beck et al., ). In (Beck et al., 2015), my coauthors
and I study a model analysis problem based on system (1.10) (which I review in
Chapter 2). We outline the proof as follows. First, we need to state some in-

formation about the spectrum of Lr. Recall that the operator L£r has an eigen-



function ¢g, which is a Gaussian in scaling variables. This eigenfunction corre-
sponds to the zero eigenvalue of L. Actually, L7, on the weighted Hilbert space
L*(m) = {f € L*(R)| [(1 + &)™|f(&)]*d§ < oo} has eigenvalues at each negative
half-integer —k/2, with corresponding eigenfunctions ¢y, along with a half-plane of
essential spectrum satisfying Re(\) < (1 — 2m)/4. The point is that as m increases,
the space L?(m) is restricted to functions which decay more rapidly at |¢] = oo, and
more and more of the eigenvalues are isolated.

We proceed by writing solutions to (1.10) using a finite eigenfunction expansion
in the eigenfunctions of L7, and derive ODEs for the coefficients in this expansion.
The idea is that the leading order behavior should correspond to the eigenfunctions
with eigenvalues closest to zero, i.e. the Gaussian corresponding to Taylor Dispersion.
Since the operator L7 is best suited to the scaling time variable 7, we derive these
ODEs in scaling variables. We then diagonalize these ODEs, using the corresponding
center and stable directions from the formal discussion. At this point, the ODEs are
still in terms of the scaling time 7. Hence, they still suggest double-exponential in 7
approach to the invariant set, and are still not autonomous. Therefore we rescale time

~1/2 " as suggested in the

back using 7 = log(1 + t), and autonomize using o = (1 +t)
previous paragraph. The resulting system of ODEs has a spectral gap of size O(v),
now with bounded higher-order terms. Therefore the system of ODEs has a Center
Manifold, with ¢ = O(1/v) approach time. The dynamics on the Center Manifold
are analyzed using the scaling time 7. This is reasonable, since motion on the Center
Manifold occurs much more slowly than motion approaching the Center Manifold.
The restriction of this system of ODEs to its Center Manifold give Taylor Dispersion
as the leading-order behavior, along with a systematic hierarchy of decaying correction

terms. Furthermore, the size of the spectral gap gives us approach time t = O(1/v)

consistent with classical Taylor Dispersion estimates (Taylor, 1953).



Figure 1-2: The Center Man-
ifold, along with a typical tra-
jectory, and the stable fiber
(the dashed curve). The dou-
ble arrows along the trajec-
tory indicate fast transit towards
the Center Manifold. Here «
and b are “diagonalized” cen-
ter and stable coordinates rep-
resenting the coefficients in the
finite eigenfunction expansion,
and 0 = (14 t)~'/% is the au-
tonomizing coordinate.

b = h(a, o)

This leading-order behavior will be only be valid if the discarded “error” terms
in the finite eigenfunction expansion decay at the rate consistent with the Center
Manifold analysis. Due to a possible lack of separation in timescales, we will choose
not to analyze these error terms using Center Manifold theory. Instead, we perform
the estimates in Fourier space of the original variables appearing in (1.6) (1.7). We
split the analysis between low longitudinal-wavenumbers (for which Taylor Dispersion
occurs) and high longitudinal-wavenumbers (which decay exponentially quickly in ¢).

The argument above, in which we change timescales several times throughout
the analysis, is reminiscient of singular perturbation theory. Here, the Center Man-
ifold plays the role of the slow manifold, and the stable fibers along which solutions

approach the center manifold play the role of the fast fibers. See Figure 1-2.



1.2 Splitting of solutions and statement of main theorem

We conclude this introductory section by rewriting system (1.10) in terms of the

operator Lr:

O,wo = L — —0, — A E mOeWn,
Wo TWo y ¢ Wo m:1X cWw

1 D
8Twn = LTwn + §wn + <_7T> 8£2wn —e’ (V,unwn + Axnﬁgwo) (115)

— Ae™/? Z Xn,m O W,
m=1

where we have denoted vy = v + %. Next, recall that in the formal asymptotic

’IX‘: Ozwo; hence, w,, asymptotically behaves like a derivative, so we set

limit, w, = —

O¢u, = wy,. This gives us

Dy >
87— :E __82 _A m82 m
Wo TWo y e Wo ;X e U

D
Oy, = Lou, + (—TT) Ggun — e (vpnu, + Axnwo) (1.16)

o
_ A67/2 Z Xn,mafum
m=1
Notice in this change of variable, we are implicitly assuming the w,, have zero average
in €.

Remark 1.2.1. We believe that, via minor modifications, our results can be extended
to the case when ffooo wi(&,t)dE # 0. We plan to discuss such modifications in a

future work

We will return to the study of (1.16) in Chapter 3, but first, in order to provide
additional insight into the approach, we discuss a simplified model in order to gain

insight into the Taylor dispersion phenomenon in an analytically simpler setting.



Chapter 2

A model problem illustrating some ideas

of the proof

In this chapter I introduce and treat a model problem consisting of just a pair of
coupled PDEs which present an enhanced diffusion property similar to Taylor diffusion
in an analytically simpler setting. This problem was first treated with my coauthors
M. Beck and C.E. Wayne in (Beck and Wayne, 2013) and this chapter is largely taken

from that source. The model system of coupled PDEs is

Ow = Lw— 0w

ov = (L4+1/2)v— e (vv+ dew), (2.1)

which corresponds to just the modes wy and w; in (1.15) (or more generally, to wy and
wy, where n is the first integer for which y,, # 0). The reader should note that this is
not meant to be a physical model, but instead it is meant to be an analysis problem
which reflects the core mathematical difficulties of analyzing the full Taylor Dispersion
problem. Proceeding, note that the term proportional to e™/? has disappeared since,
if only wy and w; are non-zero, that sum reduces to xo0:wq, and xo = 0. (We have
also rescaled the variables so that the coefficient Ax; = Ay_; = 1.) Also note that

(2.1), written back in terms of the original variables, which we denote by w(zx,t) and

10



11
0(x,t), is given by

Wy = VWgy — Uy

Uy = Ulpy — VU — Wy (2.2)

For this coupled system of two partial differential equations we will show that

e The long-time behavior of solutions can be computed to any degree of accuracy

by the solution on a (finite-dimensional) invariant manifold.

e To leading order, the long-time behavior on this invariant manifold agrees with

that given by a diffusion equation with the enhanced Taylor diffusion constant.

e The expressions for the invariant manifolds can be computed quite explicitly,
but we are not able to show that these expressions converge as the dimension

of the manifold goes to infinity.

In this section we focus on a center-manifold analysis of the model equation (2.1).
Our analysis justifies the formal lowest order approximation vv + d,w = 0 and shows
that to this order the solutions behave as if w was the solution of a diffusion equation
with “enhanced” diffusion coefficient vy = (v + 1). Furthermore, the center-manifold
machinery allows one to systematically (and rigorously) compute corrections to these
leading order asymptotics to any order in time.

Because we expect v ~ —%0510 - i.e. because we expect v to behave at least

asymptotically as a derivative, we define a new dependent variable u as

v = Ocu . (2.3)
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Inserting into the 0.v equation in (2.1), we get

0:(0cu) = Ov=(L+1/2)v—¢€ (vv+ Jw)
(L4 1/2) 0 — € (vdeu+ )

= OcLu — € (VOeu + Osw)

where we have used the fact that 0:Lu = LOsu + %agu. After antidifferentiating the

last line with respect to &, we get a system in terms of w and u:

o,rw = £w—852u

ou = Lu—e (vu+w). (2.4)
Remark 2.0.1. Note that, if u € L*(m), the change of variables (2.3) implies that
ffooov(é,t)dﬁ = 0. We believe that, via minor modifications, our results can be ex-

tended to the case when ffooo v(&,t)dE £ 0. We plan to discuss such modifications in

a future work.

Studies of Taylor dispersion generally focus on localized tracer distributions. For
that reason, and also because of the spectral properties of the operators £ which we

discuss further below, it is convenient to work in weighted Hilbert spaces.

Definition 2.0.2. The Hilbert space L*(m) is defined as
2m) = { £ € R I = [+ @ik < oo}

Note that we require the solutions of the equation to lie in these weighted Hilbert
spaces when expressed in terms of the scaling variables. If we revert to the original

variables then it is appropriate to study them in the time-dependent norms obtained
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from these as follows:

leo(€. ) Bagmy = / (1+ €2 e, 7)|2de
= o [ eyt e - P

= /(1 + e T2 b (z, " — 1) Pdx

— Z—C(m’g)/x%m(x,tﬂgdx.

V4
— (1+1)

Thus, when we study solutions of our model equations in the “original” variables,
as opposed to the scaling variables, we will also consider the weighted L? norms of the
functions, but the different powers of x will be weighted by a corresponding (inverse)
power of ¢ to account for the relationship between space and time encapsulated in the
definition of the scaling variables.

Since we expect vu + w & 0, we further rewrite (2.4) by adding and subtracting

%05210 from the first equation and iﬁgu from the second finally obtaining

1
ow = Lrw— > (9¢*w + v u)
1
Ou = Lopu— ;@52u —e (vu+w), (2.5)

where
1 1
Lro=(v+ ” De2p + §5£(f¢) :
Thus, L7 is just the diffusion operator, written in terms of scaling variables, but with
the enhanced, Taylor diffusion rate, vp = v + 1/v.
The operators L1 have been analyzed in (Gallay and Wayne, 2002). In particular,
their spectrum can be computed in the weighted Hilbert spaces L?*(m) and one finds

a(ET):{)\eCHR(/\)gi—%}U{—g|k€N} .
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Furthermore, the eigenfunctions corresponding to the isolated eigenvalues A\, =

—k/2 are given by the Hermite functions

0l6) = eI and () = obon)

and the corresponding spectral projections are given by the Hermite polynomials

2F (v )* _
H,(€) = (le> 652/(4VT)3£36 €/(avr)

Remark 2.0.3. The ezpressions in (Gallay and Wayne, 2002) for ¢ and Hy are
derived in the case when the diffusion coefficient is 1. The expressions given here
follow easily by the change of variables & — £/+/vr. More explicitly, for the classical

Hermite functions ¢o(y) = \/%6_92/4, orly) = o, and Hy(y) = %eyz/ﬁlage—f/{

one has the orthonormality relations fﬁk(y)q;g(y)dy = 0. Changing variables to
y = &/\/vr leads to the formulas for the eigenfunctions and spectral projections for
L. Note further that with this definition, the Hilbert space adjoint of Lt satisfies
Lr'Hy = —LH,.

Given the spectrum of L discussed above, we expect that the leading order part of
the solution as ¢ tends to infinity will be associated with the eigenspace corresponding
to eigenvalues closest to zero. With this in mind, fix an integer N and assume that
m > N + 1/2. This insures that the spectrum of L£r has at least N + 1 isolated
eigenvalues on the Hilbert space L?(m) and that the essential spectrum lies strictly

to the left of the half-plane {\ € C | R(\) < —N/2}. Now define Py to be the spectral

projection onto the first N + 1 eigenmodes

Pyw =Y ag(7)¢k(£),

where

ag(T) = (Hg, w(T)) 2.
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We will write the solutions of (2.5) as

w = Pyw+ w, (2.6)

u = Pyu+ u,.

Based on the spectral picture and our discussion above, we expect that w*® and u*® will
decay faster than Pyw and Pyu, and hence, since we are interested in the leading

order terms in the long time behavior, we focus our attention on Pyw and Pyu.

2.1 Model Problem - Center Manifold calculations

We will show that for any /N the equations for Pyw and Pyu have an attractive center
manifold and that the motion on this manifold reproduces and refines the expected
Taylor diffusion.

If we apply the projection operator Py to both of the equations in (2.5), we obtain

N N e
Z apdr, = Z —§Qk¢k - Z(Ozk + v0k) Prt2
k=0 k=1 k=0
= Nk 1= N
> Boe = Y 58Pk — > Bibra — € (Z (VB + ay) ¢k> :
k=0 k=0 Y=o k=0

Shifting indices and matching coefficients gives us the following system of ODEs for
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the coefficients «y, and [y

do == O
. 1
a1 = —Eal
) k 1
ap = _Eak — (;Oék_z + 5k_2> for2<k<N
60 = —e (VBy+ ap) (2.7)
. 1
B = —551 —€ (Vf1 + a1)
. k 1
By = —§5k - ;5k-2 —e (VB tayp) for 2< k<N

Note that these equations contain no contributions from the “stable” modes w?®
and u®. Note further that, because of the form of the equations, those with even
indices k decouple from those with £ odd. Thus, we can analyze these two cases
separately. We'll provide the details for the case of k even below - the equations with

k odd behave in a very similar fashion.

Remark 2.1.1. Note that if we multiply all of the equations in (2.7) by e”™ and set
e~ T = € (since we are interested in large times) we get equations that are formally of
classical singularly perturbed form. (However, the small parameter € is time dependent
here.) Invariant manifold theory has been a powerful tool in the rigorous analysis
of singularly perturbed problems and that analogy will guide our use of the center-

manifold theory in what follows.

In order to make the invariant manifold more apparent we rewrite the even index

equations by rescaling the time variable as

T =log(1+1). (2.8)

In analogy with the above remark about singularly perturbed systems, we are es-

sentially switching to a “fast” version of our system by making this change of time
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variable. Continuing, we introduce a new dependent variable

1
—eT=— 2.9
N (2.9
Then, if we denote % by a prime ', we have
ay = 0
, k 1
X = TN\ 5% + —ag_2 + B2
v
By = —(vBo+ ) (2.10)
k 1
B, = —Wh+ar) —n <§5k + ;5k—2)
0 = —i

where the values 2 < k < N are even. Notice the linearization of this system at the
fixed point o = B = n = 0 has eigenvalues \* = 0, with an [N/2] + 2 dimensional
eigenspace and \* = —v, with an [INV/2] + 1 dimensional eigenspace (here [M] refers
to the greatest integer less than or equal to M). We proceed by diagonalizing the

linear part of the system via

ap — O
1
b, = ;Oék—i—ﬁk (2.11)
which transforms (2.10) into
ay = 0
k
a, = -0 (gak + bk—2>
b, = —uby (2.12)
k 1 2
b, = —vby—n (ibk — ;ak—Z + ;bk—Z)

no= -0,
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where again 2 < k < N are even.
The remainder of this section is devoted to the analysis of these equations and we

prove two main results:

e We first show that, for any N, (2.12) has a center-manifold of the type described
in the introduction, and we derive explicit expressions for the functions whose

graphs give the manifold. (See Propositions 2.1.2 and 2.1.3.)

e We derive the asymptotic (in 7) behavior of solutions of these equations. (See

Propositions 2.1.4 and 2.1.6, and Corollary 2.1.5.)

We begin by noting that the linearization of (2.12) at the fixed point ay = by =
n = 0 has eigenvalues A* = 0, with an [IN/2] 4+ 2 dimensional eigenspace and \* = —v,
with an [N/2] 4+ 1 dimensional eigenspace. Thus, from the classical center-manifold
theorem (say, for example, the center-manifold theorem proven in (Chen et al., 1997)),
we know that (at least in a neighborhood of this point), there will be an invariant
[N/2] + 2 dimensional center manifold. We also know that, in a neighborhood of the

origin, the center-manifold can be written as the graph of a function with components

bk :hk(aN,...,ao,n). (213)

In addition, because of the “lower triangular” form of the equations (i.e. the fact
that the equations for aj, and b} depend only on a, and b, with ¢ < k), we find that

we can express the manifold as

b = hi(ag, ax—2, ..., a0,m) .

We now show that we can find explicit expressions for the functions A, succes-
sively, starting with hy and then progressing through hs, hy, etc. What’s more, these

expressions hold for all ag, ay_o, ..., ap,n, i.e. without the restriction to a small neigh-
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borhood that is inherent in general center-manifold theorems like that of (Chen et al.,
1997).

We start with the equations for ag and by which are just

[
a, = 0

b6 = —Vbo.

From this we see immediately that we can choose the invariant manifold to be the
graph of hy = 0. However, note that this example also reminds us that the center
manifold is not unique, since we could also choose the center manifold to be given
by the graph of ﬁo(ao, n) = Koe™"/"ay. This is consistent with the theorems on the
existence of center manifolds, since both of these manifolds have the same Taylor
expansion to any finite order about ag = n = 0. For simplicity, in what follows we
will always use the first function - i.e. we will take hg = 0.

Now consider the center manifold for as and by. Since the equations for ag, as, by, ba,
decouple from all other a; and by, we expect the center manifold to be given by the
graph of a function by = hy(as, ag,n). In fact, as we show below, it has no dependence
on as - i.e. we can take by = hs(ag,n). In this case the equation for the invariance of

the graph of this function takes the form
/ / 2n 1
(Daohg)ao -+ (DnhQ)T] = —nhz — th — 7h0 + ﬁn&o .
Inserting the equations for a;, and 7’ and using the fact that hy = 0, we find
9 1
- (Dnhq) = —T]hg — th -+ ;77@0 .

We now show that hs is linear in ag, so we write

ha(ao, n) = ¢2,0(n)ao ,
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and find

1
—772¢,2,0 =—m+v)p20+ Al

This equation is hard to solve in general due to the singular point at n = 0, but

remarkably,

¢2,0(77) — 1

3
is an exact solution (which goes to zero as n — 0), so

nao
ha(ag,n) = 5

is a function whose graph (together with that of hg = 0) gives us the center manifold
for the equations for ag, as, by, b2, n. Due to the singular point at n = 0, this may not
be the only solution (just as in the case for hg), but we are free to choose this special
solution for hs.

Next we consider the case of hy(ay, as, ag,n). Building on the examples above we

show that
e hy is independent of ay;
e hy is linear in ay and ag.

If this is the case we can write

ha(ag, ag,m) = ¢a2(n)az + ¢a0(n)ao -

Inserting this form of the solution into the equation for the center-manifold, we find

Paa(n)ay + gao(n)ag + (Fyo(n)az + ¢} o(n)ao)n’

as  2na
= — (v +2n)(¢a2(n)az + ¢s0(n)ao) + % - 24 -

where in the last term we have plugged in the expression for hy. Inserting the equa-
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tions for aj and 7' and grouping the terms proportional to as and ay we find two

ODE’s for the ¢'s, namely

) =~ +0)oaa(n) +

2
“Poln) = (4 20)bu0() —

The first of these equations is the same as the equation for ¢,y above so we have

¢4,2(77> = % .

The second equation is very similar and we find that it again has a simple, exact

solution, namely

2n
pa0(n) = ——.
Thus, we also have an exact expression for the center-manifold in this case:

a 2na
ha(az, ag,n) = % —

o

One can continue this procedure. For instance, for the function hg, one obtains

the formula
~nas 2n°ay | 5ntag
Bz v + v7

This leads to the following

Proposition 2.1.2. For any k = 0,2,4, ..., there exist constants {]:I(k‘, k—20)} such
that the graph of the function

k/2

hi(@r—, axa, .- a0,m) = Hk, k= 2000 ags (2.14)
=1

gies the invariant manifold for by. Furthermore, for any fized k, the coefficients
{H(k, k—20)} can be explicitly determined, and the coefficients H(k, p) ~ O(v~k-p)=1),

Proof. The proof proceeds inductively. Note that we have already verified the induc-
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tive hypothesis for £ = 0,2,4. (We take the empty sum that occurs on the RHS of
(2.14) when k = 0 to correspond to hg = 0.) Assume that it holds for all even integers
less than or equal to & — 2. We now show that it holds for hy.

Inserting our inductive hypothesis into the invariance equation we find

k/2 k/2
> H(kk—20n'a o+ > CH(k k= 200" ay_am’ (2.15)
(=1 /=1
k 2 1
= =gk — vhi — —nhi—s + —nai—
1% 1%
k/2 2 k/2
= > G Hk k=200 apoe = v H(k k — 200 a2
=1 =1

o k271 ]
- Z [:I(k’ — 2, k—2— 26)77€+1ak,2,2g + —QUCLk,Q.
v v
=1
Inserting the equations for a)_,, and 1’ into the first line of (2.15), one finds

k/2 k/2

- ke — 20 .
> H(k.k—20)n (— <T> Nage—20 — nhk_%_2> = CH(k, k= 200 ap
=1 =1
k/2 L k/2
=3 5H(/f, k=200 ag_g = Y H(k, k=200 hi_gs. (2.16)
=1 =1

Note that the first sum in the last line of (2.16) cancels the first sum on the RHS
of (2.15). Thus, we can rewrite (2.15)-(2.16) as

k)2 ] o /271
Z vH(k,k — 200 ap_y = 32 — ; H(k—2,k—20—2)n" " ap_o o

=1
k/2

+ > " H(k k= 200" Bz (2.17)
=1
We now rewrite the last sum in this expression by using the inductive form of
hi—2¢—2,

k/2—(£+1)
hk—2€—2 = Z H(k - 2(6 + 1), k— 2(6 +m + 1))7’]mak_2(4+m+1) .

m=1



23

> H(k, k=200 hy_aes

k/2 k/2—(6+1)

=> > H(kk=20H(k—2(0+ 1),k —2(C+m+ D))" ap_armen)
/=1 =1
k/2 p—

[\')

H(k k= 200H(k —2(0 + 1),k — 2p)nPag_op,

1

~
I

p=3

where in the last term we set p = {+m+ 1 and interchanged the order of summation.
If in the last sum in the first line of (2.17) we also change the summation variable to
p={+ 1 we find that (2.17) can finally be rewritten as

k/2 ) o k2
Z vH(k, k — 200" ap_g0 = —3lk-2 — Z H(k -2,k —2p))nfax_sp
(=1 p=2
k/2 p—2
+ Z > H(k,k—20)H(k — 2(0 + 1),k — 2p)P az_s,. (2.18)
p=3 (=1

We solve (2.18) for H(k,k — 20), beginning with H(k,k — 2). Since the only
term on the RHS of (2.18) proportional to aj_o is the first term, and we obtain
H(k, k—2) = %, consistent with the inductive hypothesis. Next consider H(k, k—4).
In this case, we consider all terms in (2.18) proportional to ay_4. The only one
comes from the second term on the RHS of the equation and we have H (k,k—4) =
—%f[(k — 2,k —4). The inductive hypothesis implies that H(k— 2,k —4) ~ O(v3),
so we find H(k,k —4) ~ O(v~3) as required by the inductive hypothesis. We now
continue to solve for the coefficients f[(k, k —20), ¢ = 3,4,..., noting that in each
case, the terms on the RHS of the equation proportional to ay_o, have coefficients
that have already been determined at prior stages of the inductive process and that
they are all O(v=71) = O(y~(k=P)~1), O

We now describe the entirely analogous results for the modes «ay and §; with k

odd. If we introduce new variables ¢ and n as in (2.8), (2.9), and diagonalize the
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linear part of the resulting equations using the change of variables (2.11), we find:

a = L a

1 = 277 1

k
a; = —-n <§CLk + bk2>
1
k 1 2

b, = —vb,—1 (Ebk — k-2 + ;bk—Q)
o= -

where the values 3 < k < N are odd this time.

Proceeding as before, consider first the equations for a1, by, and 1 which decouple
from all the rest of the equations. Then by inspection we see that, just as for by, the
graph of the function hy(ay,n) = 0 is an invariant center manifold for these equations.
We now include the equations for az and b3 and, building on the experience from the

even case, look for an invariant manifold of the form

b3 = h3(a1, 77) = ¢3,1(77)a1 .

Inserting this into the equations, we see that in order for this graph to be invariant,

¢3,1 must satisty

3 2
P3aa; + a1¢§,177, =—(v+ 5”)@53,1@1 + %Ch — 777h1 .

From the fact that h;y = 0 and the equation for o/, we see that this reduces to the
ODE for ¢3,1

n
—P¢y, = —(v+n)gsq + 3

This is the same equation satisfied by ¢ and thus we find

nax
hs(ai,n) = P

Proceeding now as in the even case, we establish the following proposition by induc-

tion.

Proposition 2.1.3. For any k = 1,3,5, ..., there exist constants {f]"dd(k, k—20)}
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such that the graph of the function

>
||
—

hk(ak—Q, Afg—4, .-, A1, 77) = ﬁwd(’f’ k— 25)7766%—26
1

~
Il

gives the equation for the invariant manifold for by. Furthermore, for any fized k,
the coefficients {H*¥(k,k — 20)} can be explicitly determined, and the coefficients
H"(k, p) ~ O~ P71,

We conclude this section by using our expressions for the center-manifold to derive
the asymptotic behavior of the coefficient functions ay and by, (or equivalently «y and
Bi.)

Begin by noting that from the general theory of center-manifolds, any solution
with initial conditions in a neighborhood of the invariant manifold will approach the
manifold at a rate ~ O(e™) = O(e ¢ ~V). Thus, we can determine the long
time asymptotics of all solutions in this neighborhood by focusing on the behavior
of solutions on the invariant manifold. Note that this means, for solutions with
sufficiently small initial conditions, that after a time 7 such that ve™ > 1, we will
be very close to the center-manifold and the behavior of solutions on this manifold
will determine the asymptotic behavior of solutions after this time. Reverting from
our rescaled time 7 to the original time ¢ in the problem this means that solutions
on the center-manifold will determine the behavior of solutions for times ¢ > O(2),
which is the expected timescale for Taylor Dispersion to occur. At the moment, it
appears our results only hold for solutions with small initial conditions. However, it
turns out our formulas for the center manifolds (which are defined globally) are also
globally attracting on the timescale ¢ > O(%). We provide details in the Appendix.

We proceed with our calculation of the asymptotics of the quantities ay and by. As
in the case of the calculation of the manifold we focus separately on the coefficients
with even and odd indices. Starting with the coefficients with k even, note that we
obviously have oy = constant, so we begin with k = 2.

Given

ay = —n(az + bo),

we can simplify this by noting that by = hy = 0 on the center-manifold. Finally,
it’s simpler to solve this differential equation by reverting from the t variables to
7 = log(1 + t); keeping Remark 2.1.1 about singularly perturbed systems in mind,

notice we are essentially switching to the “slow” version of the system (which gives
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the dynamics on the center manifold). The equation then reduces to
ay = —az ,
from which we can immediately conclude that
as(1) ~O(e™7) .
Next consider a4, for which we have (again, rewriting things in terms of the temporal
variable 7)

-7
€ Qo
v3

d4 = —26L4 — bQ = —2CL4 —

where the last equality used the fact that by = hy(ag,n) = % on the center-manifold.

Solving this equation using the method of variation of constants, we find that

-7

(&

ay(1) ~ O(—) .

U3
As a last explicit example, consider the case of ag where we have

- —27
. e Tay 2e Taqg
g — —3&6 — b4 = —3&6 - 3 + 5

1% 1%

Finally, since ag is constant and ay(7) ~ O(e™7), we see that the asymptotic behavior

of ag is

6—27

ag(1) ~ O( ) .

U5
We can generalize these results in the following
Proposition 2.1.4. Suppose k = 4,6,... is an even, positive integer. On the cen-

ter manifold of the system of equations (2.12), the variables ay have the following

asymptotic behavior:

_k,
C(Al’f# k=0 mod 4

_kf2,
% k=2 mod4

Jax(T)] <

Note that once we have these formulas, the expressions for the center-manifold

immediately imply the following.

Corollary 2.1.5. Suppose k = 4,6,... is an even, positive integer. On the cen-
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ter manifold of the system of equations (2.12), the variables by have the following

asymptotic behavior:

k44
% : k=0 mod 4

1bi(r)] < CON et
% c k=2 mod4

Proof. The proof of Proposition 2.1.4 is a straightforward induction argument. Sup-
pose that we have demonstrated that the estimates hold for k = 4,6, ..., ky. We then

show that it holds for ky 4+ 2. The equation of motion for ay,,2 is

ko + 2
2

: —T
Apo+2 = — Ako+2 — hko (ako—27 Afg—4, - - -, 00, € )

Inserting the formula for hj, from Proposition 2.1.2 and solving using Duhamel’s
formula, we obtain the bound

k0/2
|Gy +2] < Z Ao—20~55 2@' (2.20)

Consider the case kg = 0 mod 4. Then

2mod 4 if £is odd
ko_%:{ 0 mod 4 if /is even

and correspondingly from the induction hypothesis,

_ —kg—26+2

N 1 T . .
C(N)e T if ¢ is odd
|ag,—20] < o) TS
= if ¢ is even.

T

Inserting into (2.20), using the fact that n =™,
odd ¢, we obtain

and splitting the sum into even and

ho/2-1 _(rg=3tedr ko/2-2 (o207 —kor
C(N) 0T 0T

o] < =24 3 E + Y 208 2 49 01)
ko+2| = .
o+ U ko—20— 1y2z Lko—20— 1,,2@ ko

{=1Lodd (=2 Lleven

Notice we have to separate out the ¢ = ky/2 term because this corresponds to ay,
which is actually constant. We are interested in locating the slowest decaying terms.

These terms will have, in the exponent, the least negative coefficients on 7. For £ > 1
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odd, the coefficients in the exponent are

(=—"-5-3 (2.22)

which are least negative when ¢ = 1. The corresponding coefficient in the exponent
is —%, and so the slowest decaying term from the ¢ odd sum is O(e~ o 47). We

determine the slowest decaying term in the ¢ even sum. For ¢ > 2 even, the coefficients

in the exponent are

(=2 - (2.23)

which are least negative when ¢ = 2. The corresponding coefficient in the exponent is

again — k°4+4, and so the slowest decaying term from the ¢ odd sum is again O(G_%T).

Lastly, we determine the v dependence of the constant. The largest power of v in the

denominator comes from ¢ = ko/2 and is —m57. Therefore we have

Recalling that we are in the case kg = 0 mod 4 ( so that ky + 2 = 2 mod 4), we

have verified the claim in this case. The case kg = 2 mod 4 follows similarly. Once

Proposition 2.1.4 is established, a nearly identical calculation establishes Corollary
2.1.5.

O

The coefficients a; and by, with k odd, can be estimated in an entirely analogous

fashion to obtain the following proposition.

Proposition 2.1.6. Suppose k = 1,3,... is an odd, positive integer. On the cen-
ter manifold of the system of equations (2.19), the variables aj have the following
asymptotic behavior:

k+1
CNke 7 g _
()| <4 P, k= lmedd (2.24)

> _k+3
C(N’IZ# k=3 mod 4.

If k = 3,5,... (recall that by = 0 on the center manifold), the corresponding
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coefficients by, satisfy the estimates

C(Nj)e™ 57
S~ k=1 mod 4

b(r) < { e
% : k=3 mod 4.

(2.25)

Next, we treat the error terms using the Fourier Transform.

2.2 Model Problem - a priori estimates via the Fourier Trans-

form

In order to show that the center manifold, discussed in the previous section, really
does describe the leading order large-time behavior of solutions of (2.2), we need
to make our discussion before Theorem 1.4 in the introduction more precise (which
basically says Taylor Dispersion only happens for low wavenumbers). We’'ll have to
undo the scaling variables, and switch to the Fourier side; this way we can precisely
cut-off wavenumbers larger than, say |kg| ~ 4 and quantify how fast these “high”
wavenumber terms decay. To do this in a way that is consistent with the analysis in
section 2.1, we need to introduce a new norm ||| - |||, which, when applied to functions
on the Fourier side, is equivalent to the L?(m) norm applied to their real-space scaling
variables counterparts.

The main result (see Theorem 2.3.1 in Section 4) depends on estimates of the

solution in L?(m). With this in mind, we note that

m

1 .
1/4 ~ [
otz < COmie 0¥ 52 ot = s
and below we will bound each partial derivative of w(k,t). Note that || - ||z2¢,) and

|| - ||| are indeed equivalent norms, which follows from the fact that

1052 (- )72 < C/(l +a?P (@, ) Pde < Ot + 1) w(r)|| 72

i)

which in turn implies that |||@(t)||| < C(m)||w(7)z2(m)-

Consider equation (2.2). Let w = Fw and v = F0, where F sends a function to
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its Fourier transform. We obtain

%(%) = A(k) ("5) , A(k) = (—_in? _V@gﬁr 1)) :

The solution to this equation is

(Gti) = () = (5 =7 (26)

Akt

>

To understand these solutions, we must understand e , which we’ll do by diago-

nalizing A(k). The eigenvalues of A are given by

1
Aghyy:—wﬁ—giavﬂ—Aw,
and the corresponding eigenvectors are

U:t(>\, I{J) = 2 ik = \v 1 /le 2 -

—vk —)\i<k,l/) §:F§ v? — 4k

We put these into the columns of a matrix S = [vy,v_] and obtain
g _ ik ik
— \Glv = V2 —4k? L+ V2 — 4R?

g1 _ 1 v+ V2 —4k? —ik

ikvi? — 4k2 \A[—v+ V2 — 4k ik )
We then have A = SAS™!, where A = diag(A,, \_).

Remark 2.2.1. Note that S becomes singular when k = £v /2, because for that value
of k there is a double eigenvalue, and a slightly different decomposition of A, reflecting
the resultant Jordan block structure, is necessary. This will be dealt with in the proof
of Proposition 2.2.3. We do not highlight this issue in the below formulas for the
solution, as we wish to focus on the intuition for how to decompose solutions, which

does not depend on this singularity.

Hence,
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or explicitly

ik(ert — eM+t) 1 <(—V + V2 —4k2)ert + (v + V2 — 4k2)e’\+t) R
Wo

b(k,t) = o+ =
(k1) V2 — 4k? Ty V2 — 4k?

1 ((—y + V12 — 4k2)eMt + (v + V2 — 4k2)e’\t> .
= v
2 V2 — 4k? 0

ik(eMt — ert)

o(k,t) =

_ Do, 2.26
\/m wO ( )
which we’ll abbreviate as
w(k,t) = (f(k)do(k) + fo(k)do(k)) e+ 4 g(k)er-0* (2.27)

and similarly for 0. The motivation for separating the solution in this way is the fact
that Re(A_(k)) < —v/2, and so any component of the solution that includes a factor

A_ (k)

of e will decay exponentially in time, even for k£ near zero. Hence, it is primarily

Ay ()t

the first term, above, involving e that we must focus our attention on. We’ll

proceed with the analysis only for w; all of the results for © are analogous.

Remark 2.2.2. In order to justify the difference of (t+1)~'/? in the scaling variables
for w and v, corresponding to (1.8), we need to show that v decays faster than w by
this amount. This can be seen from the above expression for solutions. In particular,
for k near zero, say |k| < v/2, we have

—vk2t k
Ayt € 3
€ ~ . k k}2 .
ik c =

v

An extra factor of k corresponds to an x-derivative, and so the v component does

decay faster by a factor of t=1/2.

We will split the analysis into “high” and “low” frequencies using a cutoff function
and Taylor expansion about k£ = 0. Define

15v v 1bv

Q" ={|k Qs ={lk| <
(> Y0 0% = (I < Y

2

and let ¢ (k) be a smooth cutoff function equalling 1 on 2< and zero for |k| > @jtzﬂ.
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We then write w as

w(k,t) = k) t) + (1 = Pk)) ok, 1)
=1 P(k) (fi(k)o(k) + fo(k)Do(k)) e 4 0h(k)g(k)e " + dpign (k, 1).

Again, the motivation is to focus on the part of the solution that does not decay
exponentially in time. This does not necessarily occur if k is small, which is exactly
where (k) # 0.

Notice that, on Q<, we can write A (k) = — (v + 1) k* + A(k), where

[e.9]

At =23 (17/12) (—1)" (47’“22)” (2.28)

n=2

In O, 4k?/v* < 15/16 < 1, and so the above series is convergent. It will also be

important that it starts with four powers of k. More precisely,

A =25 (M) e (47122)

V3
n=0

This representation for A(k) holds by similar reasoning whenever (k) # 0. We now

write

w(k,t) = (k) AP (f (kYo (k) + fa(k)oo(k)) + (k) g(k)er B + dpign (k, )
= Y(k)e ™ ok, t) + Y(k)g(k)e P! 4 dpign (k. 1),

where v = v + I% and
w(k, t) = "W (fi(k)do(k) + fa(k)Do(k)). (2.29)

The purpose of this last part of our decomposition of solutions is to emphasize that,

to leading order, the decay of the low modes will be determined by the term eVt

Therefore, the Taylor dispersion phenomenon is also apparent in Fourier space.
Finally, we Taylor expand the quantity w into a polynomial of degree N, plus a

remainder term:
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Thus, we have (suppressing some of the k and ¢ dependence for notational conve-

nience)
(k1) = pe™ ™ (g, + wjg) + bger ' + dpig. (2.30)

The main results of this section are

Proposition 2.2.3. There exists a constant C, independent of v and the initial data,
such that

10 @nigh 22 + 197 (bge")ll2 < Cv2 e 5 (|[dollos + 1olles).
Proposition 2.2.4. There exists a constant C' such that

1
(141)2

C R .
< m(HWOHcNH + [| Dol en+5)-

; 2
of (e aiss)

L2
The constant C' depends on N, but it is independent of v.

Here || fllcs = Y27_,supgeg |05f(k)|. These results imply that ., and gier-!
decay exponentially in ¢, and are thus higher-order, while w;%° decays algebraically,
at a rate that can be made large by choosing N (which will correspond to the dimen-
sion of the center manifold from Section 2.1) large. In the next section, §2.3, it will
be shown that the behavior of the remaining term, w;\, , is governed by the dynam-
ics on the center manifold, in which one can directly observe the Taylor dispersion
phenomenon.

Proof of Proposition 2.2.3

Notice that, for £ € 2~ (the support of Wy ), the eigenvalues Ay (k) both lie in a
sector with vertex at (Re), Im\) = (—vk? — v/4,0). Therefore, to obtain the desired
bound, we need to determine the effect of the derivatives 8% Such a derivative could
potentially be problematic, due to the factors of v/22 — 4k2, which can be zero in .
(This is exactly due to the Jordan block structure at k& = +v/2.) To work around

this, we use the fact that we can equivalently write

(8) - (38

and bound derivatives of this expression for & € . Such derivatives either fall on

the initial conditions, which leads to the dependence of the constant on the CV norms
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of 9y and wy, or the derivatives can fall on the exponential. In the latter case, using

the fact that
—2vk

s i
A'(k) = ( = —2yk:> )
which behaves no worse that O(k), we obtain terms of the form (writing U = (1, 0p)

for convenience)
(k)P ™ 50|72 < C\|Uo||2crz/!ktl2p||6A(k)t||2d/€-

Next, note that [|eA®?|| < Cr=2e~***+1/9 This follows essentially from the above-
mentioned bound on the real part of Ay in 2. One needs to be a bit careful when k =
+1/2, as there A\, = A_. This changes the bound from ~ e*®* to ~ vter+ Bt but
this power of ¢ can be absorbed into the exponential since Re(\,) < —vk* —v/4 — v

for some § > 0 that is independent of v. The factor of v~2 that appears is related to
the fact that ||S7Y| = O(v72) for k € Q~, k # +v/2. Thus, we have

(ke oiT3. < Cv=*|1Us||2 / ot PP 20K+ /Dt g,

< Cl/f4fp71/2HUOH%qtpfl/Zefyt/Q
< O

which proves the result for wpg,. A similar proof works for the || (¥ge?=?)|| L2 term.
[l

Proof of Proposition 2.2.4
We now derive bounds on the residual term e "7¥'@;¢ . Recall the integral

formula for the Taylor Remainder:

k  rk1 kn
'LD;:;(]C, t) = /0 A ‘e . agv—:llw(k]\[.i_l, t)de+1de ‘e dkl- (231)

With this formula in mind, we want to derive bounds on the derivatives of w(k,t),
but we need only deal with k& € <, since we are ultimately estimating the size of
werTkztwlres
ow"
Recall that

W = eA(k)t (fluAJo + fg?}o) .

The functions f; and f, are smooth in Q<, so our estimate will depend on derivatives
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of the initial data and derivatives of eAF)t,

However, the reader should note that
f1 and fy are also dependent on v, but their derivatives give us inverse powers of v
no worse than any others appearing in this section, so we choose not to explicitly
keep track of these powers. The following lemma will be used in estimating these

derivatives:

Lemma 2.2.5. Let ®(k,t) = k% 7%, Then

_2d+1

[R( 8]l e < Cd)(vrt)”

Proof. Use the fact that [, e~**/4dx = 2,/7 and change variables. O
With this lemma in mind, we need to keep track of the powers of k and ¢ that

appear in 8£6A(k)t. To see why one would expect the powers of v and ¢ appearing in

Proposition 2.2.4, consider the following formal calculation. Recall from the Taylor

expansion of A(k), we have w =~ e*%t.
We are essentially estimating

|3 e T wpes | 2,

with the aid of the estimate

NI
=

ke 12 < C(d) (vrt)”
and the Taylor Remainder formula

k k1 kn
Wy (k,t) = / / . Ol (b yr, V)dpy ., diy - - diy (2.32)
0 0 0

Lo
v

' and plug into (2.32) with J = N + 1.
We’ll make the following changes of variable: we set

We'll proceed by finding bounds on 9]e”

A (2.33)

3
r =Tk

so that
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and
Ol = T70)w. (2.34)

Let’s proceed by computing x—derivatives of w, only taking into account what powers

of x appear at each stage. In the following, a prime means 9,. We compute

_ Jpev: s
W o~ axle ™

&~ (1,2 —1-3;'6) e—a:4

@ ~ (m+x5 +IL‘9) 6—954'

In particular, notice that the powers of x that appear in the J—th derivative can be
obtained from the powers of x that appear in the J — 1st derivative by subtracting
one from each power appearing (where only nonnegative powers are permitted), and
also adding three to each power appearing:

@® ~ (2% + 2t + 2 + 2"?) e
® ~ (x3 I Gt x15) -

0© ~ (x2 o 10 1 xlS) o

In general, we have
J — R4l ,—z*
0w lz:; e
where R = (—J) mod 4. In the original variables, we have, using (2.34) and (2.33),

R4l
PN £\ /4 4
J Z kot
e (F> (F> oo
1=0

or more precisely,
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Combining with the Taylor Remainder formula and setting J = N + 1, we have

N-1 +(1/0) (RN +1)+1

lzg L (3/4)(R+N+1)+3l

||¢6—VT]€ t,—res ||L2 < C ||kN+1+R+4le—VTk2t ||L2 )

Wiow

Using the estimate (2.2.5), we get

N-ly—1/4R-1/4(N+1)-1—-1/4

lpe P tmpes . < C(N) Y.

Wi o pl/AR+1/4(N+1)+1-1/4
1=0
—1/4R—1/4(N+1) = 1,-1\}
= CN) () 174 Z (v7)
1=0

_ _ /4 (1 — (it N
= C(N) (vt) 1/4R—1/4(N+1) i ( - _(< — 3) ) )

vt

Therefore if ¢ > %, we have

1/4
—urk2t —res 1/4R—1/4(N+1) T~
||77D6 rh twlowHLQ < 2C(N) ( ) / [N mv

which implies that

Jwerrgge . < SO

as reflected in Proposition 2.2.4. This concludes the formal calculation. We proceed
with deriving the precise estimate.

Because k is small in <, powers of k& are helpful, so we only need to record the
smallest power of k relative to the largest power of t. We obtain additional powers
of t when a derivative falls on the exponential (as opposed to any factors in front of
it), which creates not only powers of ¢ but powers of (A’(k)t). When derivatives fall
on factors of A’(k) in front of the exponential, we obtain fewer powers of k& but no
additional powers of ¢. Using (2.28), we see that A/(k) ~ k%/13, and so & " will

lead to terms of the form

A AGAS LA AR |
<ﬁ> (ﬁ) (ﬁ) (;) eA(k)t, q+ 2l +3ly + 415 = 7.
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This implies that

|Opw(k, )] < C([[dollcs + [[oolles)

AN AN AR A R
V3 V3 v3 s €
for any g + 2I; + 3l + 4l3 = j. Using the fact that, on Q<, [eA®)| < 1, as well as
(2.31), we find

we_VTk2t

2 ¢ g+l +l2+13
e igzs o < Clallomnitollons) (%) e

3

L2

Note the extra N + 1 powers of k come from the N + 1 antiderivatives in the Taylor

Remainder formula. We need to estimate

¢ q+li+la+ls
we—uTk% (_) E3at+2hiHa+N+1

V3 ’

L2
where

N+1 L3l
G2l 4344l =N+1 = T:%+§1+f+zg. (2.35)

We being by noting that, since k € Q<,

3 l
§ N\ THiHe s L33l Tlatals /g 20+
v k,3q+2l1+l2+N+1 tq+l1+l2+l3— —
3 V%q+2l1+gl2+3l3 v
5 7
k§q+3l1+§l2+4l3
< C tQ+ll+l2+13

’

V%Q+211+%l2+3l3
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where C is independent of v. Therefore, since vy ~ v,

) ¢ g+l1+l2+3 , k%q+3l1+%l2+413
—vrk“t o 3q+201+la+N+1 —vpk t g+l +lo+l3
Ye k < Cl|ve t —_——
U3 = y5a+2hi+51a+3l3
L2 L2
th+ll+lz+l3 1175 7
< (VTt)*Z*§(§Q+3l1+512+413)
= y5a+2li+3la+3ls
patlitlaHs—g =5 (3a+3l+§la+4ls)
< - = -
T a2l ghat3ls— -5 (Fa+3ltflatals)
N+1 1
t—"a 1
= C—p—,
vV

where we used (2.35) in the last equality.
Using a similar calculation, we can bound the L? norm of each j* derivative of

this remainder term. One can show that for each integer triple [ + s+ = j, we have

N s+r

_N_1
al o8 —VTthaT e |l < Ol _ R . t— 2172 E 2
|0k bRe Wlow |l < C(l|ollcs + ||UOHCJ)—I/N/4

v

The proposition follows from the fact that s +r < j. O

Remark 2.2.6. The key point is that we can analyze the asymptotic behavior of w and
o to any given order of accuracy O(t~™) (when t > O(1)) by choosing N (and hence

m) sufficiently large and studying only the behavior of e_”TthtDl]Xw and e‘”Tth@l]Xw.

2.3 Decomposition of Solutions and Proof of the Main Result

In this final section, we state and prove our main result.

Theorem 2.3.1. Given any M > 0, let N > 4M, and let m > N + 1/2. If the
initial values Wy, 0y of (2.2) lie in the space L*(m), then there exists a constant

C = C(m, N,wy, ) and approzimate solutions Wapp, Vapp, computable in terms of
the 2N + 3 dimensional system of ODFEs (2.7), such that

O —MT

(&
N
i+

Jw(&,7) — wapp(gvT)HLQ(m) + [Jv(&,7) — Uapp(fvT)HL?(m) <

wl3

v

for all T sufficiently large. The approximate solutions Wey, and Vg, satisfy equations
(2.42) and (2.43) respectively. The functions ¢;(§) are the eigenfunctions of the op-

erator L (corresponding to diffusion with constant vy = v + % in scaling variables)
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in the space L*(m). The quantities oy (7) and Pp(T) solve system (2.7) and have

the following asymptotics, obtainable via a reduction to an N + 2-dimensional center

manifold:
( kg
C(Ny’llf# :k =0 mod 4
k+1
CWke T7 11 mod 4
(M= Ly ;?‘E#T (2.36)
== k=2 mod4
k43
( —C(N’],?f_lT : k=3 mod 4.
¢ k.
C(Ny’f# t k=0 mod 4
k+1
CWke T 7 11 mod 4
B < w2 (2.37)
’V,€+ k=2 mod4
CNReHT 5
\ T = mod 4.

Remark 2.3.2. As we will see in the course of the proof of the theorem, T >
O(log(“ogl")) (or equivalently t > O(logv—')) will suffice for these estimates to hold.

Proof of Theorem 2.3.1: We first concentrate on defining w,,, and v, and
establishing the error estimates in Theorem 2.3.1; this process will mainly use results

from section 3. Recall the decomposition of @ from section 3:

Wk, t) = e ™ (@, + T + Pge = 4 g (2.38)

The main results of section 3 essentially said @ ~ e *T**@}  with errors (mea-
sured in the ||| - ||| norm introduced in that section) either algebraically or exponen-

tially decaying. More precisely, using Propositions 2.2.3 and 2.2.4, we obtain

~ _ 2 1 1 _ v
|||w—¢e VT ljz\afw||| <O(l/ m +ym+2€ St)'

N N 1
TTata e

where C' is independent of v. For some t sufficiently large, we can “absorb” the

exponentially decaying term into the algebraically decaying term; i.e.

1 st 1
e s N, m N
ymt2 vitatat

NI
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We want to quantify how large ¢ must be for the above inequality to hold. However,
there are several other places in this section where terms of the form v Pe~ 4t appear,
which we wish to absorb into algebraically decaying errors. For this reason, we state

and prove the following lemma:

Lemma 2.3.3. Let A, M,¢,p > 0 with v > 0 as before. Then there exists a constant
C=C(M,A) >0 such that for all t > %log(z/_p_M), we have the inequality

1

,%t < 1
—e )
VP viM

Remark 2.3.4. Note in particular that since 7 = log(l + t), the inequality t >
Elog(v!=P=M) essentially translates to T > O(log(eeulyy.

v

Proof of Lemma 2.3.3: We introduce a few new quantities to simplifiy the
notation: we let d = v?~* and we let @ = v/A. Then the target estimate in the lemma
reads

tMemat < d.

Now set fy(t) = tMe " where 0 < X\ < 1 is fixed. Now, the target estimate in the
lemma reads
AHt)e 0V < g

Using basic calculus, we find that the maximum value of f) lies at t = %, and for
t> 2 we have fi(t) < (%)M Therefore, if

M
(%) efa(lf/\)t < d,
ane

we have the target estimate. The above inequality holds for
—1 are\ ™
t> ——1 d| —
al=N) 0g< (M) )
or, substituting a = v/A and d = v?~*, we have

t> <%) % (1og(z/—p—M) + M <log(M) + log(%))) .

The time estimate in the lemma is just a less precise version of this inequality. This

concludes the proof of lemma 2.3.3. O
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Next, we apply the lemma. Using the definition of w and inverting the Fourier

Transform, we obtain, for ¢ sufficiently large,

[z, t) = FHfb(k)e ™ gy, ) (x, )] || < (1+8)N" (2.39)

MZ
M\S

v

Proceeding, notice we can “drop” the cutoff function v in the above estimate with

only an exponentially decaying penalty: due to the fact that
|w<k)6_ka twlow VTkQ wlow' = |(¢(k> - ]‘)e_VTk twlow| =0

for |k| < @, which implies that

j 2 c .
() e <

From here on out, we will sometimes suppress the v-dependence of the constants for
notational convenience. Proceeding, we define our approximate solution in x and ¢
variables:

F e H g, )@, t) = dapp(, 1),

which gives us the estimate
@ (, t) = Dagp(, )| < C(1+1)~1.

This is just estimate (2.39) without the cutoff function; it holds for ¢ sufficiently large

as in Lemma 2.3.3. Therefore, using scaling variables and defining

1
1+1

Wapp(2,1) = Wapp(§,7),

we have the estimate, which holds for 7 > O(log('logl")),

C .~
[ (& 7) = Wapp(§, T L20m) < —5e™
vaTa
(This holds since the |||- ||| and ||- || z2(n) norms are equivalent in the way made precise

at the beginning of section 3.) Using similar calculations, we have functions 0y, (, t)
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and v, (&, 7) satisfying
115(2,1) = Tapp(z, DIl < C(1+ 1)~

and o
1006, 7) = vapp (& T2y < —re™
vats
This establishes the error estimates in 2.3.1; the remainder of the section is devoted
to making more explicit the relationship between our approximate solutions wegp, Vapp,
and our center manifold calculations in §2.1.

Observe that

N -
Wapp(z, 1) = wa_l[kje_”k%](x,t)

Defining new scaling variables

and defining

gives us

(
(
= Y B9, (240

where the ¢;(§) above are again the eigenfunctions of the operator Lr on the space
L2(m).

We now show that the coefficients in (2.40) can be expressed in terms of the
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functions {ax(7), Bk(7)} from §2.1, demonstrating that the leading order asymptotic
behavior of the solution is determined by the center-manifold.
First, recall from §2.2, formulas (2.27) and (2.29) that

@ (k1) = e hb (k1) + g(k)er ",
Differentiating, we have
i .
) = 3 (7)ot e ka0 + ol
1=0

Z() vit) T P otk ™0 (k) + B gk,

=0

where P7~! is a polynomial of degree j — [. Setting & = 0, and substituting t = €7,

we have
. ~ ] ~ ~ o
w(0,e) = Y CreTTokw(0,¢) + O(e ), (2.41)
1=0
where C7; = () )I/T2 Pi70), and & (g(k)e")|x—o is O(e~%¢7) since A_(0) = —v. We

will proceed by computing the derivatives 8%@0(0, t) in terms of the a; from §2.1.
Recall from §2.1, formula (2.6), that we have the decomposition (using the orignal

scaling variables ¢ and 7)
N
w(&, 1) = wel&T)Fwi(€,7),  wel&m) =D ai(T)ei(€),  ws = (w—w),
=0
N

U(&ﬂ T) = UC<€7T) + Us(f,T), UC( 7T) = Bj(T)SOj(g), Us = (U - UC)?

=0
and note the following.
Lemma 2.3.5. [ &Fw,(&,7)dE = [ &Fvs(€,7)dE =0 for all k < N.

Proof: We will prove the result for w, only, as the proof for v, is analogous. Note

that
N

ws =w— Pw=w— Z(Hj,w>¢j,

j=0
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and so (Hy,ws) = 0 for all £ < N. We'll proceed by induction on k. The k = 0 case
follows because £° = 1 = Hy(€). Next,

0= ((Hp1—Hy) — /k+1 . k _ k+1
er—Hi) we) = cenr | S (9)de+) en [ Ewa(©)de = cppr [ wg(§)de
j=0

by the inductive assumption. Since ci1; # 0, the result follows. [l

Using this lemma, we can compute

i) = [ [ e*ate.0as] Iy
= [012 / eikmfwm)ds} k=0
— (Vi) [ chule g
= Vi) [ chule e

for all I < N, and similarly for 9. As a result, we have a relationship between 9% (0, t)

and the quantities a,.: from §2.1

0Li0.6) = = a(log(1+ 1)) [ 6= )da,

x
v1i4+t VvV1+t

or equivalently

N
oLi(0.¢") = > ayllog(L+ (1 + ) [ anle
r=0

Inserting into (2.41), we obtain

=1y~ N ~ =1 v 7
Rw(0,€7) = Y CrelTTY an(log(1+€) (1 +€7)? / €'6,()de + O(e™5)

=0 r=0

= 4> allogll+ ) Y1+ Ny [ €o©)dt + O K.
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Therefore we can replace the coefficients in (2.40) and write

Wapp(&,7) = 2_; (j! é)j Egaraog(l +e7)) ;u +e):Cy, / émf)d&) ¢;(§R-42)

where C%, ~ v~/ (see the line after (2.41)), and where we also have omitted an error
term of @(e~2¢") (This can be absorbed into the estimate in the original definition
of wyy, by applying Lemma 2.3.3 with 7 = log(¢).) Analogous calculations give us a
similar result for v:

Vapp (€, 7) = 2; (ﬂ é)j ;Br(log(l +e7) > (1+ e )2 D%, / flqbr(&)d&) 0;(£(243)

This completes the proof of Theorem 2.3.1.

Remark 2.3.6. Note that Theorem 2.3.1 is stated in terms of the original scaling
variables & and 7. Since T = log(1 + €7), errors in 7, for large 7, are equivalent to

errors in T, for large T.



Chapter 3

Construction of the Center Manifold and

long-time asymptotics of solutions

We now return to the full equations for the Taylor dispersion problem, written in

the form of the infinite systems of PDEs (1.16). We will analyze this system using

methods similar to those applied to the model problem in section 2.1. We begin by

rewriting (1.16) in a way which will simplify the computation of the center manifold.
We set

wo(§, 7) = Z%(T)Cbk(f) + wy (7, €)
- (3.1)

u(§,7) = BR(T)dk(€) + ui(1.€)

The quantities wj and u; denote the projections orthogonal to the first NV + 1 eigen-
functions of L7. Plugging into system (1.16) and using the spectral properties men-
tioned above (specifically the relations @1 = d¢¢y, and Lrgy, = —£¢y,), we find that
the coefficients oy, and B} actually decouple from w§ and u;, giving an infinite system

47
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of ODES for their evolution:

ag =10
Q) = —Z0q
Dy -
= —qy — —ap— A mBy
(6% Qg y Q leX By
. k DT . m
A = —50 = 02— AZXmﬁkfz for3<k <N

, m (3.2)
B = —e” (Vi By + Axn)

. 1 =
Bt = =3B = e (w7 + Axuen) = A2 Y x5
m=1

. k
B = =58 = vrBiz — € (v + Axnon)

— Ae™/? Z XnmBhq for 2 <k <N

m=1

where n > 1. Notice that both quantities ap and S are O(1) in 7. If we can show that
the coefficients oy, and ;' decay exponentially in 7 , then the only nondecaying term
for the solution wg (&, 7) is @ (§). It is not hard to show that ®(&, 7) = appe(§) solves
0,® = LP; therefore wy will be approximated, up to exponentially in 7 decaying
errors, by a function that solves the observationally “correct” diffusion equation. (We
will have to treat the orthogonal projections w§ and u? with a separate analysis). We
will actually show that the coefficients oy, and 3} decay exponentially in 7 with rates
that increase with k using a center manifold reduction; hence, we will show that Taylor
dispersion can be viewed as the leading order term in a systematic approximation
scheme, and one can use the corresponding center manifold to obtain correction terms
to the behavior to any order in 7. Hence, the main goal of this chapter is to prove

the following Proposition:

Proposition 3.0.1. Let oy and B} be the solutions to system (3.2). Then oy, and B}

have the following decay rates:
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( O(e_gT> if k=0 mod 6
0(6_%7—) if k=1 mod 6
. O(e_%T) if k=2 mod 6
| L 3.3
ks ({8 Hle O(e_é;) if k =3 mod 6 (838)
Oe= s ") ifk=4mod6
\ O(e’%f) if k=5 mod 6.

3.1 Transformation of the subsystem

We start by performing some additional setup relevant to the upcoming center man-
ifold calculation. Recall in the formal analysis that in long time limit, vu,w, +
AxynOcwy = 0. In system (3.2), the corresponding quantities are vu,S3; + Axnou;

notice they appear with prefactor e”. Therefore if we:
e rescale time using 7 = log(1 + ¢),
e “diagonalize”,
e and “autonomize” appropriately,

the long time behavior of (3.2) should appear as the restriction of the transformed

system to its center manifold. Indeed, if we introduce new variables

Qp = O
Ay, (3.4)
b= B0+ VX u

n

we obtain, for k > 3,

ok >
ap = _§ak’_A21X’m k—2

: > Ax,
bz = —eTy,uan - €T/2 <—A E Xn,m (— X ap—1 + bzl_1>)
Hom
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Next, we rescale time using 7 = log(1 + ¢), which divides the right-hand side by
e” (or 14 t) and replaces d/dr with d/dt (which we denote by a prime ’). Further, if
we autonomize by setting o = (1 +¢)~'/2, we obtain

m=1
/ k = m
by = —vu,by
= AXom 1
b?, = _Vﬂanll +o <_A Z Xn,m <_ X agp + b81> +> + O'2 (—Eb?>
m=1 " (3.5)
n/ () - AXm m
m=1 m
n A2 n =
+o? | =by —vr (— X 0+bg> X mebg”
Vln (N
n 7 = AXm m
W = —vpbl + o (—A Z_l Xnm <— w1 b“))
2 k n n ZX”Z = m
n (CR—
0/ — __03

where 3 < k < N and n > 1.
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3.2 Construction of the exact Center Manifolds
Recall system (3.5), which we rewrite here as
! 2 k = m
a, =0 <—§ak — AmZ:l mek2>
T (—A i Xoum (— A 4 b;yl)>
m=1

Vlbm

k A n A? n . m
+ o? <—§bz —ur (— VX ag—2 + bZz) - Vﬁi( Z mek?)

The goal of this section is to compute exact center manifolds for this system, and
then prove that these center manifolds attract all solutions. First, we’ll rewrite the

system as

b, = —vMby + 0 ((A%} * E) ap—1 — A * bkl) (3.6)

k
+ 02 <_§bk +A (W%) ax—2 + (—vr) bk2>

Here b, = (02,65, 02,...), X = (X0; X1, X2, - - ), and p = (o, ji1, fia, - . .) are in £2, and
X * - is a bounded linear operator on ¢? to itself defined by (X *Y), =Y., Xn.mYom, Vr
is a scalar (as defined in the previous section), and (Mz), = p,z, for z € 2. We'll

further rewrite the system as:

k
a), = o? <—§ak + Lg,2bk—2)
b, = —vMb, + o (szlakfl + Lg,lbkfl)

L[k b b (3.7)
+o0 2bk + La72ak_2 + Lb,zbk—Q

Here Lj, : (> = R, L} ; : R — (%, L} ; : (> — (* are bounded linear operators defined
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by comparing (3.6) and (3.7). Additionally, since p,, ~ n for n large (by Weyl’s law in
dimension 2), we have that LZJ, LZ,27 LZ’3 are “smoothing” in the sense that they map
into h' = {x € ?| {nx,}.-,}. Let’s proceed with the invariant manifold calculation;
owing to our intuition from the model problem, we may expect exact center manifolds

of the form
~ k
bk :bk(ao,al,...,ak — 1,0’) = ZCS?ECL]C,@O'E (38)
/=1

where C¥_, are 2 sequences to be determined. In fact, we can take by = 0, since in
(3.5), the equation for by decouples from the rest of the system. Proceeding, we find
that

Cé = (’/M)_ILZJ

so that b, = (vM)'L! jago. Here, in a slight abuse of notation, we are treating the
LZJ- as either linear operators from R to £2, or an element of 2, depending on context.
In this case we consider LZ71 € (2. Continuing, notice that since Lf;l is “smoothing”
(it is actually an h' sequence) and the operator (vM)~! is also smoothing, we have
that C§ € h%. Next, we find

012 = (’/M>_1LZ,1
(which is again in h?) and
Co = (wM)™ (Lll:,lcé + Lg,z)

which is again in h?, since L? , € h', C§ € h?, and (vM)~" is smoothing. Continuing,

we find
Cg = (VM)ing,l
Cf = (VM)_l (LZ,1012 + LZ,Q)
Cy = (M)~ (L3,C5 + Li,Cy)
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One can check that each C? € h*. Proceeding for k = 4, we have

vM)~' (L b,1Cf + LZ’QC'IQ)
v M)~ (L, Cf + Ly, Cf — C5 Ly ,Cy)

Again, one can check that each C’;L € h?. Now we proceed by finding formulas for the

general coefficents C¥_,. Hence, we prove the following

Proposition 3.2.1. For any k = 1,2,3,. .., there exist coefficients {CF_,)} such that
the graph of the function

k
7 k ¢
by = bk(GOa A1y .- A1, U) = E Ck_zak—éa

gies the invariant manifold for by. Furthermore, for any fized k, the coefficients

{Ck )} can be explicitly determined.

Proof:
The proof is by induction; we have already verified the base cases. Let £ > 0 and
assume for all 7 < k that the graph of the function

M“

bj :bj(ao,al,...,aj_l, Zaj gO_

gives the invariant manifold for b;, and that the coefficients C’j].'_é have been deter-

mined. Proceeding with the induction step, we set

k
7 2 ' k ¢
bk = Ckfeak,g()' .
(=1

Our goal is to show that the coefficients C¥_, can be computed in terms of already

determined coefficients, from the induction hypothesis. Proceeding, we plug (3.8)
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into (3.5), so that
L 1
b;C - Z Cé‘_f (a;_g(fé + Eak_fo-g_l(—ﬁo'&}))

k
k—1¢ l
= Z Clljfg ((O’E—i_2 <— 9 Ap—yp + Lz,Qbk_[_Q) - §ak_40'4+2>>
E oo k k—0—2
= _502bk+z (C,f_g <U€+2L b2 Z C,]j o J Qg j— 203>>.
/=1

Note that for an integer p > 1,

k—l—p k
l+p k—L—p ) i _ k—L—p o J
o E Cri i pUk—t—j—p0” = C’kfj ag—;07.
J=1 J=t+p

Therefore, after applying this identity with p = 2, we have
k

- koo 4
bgg = —§U2bk -+ Z (C]ljg ( Z Ck g 2akjaj>)

j=t+3
= ——02b/z€ + Z (Z o oLy cr f2> ax_jo’,
Jj=4 =

where we have exchanged the order of summation. It will also be convenient to

exchange the names of the indices of summation:

- E oo~ o
b;/, = —50'2 k _'_Ze 4 <Z£ 3 C L?,QC/]:—IZ 2) ak,goj

which is also equal to, by the invariance condition,

k—1
_VMbk+U<Lala/k 1+Lblzcllj /— lak /— 10'£>

(=1

k—2
k~ Z _
+ 0'2 (—§bk + LZ,Qak_g + LZI;,2 O}:?ZCL,@_(_QO'() .
=1
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Note that, for an integer p > 1, we have

k—p k
P k—p L _ k—p ¢
o E C’k_z_pak,g,pa = E Cl_ypQr—go".
/=1 {=p+1

Applying this identity and combining the two expressions for l~)§€, we have

k -3
Cr1 b,QOk_4ak—4U + E (E C’k_j b,2ck_g )ak_ga
=5 \j=1
k

k

k ¢ b 27b b k—1 ¢

= —-vM g Cr_yax—0" + 0L, a5 1+ 0" Lysag o+ Ly, E Cr_yax—eo
=1 =2

k
b E k—2 ¢
(=3

Note we arranged / separated out some of the terms to make it easier to match
coefficients. For ¢ = 1, we find

C/];fl = (VM)_ILZJ
which is in h?,
Cry = (M)~ (Ly o + Ly 1Oy 75)

which is also in h? since (vM)~! is smoothing, and the sequences it acts on are in
h' (notice 0115:21 is already determined since the superscript is smaller than k&, and
the difference between superscript and subscript is 1, which corresponds to ¢ = 1.).

Proceeding, we have
Cy g = (vM)™! (LZ,Q + LZJCL“:% + Lg,szi;?)
(which again is in h? as one can check),

Cra = (M) (= (L5070 + Ly G + Ly, G5
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and for general ¢ > 5,

{—4
ot = oan (-t (o) + S et stk )
j=1

Notice that all terms on the right hand side are of the form C7" where either m < k,
or m — s < £, and in both cases, these terms have already been determined, and are
in h?; therefore we can solve for C¥_, and the result is in h?. This concludes the proof

of Proposition 3.2.1.

3.2.1 Showing the Center Manifolds are globally attracting

In this section, we’ll show that the exact invariant manifolds previously constructed

are globally attracting. Specifically, we set
By = by, — by, (3.9)

and we prove the following Lemma.

Lemma 3.2.2. For allt > 0,

| Bo(t)||e2 < Ce™"* and
1Bl < C(L+)7T 2 e ™ for k> 1.

The proof is by induction. We first get an equation for the By. Since the equations
governing ay and by are linear in a5 and by, one obtains an equation for By, independent
of the a; and by:

Bj, = b, — b —M(Bk+bk)+0(La1@k 1+ Ly (B + by 1))

k: - ~
o? <—§<Bk + bk) + LZ’QCLk,Q + ng’Q(Bk’*Q + bk2)>

Due to the invariance condition on the Bk, all terms involving the l;k and a;, cancel,

leaving

k
B = —vMBy + 0L}, Bioy + 0*(—5 By + L ,By2)
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which we rewrite as

ko1 1 1
- = B L By i+ ——L2 By _o.
Y e G I Sl

Notice for k = 0, we have || By|| < Ce "t For k = 1, we have

B} = —vMB,

11 1
- By + b
21+¢ " It !

Solving using Duhamel’s formula, we get

B =—-vMB; — 1Bo.

t
By(t) = e "M(1+)72By(0) + / e M (14 ) 72 (14 5)7 Ly Bo(s)ds.
0

Next, we take the || - ||,z norm and use the fact that | By < Ce "#'* to obtain the
bound

t
| Bi(t)]]e2 < Ce (1 + t)’% + C/ (1+ t)’%(l + 5) " temrmlt=s)gmris g
0
< Ce M1 +41)2 + Clog(l + t)(1 + 1) 2e Mt
< C(1+t) ae e,

The last line in the above string of inequalities establishes the base case for our

induction argument. Next is the induction hypothesis. Assume for some k > 0 that

I1B;(#)]le < C(1+ )i+ et (3.10)

k+1)—2
i-l—%e—uult'

for all t > 0 and j < k. We want to show that ||Byi1lle < C(1+t)

We solve for By 1(t) using Duhamel’s formula, and obtain the following upper bound
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after taking the ¢? norm:

t
|Bis (Dl < Cemi(1 44~ 4 ¢ / e (1 4 1) x
0
(14 8) T2 (14 8)"3(1 + s) i+ T emms
1 k=

1-2

+(1+s)(1+ s)%r 2 e "M%)ds

(k+ _ (k1)

t

21) +C€—uu1t/<1+t) 7T X
0

(1455 (14 9) 545 ) ds

< C(14t)s iemt,

< Ce™i(1+1)”

(k+1)—2

5— we have proven that

Since the exponent g — % in the last line is equal to }1 +

(k+1)—2

| Beoille < C(L4¢)at 2 evmt,

Therefore Lemma 3.2.2 is proven. O

3.3 Analysis of the reduced system

The goal of this section is to compute the decay rates of the a, and b, by considering
the system (3.5) reduced to its Center Manifold. We will prove the following via

induction:

Proposition 3.3.1. Let ay be the solutions to system (3.5) on its center manifold.

Then ay, have the following decay rates:
(O(e™¢7)  if k=0 mod 6
e_MT) if k=1 mod 6
e 7)) if k=2 mod6

(

E

(6_57—2) if k=3 mod 6 (3.11)
(

(

(@)
ap = O
(@
Ole=s7) ifk=4mod6
if k=15 mod 6.

. O

By undoing the change of variables (3.4), we find the same decay rates for the oy
and 7 in (3.1):



e ") if k=0 mod 6
e 5°7) if k=1 mod 6
e o 7) ifk=2mod6

(

E
O O = (757) ifk=3mod 6 (3.12)
( 2
(

e o 7) ifk=4mod6
e ¢ 7) if k=5 mod 6.

. O

Rescaling time in (3.5) and substituting from the Center Manifolds, we find that

the long-7 asymptotics of the a; will be determined by system

(io =0

_ 1

a; = —5&1

(y = —as

(3.13)

Cig = —§CL3 + CL()@_T/Z

dy = —2a4 + are”? + age” "

k

ar = L + ap_se " P+ ap_ge" +ap_se 2 for 5 < k<N

Above, the dot denotes d/dr. We determine the decay rates iteratively, first noting
that ag = O(1), a1 = O(e™™/?), and ay = O(e™7). To determine the decay rate of as,
we solve via a;(7)’s formula, and since aq is constant, we find that a3 = O(e™7/2).
Similarly, we solve the a, equation using Duhamel’s formula, using the fact that
a; = O(e"™?), and we find that both forcing terms (and hence the slowest decaying
forcing term) decays like e, so that ay = O(e™ 7). We'll proceed as follows; define

the decay rates r; by the relation

ap = O(e™ 7).
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By the previous calculations, have already determined that

rg =0
1
7"1—5
ro =1

1
7“3:5
ry = 1.

If we solve the a; equation in (3.13) using Duhamel’s formula, we find that

7, = min {

1
Th—3+ =, Th—a + L1745 + =

2 2

3}‘

(3.14)

We'll use this inductive formula to compute a number of these decay rates, and then

find the pattern. We compute:

Ts
Te
r7
rs
T9
10
1 =
T2 =
13 =
T4 =
s =
16 =
7 =

g =

min {3/2,3/2,3/2} = 3/2
min {1,2,2} =1
min {3/2,3/2,5/2} = 3/2
min {2,2,2} =2
min {3/2,5/2,5/2} = 3/2
min {2,2,3} =2
min {5/2,5/2,5/2} = 5/2
min {2,3,3} =2
min {5/2,5/2,7/2} =5/2
min {3,3,3} =3
min {5/2,7/2,7/2} =5/2
min {3,3,4} =3
min {7/2,7/2,7/2} = 7/2
min {3,4,4} =3

(3.15)
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To see the pattern, let’s look at the even k first. We have

ro =0
ro =1
ry =1
rg = 1
rg = 2
10 = 2
rig = 2
T4 =3
16 = 3
rig = 3.

(3.16)

Within the even k, the multiples of 6 satisfy r, = k/6. The other r; can be found by

going to the “next” multiple of 6, then dividing by 6; i.e., the pattern is

k

TkZEifk:OmodG
4

m:kg it k = 2 mod 6
2

Tk:k_l— if £ =4 mod 6.

Similarly, a pattern can be found for the odd k:

k42

T = 5 ifk=1mod®6
k .

rk:glfk:3mod6
k+4

T = + if £ =5 mod 6.

These decay rates can be proved by induction.

(3.17)

(3.18)

Proof of Proposition 3.0.1 We proceed with the induction step. Assume, given

k > 0, that the proposition holds for all j < k. We begin with the equation

dk = —Eak + ngbk_g.
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Plugging in from the Center Manifold, we have

k
E k L
bk = Ck,_gak,g(f .

(=1

T/2

Therefore, using Duhamel’s formula and the fact that o = e77/#, we have that

k—2
ko _L
lay(T)| < C (6_2 +) e |ak_H(T)|>
/=1
k—3
k k—2 £
=C <e2T e 2Ty 627\a5(7)|>
=0

We split the last sum S(7) into six separate sums:

k—3
£
= ea(r)
=0
) S1

=D eHlag(n)|+3 e

Jj=0 Jj=0

S3 S4
6j+ 6j+
+ E e 2 T)| + E e 2
j=0 Jj=0

(7l

H—Ze 2

|+Z (7)]

Here, the integers s; are defined as follows. We write k — 3 = 6m + r for some
integer m > 0 and integer 0 < r < 5. Then s; =m for 0 <i <r and s; =m — 1 for

1 > r. Proceeding, we bound the sum using the induction hypothesis:
51 - . 52 . .
_|S |<Zez e 67+26%T6_WT+26%76_%7
j=0 Jj=0
S4 S5
+ Z e e T 4 Z eI AT Z o T o
=0 =0 j=0

Simplifying, we find the following bound on |ax(7)|:

lag(T)| < Ce™5

+ C’e*TT( 2s80T +6281T +€2827 +€283T€T +6234767 +€2357—67)

We now proceed by cases. We have six cases depending on the mod-6 parity of k.



63

First, assume k — 3 = 6m. Therefore sy = m and s; = m — 1 for ¢ > 1. Hence, the

most slowly decaying term in the bound for |ax(7)| is

k=27 omr

e 2 '€

Simplifying, and using the fact that m = %, this term is equal to

so that |ax(T)| < Ce™67. Since k = 6m + 3, this is the same decay rate as in the
proposition. Continuing, the next case is k — 3 = 6m + 1. Then sqg = s; = m, and
s; = m — 1 for ¢+ > 2. Therefore the most slowly decaying term in the bound for

lax(7)| again is

e——k527'€2m7'

Simplifying, and using the fact that m = %, this term is equal to

so that |a,(T)| < Ce™"6'7. Since k = 6m + 4, this is the same decay rate as in the
proposition. Continuing, the next case is k — 3 = 6m + 2. Then sy = 51 = so = m,
and s; = m — 1 for @ > 3. Therefore the most slowly decaying term in the bound for

lax(7)| again is

Q_LEQTGQT”T

Simplifying, and using the fact that m = %, this term is equal to

so that |ag(7)| < Ce="5"". Since k = 6m + 5, this is the same decay rate as in the
proposition. Continuing, the next case is k—3 = 6m+3. Then sg = s1 = $9 = s3 = m,
and s; = m — 1 for ¢+ > 4. Therefore the most slowly decaying term in the bound for

|ak(7)] is

_k=2_

e~ 2 e(2m+1)7'
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Simplifying, and using the fact that m = %, this term is equal to

so that |ax(7)] < Ce™67. Since k = 6m + 6, this is the same decay rate as in the
proposition. Continuing, the next case is k —3 = 6m +4. Then s; = m for 0 < i < 4,
and s5 = m — 1. Therefore the most slowly decaying term in the bound for |a(7)|

again is

_ k=2

e 2 6(2m+1)7'.

Simplifying, and using the fact that m = %, this term is equal to

so that |ag(7)| < Ce™"6°". Since k = 6m + 7, this is the same decay rate as in the
proposition. The last case is kK — 3 = 6m + 5. Then s; = m for all 4, and the most

slowly decaying term in the bound for |ax(7)| again is

_k=2_

e~ 2 e(2m+1)‘r.

Simplifying, and using the fact that m = %, this term is equal to

so that |ax(r)] < Ce"6'7. Since k = 6m + 8, this is the same decay rate as in

Proposition 3.0.1, and hence Proposition 3.0.1 is proved.

3.4 Conclusion of Chapter

If one is willing to discard the “error” terms w§(&, 1), us (&, 7), we've shown, to lowest
order, that

lwo(€, 7) = cogo(©)llz2im) + II{ua(§, 7) = B3 (T)do(E)}rsllee z2gmy < Ce 2.
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To slightly higher order, we have

6
lwo (&, 7) Zakfbk ez + {ua(€ 1) =Y BE)SE Fallellzmy < Ce
k=0

More generally, from Proposition 3.0.1, we have the bound

lwo (€, 7) Zam M2z + [H{un (€, 7) Zﬁk il llzzm < Cew.

for 0 < j < N. So, we expect the error terms w§(&, 1), us (£, 7) to decay about as
quickly as 6_%7, since these error terms are the projections orthogonal to the first

N + 1 eigenfunctions of L.



Chapter 4

Fourier Estimates and justification of the

splitting

The goal of this section is to estimate the decay rate of the error terms wg(&, 7)
and uf (&, 7) from the previous section. We expect the decay rates to be consistent
with the highest-indexed terms from the center-manifold calculations; specifically, we

expect

N+17_

wg (&, )| 2my + [{un (& 7) I ols 2| 22y < Ce™ @

or some similar rate. How can we obtain this decay rate? First, note the equations

for wj and u;:
D [e o]
T A2 } : 2
6.,-11)8 = ETU]S — 78& ’LUS — A 1 Xm6§ Ufn
m—

- TQN(T)¢N+2<€> —A Z X7 (T)fnv-+2(€)
Dy y

- D
— A2y o mes, — =L AR(T)ON ()

m=1

O-u; = Loyu; — O2us — € (vinus + Ax,ws) (4.1)

- AeT/Q Z Xn,mﬁ]yif(’r)qb]\f-l-? (5)7
m=1

Recall that the original model is dissipative. Therefore we expect the long-time
behavior to be dominated by the lowest wavenumbers. Therefore we undo the scaling

variables, and take Fourier Transform, giving us

A,V (k,t) = B(k)V (k,t) + F(k,t). (4.2)

66
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Here V (k,t) = < {asu(%’)t})go:l)’ and B(k) = By + kBy + k*B, where

Bo = (8 BM)
— Ai (2 by >) (4.3)

X
1 0
By = —v (0 I)

Here B, represents transverse diffusion, and due to the powers of k& appearing on B;
and By, B represents longitudinal transport, and B, represents longitudinal diffusion.
Also, the forcing term F(k,t) is a sum of terms of the form

(14 t)P(1+ t)Mk,Me—VTk:?(l-i—t)Y( ({Bgﬁég(gl(i;?%l) ), (4.4)

where Y is a bounded linear operator on C x ¢?(C). Note that the prefactor (1 +
t)NH+2)/2EN+2 regults from undoing the scaling variables, and using the fact that the
eigenfunctions satisfy ¢n(§) = 8?7 ¢0(§). Here p = 0 or 5 dependmg on whether or
not the term in the sum has the 7— dependent prefactor ez in (4.1), and M = N2“
or M = % depending on whether or not the term in the sum has ¢x.1 or dni2.

Continuing, we solve (4.2) using Duhamel’s formula:
A t A
V(k,t) = WV (K, 0) + / B(E=9) (k. 5)ds. (4.5)
0

We will obtain the desired decay rate by giving a detailed analysis of

ePWE=)G(k, 5), (4.6)

~

where G(k,s) will be taken to be V(k,0) with s = 0, or G(k,s) = F(k,s). Our
estimates will be done in the norm

m

V(- )|H*Z(1HWI|II V)l (4.7)

which is equivalent to the ||| - [|[rxe2(r)l|z2(m) used in the Center Manifold section.

Specifically, this section will be used to prove the following Proposition:

Proposition 4.0.1. Let V (k, t) be the solution to (4.2) with initial condition V (k,0) =
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Asﬂf}{gk’ O)OO . Then there exists a constant C' depending on the initial data, v, A,
{un( 70)}n:1

and x such that

ot

V(DI <O +1) 55,

To establish Proposition 4.0.1, we recall that low wavenumbers should dominate
the long-time behavior. Therefore we split the semigroup eB(k)(t*S)G(k,s) into a
low-wavenumber part and a high-wavenumber part. More specifically, we split the

(t—s

semigroup eP®=9) as follows:

e A high-wavenumber part, which will decay exponentially due to a bound on the

spectrum of B(k) for non-small wavenumbers

e A low-wavenumber part, which will be split into a part corresponding to the
leading eigenvalue A\o(k) of B(k), and a part corresponding to the rest of the

spectrum (which will decay exponentially),

e The low-wavenumber part corresponding to the leading eigenvalue will be Taylor
expanded with respect to the wavenumber k£ around k£ = 0, with remainder
decaying at a rate consistent with the Center Manifold analysis, and Taylor

polynomial being identically zero for the G(k, s) considered above.

The splitting will be done using a smooth bump function (k) equalling 1 for |k| < ko
and 0 for |k| > 2ky. Here k¢ will be taken to be m

small |k| must be for the leading eigenvalue to be consistent with Taylor Dispersion.

. This choice of kg is due to how

This choice of kg also guarantees that the leading eigenvalue stays separated from the
rest of the eigenvalues. A similar choice of low- and high-wavenumbers was used in the
Fourier estimates for the model problem in Section 2.2. To establish our estimates,
we need to establish some facts about the spectrum of the operator B(k), for both

small |k| and non-small |k|.

4.1 Properties of the operator B(k)

4.1.1 Spectral and boundedness properties of B, By, and B,

As mentioned above, our estimates depend on knowledge of the spectrum of B(k). We
will first prove that, for each k, the operator B(k) has only point eigenvalues on the
space Y = C x (?(C), by using Weyl’s theorem. The fact that B(k) has only point
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eigenvalues will be useful, because we will prove an estimate on point eigenvalues
which holds for all £, and hence can be used in our estimates on high-wavenumbers.

Here we note a few facts about the operators By By, and Bs:
e By has only point spectrum, and o(B(0)) = {0} U {—vu,}>2,
e Both B; and B, are bounded: using Parseval’s identity, we find ||Bju|| <
Asupllfal]. Similaly ||B;l| < vljal].
4.1.2 Weyl’s Theorem: Showing B(k) has only point spectrum

The goal of this section is to show that B(k) has only point spectrum, by establishing

the following Lemma.

Lemma 4.1.1. Let k € R. Then the essential spectrum of B(k) is empty, i.e.
Oess = 0. (4.8)

Hence, B(k) has only point spectrum.

Proof:
We proceed by using Weyl’s Theorem. If we show that for each fixed k, B(k) =
By + k(B + kB3) is a relatively compact perturbation of By, then B(k) and By have

the same (empty) essential spectrum. We want to show that
k(By + kBa)(By +i)~"

is a compact operator on C x ¢?(C). By Parseval’s identity, this is equivalent to

showing that
k(—Ax(y, z) — vk)(vA +i)~*

is a compact operator on L*(€). We let {i,(y,2)} C L*(Q2) be a bounded sequence:
|t (y, 2)||120) < M. Then, since i is in the resolvent set of A, and (VA 4 i)~ :
L*(Q) — H'(Q) is bounded, it follows that {(vA +4)~'d,} is a bounded sequence in
H'(Q). Therefore

{k(=Ax(y, 2) — vk)(vA + i) 0, }
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is also a bounded sequence in H'(f2). Since H'(Q) is compactly embedded in L?(2),
this sequence has an L?(§2) convergent subsequence. Therefore k(—Ax(y, 2)—vk)(vA+
i)~ is compact, and hence k(B; + kBs)(By + i)~' is compact. Therefore B(k) =
By + k(By + kB») is a relatively compact perturbation of By, and hence, they have

the same (empty) essential spectrum. ]

4.1.3 Low wavenumbers: approximating the spectrum of B(k) for small
||

The goal of this section is to show that, for |k| sufficiently small, the eigenvalues
of B(k) split into two parts: an eigenvalue near 0, and eigenvalues A(k) satisfying
Re(A(k)) < —vuy/2. Therefore, we expect the eigenvalue near 0 to dominate the
long-time behavior, and we can obtain estimates on the low-wavenumber part of our
solution. In addition, we will show that this leading eigenvalue \o(k) is approximately
—vrk?, so the long-time behavior will correspond with Taylor dispersion. We proceed

by establishing a Lemma and its Corollary:

Lemma 4.1.2. Let k € R satisfy |k| < Sal= - Lhen

o(B(k)) = {Xo(k)} U orepe (4.9)
where |Ao(k)| < ?V,Ul; and for AM(k) € Oy,

Re(\(k)) < —%. (4.10)

Corollary 4.1.3. Let Let k € R satisfy |k| < SA = ond let Qo(k) be the projection
orthogonal to the eigenspace for the eigenvalue \o(k) of B(k). Then, for allW €Y =
C x (*(C) and r > 0, we have the bound

VB .

1”0 Qo(k)W Iy < Ce™ =

The proof of Corollary 4.1.3 follows immediately from Lemma 4.1.2.

Proof of Lemma 4.1.2:

Note, this separation between the eigenvalues is true for By, since 0 is an eigenvalue of
By, and all other eigenvalues satisfy —vpu, < —vu; < 0. Let k satisfy |k| < %.
To establish this separation for B(k), we will use Kato’s definition of a “gap” between

operators (Kato, 1966). Given two operators 7" and S, and a closed curve I' C C which
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separates the spectrum of 7" in two parts (one part inside I" and one part outside I'),
if the gap ) (T, S) is sufficiently small, the closed curve I' also separates the spectrum
of S. The definition of §(T’, S)

~

O(T,S8) :==max{ sup  dist(u,G(S)), sup dist(v,G(T))},  (4.11)
w€G(T),|ul|=1 veG(S),|Iv]|=1
where G(L) = {(u, Lu)|u € D(L)} is the graph of the operator L with domain D(L),
with ||u|| being the graph norm. If §(T, S) satisfies
- 1 1 1

57 5) < min ’ 4.12
(7,5) €0 21+ 22\ /T+[[(T — 2)~ ]2 1

then the closed curve I" also separates the spectrum of S (See Kato IV.3.4 Theorem
3.16 (Kato, 1966)).
We will show that the gap 6(B(k), By) satisfies

5(B(k), By) < min (1 ! ! )

e \ 21+ [P T I(By — ) P

where T'g, for R > vuy/2, is the boundary of the rectangle {z = = + iy| — v /2 <
x < R,—R <y < R}. If this holds, for each such R, we have:

e Using R = vu1/2, B(k) has an eigenvalue (k) near 0, and

e Using larger and larger R-values, the rest of the eigenvalues A(k) of B(k) satisfy
Re(\(k)) < —vpq /2.

Let’s proceed by computing the gap d(B(k), By). Using the definition (4.11), we first

need to bound

sup dist ((f/, BV, G(BO)> .

||V||C><£2((C)+‘|B(k)V||CX[2(C):1
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Pick a V € C x (*(C) with ||V||cxezc) + || B(k)V||cxezcy = 1. Then

dist((V, B(k)V), G(By)) < ||(V, B(k)V) = (V, BoV)]|
= 11(0, B(k)V — BoV)]|
= ||k(B1 + kB2)V||cxe o)
< [k| (A”XHLgo + V|k|) ||VH(C><£2((C)
< k| (Allx|leg + v[k]) -

Since this holds for all V with V' € C x ¢2(C) with ||V ||cxec) + || BE)V |lexe = 1,
it follows that

sup dist ((V, BU)V), G(Bo)) < K] (Allxlzzs + vIk])

||V||CX[2(C)—H|B(k)‘A/HC><£2(C):1

Next, using the definition of the Kato gap (4.11), we need to bound

sup dist ((W, B(0)W), G(B(k;))) .

IWllexe2c) HIBOW llgy 2 (c) =1
Pick a W € C x £%(C) with ||W||cxec) + [|BoW ||exez(c) = 1. Then

dist ((W, ByW), G(B(k))) < ||(W, BoW) — (W, Bk)W)]]
=11(0, BoW — B(k)W)|
= ||k(B1 + kB2)W”<sz2(<C)
< |K| (AHXHLg’ + VW) HWHCXEZ((C)
< k| (Allxllzs + vIk]) -

Since this holds for all W € C x £2(C) with ||W||cxec) + [|BoW|lexeec) = 1, it
follows that

sup dist (W, BOYW), G(B(K))) < || (Allxllzz +vIk]).

||W||C><z2((j)+||B(O)W‘|CX[2<C):1

Therefore

0(B(k), Bo) < |k| (Allxlze + vIk]) - (4.13)
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Next, we bound

. 1 1 1
MIN e, = .
ER2&+VP¢LHW%—@1W)
First notice that, for z € I'y,

2
By—2)7Y| < —.
B2 < o
This is true since By is self adjoint, and “4* is the distance from I'r to o(B) (see
Kato V.3.5 formula 3.16 (Kato, 1966)).

Therefore, for all z € I'g,

1 1 1 1 1
21+ 2|2 /1+(%)2 T 214221+ |(By — 2) 72
Hence
, 11 1 o 11 1
min, — < min, = .
el 214 22 14 (2)2 e 21+ 212 /T4 1[(Bo — 2) 1|
v

Also notice that, for v < %3,

. 1 1 1
sty 21+ |22 2 2
2€lg

V1t Gn)

Therefore, using (4.13), we only need k to satisfy

>

N | —
—_
+
—~
|w
S~—
(V)
(0.]

14
k] (Allxlleg +vIK]) < =2

8Al x| oo ()
M1

. 1 1 1
0(B(k), By) < min | =
(B(k), Bo) < min (21+|z|2 \/1+||(Bo—z)‘1|\2>

This follows since |k| < £ . Therefore

1
—BL__ a5 long as v
N & <

as desired. Hence, for all R > vu; /2, the I'g separate the spectrum of B(k) into one
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eigenvalue A\o(k) near 0 (actually |Ao(k)| < %iyul), and all other eigenvalues A(k)
satisfying Re(A(k)) < —vpy/2. Therefore Lemma 4.1.2 is proven. O
Next, we actually estimate the eigenvalue A\o(k) for |k| < m.

Lemma 4.1.4. Let k € R in satisfy |k| < Salei= - Lhen the leading eigenvalue Xo(k)
of B(k) satisfies

)\0(/{3) = —VT]{IQ + Ag(k), (414)

where No(k) = irk® + O(k*) and r is a real number depending on X, v, and the

numbers { i, }°2 ;.

Proof:
Since \g(k) is a perturbed eigenvalue of the simple eigenvalue 0 of By, Ao(k) (and its
projection Py(k)) perturbs smoothly in & (Kato, 1966). We write

Mo(k) = Ao + Mk + Ak? + O(K?) (4.15)

along with its corresponding eigenvector

~

V(k) = Vo + Vik + Vak? + O(K?). (4.16)

Now the eigenvalue problem reads

~

B(E)V (k) = Xk)V (k). (4.17)
~ tio (k) . i . . .
where V (k) = O(k) and V; = Ug . In this notation, the unperturbed eigenvec-
tor corresponding to the simple eigenvalue is Vj = (é) Plugging (4.16) and (4.15)
into (4.17) gives us

BoVo=0-Vj
Bi\Vy + BoVi = MV (4.18)
Bzvo + Blvl + BOVQ = )\2‘70 + )\1‘71

and so on. The first equation is just the eigenvalue problem for By restated. We then

solve the second equation for A; and Vj. Proceeding using the definitions of By and
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By in (4.3) (and suppressing the subscript on the ¢? inner product), we have

NG ) (#) -0 @)

By equating the first component, we get that \y = 0. By equating the second

components, we get

—Aix —vMU" =0
or

U = —Ai(vM) ™ Yy.

The component 4 is undetermined and we denote @) = ¢;. However, ¢; can be fixed

by normalizing the eigenvectors. Continuing, we have
S Ccq
V= (Caian )
Continuing from (4.18) (and using the fact that A; = 0), we have
BoVy + BiVi + ByVa = AoV

Inserting the definitions of the B; and the known quantities, we have

w0 DO 2GR Cawinnd
20 o) (1) == 0):
Again, equating the first component lets us solve for s, and we get

Ao = —v — Ailx, —Ai(vM)y)

AQ > X2
( v 2

= —Ut.
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Equating the second component gives us

—v — Aicyx + (Ai)’ L, (vM)™'x — (UJM)(A]2 =0,
which tells us

U= —(vM)™! (v + Aicix + A2Ly (v M) y) .
Again, 43 is undetermined and we denote @ = cy. Therefore

Vy = (_ -1 - 2 -1 ) :

(vM)™ (v + Aicyx + AL (vM) ™ 'x)
Continuing, the next equation in (4.18) will read
ByVi + BiVa + BoVs = AsVp + Ao VA,

which reads

AU

(
— 4 (. <f;->> (—@M)l (v + Aierx + AzLx@M)*lx))
(0 ) (5%) =% (0) + % (aitwany 1)

Now again equating the first component gives us

—Aiwhry )

Ag + 1 =

— v+ Aily, M) y)

+ Ai(x, WM)™" (v + Aicix + ALy (vM) " x))
= Ai((w, (M) )

+ (¢ (M)~ (v + AL (vM)™'x)))

o (v =A%, (vM)7'x)) -

Notice the last quantity on the right-hand side is exactly c; A9, so that the quantities

c19 cancel each other out, and we have

As = Ai ((v, WM)7'X) + (x, WM) ™! (v + AL, (vM)7'X))) -
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Note in particular that A3 is purely imaginary, and therefore
Mo(k) = —vrk® +irk® + O(k*)

where r = A ((v, (M)~ 'x) + (x, M) ' (v + AL, (vM)"'x))). Finally, we setting
Ao(k) := No(k) — (—vrk? +irk?®), we have proven Lemma 4.1.4. O

4.1.4 High wavenumbers: symmetry properties of the B; and bounding

the spectrum for large |k|

In this section, we show that the spectrum of B(k) sits strictly to the left of the

imaginary axis, for non-small wavenumbers |k| . In particular we want to establish

Lemma 4.1.5. Let A(k) be an eigenvalue of B(k) with corresponding unit eigenvector
V (k) € C x (*(C). Then for each k,

Re(A(k)) < —vk. (4.19)

Although this bound holds for any k, we intend to use it for |k| > ko where
ko = |k| < g~ In that case, the bound tells us that Re(A(k)) < —vki < 0.
Therefore these “high” wavenumbers will decay exponentially, as in the following

Corollary.

Corollary 4.1.6. Let ky = |k| < SAl = ond let U(k) be a smooth cutoff function

equalling 1 for |k| < ko and 0 for |k| > 2ky. Then for any W € Y and r > 0, we have
(1= (k)W |y < Cemer

The proof of Corollary 4.1.6 follows immediately from Lemma 4.1.5 and the fact
that (1 —¢(k)) =0 for |k| < ko. We proceed with the proof of Lemma 4.1.5:
Proof of Lemma 4.1.5:
Recall that B(k) = By + kB; + k*Bs,, and from (4.3),

Bo = <8 —IJM)
m=ai(y G7)

X
1 0
BQZ—V<O [)
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Note that By and B are diagonal and therefore symmetric, and hence
S(k) := By + k*B, (4.20)
is symmetric. Also note that
A(k) == kB (4.21)

is anti-symmetric, due to the following argument. Let V = {V, }>2, € C x £*(C) and
let v(y,z) = Vo + > oo Vatbn(y, 2). We compute, using Parseval’s identity,

<B1V, V>C><€2((C) = <AZX(y7 Z)U(yv Z)? U(yv Z))LQ(Q)
= _<U(y7 Z),AZX(y,Z)U(y,Z)>L2(Q)
= —(V,B1V)cxe o)

Therefore By is anti-symmetric, and hence A(k) = kB is anti-symmetric.

We proceed by computing a bound on the spectrum of B(k). Notice that
B(k) = S(k) + A(k), (4.22)

where S(k) is symmetric and A(k) is antisymmetric.

Since A(k) is an eigenvalue of B(k) with eigenvector V (k), we have

(BR)V(K),V(K)) = (AK)V(K),V (k)
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where the last line holds since V (k) is a unit vector. Next, using (4.22), we have
A

() = A(k) (4.23)
A

where the last line is obtained using the symmetry properties of S(k) and A(k).
Taking the middle line in (4.23) and taking the complex conjugate, we have

(V(k),S(K)V (k) + (V(k), A(k)V (k)) = \(k). (4.24)
Finally, adding (4.24) and the last line in (4.23) yields
Re(A(k)) = (V(k), S(E)V(E))cxeo)-

Next, we let v(y, z, k) = Vo(k) + >~ Va(k)¥n(y, z) and apply Parseval’s identity to
get

Re(A(k)) = (V(k),S(k)V (k))cxe (o)
1

== A — Ny
o | v S R = v By

= —u/QVv(y,z,k) -Vo(y, z, k)dydz — vk? /Q lo(y, 2, k)|*dydz  (4.25)
< —1/]{:2/Q|v(y,z, k) |[*dydz
= —vk%
Therefore
Re(\(k)) < —vk®

as stated in the Lemma. O

t—s)

4.2 Splitting of the semigroup 5% and estimates

The goal of this section is to establish the decay rates on the low and high wavenum-

B(k)(

ber parts of the semigroup e =5) mentioned in the beginning of 4. We split the
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semigroup eZ®(=5) ag follows:

e A high-wavenumber part, which will decay exponentially due to Corollary in
4.1.6,

e A low-wavenumber part, which will be split into a part corresponding to the
leading eigenvalue Ao(k) of B(k), and a part corresponding to the rest of the

spectrum (which will decay exponentially), as in Corollary 4.1.3,

e The low-wavenumber part corresponding to the leading eigenvalue will be Taylor
expanded with respect to the wavenumber k£ around k£ = 0, with remainder
decaying at a rate consistent with the Center Manifold analysis, and Taylor

polynomial being identically zero for the G(k, s) considered above.

The splitting will be done using a smooth bump function (k) equalling 1 for |k| < ko
and 0 for |k| > 2ko. Here ky = %

|k| must be for the leading eigenvalue to be consistent with Taylor Dispersion. We

. Again, this choice of ky is due to how small

proceed with our splitting, defining terms along the way.

eB(k)(tfs)é(lﬁ S) _ w(k)eB(k)(tfs)é(k, S) + (1 _ w(k))eB(k)(tfs)é(k’ 3)
and define
exphign (k. t — )Gk, s) = (1 = (k)" IG(k, 5). (4.26)

Therefore

N

ePOEIG(k, 5) = Y(k)ePOCIGE, ) + exprig (k. t — )Gk, 5).

Continuing, we split the above expression according to the projection and orthogonal
projection Py(k) and Qo(k) respectively, onto the eigenspace for the leading eigenvalue
Mo(k) of B(k). Hence, we write

Y(kR)PPIG (R, 5) = (k) (Po(k) + Qo(k)) ePWIG (K, 5)
= Y(k)Ro(k)ePOUIG (R, 5) + 9 (k) Qo (k)" MGk, 5).

Next, we define

exPiow(kt — $)G(k, 5) = (k) Qo (k)PP (k, 5). (4.27)
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Next, since Py(k) is the projection onto the eigenspace for the leading eigenvalue
Ao(k) of B(k), we have that

Po(k)eBEE) — Py ()o@,

Therefore

~

Y(R) Po(k)eP PGk, 5) = (k) Po(k)e PG (R, s).
Next, we use the fact that A\g(k) = —vpk? + Ag(k) from Lemma 4.1.2, and obtain
V(k)Py(k)e" MGk, 5) = e g(k) Py (k) PO Gk, s).

Continuing, we Taylor expand ¢ (k) Py(k)e ™9 G(k, s) with respect to k to degree
N, and define

N
Ta(k,t — 5)C(k, s) = eVT’fzz%a,i (w(k)Po(k) Ro(b)(t=9) Gy (k ,s)) lhookl.  (4.28)
=0

and define

Remy(k,t — 8)G(k,s) = e ™% (1 (k) Py (k)P =G (k, 5)

. (4.29)
—Tn(k,t — s)G(k,s)).

Finally, combining definitions (4.26), (4.27), (4.28), and definition (4.29), we have the
splitting

A

PBIG ke, 5) =expnign(k,t — 5)G(k, 5) + expiow(k, t — 5)G(k, 5)

. (4.30)
+ T (k,t — 5)G(k, s) + Remy (k,t — 5)G(k, s).

We proceed by establishing lemmas giving us decay rates on each of the terms in the

above splitting. We start with the exponentially decaying low wavenumber part.
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4.2.1 Exponentially decaying terms - low wavenumbers

The goal of this section is to estimate the exponentially decaying, low-wavenumbe

part of the semigroup eZ®)t:

expiow(k,t — )Gk, s) = Y (k)eP®E9Qu (k)G (k, s). (4.31)

Here Qo(k) = 1 — Py(k) and Py(k) is the projection onto the eigenspace of Ag(k).
We want to estimate |||ezpion(k,t — s)G(k, s)|||. Specifically, we aim to establish the

following two lemmas:

Lemma 4.2.1.
| lezpion (- )V (-, 0)]|| < Ce™ 5"t

Lemma 4.2.2.

t
||y/ etpron (-t — $)E (-, s)dsl]| < C(1+ )%,

0
Recall expioy(k,t — 5)G(k,s) = ¥(k)ePP Q. (k)G(k, s), from the splitting of
our solution, corresponds to low-wavenumbers, but the eigenvalues away from 0.
Therefore we expect the unforced part to decay exponentially, and the forcing term
fg exProw(k,t — s)F(k, s)ds to decay at the same rate as F(k,s). We proceed with
some calculations that are common to the proofs of both Lemmas 4.2.1 and 4.2.2.
Recall that the triple norm is a weighted sum of L? norms of derivatives with respect

to k. Thus, we begin by evaluating the j-th derivative with respect to k:

aiexplow(kz, t— S)G(k, s)
= Z Cj1,j27j3a£11/)(k)8112 (eB(k)(t_S)Q0<k)) 8%36’(]{;7 3)'

Jit+j2+js=j

We can rewrite the middle derivative as

aiz (eB(k)(tfs) QO(k)) _ Z Cpl,pz 612;1 eB(k)(tfs)azz Qo(k)

p1+p2=j2
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We can further rewrite the summand as

p1
(0P D) 02 Qo(k) = D (1 = ) Dy(R)eP P Qu(k)

q=0

where the D, (k) are linear operators which are products of powers of By, By, and k.

We want to use Corollary 4.1.3, which tells us

M1

lePMEQq (k)W (k) |y < Ce™ 2 [ (k)| (4.32)
To use this, we need to rewrite the terms
6B(k)(t—s)a£2 Qo(k)

as a sum of terms, each of which has eZ®(=5)Q(k) appearing in its expression.

Hence, we prove the following lemma:

Lemma 4.2.3. For each integer j > 0, the expression for
PR30y (k) (4.33)
can be written as a sum of terms of the form
Left;(k,t — 8)eB®U=)Qy (k) Right;(k,t — s) (4.34)

where Left;(k,t —s) is a bounded, linear operator on'Y" which is a product of powers
of deriwatives of Qo(k), B(k), and t — s, and Right;(k,t — s) is a bounded, linear
operator on'Y which is a product of powers of derivatives of Qo(k).

Proof:

We prove this by induction. First, to shorten the notation, we let Qy(k) = Q,
B(k) = B, and t — s = r. The base case we prove as follows. Note that since @ is a

projection,

QQ = Q.

Therefore 0y}, which is a bounded operator (since @) is bounded and perturbs
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smoothly in k), satisfies
K@ = (0Q) Q + QIQ,
50
ePr0,Q = P (0:Q) Q + 7T Q0,Q. (4.35)

The second term in this sum is of the form in the lemma. Therefore we need only to
deal with the first term. To do so, note that

QePT = ePrQ. (4.36)
Taking 0 of both sides, we get
(OrQ) B + Q (0r.B) reP" = (0xB) reP™Q + 57 (0,Q) .
Solving for eP79,Q, we get
P (0:Q) = (0:Q) " + Q (0, B) re®" — (0, B) re® Q.
Substituting for ef79,Q appearing in right-hand side of (4.35), we get
e (01Q) = (HQ) " Q + Q (0 B) " Q — (0 B) e QQ + " Q (0:Q) -

Therefore, since OB = B; + 2kB,, it follows that e®"9,Q is of the form described
in the lemma. Next, we proceed with the induction step. Fix an integer j > 0 and

assume, for each integer ¢ satisfying 0 < ¢ < j — 1, that
POLQ
can be written as a sum of terms of the form
Lefto(k,r)eP"QRight,(k,7)

where Lefty(k,r) is a bounded, linear operator on Y which is a product of powers
of derivatives of @), B, and r, and Right,(k,r) is a bounded, linear operator on Y
which is a product of powers of derivatives of (). We proceed by computing eBT(?iQ
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as follows: Since QQ) = (), we have

HQ= D> CindQaQ.

Ji+i2=j
Therefore
RO = Y Cipe” A QOPQ (4.37)
Jit+j2=j
= 7oQQ+ Y G el QokQ. (4.38)

J1+j2=5,j1<j—1

Notice the sum on the right-hand side contains eB’"ﬁ,ZlQ where j; < 7 — 1, so by the
induction hypothesis, this second sum is of the form described in the lemma. We now
deal with the first term, which contains eBT([)iQ. We compute this as follows: recall
from (4.36)

QePm = ePrQ. (4.39)
Taking 8,]; of both sides, we get

Z Cj1,j2ailQai2€BT = Z le:jzaileBraiQQ

Jit+j2=j Jitje=J

= oQ+ > CypoleorQ.

Jit+72=7,72<j—1

Solving for eB"“aiQ, we get

eBraiQ _ Z le,jQ aid Qa}iQ eBr Z thh 8%1 eB’"ﬁfQ.

Jit+j2=j Jitje=j,j2<j—1

Notice the summand in the last sum on the right-hand side contains 8,];1 eB"an. We

can rewrite
a]j; eBr

as a product of powers of derivatives of B and r times e””, which is a product of pow-
ers of By, By, k, and r with powers not exceeding j;. Therefore, since jo < j — 1, by

the induction hypothesis, 6,11637”5%2@ can be written as a sum of products of powers
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of derivatives of B, @, and r times e®"Q times products of powers of derivatives of
@, as desired. Finally, plugging eB’"(‘?,ZQ back into the right-hand side of (4.37) gives
us an expression of eB’”a,zQ as described in Lemma 4.2.3. This concludes the proof of
Lemma 4.2.3. 0

We proceed with calculations for the proofs of Lemmas 4.2.1 and 4.2.2. Due to

N

our lemma, each term in our sum for 0;expj,(k,t — s)G(k, s) is of the form
O (k) Dy(k)(t — 5)1 D, (k) (t — 8)"ePOUIQq (k) Right,, (k)0 Gk, s)  (4.40)

where D,(k) and D, (k) are bounded, linear operators which are the products of

derivatives of By, By, Qy, and k, and the indices satisfy:
® jitjatiz=J

® D1+ P2 = J2

We are now in a position to prove Lemma 4.2.1.

Proof of Lemma 4.2.1:

We set s = 0 and G(k,0) = V(k,0) in equation (4.40). Taking the || - ||y norm, we
obtain the bound

19;expion(k, )V (k,0)[ly < C 32 [0 w(k)||t]" %
1Dy (k) Dy (k)ePEOQq (k) Righty, (k)97 V (. 0)ly

Where the summation is over the indices in (4.2.1) above. Continuing, we use Corol-
lary 4.1.3 to obtain

|0expion (ks OV (R, 0)lly - < C Y O bR k[P e "2 | Righty, () V (k,0)||y

Next, we take the || - || ;2®) and obtain

v
5t

Cltjrte

v
Ce 1t

H18se2p100 (- OV (-, 0)lly [l 2y

VANRVAN
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Dividing by (1 + ¢)’/? and summing over j, we have

VI

l|lexprow (- )V (-, 0)]|| < Ce™ 1

This concludes the proof of Lemma 4.2.1. O]
Next, we prove Lemma 4.2.2.

Proof of Lemma 4.2.2:

Recall from (4.4) that the forcing function F(k,s) is of the form

5
- — MZ/Q Mi —I/Tk‘2(1+8) Pi ) OfJ(lOg(l + S)
F(k,s) ;:1 (1+s)" 2k e (1+5)"D; (5J(1og(1 +5)) )

~—

where M; = N +1or N+ 2 p; = —3/2 or =2, and the D; are bounded, linear

operators on R x (2(R). Therefore 3 F(k, s) is a sum of terms of the form
(1 + 5)Mi/ 2 Mimb glaevrk?(49) (1 4 g)Pi D, (O‘ngoggl + 8)))

where the indices ¢; and /5 satisfy /1 + /5 = j3. Next, notice that

O ) = (g (14 )2/ Hyy (kg (T + ) o059,

Where Hy, is the Hermite polynomial of order £. Therefore 3 F(k, s) is a sum of

terms of the form

M2 Mty 02)21.65 (3/2,—vrk?(1+s) pipy [ Qr(log(l+s))
(14 s)™/%k (14 5)2/%k3 (14 5)™/%e (14 s)"D; <ﬁJ(log(1—|—s))

where ¢35 < (5. Therefore we have the following bound on the || - ||y norm of

A

expiow(k,t — s)F(k, s):

”explow(k>t - S)F(k’ S)HY
< ClOPR)||(1 4+ £ — s)2e™ 5D (1 4 g)Mil2H2/245/24pi Mttty
0T oy (log (1 + 5)| + [|Bs(log(L + 5)) ez -

This bound follows from the conditions above on the indices in (4.2.1), and Corollary

4.1.3. Continuing, we compute the || - ||zz norm of this bound, using the fact that
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H kde_k2THL2 < CT—/2-1/4.

A

Hlezpiow (k; t — s)F(k, )|y [| 22
<C(+t— S)jze—%(t—s)(l + S)Mi/2+£2/2+£3/2+pi(1 + S)—g(Mi—£1+43)—1/4(1 + S)—J/6.

Notice the (1+5)~7/6 follows from the bounds on .y and 3; in section 2. Continuing,

we simplify and get
llexpiow(k, t = s)E(k, 5|y |12 < C(1L+t = s)2e™ 2 7 (1 4 s)s/ 27/ 6Fnimt/,

Next, observe that (14t — s)2e~ "2 (=9 < Ce="1 (=5) With this observation, we

continue by integrating from s =0 to s = t:

t
exProw(k,t — s F(k,s v < C e GO 4 g)3/2=T/6+pi=1/4
4 ) ) )

< 0(1 + t)jS/Q_J/6+pi_1/4‘

Finally dividing by (1+¢)7/2 as in the definition of the triple norm, we have the bound
t A
H!/ expiow(k,t — s)F(k, s)ds||| < C(1+ 1) /014,
0
Since J > N and p; < —3/2, this bound can be written in terms of N:
t ~ N+1
|| / exPiow(k,t — 8)F(k, s)ds||| < C(1 + t)_T_3/4.
0
Therefore

t t
I1 [ copronth.t = P sl < [ lleapron(st = )| ds
0 0 Nng

<1+t

Hence, Lemma 4.2.2 is proven. O

4.2.2 Exponentially decaying terms - high wavenumbers

The goal of this section is to give estimates on

exphign(k, t — 8)G(k, s) = (1 — (k))ePPEIG(E, s) (4.41)
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in the triple norm ||| - [||. Specifically, we aim to establish the following two lemmas:

Lemma 4.2.4.
l|lexphign(-, )V (-, 0)]|| < Ce~ k0!
Lemma 4.2.5.
t ) »
I [ exman .t = ) asl] < o5
0

Recall that this term, in the splitting of our solution, comes from separating the
low- and high-wavenumbers, and from the high-wavenumber bound on the spectrum
Re(\(k)) < —vkE < 0, we expect this term to decay exponentially. We proceed with
a calculation used in the proofs of both Lemmas 4.2.4 and 4.2.5. Using the definition

of ||| - |||, we have to:
e compute 8,1,
e compute the || - ||y norm,
e compute the || - ||L? norm,
e and finally divide by (1 +¢)?/2 and sum from j = 0 to j = m.

First computing @7 of both sides of (4.41), we have
alz;exphigh(k7t - S)é<k7 5) = Z le,jz,j?,&?(l - w(k»al]f (eB(k)(tis))aisé(ka 5)7

where the sum is taken over indices j1, j2, and js satisfying j; +72+73 = j. Proceeding,
we substitute for 92eB*)(E=);

8%263(k)(t—s) — Z D, (k)(t — S)qu(k)(t—s)

q<j2

where, for each k, the D,(k) are bounded, linear operators satisfying || D, (k)| <
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C(1 + |Kk|)?2 for all ¢ < jp. Next, we bound the || - ||y norm:

|0} eapnign (k,t — $)G(k, )|y <
O X2 (t = 8)!I Dy (k) (1 — (k) ePDEDR Gk, 5|y
< Ot =)L+ K200 (1 — (k)" W90 Gk, 5)ly
< Ot = sP2(1+ [KI)2107 (1= (k)| PGk, )y,

where we have used Corollary 4.1.6. Therefore

|0 exphign(k, t — )Gk, s)|ly < C (t—s)*(1+ [k x

) (4.42)
00 (1= (k) eI |04 Gk, )|y

We are now in a position to prove Lemma 4.2.4.
Proof of Lemma 4.2.4: We set s = 0 and G(k,s) = V(k,0) in (4.42) and bound
the L?(R) norm:

1Y expnign (k. t — 5)G(k, )|l | 2
< O+ tY)|(1+ [k e 2K (1 — (k)| 2 sup e 25
|k|>ko

Hence, after dividing by (1 + t)7/? and summing over j as in the definition of ||| - |||,

we have
| leaphign(k, )V (k, 0)||| < C(1 + t)/%e 54t < Ce ik,

Therefore Lemma 4.2.4 is proven. O
We are now in a position to prove Lemma 4.2.5.

Proof of Lemma 4.2.5:

Let s > 0 and take G(k, s) = F(k, s) in (4.42). Recall from (4.4) that

Flkys) = Y2 (1 520059 (1 4 gD, (Ejéﬁ?ggé”?}) (4.43)
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Therefore we can compute &° F(k, s):

aisﬁ(ka S) = Z?:1 Cél,€2<1 + S)Mi/2kMi_£1 X

ot (e e (3 1),

where the indices ¢; and /5 satisfy ¢; + {5 = j3. We can further substitute for
815;2 (e—VTk2(1+S)>:

aﬁz (erTkQ(lJrs)) — Z ng(l + 8)63/2]{@3@7’/T’€2(1+3)_
l3<Lo
Therefore

|0 exppign(k,t — s)F(k, )|y

<O (1 — (k)1 +t —s)2(1 + k|72 vh2(=9)
X (1 + S)Mi/2+e3/2kMi—€1+K3e—ka2(1+5)

X (las; (log(1 + s))| + || BJ; log(1 + s)[]) -

Observe that e vr**(1+s) < e‘”k2(1+s), so that we can bound the exponential terms
by e ¥+  We can then further rewrite e /¥ (1+1) — ¢=5F (140 g=5K(148) an( then

bound the L? norm:

llewprign(k,t = s)F(k, 8)[vlle < C(1+t—s)2(1 1) 2M/2m0 20/

X (1+S)Mi/2+pi+€3/2di/6 Sup e R (1+1)
|%|>ko

Integrating from s = 0 to s = ¢, we obtain
t R -
I1 [ comnl-.t = )F(s)as]| < Ce 50
0
Therefore

t t
[ et = 9 ECds < | [ comin(t = 1P, o)isl|
0 0

< Cef%kg(lﬁf)'

This concludes the proof of Lemma 4.2.5.
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4.2.3 Algebraically decaying remainder terms

The goal of this section is to give estimates on the Remainder terms

Rem(k,t — s)G(k,s) =

71/Tk2 t— s)

(4.44)
k1 kn .
/ / / Dy 4 (RN =) Py (k1) Gy, 8) () dEn 11 - dky.

in the triple norm ||| - |||. Specifically, we establish the two lemmas:
Lemma 4.2.6. Let Rem(k,t — s)G(k, s) be defined as in (4.29). Let s = 0 and take
G(k,s) = V(k,0). Then

1

3 (4.45)

|| Rem(-, )V (-, 0)||| < C(1+)75

for allt > 0.
Lemma 4.2.7. Let Rem(k,t — s)G(k, s) be defined as in (4.29). Let s > 0 and take
G(k,s) = F(k,s). Then

—N 5
6

|||/ORem(-,t—s)ﬁ( s)ds||| < C(1+t)T *a (4.46)

for allt > 0.

We start by introducing some notation to shorten the involved expressions, and
then we will proceed with some calculations common to the proofs of both of these

lemmas. First, we denote

T(H(-r)) (k) :/0 H(F,r)di

where H(k,r) € Y, is smooth and compactly supported in k. With a slight abuse of

notation we write
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In this notation,

Rem(k,t — 5)G(k,s) =
e—VTkQ(t—s) %

TV (G (MW Py (k)G k, 5)(K))
To estimate in the norm ||| - |||, we have to:
e compute 8,2,
e compute the || - ||y norm,
e compute the || - ||L? norm,
e and finally divide by (1 + ¢)’/? and sum from j = 0 to j = m.

We start by computing. %Rem(k‘,t— S)G(k‘, s), From the product rule, %Rem(k‘,t—

~

s)G(k, s) is a sum of terms of the form

aile*VTkz(tfs)IN+1fj26éV+l(eAD(k)(t*S)PO(k)é(]ﬁ 5)¢(/g))

—l/Tk?2 (t—S)

where j; + j» = j. Next, note that %16 is a sum of terms of the form

KP(t — s)bemrrhi o)

where 0 < p < j;. Also note that, by the product rule, 9N (e2o®)E=5) By (k)G (k, s) (k)

is a sum of terms of the form
(O WE=) (g2 Py (k) (07 Gk, 8)) (91 (k)

where my 4 my + mg +my = N + 1. Therefore 8] Rem(k,t — s)G(k,s) is a sum of

terms of the form

RP(t = s) B r TN (G (MW g (Py()) o (G (k, 5)) 0 (6 (k)
(4.47)

where the indices satisfy

e 1+ J2=7,
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e 0<p<y,
e and m; +mg +msg+my =N + 1.

To establish Lemmas 4.2.6 and 4.2.7, for appropriate choices of G’(k:, s), two of the
required steps are to take the || - ||y norm, of & Rem(k,t — s)G(k, s) and then take

the || - [|2 norm. We will use the estimate

M
2

KM e~ T2 < C(aT) ™% "7 (4.48)
This estimate tells us that powers of k£ times Gaussians decay faster with higher power.
We eventually need to take the L? norm of the expression in (4.47), which has the
Gaussian factor e *7%(=%) and some powers of k. However, some additional powers of
k and also some additonal powers of ¢t —s will appear when computing 9, (ePoR)(t=s)),
This is due to the fact that Lemma 4.1.2 tells us Ag(k)(t—s) = irk3+O(k*). Therefore,
if we are bounding the L? norm of the expression in (4.47), we need to know what
the powers of k are relative to the powers of ¢t — s. In fact, ;"' (e*0®(=9)) is a sum

of terms of the form
(k;Q(t —8)P (k(t —s))2(t — s)p?’eAO(k)(t_S) (4.49)

where p; + 2ps + 3p3 = my. Therefore we note the following Lemma:

~

Lemma 4.2.8. Let Rem(k,t — s)G(k,s) be as defined in (4.29), and let the indices
J1, J2, P, M1, Mo, Mg, my satisfy the conditions in (4.47), and let p1+2pa+3p3 = my.
Then ||& Rem(k,t — s)G(k,s)||y is bounded above by a sum of terms of the form

[Pt — 5) e T R[N Rk, ¢ — 5) (97 Gk, 9)) Iy

where h(k,t — s) takes values in Y, is smooth and compactly supported in k, and

satisfies
1h(k,t — s)lly < (K*(t — 5))" (k(t — 5))*(t — ). (4.50)

Proof:
The power of |k| comes from bounding ZV*!1=72. Each h(k,t — s) in the sum is
(0,2 Py(k))(9*4)(k)) multiplied by a term from the derivative of e*0(®)(¢=5) Hence,

each h(k,t —s) is smooth and compactly supported in k. Furthermore, the bound on
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Ao(k)(t—s)

|h(k,t —s)|ly comes from the form of the terms in the derivatives of e noted

before the Lemma. O
We are now in a position to prove Lemma 4.2.6.

Proof of Lemma 4.2.6:

Let s = 0 and take G(k,s) = V(k,0). From Lemma 4.2.8, we have that

|07 Rem(k, t)V (k,0)]||y is bounded above by a sum of terms of the form

[k[P(L+ ) e RO kY52 [k, )0V (k,0)y-

Therefore ||||@) Rem(k, )V (k,0)]|y || 2 is bounded above by a sum of terms of the form

(1 _|_t)§(t)p1+pz+p3 |||k|p+N+1—j2+2p1+p2e—VT’fQ(t)||L2_

We now apply the estimate (4.48) and find that ||||&/ Rem(k, t)V (k, 0)||y || 1 is bounded

above by a sum of terms of the form
where

1 .
pow =24 pi 4 potps— = (p+N+1—jot2p1 + po)

2 2
o N+l G 1
pow="gtps o Ty T

Recall that p; + 2p2 + 3p3 = my. Therefore 2ps + 3p3 < mq, and since

1/3
% trs=3 (—P2 +3P3) < 2ps + 3ps,

2

we have that £ + p3 < mi. Hence,
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Next, since m; < N + 1, we have

N+1 N+1 g3 1
< — e
pow < 3 5 + 9 1
from which we conclude
N+1 jo 1
<-4
pow < G + 5 1

Therefore

N+1 1

13 Rem(k, )V (k, 0)lly |2 < C(1+¢)~ "5+ 5,

Next, we divide by (14 )z and use the fact that j, < j to obtain

1

(18] Rem(k, )V (k, 0) ||y |2 < C(1+ )~ 7% 1.
(1+1)2

Finally, summing from 5 = 0 to j = m, we conclude that
[|Rem (- )V (- 0)[]] < C(1+ )¢ 1.

Therefore Lemma 4.2.6 is proven. O
Next, we prove Lemma 4.2.7.

Proof of Lemma 4.2.7:

Let s > 0 and set G(k,s) = F(k,s). From Lemma 4.2.8, ||@ Rem(k,t — s)F(k,s)|y

is bounded by a sum of terms of the form
(k[P (t — 5) 2 ™ORN Rk, ¢ — )07 (G (k, 5)]lv

Recall from (4.4) that F(k,s) is a sum of terms of the form

L R A ({@%ﬁé&%(iﬁ)i)%l) )

where 0 < p < % and Y is a bounded linear operator. Therefore 09, Rem(k,t —

s)F(k,s) is a sum of terms of the form

A

(L )H(14 )WDY ea iy g gty an (ol t ) )
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where ms = ¢1 + ¢2, and d < go. Therefore || F(k,s)|y is bounded by a sum of

terms of the form

oz

(14 5)2 (1 +8) VT3 N2 bdemvri® 00 (1 4 )=,

where we have used the results of Chapter 3 to bound |ay (log(1+s))| and ||{ 8 (log(1+
$))}5°|lez. Combining this bound with the bound from Lemma 4.2.8, we have that
1187 Rem(k, t — s)F(k,s)|ly]||r> is bounded by a sum of terms of the form

(t— S)%(l —i—S)% %Jr%f%(t_ S) 1+p2+p3”|k|p+N+1 Jo+2p2+p1+N+2— q1+d671/Tk (t—s) HL2

Employing the estimate (4.48), we have that ||||@! Rem(k, t—s)F(k, s)||y|| > is bounded

by a sum of terms of the form

4Nt2,d N 1 . 1
T—Fg—g(t _ S)Pl-‘rpz-i-Ps (t _ S)—5(p+N+1—]2+2p2+p1+N+2—q1+d)—1‘

K\J\»—'

(t — s)g(l + s)

Integrating from s = 0 to s = ¢, we find that
t ) R
[ WotRem (bt = ) (ko) Iyl ods < 1+ 7
0
where pow satisfies

1+p+1+N+2 d N~|— + p2 +
onw = — — R —_
p 9 9 9 B 6 P1T P2 T P3

1 ‘ 1
—§(p+N+1—32+2p2+Pl+N+2—Q1+d)—Z
N NfL L e L L
7% g Tl TS T 9

Recall that from the proof of Lemma 4.2.6 that % p2 + p3 < L. Therefore

N N+1 my ¢ jo» 1 1
A s L S S S I R
pow = =g 5 T3ty Ty T g
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Recall that ¢; + g2 = ms. Therefore ¢; < mg, and hence

1
Sé(m1+m3>
N +1
= 9
Therefore

N N+4+1 N+1 4, 1 1
< _ I
pow == 5 T 9 ToTiTiT3

LAV B S

6 2 4 2’

Therefore, dividing by (1 + t)% and summing from j = 0 to j = m, we have that

>

1
7=0 (1 + t)%

t
/ 1102 Rem(k,t — $)E(k, 8)|ly || r2ds < C(1+ 1)~ i,
0

Therefore

III/0 Rem(-,t — s)F'(-, s)ds||| S/O [|Rem(-,t — ) E(-, s)]||ds

<C(1+t) oti

and hence Lemma 4.2.7 is proven.

4.2.4 Taylor polynomial terms

In this section we show that the Taylor polynomial terms are actually zero. We claim

the following Lemma:

N

Lemma 4.2.9. Let Tx(k,t — s)G(k,s) be defined as in (4.28). Then if s = 0 and
G(k,s) = V(k,0), orif s >0 and G(k,s) = F(k,s), we have that

Tn(k,t —$)G(k,s) =0

for all k.
Proof:
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Recall that

| —

Ty (k,t — 5)G(k,s) =)

=0

N
|
¢

o <¢(k)er< )(t=s Po(k)é(k,s)> ookl (4.51)

=

In this expression, some derivatives fall on G (k, s), but the order of these derivatives
does not exceed N. We will show these derivatives are zero, and hence the entire
expression is zero. There are two cases for G(k,s): either s = 0 and G(k,s) =
V(k,0), or G(k,s) = F(k,s). In the first case, the components of V(k,0) are the
Fourier transforms of the quantities v} (£,0) € Ran@Qy from 3. It is a property of the
projection @)y that

/f (£,0)d¢ =0
for all 0 < ¢ < N. Taking the Fourier transform gives us
OtV (k,0)]pmo = 0
for 0 < ¢ < N as desired. In the second case, note that
F(k,s) = kN H (k, s)

where H (k,s) is a smooth, bounded function in k and s. This fact can be seen from

equation (4.4). Therefore
04 G (k, )|k=0 = 0

for 0 < ¢ < N, so in both cases, the Taylor polynomial term is exactly zero. This
concludes the proof of Lemma 4.2.9. O

4.2.5 Conclusion of Chapter: Proof of Proposition 4.0.1

Recall that the goal of this chapter is to prove Proposition 4.0.1. Hence, we want to

establish the estimate

V(] < O +1)~ s+,
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Proof of Proposition 4.0.1:
Recall from (4.5) that

t
V(k,t) = PPV (K 0) + / PR [ (k. s)ds.
0
Computing the triple norm ||| - ||| of both sides, we have the bound
t
IV (kD11 < [1lePEV (&, 0)]]] + |||/ PRI (k, s)ds|||
0

Recall from the splitting (4.30) that

eBF)(t—s é(lg, s) =exPpigh(k,t — 5) (k s) + expow(k,t — 5)G ( s)

+ T (k,t — 5)G(k, s) + Remy(k,t — s)G(k, 5).
Therefore, for s = 0 and G(k, s) = V(k,0), we have

\HeB('“)tV(k’O)HIS!!Iexpmgh(kat) (k; )1+ [llexpiow (k t) (O
+ 1T (k. )V (k, 01| + ||| Remp (K, )V (k, 0)]]]

Applying Lemmas 4.2.4, 4.2.1, 4.2.9, and 4.2.6, we have

1BV (, 0)]|| < C(e Tk 4 e~ hdt
F (144,

Therefore

1eB®EY (k,0)||] < C(1+¢) 5. (4.52)
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Next, we bound the Duhamel term:

I [Pk yasll <UL [ et~ 5) . s)ds]
0 0
I [ et = )P s)as]
—i—]H/ Tn(k,t—s) (k s)dsl|||
+|||/0 Rempy (k,t — s)F(k, s)ds|||

Applying Lemmas 4.2.5, 4.2.2, 4.2.9, and 4.2.7, we have

o=z

I[P B syl < O (1

Therefore

5

|||/ Bk, s)ds||| < C(1+ )~ ¥+, (4.53)

Finally, combining the bounds (4.52) and (4.53), we have

5

IVE O < (+H7% + 1 +n-8)

5

<C(1+1t) 55,

2

Therefore Proposition 4.0.1 is proven. By undoing the Fourier Transform, and re-

applying scaling variables, we obtain the following Corollary:

Corollary 4.2.10. Let (w§(&,7),{us(&,7)}5°,) be the solutions to (4.1). Then

s s o) - Hyr
w3 (€, ) z2my + 1H{ws (6 Yol llell2gny < CeTottH2)

In the final chapter we combine the results of Chapters 3 and 4 to prove the main
theorem.



Chapter 5
Proof of Main Theorem

In this final chapter we state and prove the main theorem:

Theorem 5.0.1. Given any M > 0, let N > 6M + 9, and let m > N + 1/2.
Suppose the initial value u(x,y,2,0) of (1.3) satisfies ||||u(-,0)| 2 ||L2m) < oo.
Further assume that for n > 1, the coefficients u,(z,0) in the eigenfunction expan-
sion (1.4) satisfy the zero average condition [ w,(x,0)dz = 0. Furthermore, suppose
v < min{%, 1}. Then there ezists a constant C' = C(N,m,v, A, x) such that

[[wo (&, 7) Zam M2y + [l1{un(€, 7) Zﬁk (O} zillellzzm

< CG 6+1+2)

for all T sufficiently large. The functions ¢(&) are the eigenfunctions of the operator
L1 (corresponding to diffusion with constant vp = v + A72 D 2—2: i scaling vari-
ables) in the space L*(m). The quantities ax(T) and B7(T) solve system (3.2) and
have the following asymptotics, obtainable via a reduction to an N + 2-dimensional

center manifold:

(O(e™s7)  if k=0 mod 6
O(G—ZTTT) if k=1 mod 6
n1 00 _ Oe’T47) if k=2 mod 6
o BNl = § e HE T 5.1)
O(e’%T) if k=4 mod 6
L O(e™"6' ™) if k=5 mod 6.

Remark 5.0.2. The smallness condition on v above is required to make the error

estimates in Chapter 4 hold.
Proof:

102
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Recall the splitting 3.1 of solutions to (1.16):
N
= Z g (1) ox(€) + w5 (T, €)

Zﬁk ) +u (7, €).

Therefore

N

wo(§,7) = Y an(T)or(§) = wi(7, §)

un(§,7) = Y BRIk (6) = us (7€)

We now apply Corollary 4.2.10 and obtain

N
Jwo(€,7) Zak¢k M2y + H{ua (€, 7) =D - Br() k() ol ll 2y <
k=0
(&, ) z2my + UL (E T el 2gmy < Cel= 41+
Therefore
N
[|wo(€,7) Z%(bk M2y + M{ua (6. 7) = BE() k() ol | 22m)
k=0

which concludes the proof of Theorem 5.0.1.
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