Boston University

OpenBU http://open.bu.edu
BU Open Access Atrticles BU Open Access Atrticles
2017-08-29

Time window temporal logic

Cristian-loan Vasile, Derya Aksaray, Calin Belta. 2017. "Time window temporal logic."
THEORETICAL COMPUTER SCIENCE, v. 691, pp. 27 - 54 (28).
https://hdl.handle.net/2144/29723

"Downloaded from OpenBU. Boston University's institutional repository."



arXiv:1602.04294v1 [cs.FL] 13 Feb 2016

Time Window Temporal Logic

Cristian-loan Vasile Derya Aksaray Calin Belta
Division of Systems Engineering Department of Mechanical EngineeringDepartment of Mechanical Engineering
Boston University Boston University Boston University
Brookline, Massachusetts 02446 Boston, Massachusetts 02215 Boston, Massachusetts 02215
Email: cvasile@bu.edu Email: daksaray@bu.edu Email: chelta@bu.edu

Abstract—This paper introduces time window temporal logic within the same time interval (i.e., withintime units). For in-
(TWTL), arich expressivity language for describing various time  stance, some multi-robot persistent surveillance spatiifics
bounded specifications. In particular, the syntax and sematics of are expressed as TWTL formulae [n|[36] andl [2]. Moreover,

TWTL enable the compact representation of serial tasks, wtdh - . .
are typically seen in robotics and control applications. Tlis paper we define the notion calletemporal relaxationof a TWTL

also discusses the relaxation of TWTL formulae with respecto  formula, which is a quantity computed over the time intesval
deadlines of tasks. Efficient automata-based frameworks teolve of a given TWTL formula. In this respect, if the temporal
synthesis, verification and learning problems are also prested. relaxation is

The key ingredient to the presented solution is an algorithmto

translate a TWTL formula to an annotated finite state automaton - negative then the tasks expressed in the TWTL for-
that encodes all possible temporal relaxations of the spdigation. mula should be completed before their designated time
Case studies i]lustrating .the expressivity of the logic andhe deadlines, thus satisfying the relaxed formula implies the
proposed algorithms are included. satisfaction of temporally more strict TWTL formula;

. INTRODUCTION - zerg then the relaxed formula is exactly same as the

Temporal logic provides a mathematical formalism to reason  °riginal TWTL formula; _
about (concurrent) events in terms of time. Due to its rich ex - POSitivé then some tasks expressed in the TWTL formula
pressivity, it has been widely used as a specification laggua ~ 2'€ allowed to be completed after their designated time
to describe properties related to correctness, termimati- deadlines, thus satisfying the relaxed formula implies
tual exclusion, reachability, or liveness [27]. Recenthere the violation of the original TWTL formula (or the
has been a great interest in using temporal logic formulae Satisfaction of temporally less strict formula).
in the analysis and control of dynamical systems for robotig/e also present an automata-based framework for minimizing
applications. For example, linear temporal logic (LTL) [4}he temporal relaxation of a given TWTL formula in problems
has been extensively used in motion planning and control @flated to verification, synthesis, and learning. In theothe
robotic systems, e.gl, [85.117,11, 38, 7| 5, 137,118, 10| 20, 28tical computer science literature, finite languages dred t
In robotics applications, the tasks may involve some timgomplexity of construction their corresponding automaseaeh

constraints (e.g.| [31, 29]). For example, been extensively studied [25,/14, |6/ 11, 8]. The algorithms
- every visit to A needs to be immediately followed byproposed in this paper are specialized to handle TWTL for-
servicing B within 5 time units; mulae and produce the annotated automata, which is used to
- two consecutive visits tod need to be at leastO time solve synthesis, verification and learning problems efiittye
units apart; The proposed language TWTL has several advantages over
- visiting A and servicingB need to be completed beforethe existing temporal logics. First, a desired specificatio
the time reachess. can be represented in a more compact and comprehensible

Such tasks cannot be described by LTL formulae singgay in TWTL than BLTL, MTL, or STL. For example,
LTL cannot deal with temporal properties with explicit timeany deadlines expressed in a TWTL formula indicates the
constraints. Therefore, bounded temporal logics are usedekact time bounds as opposed to an STL formula where
capture the time constraints over the tasks. Some examgesthe time bounds can be shifted. Consider a specification as
bounded linear temporal logic (BLTL) [32, |116], metric tem-“stay at A for 4 time steps within the time windoJ®, 10",
poral logic (MTL) [19], or signal temporal logic (STL) [26]. which can be expressed in TWTL &&*A]l%0. The same

In this paper, we propose a new specification languagpecification can be expressed in STL B$ 19—4Go,4A
called time window temporal logi¢dTWTL). The semantics where the outermost time window needs to be modified with
of TWTL is rich enough to express a wide variety of timefrespect to the inner time window. Furthermore, compared
bounded specifications, e.g., “Serviddor 3 time units within to BLTL and MTL, the existence of explicit concatenation
the time interval[0,5] and after that servicé3 for 2 time operator results in a compact representation for seri&stas
units within [4,9]. If C is serviced for2 time units within that are prevalent in robotics and control applicationsdéin
9 time units, thenD should be serviced foB time units some mild assumptions, we provide a very efficient (linear-
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time) algorithm to handle concatenation of tasks. This is efinition 1.2 (Unambiguous language)A language” is

contrast to the general result from computer science that cealled unambiguous language if no proper subbeaif £ is a

catenation of languages, even finite ones [25], is expoalentrefix language of \ L.

in the worst case. Second, the notion of temporal relaxation o . L .
. The above definition immediately implies that a word in an

enables a generic framework to construct the automaton of al ) ,

. , . unambiguous language can not be the prefix of another word.
possible relaxations of a TWTL formula. In literature, teerMoreover it is easy to show that the converse is also true
are some studies investigating the control synthesis pnobl ' y '
for minimal violations of LTL fragments_[30, 34, 83,124,/12].Definition 1.3 (Language concatenatianlet £, be a lan-
However, the special automaton proposed in this paperggage over finite words, and I€% be a language over finite or
a compact representation of all possible relaxations, Wwhiinfinite words. The concatenation language - £ is defined
can be used in a variety of problems related to synthesis the set of all wordsvw’, wherew € £; andw’ € Ls.
verification, or learning to achieve minimal relaxationgird, Definit L4 (D inistic Finite S A
for a given TWTL formula, the complexity of constructing efinition 11.4 (Deterministic Finite State Automatanp

automata is independent of the corresponding time bounggtermm'StIC finite state automaton (DFA) is a tuple =

To achieve this property, we exploit the structure of finit 550,304, Fa), where:
languages encoded by TWTL formulae.  Sa is afinite set of states;
The main contributions of this paper are: 1) introducing a * So € S is the initial state;
new specification language called TWTL, 2) defintequporal ~ * 2 is the input alphabet;
relaxationof a TWTL formula, 3) presenting a set of provably- * 0.4 : 5S4 x X — Sy is the transition function;
correct algorithms to construct the automaton of a givene fa S Sa is the set of accepting states.
TWTL formula (both for the relaxed and unrelaxed cases), 4) p transition s’ — S4(s,0) is also denoted by %4 .
formulating a generic problem in terms of temporal releow@ti 5 trajectory of the DFAs = sgs; .. . s,+1 is generated by a
of a TWTL formula, which can also be specialized into varioug,ie sequence of symbols = 001 ...0n if so € Sa iS

problems such as verification, synthesis, or learning, and e initial state ofA and sk %54 spyq for all k > 0. The

developing a Python package to solve the three specializﬁegjectory generated by is also denoted byo %4 sni1. A
problems. finite input wordo over X is said to be accepted by a finite

state automatont if the trajectory of. A generated byr ends
in a state belonging to the set of accepting states, kg.,

In this section, we introduce the notation and briefly revie® DFA is calledblockingif the ¢.4(s, o) is a partial function,
the main concepts from formal languages, automata thedr§; the value of the function is not defined for all valueghie
and formal verification. For a detailed exposition of thesdomain. A blocking automaton rejects worasf there exists
topics, the reader is refereed {0 4] 15] and the referendes> 0 such thats, =54 s is not defined. Theaccepted)
therein. languagecorresponding to a DFA4 is the set of accepted

Given x,x' € R", n > 2, the relationshipx ~ x/, input words, which we denote bg(.A).
where ~c {<,<,>,>}, is true if it holds pairwise for all pefinition I1.5 (Transition System, TS)A transition system
componentsx ~ a denotesx ~ al,, wherea € R and1,, is (TS) is a tupleT = (X, zo, A, AP, h), where:
the n-dimensional vector of all ones. The extended set df rea
numbers is denoted b = R U {+o0}

Let 3 be a finite set. We denote the cardinality and the
power set ofY by || and 2%, respectively. Aword over ¥
is a finite or infinite sequence of elements fram In this
context,X is also called aralphabet The length of a word
w is denoted byw| (e.g.,|w| = o if w is an infinite word). ~ We also denote a transitiofx,z’) € A by z —7 2/. A
Let k, ¢ < j be non-negative integers. Theth element ofw trajectory (or run) of the system is an infinite sequence of
is denoted by, and the sub-wora;, . .., w; is denoted by statesx = xox; ... such thatz;, —7 x4, forall k > 0. A
w; ;. A set of words over an alphabgtis called alanguage state trajectori generates aoutput trajectoryo = ogo; .. .,
over X.. The languages of all finite and infinite words over whereo, = h(zy) for all £ > 0. The (generated) language
are denoted by* andX“, respectively. corresponding to a TS is the set of all generated output
words, which we denote bg(T).

Il. PRELIMINARIES

« X is a finite set of states;

e 1o € X is the initial state;

« AC X x X is a set of transitions;

o AP is a set of properties (atomic propositions);
e h:X — 2" is a labeling function.

Definition 11.1 (Prefix language)Let £; and £, be two lan-

guages. We say thal, is a prefix language of if and only if . TIME WINDOW TEMPORAL LOGIC
every word inZ; is a prefix of some word if,, i.e., for each ) ) ) o
word w € £, there existaw’ € £, such thatw = w}, ,, where Time window temporal logic (TWTL) was first introduced

0 < i < |w'|, The maximal prefix language of a language in [3€] as a rich specification language for robotics applica
is denoted byP (£) = {wo,; | w € £,i € {0, ..., |w| — 1}}. tions. TWTL formulae are able to capture temporal logic spec

ifications about the service time windows and their duration



TWTL is a linear-time logic encoding sets of discrete-time servicing within a deadline’service A for 2 time units

sequences with values in a finite alphabet. before 107,
A TWTL formula is defined over a set of atomic proposi-

tions AP and has the following syntax:

¢ = H%s | H'=s | g1 Ado | ¢1 V b2 | =1 | p1 - da | [pr] "

wheres is either the “true” constant or an atomic proposi-
tion in AP; A, V, and— are the conjunction, disjunction, and
negation Boolean operators, respectivelg;the concatenation - servicing in sequencéservice A for 3 time units within [0,
operator; H¢ with d € Zs>, is the hold operator; and ](=*! 5] and after this servicé3 for 2 time units within [4, 9]”,
with 0 < a < b is thewithin operator. 3 100.5 9 5114.9

The semantics of the operators is defined with respect to és = [H* A0 [H*B]* and |lgs]| =15 (4)
the finite subsequences of a (possibly infinite) woradver - enabling conditionstif A is serviced for 2 time units within
24P Let o, 4+, be the subsequence of which starts at time 9 time units, ther3 should be serviced for 3 time units within
t; > 0 and ends at timeg, > t;. The hold operatorH%s the same time interval (i.e., within 9 time units)”,
specifies that € AP should be repeated fartime units. The
semantics ofd%—s is defined similarly, but forl time units 1= [HA= [HBB][275]][079] and g4 =9, ®)
only symbols fromAP \ {s} should appear. For conveniencewhere=- denotes implication.
if d =0 we simply writes and—s instead ofH’s and H%-s, TWTL provides some benefits over other time-bounded
respectively. The word;,, ;, satisfiesg; A ¢2, ¢1 V ¢2, Or temporal logics. One of the main benefits of TWTL is the
-¢ if o4, 4, satisfies both formulae, at least one formula, axistence of an explicit concatenation operator, which re-
does not satisfy the formula, respectively. Thighin operator sults in compact representation of serial tasks. For icgtan
[¢]l**] bounds the satisfaction of to the time window{a,b]. the specification in[{4) is expressed in TWTL, BLTL, and
The concatenation operatgi - ¢» specifies that firsp; must MTL in Table[l, where the MTL formula contains a set of
be satisfied, and then immediately must be satisfied. recursively defined sub-formulae connected by disjunstion

Formally, the semantics of TWTL formulae is definedynereas the BLTL formula contains nested temporal opesator
recursively as follows: with conjunction. In both cases, dealing with the disjunicti
Oty 1, = H' iff s€ oVt e {t1,...,t1 +d} A (t2—t; > d) Of numerous sub-formulae or the nested temporal operators
0u0y = Hims iff s ¢ 00,V € {t1,...,t1 +d} A (t2 — t1 > d) with conJ_unctlon S|gn|f|cantly_ increases the .complex[ty of

: constructing the automaton (i.e., in exponential or quiéara

Oty,to ': 1 A ¢2 iff (0t17t2 ': ¢1) A (0t17t2 ': ¢2) . | .
o by Vo 0ff (00,00 b= 1) V (00,00 = b2) way, respectively| [25]). Qn the other hand, ste_mmlng_ from

bt . 1 1 the compact representation of TWTL, we provide a linear-
Oty,ty ': —¢ iff ﬁ(otl,b ': ¢)

. i time algorithm to handle the concatenations of tasks under
Oty = @1 ¢2 iff (3t = argming, <oy {0t F d1})A some mild assumptions.

(Ot41,t, = ¢2)
011y E [0 iff 3t >t +aston, s EdA(ta—t1 >b) TABLE It The representation of 14) in TWTL, BLTL, and

¢1 = [H2A)%1% and ||¢, || = 10. 2)

- servicing within time windows'service A for 4 time units
within [3, 8] and B for 2 time units within [4, 7]”,

¢2 = [H'AI*S A [H?BT and [gof| = 8. (3)

A word o is said to satisfy a formula if and only if there MTL.
existsT € {0, ...,|o|} such thatog r = ¢. TWTL | [H3A]05T - [H2B]E)
A TWTL formula ¢ can be verified with respect to a BLTL | FSP—3(GSBAAFS92F3G=2p)
bounded word. Accordingly, we define thiene boundof ¢, MTL | V=5 (GivsAA VI 7 Gyt B)
i.e., |l¢|l, as the maximum time needed to satigfywhich can
be recursively computed as follows: In addition to the concatenation operator, the existence
of within and hold operators also leads to compact (shorter
max(||¢1]], |¢2]]) if ¢ € {¢p1 A d2, 01V B2} length) representation of specifications, which greatly im
Il if ¢ =1 proves the readability of the formula. For example, the gpec
lloll = < gl + g2l + 1 if ¢ =1 - 2 (1) cationin [3) is expressed in various temporal logics in bl
d if ¢ € {Hs, H'=s} where the BLTL formula contains nested temporal operators
b if ¢ = [¢1]@" with shifted time windows whereas the MTL formula consists
of the disjunction of many sub-formulae.
We denote the language of all words satisfyihdpy £(¢). For automata-based model-checking, a BLTL formula is

Note that TWTL formulae are used to specify prefix languagésnslated into another off-the-shelf temporal logic (esyn-

of either=* or ¥¥, whereX = 247, Moreover, the number tactically co-safe linear temporal logic (scLTL) [21]), rfo

of operators in a TWTL formul® is denoted by ¢|. which an existing tool (e.gscheck[22]) for the automaton
Some examples of TWTL formulae for a robot servicing atonstruction can be used [32]. On the other hand, MTL and

some regions can be as follows: STL are very expressive temporal logics that are partiular



TABLE II: The representation of {3) in TWTL, BLTL, and pefinition V.2 (r—Relaxation of¢). Let 7 € Z™, where
MTL. m is the number ofvithin operators contained ir. The 7-
relaxation of¢ is a feasibleTWTL formulag(7), where each

TWTL | [H2A]SS A [H2 BT Naisbil ai,bi+i]
BT TP TGSTA A F<TIG<7E subformula of the fornjg;] is replaced by[¢;] .
MTL Vi3 GrisqgAAV]_; Gliito)B Remark IV.2. For any ¢, ¢(0) = ¢.

Definition 1V.3 (Temporal Relaxation)Given ¢, let ¢(7) be
gy feasible relaxed formula. The temporal relaxation¢gfr)

used for real-time systems. While there is no finite repres -
y PI>SES defined agT|pp = max;(7;).

tation for the satisfying language of STL, timed-autom& [
are used to represent the satisfying language of MTL. CoRemark IV.3. If a word o = ¢(7) with |T|rp < 0, then
pared to the other temporal logics, TWTL has a significantly = ¢.

lower computational complexity since an automaton for the

satisfying language of a TWTL formula can be constructed V. PROBLEM FORMULATION

directly (see Se¢._Vlll) and does not require any clocks td dea |, this section, first, we propose a generic optimization

with the time constraints (as in timed automata). Finatly,&  ohem over temporal relaxations of a TWTL formula. Then,
given TWTL formulag, we show that all possible temporally,ye show how this setup can be used to formulate verification,
relaxed¢ can be encoded to a very compact representat@wymhesis and learning problems.

which is enabled from the definition of temporal relaxation” 1,4 objective of the following optimization problem is

introduced in the next section. to find a feasible relaxed version of a TWTL formula that

optimizes a cost function penalizing the sets of satisfyng
unsatisfying words, and the vector of relaxations.

In this section, we introduce temporal relaxationof a
TWTL formula. This notion is used in Sec]V to formulateprObIem V1. Let ¢ be a TWTL formula over the set of

R . atomic propositionsAP, and let £; and £y be any two
an optimization problem over temporal relaxations.

. . languages over the alphab&l = 247. Consider a cost
To illustrate the concept of temporal relaxation, consttier function F - Zee x T x 7M™ — R wherem is the
following TWTL formula: - 120 20 '

number ofwithin operators contained ig. Find = such that
(bl _ [HIA][O:Q] . [H3B A [HQC][O:4]] [1:8]. (6) F(|£(¢(T>) N £1| y |£(‘|¢(T)) N Egl ,T) is minimized.

IV. TEMPORAL RELAXATION

In cases where; cannot be satisfied, one question is: what- Verification, synthesis, and learning

is the “closest” achievable formula that can be performed?|, ihe following, we use Problefi¥.1 to formulate three

Hence, we investigate relaxed versionsggf One way to do oblems for verification. svnthesis. and learnin
this is to relax the deadlines for the time windows, which af » SY ' g.

captured by thevithin operator. Accordingly, a relaxed version 1) Verification:[ Given a transition systerir and a TWTL
of ¢; can be written as formula ¢, we want to check if there exists a relaxed formula

¢(7) such that all output words generated Bysatisfy ¢(7).
In ProblemV1, we can sef; = () and £, = L(T), and
we choose the following cost function:

¢1(7_) — [HlA][O:(2+Tl)] . [HSB A [H2C][O:(4+T2)]][1:(8+7—3)]7 (7)

whereT = (11,72, 73) € Z. Note that a critical aspect while

relaxing the.tlme windows is to preserve the feasibility od t Fz,y,7) =1-d(y), 8)
formula. This means that all sub-formulae ®fenclosed by

the within operators must take less time to satisfy than their 1 2=0 )
corresponding time window durations. wherez,y € Zo andd(x) = 0 z#0 The cost function

Definition IV.1 (Feasible TWTL formula) A TWTL formula in Ed. (8) has a single global minimum value at O which
¢ is called feasible, if the time window corresponding to eadPrresponds to the cas&7) N L(=¢(7)) = 0.
within operator is greater than the duration of the correspond- 2) Synthesis:Given a transition systenf” and a TWTL
ing enclosed task (expressed via th@d operators). formula ¢, we want to find a policy (a trajectory of) that

) ) produces an output word satisfying a relaxed versgion) of
Remark IV.1. Consider the formula in E@Z). For ¢, (7) tobe he specification with minimal temporal relaxation| ;. p,.
afeasnble TWTL formula, the fo_!!owmg constraint must hold |, Problem{\1, we can sef; = £(7) and £, = 0, and
(i) 247 > 1 (i) 4+7 > 2and (i) 7+ 73 > max{3,4+7}. e choose the following cost function:
Note thatr may be non-positive. In such cases(r) becomes
a stronger specification that;, which implies that the sub- P _JI7Tlpr >0
tasks are performed ahead of their actual deadlines. (@,y,7) = . otherwise’

©)
Let ¢ be a TWTL formula. Then, a—relaxation of¢ is
defined as follows: 1 This problem is not a verification problem in the usual sehsg rather
finding a formula that is satisfied by all runs of a system.



wherex,y € Z>¢. The cost function in Eq[{9) is minimizedwhere ¢1, ¢2, and ¢3 are TWTL formulaep € {s,—s}, s €
by an output word of7, which satisfies the relaxed versionAPU{T}, anda, b, a1, b1,d,d1,d2, T € Z>( such thata < b
of ¢ with minimum temporal relaxation, see DEf._1V.3. and1l < a; <b.
3) Learning: Let ¢ be a TWTL formula andC, and£,, be
two finite sets of words labeled as positive and negative exam
ples, respectively. We want to find a relaxed formgifar) such
that the misclassification rate, i.¢{w € £, | w }~= ¢(7)}| + Definition VI.1 (Disjunction-Free Within form) Let ¢ be a
H{w € L, | w ¢(7)}], is minimized. TWTL formula. We say that is in Disjunction-Free Within
This case can be mapped to the generic formulation PRFW) form if for all within operators contained in the
setting L, = L., L2 = £, and choosing the cost function formula the associated enclosed subformulae do not contain

any disjunction operators.
F(z,y,T)=x+y, (10) y sl P

Proof: These follow directly from the semantics of TWTL
ulae. ]

) ) o An example of a TWTL formula in DFW form ig; =
which captures the misclassification rate, wherg € Z>. [H2A]09 v [H5B)9, while a formula not in DFW form is

B. Overview of the solution ¢y = [H?A v H°B]9], However,¢;, and ¢, are equivalent

by Eq. [I3) of Prod_VILIL. The next proposition formalizeisth
We propose an automata-based approach to solve the Yibperty.

ification, synthesis, and learning problems defined above.

Specifically, the proposed algorithm constructs an anadtatProposition V1.2. For any TWTL formulag, if the negation
DFA A.., which captures all temporal relaxations of the givefperators are only in front of the atomic propositions, then
formula ¢, i.e., £L(Ax) = L(4(c0)) (see Def[VL4 for the can be written in the DFW form.

definition of ¢(c0)). Note that the algorithm can also be used ot The result follows from the properties of distribu-
lto construc; a .(norzwal) D_FAEA Wh'Ch.aCC?‘ptS thel .Sat'Sfy'ngtivity of Boolean operators and Prop_MI.1, which can be
anguage ofp, i.e., L(A) = L(¢). Using the resulting DFA pplied iteratively to move all disjunction operators Gulis
A, we proceed in Sed_ VIl to solve the synthesis angl . \vithin operators u

verification problems using a product automaton approash. F In the following, we define the notion of unambiguous

the synthesis p_rob]em, We propose a recursive algorithnn. tr3%ncatenation, which enables tracking of progress foremqu
computes a satisfying path with minimum temporal rel"’Dmt'otial specifications. Specifically, if the property holdseith

The leaming problem is solved by inferring the minimuny, algorithm is able to decide at each moment if the first

relax_atlon for each trfa\jgctory a_nd the_n_ co_mblnlng these r§|6eciﬁcation has finished while monitoring the satisfacid
laxations to ensure minimum misclassification rate.

two sequential specifications.

VI. PROPERTIES OFTWTL Definition VI.2. Let£; and £, be two languages. We say that
In this section, we present properties of TWTL formuladhe languageC, - £, is anunambiguous concatenatidreach
their temporal relaxations, and their accepted languages. word in the resulting language can be split unambiguously,
In this paper, languages are represented in three waysi.as (L1, L1, L1+ (P (L2)\{e})) is a partition of P (L - L),
TWTL formulae, as automata, and as sets. As one mighbereL; = {wo; | w € L1,i € {0,...,|w| —2}} and P(L)
expect, there is a duality between some operators of TWTlenotes the maximal prefix languagelof

and set operations, i.e., conjunction, disjunction, antcate- The three sets of the partition from D&I_WI.2 may be

nation correspond to intersection, union, and COncam"at'tpought as indicating whether the first specification is in

Ianguages, r_espectlvely. Negation may be mapped to comp ?6gress, the first specification has finished, and the second
mentation with respect to the language of all bounded wor SHecification is in progress, respectively
e ' '

where the bound is given by the time bound of the negat
formula. Proposition VI.3. Consider two languages; and £,. The
languagel, - L5 is an unambiguous concatenation if and only

Proposition VI.1. The following properties hold if £, is an unambiguous language.

(¢1-b2) - ¢3 = b1 (2 - ¢3) (11) Proof: See App[XI[A -
¢1- (92 V ¢3) = (d1 - ¢2) V (d1 - ¢3) (12)  In the following results, we frequently use the notion of
[f1 V ¢2][a,b] = [qgl][a,b] vV [¢2][a7b] (13) abstract syntax tree of a TWTL formula.
—~(Hp) = [-p]*d (14) Definition VI.3. An Abstract Syntax Tree (ASTpf ¢ is

[p1]ler0]) = (H9 1T - [y |0br—aa]  (15) gelr:joted byASTC(i¢), vr\]/h_ere ea((j:h leaf dcorrespondsdto a
(Hp) - (H2p) = Hi++1, (16) old operator and each intermediate node corresponds to a

o) abir] Boolean, concatenation, awvithin operator.
a, = a,b+T1 17 . ] ] ]
(1] [61] (7 Given a TWTL formulag, there might exist multiple AST

(61 = ¢2) = ([0 = [a]' ") (18) trees that represent In this paper,AST(¢) is assumed to



be computed by an LL(*) parser [28]. The reader is referrderoposition VI.8. If £ is a finite language over an alphabet
to [15] for more details on AST and parsers. An example &f, then the corresponding strict DFA is a directed acyclic
an AST tree of Eq.[{6) is illustrated in Figl 1. graph (DAG). Moreover, given a (general) DFA, checking

if its associated languagé(.A) is finite takesO(]S 4]) time.

[ ]2 Proof: For the first part, assume for the sake of con-
: tradiction thatA has a cycle. Then, we can form words in
[ 4] the accepted language by traversing the cycle Zx times
o 8'] before going to a final state. Note that the states in the cycle
L [1% ) A are reachable from the initial state and also reach a fintd,sta
- becausea is a strict DFA. It follows thatC is infinite, which
contradicts the hypothesis. Checking if a DFAis DAG takes

Fig. 1: An AST corresponding to the TWTL in EqLI(6).0(|S4|) by using a topological sorting algorithm, because of
The intermediate orange nodes correspond to the Boolette same argument as in Prép. VI.7. [ |

concatenation, andithin operators, while the cyan leaf nodesC larv VIO Let 2 be a finit bi |
represent théwold operators. orollary VI1.9. Le e a finite unambiguous language over

the alphabet and A be its corresponding strict DFA. The
following two statements hold:

Proposition VI1.4. Let 7/, 7" € Z™ such that¢(7’) and 1) if s € Fy4, then the set of outgoing transitions efis

¢(r") are two feasible relaxed formulae, whereis the num- empty.
ber ofwithin operators ing. If 7' < 7", theng (') = (7). 2) A may be converted to a DFA with only one final states.
Proof: See App[XII-B [ | Proof: Consider a final state € F 4. Assume that there

existss’ € S4 such thats 5 4 s/, wheres € ¥. Since A
is strict, it follows that there is another final staté ¢ 4
which can be reached fromi. Next, we form the wordsv

Definition VI.4. Given an output wordo, we say thato
satisfies ¢p(0), i.e., o | ¢(o0), if and only if 37" <

!
00 s.t. 0 = o(7'). and w’ leading tos and s” passing troughs’, respectively.
The next corollary follows directly from Prop._V1.4. Clearly, w is a prefix ofw’, which implies thatZ is not an
unambiguous language. The second statement follows from
Corollary VLS. LetT < oo, theng(r) = ¢(c0), V7. the first by noting that in this case, merging all final states

Proposition VI1.6. Let ¢(7/) and ¢(r”) be two feasible does not change the accepted language of the AFA m

i ! < 1" / < " .
relaxed formulae. Ifr” < =, then||g(r)|| < [lo(m")l| VII. AUTOMATA CONSTRUCTION

Proof: The result follows by structural induction from | i section, we present a recursive procedure to caststru
Eq. (I) using a similar argument as in the proof of Pfop. Vl.4yeas for TWTL formulae and their temporal relaxations. The
see APPEX]EB _ _ B esulting DFA are used in SeC_VIll to solve the proposed
An important observation about TWTL is that the acceptefgiromemS in Sed_VA.
languages corresponding to formulae are finite languages. | Throughout the paper, a TWTL formula is assumed to have
the following, we characterize such languages in terms ef tf}, following properties:

associated automata.
Assumption 1. Let ¢ be a TWTL. Assume that (i) negation

Definition VI.5. A DFA is calledstrict if and only if (i) the operators are only in front of atomic propositions, and i)

DFA is blocking, (ii) all states reach a final state, and (i) a 5,p-formulae of» correspond to unambiguous languages.
states are reachable from the initial state.
The second part (ii) of Assumpp] 1 is a desired property

Proposition VI1.7. Any DFA A may be converted to a strict of specifications in practice, because it is related to the
DFA in O(]S.4l) time. tracking of progress towards the satisfaction of the talskse

Proof: States unreachable from the initial state can tPecifically, if (ii) holds, then the end of each sub-formeia
identified by traversing the automaton graph from the ihitiQ€ determined unambiguously, i.e., without any look-ahead
state using e|th§r brea_th- or depth-first search. Similanly A. Construction Algorithm
states not reaching a final state can be removed by traversm? . .
the automaton graph using the reverse direction of theitrans " [3€], @ TWTL formula ¢ is translated to an equiva-
tions. Both operations take at mast|d4|) = O(|S4|), since '€nt scLTL formula, and then an off-the-shelf tool, such as
there are at mosy| transitions outgoing from each stateScheck[22] andspot[d], is used to obtain the corresponding
where is the alphabet of4. m DFA. In this paper, we propose an alternative construction,

Note that a strict DFA is not necessarily minimal witShown in Alg.[1, with two main advantagesi) (the pro--
respect to the number of states. posed algorithm is optimized for TWTL formulae so it is
significantly faster than the method used in![36], ard (



the same algorithm can be used to construct a special DFA2) T.I is the set of initial states of the automaton corre-
which captures allr-relaxations of¢, i.e., the DFA A, sponding toT;
corresponding ta(co). 3) T.F is the set of final states of the automaton corre-

sponding toT’;

Algorithm 1: Translation algorithm +ranslate(-)

4) T.eft andT.right are the left and right child nodes of

1
2

—— _ T, respectively.
Input: ¢ — the specification as a TWTL formula in DFW

form Additionally, if T.op is Vv (disjunction), thenT' has another
Output: A — translated DFA attribute T'.choice, which is explained in Se€._VII-C2.
: Note that the associated trees are séi tmd are ignored
if ¢ = , where® € {A,V,-} then . L ’
¢A1 Zbi?rifwlate(géf? AE o trinslate(w) if the normal DFAs are computed, i.énf is false.

3 A+ 05(Ar, As) The labels of the stgtes change during the construction (_)f
4 else if ¢ = Hep, wherep € {s, ~s} ands € AP then the automata. Algl]2 is used to update the labels stored in
5 | A<« on(p,d AP) the data structures of the tree. The algorithm takes the tree
6 else if ¢ = [¢,][*? then T as input, a mappingn from t_h_e s'_[ates to the new labels,

7 A1 < translate(¢r) and a l_Joolean value that spe_cn‘les if t_he states are mapped
8 if inf then A « 0. (A1,a,b) to multiple new .states. The flrs'F step is tp convert the states
o else A« o1(Ar,a,b) new labels to singleton sets if is false (line 1). Then, the

algorithm proceeds to process the tree recursively stpwith
T. The mappingn is then used to computel andt.F' by
expanding each state to a set and then computing the union

Alg.[ constructs the DFA recursively by traversingT (¢) of the corresponding sets (lines 5-6). In the caseof= v,

computed via an LL(*) parsef [15, 28] from the leaves to thi'€ three sets3, L, and R, which form the tuplef.choices
root. If the parameteinf is true, then the returned DFA igare also processed. The elements of all three sets are jpairs o

an annotated DFAA.. corresponding tas(cc); otherwise a a states and a symbob € X. Alg. [2 converts the states of

normal DFA A is returned. Each operator has an associat@ll these pairs in the tree sets (lines 7-12).
algorithm pg with ® € {A,V,-, H, 00, []}, which takes the

DFAs _corresponding tq the operands (subtrees of the OPerat|qorithm 2: relabelTree(T, m, )

node in the AST) as input. Thenpg returns the DFA that
accepts the formula associated with the operator node.eln th
following, we present elaborate on all operators and rdlate
operations, such as annotating a DFA, relabeling the state
of a DFA, or returning the truncated version of a DFA witht if —e then m(s) < {m(s)}, Vs

10 return A

Input: T — a tree structure
Input: m — (complete) relabeling mapping
énput: e — boolean, true ifn maps states to sets of states

respect to some given bound. 2 stack « [T
3 while stack # [] do
B. Annotation 4 | t< stack.pop()

tI < Useprm(s)
t.F «— Uset.F m(s)

if op =V then
B, L, R < t.choices
B+ U(SB,U)EB{(S7U) | s € m(SB)}

The algorithms presented in this section use DFAs wit@
some additional annotation. In this subsection, we intmdu7
a annotated DFA and two algorithms, Ald. 3 and AlYy. 2, that
are used to (re)label DFAs and the associated annotatian d%t

respectively. p
. . L L
We assume the following conventions to simplify the no- R’<_ Utsr.oyerl(s,0) [ s €m(sp)}
tation: (i) there is a global boolean variabief accessible 1 A U(SR,U)ER{(S’G) | s € m(sgr)}

by all algorithms, which specifies whether the normal or th# t.choices «— (B', L', R')

annotated DFAs are to be computed; (ii) in all algorithmsy if t.left # 0 then stack.push(t.left)
we haveX = 24F: (iii) an element ofc € ¥ is called a 14 if t.right # () then stack.push(t.right)
symboland is also a set of atomic propositions,C AP; —
(iv) a symbolo is calledblockingfor a states if there is no

outgoing transition froms activated byo. 2) Relabeling a DFA:The Alg.[3 relabels the states of a
1) Annotation: An annotated .DFA.|s a tuple A = pga A with labels given by the mapping. The mapm can
(54,50, %,0, Fa, T4), where the first five components havge 4 partial function of the states. The states not specified a

the same meaning as in Def.11.4 aifg is a tree that corre- |apeled with integers starting fro in ascending order. Hn

sponds to the AST of the formula associated with the DFAs empty, then all states are relabeled with integers. y.aistl

Each nod€l’ of the tree contains the following information: inf is true then the tred, associated with the DFA is also
1) T.op is the operation corresponding ¢ relabeled, otherwise it is set as empty.




Algorithm 3: relabel (A, m, i)

Input: A= (S4,s0,%,0,F4) —a DFA
Input: m — (partial) relabeling mapping
Input: iy — start labeling index

Output: the relabeled DFA

1 for s € Sy s.t. Im(s) do

2 m(s) + i

3 1010+ 1

Si = {m(s) | s € Sa}

8 —{m(s) Sam(s') | s >as'}

Fj < {m(s) | s € Fa}

if inf then T < relabelTree(T 4, m)
else T « 0

return (S’y,m(so),%,0", Fy,T)

© 0 N o g b

separately.

Conjunction: The DFA corresponding to the conjunction
operation is constructed by Algl 5. The procedure is regarsi
and the synchronization condition, i.e., the transitioatren,
is the following: given two composite statgs;,s2) and
(sh,s5), there exists a transition from the first state to the
second state if there exists a symbolsuch that: (i) there
exists pairwise transitions enabled byin the two automata
(lines 9-11), i.e.,s; 24, s, and sy 24, sb; (i) one
automaton reached a final state and the other has a transition
enabled bys (lines 5-8), i.e., either (a}; = s} = sy and
52 D4, sh, or (b) s S A, sy andsy = sy, = syo. The first
case covers the synchronous execution (simulation) of both
A; and A; when a symbol is encountered. The second case
corresponds to the situation when the two automata require

words of different sizes to accept an input. A simple example
of this case is the DFA encoding2A A H3B and the input
word{A, B},{A, B},{A, B}, {B}, which clearly satisfies the

C. Operators TWTL formula.

1) Hold: The DFA corresponding to &old operator is
constructed by Alg.]4. The algorithm takes as input an atomi . -
propositions in positive or negative form, a duratiafy and Algorithm 5: on (A1, A>)
the set of atomic propositiond P. The computed DFA has  NPut: Ay = (S4,, 501, %,01,{ss1},Ta,) — left DFA
d + 2 states (line 1) that are connected in series as follows:INPUt: Az = (545, s02, %, 2, {sf2},Ta,) — right DFA
(i) if s is in positive form then the states are connected by all Output: DFA corresponding taC(A;) N £(Az)
transitions activated by symbols which contairflines 2-4); 1 S < {(s01,502)}, E < 0
and (ii) if s is in negative form then the states are connectedstack < [(so1, s02)]
by all transitions activated by symbols which do not contaig while stack # [] do

s (lines 5-7). Lastly, ifinf is true, a new leaf node is createds s = (s1,82) < stack.pop()
(line 8) 5 if s1 = Sf1 then
6 | | Su e {((s1,55),0) | s2 D, s}

Algorithm 4: oy (p,d, AP) 7 else if sy = syo then

Input: p € {s, s}, s € AP 8 | Sn e {((s1,52),0) | 51 2, 51}

Input: d — hold duration o | else

Input: AP — set of atomic propositions 10 Sn +— {((s],8%),0) | Jo € T s.t.

Output: DFA corresponding ta %p 11 (51 D4, 84) A (52 24, 55)}
18+{0,....,d+1} 12 E <+ FEU{(s,0,8") | (s',0) € Sp}
2 if p=sthen 13 | 8+ {s|JoeXst(so)el,}
3 3, 24P\ 2(4P\{s}) 14 stack.extends(S’\ S)
4 | 0 {iSai+1)]ie{0,...,d},0c €} 15 | S« Sus
5 else 16 mp, = {(u, {(u,v) € Sa}) | u€ Sa,}
6 | Yo, 204P\sh 17 mr = { (v, {(u,v) € Sa}) | v E Sa,}
7 S+ {iZ4(G+1)|i€{0,...,d},0 €S} 18 Ty + tree(A,relabelTree(Ta,,mp, T),
s if inf then T « tree(H, 0,0, {0}, {d+1}) 1o relabelTree(Ta,,mr, T), {(so1, s02)}, {(s11,572)})
9 else T+ () 20 A+ (S, (so1, 502), 2, E, {(sf1,572)}, Ta)

10 return (S,0,247.8,{d +1},T) 21 return relabel (A, 0, 0)

2) Conjunction and disjunctionThe construction for con- Note that Alg.[5 generates only composite states which
junction and disjunction operations is based on the syare reachable from the initial composite stéig;, so2). The
chronous product construction and is similar to the stashdaresulting automaton has a single final stat:, ss2) which
one [15]. Howeverp, andg, produce strict DFAs, which only captures the fact that both automata must accept the inguat wo
have one accepting state. Both algorithms recursivelytoocts in order for the product automaton to accept it.
the product automaton starting from the initial compodites After the automaton is constructed, the corresponding tree
In the following, we describe the details of the algorithmis created (lines 16-19). The child subtrees are taken flgm



and 4., and relabeled. The relabeling mapping expands easfate is also removed from the set of states (line 18).

states to the set of all composite states, which havas the

The annotation tree is created similarly to the conjunction

first or second component corresponding to whethés a case (lines 21-24). However, for the disjunction case, we ad

state of the left or right automaton, respectively.

additional information on the automaton. This information

Disjunction: The disjunction operations is translated usin@'.choices is used in latter algorithm to determine if a word
Alg.[@ The first step of the algorithm is to add a trap state imas satisfied the left, right, or both sub-formulae corresiig
each of the two automatd; and.A4; (line 1). All states of an to the disjunction formula. This is done by partitioning the
automaton, except the final state, are connected via blgckinansitions incoming into finals states (line 14-16) andistp
symbols to the trap state (lines 3-4). The trap state has selfthis partition in the associated tree node (line 25). Not th
transitions for all symbols. Afterwards, the algorithmaties only the start state and the symbol of each transition iedtor
the synchronous product automaton in the same way as for thehe partition sets and these are well defined, because the
conjunction operation (lines 4-13). However, in this cage, DFAs are deterministic.
do not need to treat composite states that contain a fina stat3) ConcatenationThe algorithm to compute an automaton
of one of the two automata separately. This follows from th&ccepting the concatenation language of two languages is
semantics of the disjunction operation, which accepts alwashown in Alg.[T. The special structure of the unambiguous

as soon as at least one automaton accepts the word.

Algorithm 6: oy (A1, A2)

Input: A, = (SAl , 801, %, 01, {Sfl}, TA]) — left DFA
Input: A, = (SAz, S02, 2, 02, {ng}, TAz) - right DFA
Output: DFA corresponding toC(A;) U £(A)

1 8%, < Sa, U{pa}, ), < Sa, U {a}

2 51<—51U{(s 0'l>4) | s€ Sy \{sn}, o€, P51 (s
3 6/ <_§2U{(S O'l><] | SES_A2\{Sf2} oE, ﬂ&g(
4 S(—{(SOl,SOQ)} E(—@

5 stack < [(so1, $02)]

6 while stack # [ ] do

7 s = (81, 82) + stack.pop()

8 Sy {((s1,85),0) | Jo € ¥ st

. (51 = 84(51,0)) A (55 = (s, 7))}
10 | E+ FU{(s,0,8) ]| (s',0) € Sp}

11 S« {s’"|JoeX st (s0)eS,}

12 stack.extends(S"\ S)

13 S« Sus

14 B« {(s,0) | 3o s.t.(s,0,(sf1,552)) € E}

15 L+ {(s,0) | Is2 # syp2, 3o s.t. (s,0,(sp1,s2) € E}
16 R« {(s,0) | Is1 # sp1,3o s.t.(s,0,(s1,552) € E}
17 F(—{(Sl,SQ €S| (Sl—Sfl) (SQZng)}

18 .S« S\ (FU{(>,x)})

19 E<+ E\{(s,0,8)€e E| s €F}

20 E < EU{(s,0,(sf1,5f2)) | (s,0) € BULUR}

21 myp = E(u,{(u,v) €Sa}) |ue SAI%

22 mp = { (v, {(u,v) € Sa}) | vE Sa,

23 Ty < tree(V,relabelTree(Ta,,mp, T),

24 relabelTree(Ta,,mr, T),{(s01,502)}, {(sf1,5f2)})
25 T 4.choices < (B, L, R)

26 A« (S, (801, 802), DINY I {(Sfl, ng)}, TA)

27 return relabel(A, 0, 0)

languages, see Séc.]VI for details, admits a particulanipks
and intuitive construction procedure. The composite aatom
is obtained by identifying the final state of left automatdn
with the initial state of the right automatoss,.

Algorithm 7: o.(A;, A2)
Input: A; = (SAl,Sol,E,él,{Sfl},TA]) left DFA
Input: Ay = (S4,, 502, %, 02, {sr2}, T4,) — right DFA
Output: DFA corresponding taC(A;) - £(A3)

1 Ay < relabel(Aq,0,0)

2 Ay < relabel( Az, {(so2,571)}, 1S4, ])

3 if inf then T < tree(-,Ta,,T4,, {S01}; {sf2})
4 else T« 0

5 return (SAl U SAZ, So1, 2, 01 U 01, {ng}, T)

4) Within: There are two algorithms used to construct a
DFA associated with awithin operator, Alg.[8 and Alg[]9
correspond to the relaxed and normal construction (lin8s 6-
of Alg. ).

Relaxed within:The construction procedure Algl 8 is as
follows: starting from the DFA corresponding to the enctbse
formula, all states are connected via blocking symbols & th
initial state (lines 3-4). The last step is to create a nundfer
a states connected in sequence for all symbols, similarly to
Alg. [, and connecting the-th state to the initial state also
for all symbols (lines 5-8).

Connecting all states to the initial state represents anest
of the automaton in case a blocking symbol was encountered.
Thus, the resulting automaton offers infinite retries foraav
to satisfy the enclosed formula. Thestates added before the
initial state represent a delay of lengihfor the start of the
tracking of the satisfaction of the enclosed formula. Nabigt t
the procedure and resulting automaton do not depend on the
upper bound.

In the standard construction |15], the resulting automatonNormal within: The algorithm for the normal case builds
would have multiple final states, which are computed in lingpon Alg.[8. In this case the construction procedure Alg. 9
17. However, because finals states do not have outgoing tramist take into account the upper time boundSimilarly to
sitions, we can merge all final states and obtain an automatbe relaxed case, we need to restart the automaton of the when
with only one final state (lines 17-20). The composite trap blocking symbol is encountered. However, there are two



Algorithm 8: 0..(A,a,b)

Input: A= (S4,50,%,9,{ss},Ta) — child DFA
Input: a — lower bound of time-window

Input: b — upper bound of time-window
Output: computed DFA

1 A <+ relabel(A,0,0)

28«0, E<+0

for s € S4\{sy} do

L E <+ EU{(s,0,50) | $s' = (s,0)}

AW

Algorithm 9: o;(A, a,b)

Input: A = (S4,s0,%,0,{ss},T4) — child DFA
Input: a — lower bound of time-window

Input: b — upper bound of time-window
Output: computed DFA

1l + Dijkstra(A,so, s¢)
2p—b—a—1+2

3T+ ] 11
4n+0

list

5 if a > 0 then

6 | S {|Sal,...,|Sa] +a—1}

7 | E<+ EU{(i,0,i+1)|i€ S\{|Sal+a—-1},0€X2} 7
8 E+~ FEU{(|Sal+a—1,0,5)]|0c€X} 8
o T « tree([] %, Ta,0,{|Sal}, {s¢}) o

10
11
12

=
o

return (S4US,|Sal,E,0UE, {sf},T)

5 AT‘<_(SAT :maoanv(ST:@v@a@)
6 for ke {1,...

,p} do
m <« {(sy,-1)} /'l mark final

A, + relabel(A, m,n)

Ay + truncate(Aq,b—a+2 — k)

Ay  (S4, US4,,00,%, 6, Udy, {—1},0)
I I+ [S()t]

n+n+|Sa,l

state

Se + {I|0]}, E <0

13
major differences: (i) the automaton must track the numhgrior 5 < 171 :] do

of restarts, because there are only a finite number of trigs
depending on the deadlirie and (ii) the automatopd may 4
need to be truncated for the last restart retries, i.e., athgp ,,
must have a length of at most a given length, in order to ensure
that the satisfaction is realized before the upper timetlimi 18
In Alg. @ first the maximum number of restaris is
computed in lines 1-2. Thery DFAs are created (lines 3-20 if
12), which correspond to the relabeled and truncated cogies
of A, see Alg[ID, and their union is computed iteratively. The

Sp 0
for s € 5.\ {-1} do
| E<~EU{(s,0,5,) | 0ceXstPo(s,0)}

| Se+ ScU{sr}

198 <0

a > 0 then
S+ {ISal, -, +a—1}
F «+ Eu{(z‘,a,z‘+1) |ie S\{|Sa,.|+a—1},0€ E}

truncation bound is computed as the remaining time unit uias

| E< BEU{(|Sa.|+a—1,0,5)|0ceX}

the limit b is reached. The final state is always labeled with return (S84, US, I[0],%,0, UE,{-1},0)

—1 (line 7) and, therefore, the resulting DFA has exactly one
final state. Next, the restart transitions are added (lir3e%8).

Note that the transitions, enabled by blocking symbolsi lea
to initial states of the proper restart automaton. For examp

Algorithm 10: truncate(A,1)

if a blocking symbol was encountered after two symbols, thenNPUt: A = (54,50, %,6,{ss},T.a) — a DFA

the restart transition (if it exists) leads to the initiahtst of
the fourth copy of the automaton. Lastly, a delayaofime

Input: | — cutoff value
Output: computed DFA

units is added before the initial state of the automatonlaimi 1 S «+ {54}

to the relaxed case. 2 E« 0
5) Truncate: Alg. [I0 takes as input a DFA and a cutoff 3 L, «+ {so}
bound! and returns a version of with all paths guaranteed to 4 for ¢ € {1,...,1} do
have length at mogt The algorithm is based on a breath-first L.+ Ly
search and returns a strict DFA. 6 L,+ 0
7 for s L. do
D. Correctness 8 for (s.,0.) € {(s',0)|30 € ¥ s.t.s 54 s'} do

The following theorems show that the proposed algorithrﬁ’s
for translating TWTL formulae to (normal or annotateo?(l)

automata are correct.
12

E+ FEU(s,0c,5¢))
if s. ¢S then

LS%SU{SC}
L, «+ L,U{s.}

Theorem VII.1. If ¢ is a TWTL formula satisfying Assunip. 1

and the global parameter inf is true, then Alg. 1 generateslgA_t = (S4,50, 5,6\ B, {s¢},T4)

DFA A such thatf(A) = L(¢(o0)).

14 Straps = {S S S_A|£O’ € Y*sts £>_At Sf}

Proof: The proof follows by structural induction onis return (S \ Siraps, S0, 2,0\ E,{s¢},T4)

AST(¢) and the properties of TWTL languages.



Before we proceed with the induction, notice that all con- It is very important to notice that the infinity construction
struction algorithms associated with the operators of TWTdoes not depend on the deadlinevhich makes the procedure
generate strict DFAs with only one final state without angnore efficient than the normal construction.
outgoing transitions.

The base case corresponds to the leaf noded $if'(¢) . ] . ) .
which are associated withold operators, see Fidl 1, and In this section, we will use the following notation. L&t
follows by construction from Alg.4. be an annotation tree associated with a DFA. We denote by

The induction hypothesis requires that the theorem holds g7 the TWTL formula corresponding to the trdé Given a
the DFAs returned by the recursion in Alg. 1. In the case §fit® sequence = po,...,p,, we denote the first and the
the conjunction and disjunction operators, the propettpdes 12t €lements by(p) = po ande(p) = pn, respectively.

from the product construction methad [15]. The theorem §iolghefinition VIII.1 (Primitive). Let ¢ be a TWTL formula.

also for the concatenation operator, because: (a) thenedlurye say thatp is primitive if ¢ does not contain anyithin
DFAs have one final state without any outgoing transitions, agperators.

(b) the languages corresponding to the two operand formulae )

are unambiguous. Thus, the correctness of the constructfonCompute temporal relaxation for a word

described in Alg[ 7 follows immediately from the unambiguit The automata construction presented in $ecl VIl can be
of the concatenation, see D&f._MI.2. Lastly, the case of tlused to compute the temporal relaxation of words with refpsec
within operator (relaxed form), follow from the Assunid. 1to TWTL formulae. Let¢ be a TWTL formula andr be a
The within operator adds transitions to a DFA from each statgord. In this section, we show how to infer (synthesize) a set
to the initial state on all undefined symbols. In other wotls, of temporal relaxations- of the deadlines iny such thate
operator restarts the execution of a DFA from the initiatesta satisfies¢(7) and |7 |, is minimized. Alg.[I1 computes the

If there are no disjunction operators, then going back to tector of temporal relaxations corresponding to eadthin
initial state is the only correct choice. Otherwise, beeaok operator. First, the annotated DFEA,, is computed together
alternative paths induced by disjunction, there might et with the associated annotation trégline 2). Next, additional
states from which the DFA might need to go back to in ord@nnotations are added to the tfBeusing theinitTreeT R()

to correctly restart. m procedure (line 3). Each node corresponding towishin

operation is assigned three variablBsngoing, T.done and

Theorem VII.2. If ¢ is a TWTL formula satisfying Assunip. ]T.Steps, which track whether the processing of the operator is

g?:i ﬂesglibg:ariarye:teﬁr(ig; is false, then Alg. 1 generat%%going' done, and the number of steps to process the operato

respectively. The three variables are initializedltp |, and
Proof: The proof is similar to that of Thni_VIT1 and is —1, respectively. Then, Ald. 11 cycles through the symbols

VIII. SOLUTION

omitted for brevity. m Of the input worde and updates the tree usingdateTree()
via Alg.[12. Finally, the temporal relaxation vector is neted
E. Complexity by the evalTreeT R() procedure via Algl13.

In this section, we review the complexity of the algorithms
presented in the previous section for the construction ADF
from TWTL formulae. The complexity of basic composition Input: o a word over the alphabet'”
operations for incomplete and acyclic DFAs has been exglore Input: ¢ a TWTL formula
in [25, 14,6/ 141[18]. Our construction algorithms differdmio ~ Output: 7* - minimum maximal temporal relaxation
the ones in the literature because we specialized and gaiimi  Output: 7 - temporal relaxation vector
them to translate TWTL formulae and handle words over if ¢ is primitive then return (—oc, [ ])
power sets of atomic propositions. 2 Ao, T « translate(¢;inf = T)

The complexity of the relabeling procedures @@7'|) and 3 initTreeT R(T)

O(|S.a]) corresponding to Ald.]2 and Algl 3, respectively. Tha s,,,..,, «L; s. « s¢

complexity of thehold operator Alg[# isO(d - 21471). The s updateTreeTR(T, se, sprev; 0, 0)

construction algorithms for conjunction and disjunctioly&8 ¢ for ¢ € o do

and Alg.[6 have the same complex®(|S., |- [S4,|-2471), 7 | if s, € Fu_ then break

because these are based on the product automaton consug- s, < s.

tion. Concatenation has complexi€¥(|S,| + |S4,|) due to o Se 04 (S¢,0)

the relabeling oper:ﬂ%]s. Lastly, m‘gt'hi” operation‘ Xgn be 10 updateTreeT R(T, s, Sprev, 0, 0)

performed inO(a - 2 +|Sa] -2 and O(a - 2 +

b|S| - 21471 fE)r the infinitly A||g.[a aﬁd the n(ormal Algg B et cvalTreeTR(T)
construction, respectively, where Alg.]10 used in the ndérma

construction procedure take®(|S4| - 21471). The overall ~ The tree is updated recursively in Alg.]12wAthin operator
translation algorithm Algl]1 takes at masy2/#1+1471), is marked as ongoing, i.eJ.ongoing = T, when the

Algorithm 11: ¢r(-) — Compute temporal relaxation




current state is in the set of initial states associated withe first term is the complexity of constructing, in line 1
the operator (line 2). Similarly, when the current statenis iand the second term corresponds to the update of the tree for

the set of final states associated with the operatorwiitign
operator is marked as done (lines 3-6), iledone = T and

each symbol ino and the final evaluation of the tree.

T.ongoing =1. The number of step¥.steps of all ongoing
within operators is incremented (line 7).

Algorithm 13: evalTreeT R(-)

To enforce correct computation of the temporal relaxation

with respect to the disjunction operators, Algl 12 keepsktat
a set of constraint§’. The setC is composed of state-symbol

Input: T' — annotated tree
Output: 7* - minimum maximal temporal relaxation
Output: T - temporal relaxation vector

pairs, and is used to determine which of the two subformulaeif ¢r is primitive then return (—oo,[])

of a disjunction are satisfied by the input word (lines 12:17}
To achieve this, we use the annotation varialflegioices (see 3
Alg. [8), which capture both cases. For all other operatdies, t4
constraint sets are propagated unchanged (lines 8, 10, 11)5

6

else if T.op = [¢]l** then
T, Ten = evalTreeT R(tree.left)
if T.done =T then
| return (max{Tc*h, T.steps — b}, [Tcn, T.steps — b])
else

Algorithm 12: updateTreeT R(-) 7 L return ( — 00, [Teh, _OO])
Input: s. — current state s else// A, V or
Input: s, — previous state 71,71, = evalTreeT R(tree.le ft)
Input: o — current symbol in word 10 | T, Tr = evalTreeT R(tree.right)
Input: C' — set of constraints associated with the states 11 | if (77 # —o0) A (7/ # —oo) then

12
13
14
15
16

if T.op =V then 7* < min{r}, 75}
else 7* « max{7}, 75}

else

L if T.op=V then 7* + max{r}, 75}

else 7 «— —
| retun (7%, [, TR])

if T.op=[]*" then
if sc € T.I then T.ongoing < T
if s, € T.F then
if (C=0)V (0 CC(sprev)) then
T.ongoing <1
T.done + T

o g~ W N P

17

if T.ongoing then T.r < T.7+1
updateTreeTR(T.left, sc, Sprev, o, C)

9 else

10 if T.op=-then Cp + 0; Cr <+ C

11 else ifT.op = AN then Cp < C; Cgr <+ C
12 else if T.op = Vv then

13 Cr, < T.choices.L UT.choices.B

14 Cr < T.choices.R U T.choices.B

15 if C 0 then

16 L CrL+~CnCy,

17 Cr+ CNCgr
updateTreeTR(Tleft, sc, Sprev, o, CL)
| updateTreeT R(T.right, sc, Sprev, 0, CR)

B. Control policy synthesis for a finite transition system

Let 7 be a finite transition system, antl a specification
given as a TWTL formula. The procedure to synthesize an
optimal control policy by minimizing the temporal rela>ati
has three steps:

1) constructing the annotated DFA., corresponding to
?,

2) constructing the synchronous prod@@t= 7 x A
between the transition systefnand the annotated DFA
Aoo,

3) computing the optimal policy of? using Alg.[14 and
generating the optimal trajectory gf from the optimal
trajectory of P by projection,

Finally, Alg. [13 extracts the temporal relaxation from thevhere the synchronous produgtis defined as follows:
annotation tred’ after all symbols of the input word were
rocessed. Alg[—13 also computes the minimum maximu

Femporal reIaxgtion value, whicF;] may bex if ¢ is primitive &’.xo’ A,AP,h) and a DFAA = (54, s0, 2AP’.6A’FA)’

(line 1). The recursion in Ald._13 differs between disjunati their product automaton, dgnoted By=T x A is atuple

and the other operators. One subformula is sufficient to hdid (5P, po, A, FP) Whe_r.e.

to satisfy the formula associated with a disjunction operat * Po = (%o, s0) is the initial state;

Thus, the optimal temporal relaxation is the minimum or * 57 € X x 5S4 is afinite set of states that are reachable

maximum between the two optimal temporal relaxations of ~from the initial state: for everyz~, s*) € Sp, there exists

the subformulae for disjunction (line 12), and conjunciom a sequence ok = zozy...Tnx", With 2 —7 Zp4
concatenation (line 13), respectively. Lines 15-16 of AI§. forall 0 < k < n andz, —7 2", and a sequence
cover the cases involving primitive subformulae. s = sos1...sns" such thats, is the initial state ofA,

The complexity of Alg[IL gD (2411471 |- |4|), where Moket) s forall 0 < k < nands, "5 s

18
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Definition VIII.2 (Product Automaton)Given a TST =

Sk



« Ap C Sp x Sp is the set of transitions defined by: Algorithm 14: Policy synthesis -policy(T, P)

((z,5), (', ') € Ap iff 7o ands "5 g o3

o« Fp = (X xF4)NSp is the set of accepting states Bf

A transition in P is also denoted byz,s) —p (2/,5) if

Input: T' — the annotation AST tree
Input: P — product automaton

1 if ¢p is primitive then

((x,s),(a',s")) € Ap. A trajectoryp = (xo, S0)(1,51) - - -
of P is an infinite sequence, whergrg,so) = po and 3

M={p|bp)eTIelp) €T.F}

| 7[p] = —oc0,Vp e M

(@, sK) =P (Trtr,sk1) for all k& > 0. A trajectory of 4 else if T.op = []l* A ¢y 4ep: is primitive then

P =T x Ais said to be accepting if and only if it ends ing
a state that belongs to the set of final staftgs It follows ¢
by construction that a trajectorp = (xo,s0)(x1,581) ...
of P is accepting if and only if the trajectorygs; ... is
accepting inA. As a result, a trajectory of obtained from
an accepting trajectory oP satisfies the given specification®
encoded by.A. We denote the projection of a trajectory’®

8

M={p|bp)eTIelp) €T.F}

| TPl =Ip[-bVpeM
7 else if T.op = [][*" A ¢r e is NOt primitivethen

Mep, 779 = policy(T.left, P)
M={p;Sp>p |peTlp>p €M}

| 7*[p] = max{|p| — b,7,[p]}, VP € M

p = (z0, 80)(x1,51) ... onto T by vr(p) = xox1 . . .. 11 else if T.op = - then

Before we present the details of the proposed algorithm, we
want to point out that completeness may be decided easily1by
using the product automatdp. That is, testing if there exists14
a temporal relaxation such that a satisfying policy7irmay

be synthesized can be performed very efficiently as showniby |

My, 7} = policy(T.left,P)

Mg, 1}, = policy(T.right, P)

M = {p1-p2 | p1 € ML,p2 € Mg, e(p1) —p
b(p2)}

7*[p] = max{7}(p), 7 (p)}, Vp € M

the following theorem. 16 else if T.op = V then

Theorem VIII.1. Let be a TWTL formula and™ be a finite *’
transition system. Deciding if there exists a finitec Z™ and 8
a trajectoryx of 7 such thato = ¢(7), can be performed in *°
O(JA] - [64..|), wherem is the number ofwithin operators

in ¢, A is the annotated DFA corresponding & o is the 20
output trajectory induced by, and A andd 4. are the sets
of transitions of7 and A, respectively.

Remark VIII.2. The complexity in Thri VIII.1 is independer®
of the deadlines of thwithin operatorse. 23

24

Proof: The result follows immediately using Dijkstra’s,
algorithm on the product automatgh

Note that Dijkstra’s algorithm may not necessarily provi

My, i = policy(T.left, P)
Mg, 7}, = policy(T.right, P)

M = MpUMpg
71 [p] peE M\ Mg
7 [p] = { 7A[p] peM\M

min{7; [p], 7z[P]} P € ML N Mg

21 else if T.op = A then

My, 1} = policy(T.left,P)
MR, 7}, = policy(T.right, P)
M =M, N Mg

L 7"[p] = max{7;(p), 7:(p)} VP € M
& return (M, 77)

an optimal trajectory of7 with respect to the minimum
maximum temporal relaxation of the induced output word.

Thus, we present a Dijkstra-based procedure to compute ghcatenation operator. First, the paths and the correippn
optimal policy using the product automatgh The proposed temporal relaxations are computed for the left and the right
solution is presented in Alg. 14, which describes a recarsigubformulae in lines 12 and 13, respectively. Afterwartls, t

procedure over an annotated AST trEe

paths satisfying the left subformula are concatenated ¢o th

The recursive procedure in Alg.114 has six cases. The fipsths satisfying the right formula. However, the concaiena
case (lines 1-3) corresponds to a primitive formula. In thisf pathsp; and pg is restricted to pairs which have the
case, there are no deadlines to relax since the formula dé&lfowing property: there exists a transition iR between
not contain anywithin operators. Thus, solutions (if any existthe last state ofp; and the first state img. The temporal
can be computed using Dijkstra’s algorithm. The next twrelaxation of the concatenation of two paths is the maximum
cases treat thavithin operators. In the former case (lines 4between the temporal relaxations of the two paths (line 15).
5), the enclosed formula is a primitive formula and the onlyhe next case is associated with the disjunction operatey|
deadline which must be optimized is the one associated witB-20). As in the concatenation case, first the paths satsfy
the currentwithin operator. In the latter case (lines 7-10), théhe left M and the rightMg subformulae are computed

enclosed formula is not primitive. Therefore, there aretipla

in lines 17 and 18, respectively. The set corresponding to

deadlines that must be considered. To optimize the tempatta disjunction of the two formulae is the union of the two
relaxation|-|,,, we take the maximum between the previsets because the paths must satisfy either one of the two
ous maximum temporal relaxation and the current tempomalbformulae. The temporal relaxation of a patim the union
relaxation (line 10). The fourth case (lines 11-15) handhes is computed as follows (line 20): (a) if a path is only in the



left, p € My \ Mg, or only in the right setp € My \ M, output trajectory induced by, and A andé4__ are the sets
then the temporal relaxation i’ [p] or 7j;[p], respectively; of transitions of7" and A.., respectively.

(b) the path is in both setq € M N Mg, then the temporal ) ;

relaxations is the minimum of the two previously computed Proof: It follows from Thm. VIIL3 and Remark 1Vi3.m
ones, min{7j[p], 7;[p|}. In the case (a)p satisfies only C. Verification

one subformula and, therefore, only one temporal relamatio The procedure described in Alg]15 solves the verification
is available. In the case (bp satisfies both subformulae.problem of a transition systefi against all relaxed versions
Because only one is needed, the subformula that yields {fa TWTL specification First, the annotated DFA., cor-
minimum temporal relaxation is chosen, i.e., the minimusponding top is computed (line 1). Then a trap stateis
between the two temporal relaxations. The last case handiggied in line 2 (see Ald]6 for details). The transition syste
the conjunction operator (lines 21-25). As in the previows t 7 is composed with the DFA4., to produce the product
cases, the paths satisfying the left and the right subfaenubutomaton? (line 3). Lastly, it is checked if a state i
are computed first (lines 22-23). Then the intersection géachable from the initial statg, exists such that its DFA

the two sets is computed as the set of paths satisfying ¥&mponent is the trap state (lines 4-5).
conjunctions because the paths must satisfy both subfaemul

The temporal relaxations of the paths in the intersectioas & Algorithm 15: Verification
computed as the maxima between the previously computcc"nput_ T — transition system
temporal relaxations for the left and the right subformulae Input: 6 — TWTL specification
Note that considering primitive formulae in Alg.114, insdea Outpdt: Boolean value
of traversing the AST all the way to the leaves, optimizes the
running time and the level of recursion of the algorithm. 1 Aso < translate(¢;inf =T)
A very important property of Alg—14 is that its complexity? 2dd trap state< to A
does not depend on the deadlines associated withwitien 3 P < 7 X As
operators of the TWTL specification formuta This is an ¢ if 37 € X S.t.pg = (z,>) then return L
immediate consequence of the DFA construction proposéct!Se return T
in Sec[VIl. Moreover, it follows from Remark M3 that
the completeness with respect ¢o(unrelaxed) may also be ) .
decided independently of the values of the deadline valu&k. Léarning deadlines from data
Formally, we have the following results. In this section, we present a simple heuristic procedure to
infer deadlines from a finite set of labeled traces such theat t
Theorem VIIL.3. Let ¢ be a TWTL formula and/ be a isclassification rate is minimized. Leétbe a TWTL formula
finite transition system. Synthesizing a trajectargf 7" such and£, and£,, be two finite sets of words labeled as positive
thato |= ¢(7) and ||, is minimized can be performed ingng negative examples, respectively. The misclassificatiee
O(|¢]-1A] |5_Ax|), WheI’ET € Z™, m is the number OWIthIn is |{w € L, | w i d(T)} + [{w € L, | w = ¢()}, where
operators in¢, A is the annotated DFA corresponding 10,7 s a feasibler-relaxation of¢. The terms of the misclas-

¢(00), o is the output trajectory induced by, and A and  gication rate are the false negative and false positivesrat
0., are the sets of transitions of and A, respectively. respectively.

Proof: The worst-case complexity of AI§_L4 is achieved The procedure presented in Alg.] 16 uses Alg. 11 to compute
when the TWTL formulas has the form of primitive formulae the tightest deadlines for each trace. Then each deadline is
enclosed bywithin operators and then composed by either tifi€termined in a greedy way such that the misclassification
conjunction, disjunction, and concatenation operators. rate is minimized. The heuristic in Alg. 111 is due to the fact

The recursive algorithm stops when it encounters the prirW-at each deadline is c0n5|dered. separately fro_m the others
itive formulae and executes Dijkstra’s algorithm that talee ' [OWever, the deadlines are not independent with respect to
most O(|Ap|) = O(|A| - |6.4_|) time. Since the recursionthe m!nlmlza'uon of the.m|scIaSS|f|cat|on rate. _
is performed with respect to an AST of ¢, the algorithm Notice that the aIgon_thm construcléoo on_ly once at line
processes each operator only once. The complexity boud! Nen the automaton is used in the.) function to compute
follows because the size of the set of pafhisreturned by the temporal relaxation of each trace, lines 2-3. Thus, the

the algorithm is at most the sum of the sized of the sehgocedure VOidS buildingl., for each trace.
corresponding to the left and the right set, and Mg, In Alg. 18, m denotes the number efithin operators and

respectively. Thus, we obtain the boutd|¢| - |A| - [6.4_|) b is the m-dimensiqnal vector of deadlines associated with

by summing up the time complexity over all nodesiof = eachwithin operat(_)r n the TWTL _for”?“'a" We assume that
the order of thewithin operators is given by the post-order

Corollary VIII.4. Let¢ be a TWTL formula antl” be a finite traversal ofAST(¢), i.e., recursively traversing the children

transition system. Deciding if there exists a trajectarpf 7 nodes first and then the node itself.

such thato = ¢ can be performed irO(|¢| - |A| - [64..[),  The complexity of the learning procedure@y2!?¢I+147! 4

where A, is the annotated DFA corresponding 9 o is the  (|£,|+ |Ly|) - lm - |¢| +m- (|| +|Ln])), where: (a) the first




Algorithm 16: Parameter learning X. CASE STUDIES

Input: £, — set of positive traces In this section, we present some examples highlighting the
Input: £,, — set of negative traces solutions for the verification, synthesis and learning peots.
Input: ¢ — template TWTL formula First, we show the automaton construction procedure on a
Output: d — the vector of deadlines TWTL formula and how the tight deadlines are inferred for a
1 Ao + translate(¢;inf = T) given trace. Thgn, we consider an example ipvolving a ropot
2 Dy« {tr(p, Ass) +b | p€ L} whos_e motion is modeled as a TS. Th_e policy computation
3 Dy« {tr(p, Ass) +b | p € L} algor_|t_hm_|s use_d to solve a path planning problem with rich
4 d <+ (—00,—00,...,—00) I m-di mensi onal specifications given as TWTL formulae. The procedure for
5 for k€ {1,...,m} do p_erforming verificg_tioq, i.e_., all robot traje.ctories sfyi a
6 Dy, < {d[k] | d € D,} given TWTL spec:|f_|c§1t|on, is. also shqwn. I_:lnally, the perfor
7 | d[k] « argmingep, (|DEp(d)|+|Diy(d)]), mance of the heuristic learning algorithm is demonstrated o
where a simple example.

©

Dip(d) < {d'[k] | d'[k] > d,d’ € Dy}

Dhy(d) + {d'[k] | d'[k] < d,d" € D . . S
(@) —AdE] | Tk < o} Consider the following TWTL specification over the set of
10 return d atomic propositionsiP = {A, B, C, D}:

6 = (A (1 B v 1) - (1 D) (19)

A. Automata Construction and Temporal Relaxation

©

term is the complexity of constructind., (line 1); (b) the

second term corresponds to computing the tight deadlires fo [ o6l

all traces positive and negative in lines 2 and 3, respdgtive

(c) the third term is the complexity of the for loop, which o
computes each deadline separately in a greedy fashiors (line g [ ]3]
5-9). The maximum length of a trace (positive or negative) is V. 7
denoted byi,,, in the complexity formula. / (]

IX. TWTL PYTHON PACKAGE \)\‘
[ ]l
We provide a Python 2.7 implementation named PyTWTL

of the proposed algorithms based on LOMAP [35]Eig. 2: The AST corresponding to the TWTL formula in

ANTLRv3 [28] and networkx|[13] libraries. PyTWTL imple- Eq. (19).

mentation is released under the GPLv3 license and can be

downloaded fronhyness.bu.edu/twiThe library may be used An AST of formula ¢ is shown in Fig.[2. The TWTL

to: formula¢ is converted to an annotated DEA,, using Alg.[1.

The procedure recursively constructs the DFA from the leafs

of the AST to the root. A few processing steps are shown

in Fig.[3. The construction of DFA corresponding to a leaf,

i.e., ahold operator, is straightforward, see Figl] 3a. Next, the

., 6(co): trgnsformation corresponding tow.ithin ope_re_ltor is shown in

4) (lzo.r,npute :[he temporal relaxation of a trace with resp '<:: 130. Note that the_ delay of one_tlr_ne unitis due to the lower
%6und of the time window of thevithin operator. Also, note

5) tcoor?n TltheT: fg;?;ﬁ; control policy with respect to {tihat the automaton restarts on symbols that block the DFA
b 9 policy P corresponding to the inner formul!'C.

TWTL formula ¢; o The next two figures, Fid. 8¢ and F[g.]3d, show the transla-
6) compute a minimally relaxed control policy with respediion of the disjunction operator. Specifically, FIg. 3c, wiso
to a TWTL formulag, i.e., for ¢(7) such thatr|,, is the product DFA corresponding to the disjunction without
minimal. merging the final states. Since none of the final states have
] . _outgoing transitions, see Cofr_VI.9, and they can be merged
The parsing of TWTL formulae is performed usingnto a single final state, see Fig.]3d. However, we still need
ANTLRv3 framework. We provide grammar files which mayto keep track of which subformula of the disjunctions holds.
be used to port to generate lexers and parsers for otf&€ annotation variablé.choices, introduced in Se¢. VII-Q2,

programming languages such as Java, C/C++, Ruby. To Sabo_res this information as

port Python 2.7, we used version 3.1.3 of ANTLRv3 and |L = {(s11,BA-C),(s11,BAC),(s12, BA-C)},

the corresponding Python runtime ANTLR library, which we ¢ R = {(so2, "B A C), (so2, BA C), (s12,7B A C)}, (20)
included in our distribution for convenience. B ={(s12, BAC)}.

1) construct a DFAA, and a annotated DF&, from a
TWTL formula ¢;

2) monitor the satisfaction of a TWTL formulg;

3) monitor the satisfaction of an arbitrary relaxationgof


http://hyness.bu.edu/twtl

~C
-C

(@) H?A

(b) [H'C)™ ]

-BA-C

© [ B v A

@ [H2A)" - (H B Ty [E ) ) - [H D] ]

Fig. 3: Annotated automata corresponding to subformulabefTWTL specification in Eq[(19).



Notice that the tuples in Eq_{R0) correspond to the ingoing

edges of the final states in the DFA from Hig] 3c. Finally, the B

DFA corresponding to the overall specification formylas

shown in Fig[3k.

Let g4 = [H2A]], ¢ = [H'B|¥, g = [H'C)14), s

and¢p = [H' D)% be subformulae of associated with the

within operators. The annotation data for these subformulae is

shown in the following table. @ 3 @

Subformula Il e (a) An environment with five points of interedBase A, B, C, and

¢ {s0} {510} D. The edges indicate the existence of paths between thgioerid,
oy {s0} {s3} while the associated numbers represent the travel timeseaédges.
o8 {s3,55,56} {ss} The robot may stay at a region of interest.
pc {ss} {ss}
¢p {ss} {s10}

Consider the following word over the alphabgt= 247:

o =g, {A}7 {A}’ {A},E, {Ba C}a {Ba C}’€7 {D}7 {D} (21)

wheree is the empty symbol. The following table shows the
stages of Algl_Tl1 as the symbols of the werdare processed:

No. Symbol State ¢gu bB b oD

Init s (1,Lo (LL-1) (LL-1) (LL,-1)

0 € so (T,L,1) (L,1,-1) (L,L1,-1) (L,L1,~1)

1 {A s (T,14,2) (L, L,-1) (L, 1,-1) (L,1,-1)

2 {4 s (T,L1,3) (LL,-1) (L, 1,-1) (L,1,-1)

3 {4} sy (L,T,3) (T,L0) (T,L1,00 (L,1,-1)

4 e ss (L,T,3) (T,L,1) (T,1,1) (L,1,-1)

5 {BC} s (L,T,3) (T,L,2 (T,.,2) (L,1,-1)

6 {BC} s (L,T,3) (L,T,2 (L,T,2 (T,L,0

7 ¢ ss (L,T,3) (L,T,2 (L,T,2 (T,L,1)

8 {D} Sg (L,T,3) (L,T,2) (L,T,2) (T,1,2)

9  {D} s (L,T,3) (L,T,2) (L, T,2 (L,T,2

C
where each 3-tuple in last four columns represents the annot U U/\(,P
tion variablesT.ongoing, T.done andT.steps, respectively. 4—@
The temporal relaxation forr can be extracted from the

values in the last row by subtracting the deadlines of ttfs) The transition systen7” obtained from the environment graph
within operators from them. Thus, the vector of tightest shown in Fig[4h.

values is (-3, —1, -2, -3). However, becauséy and ¢c  Fig 4: The environment where the robot operates and its
are in disjunction, we have the temporal relaxation= abstractionT .

(=3, —o0, —2,—3), where we choose to ignore the subformula

containing ¢p. Thus, the maximum temporal relaxation is

= —2.
ITlrs Consider the TWTL specificatiop from Eq. [19). The

B. Control Policy Synthesis product automatof® = 7 x A is constructed, wherd, is
the annotated DFA corresponding ¢@oco) shown in Fig[3e.

Co_n_5|der a robot moving In an environment represented e product automato® has 204 states and 378 transitions.
the finite graph shown in Fig. ¥a. The nodes of the graplkhe control policy computed by using Alg_114 is
represent the points of interest, while the edges indidage t

possibility of moving the robot between the edges’ endmoint
The numbers associated with the edges represent the travel
times, and we assume that all the travel times are integer
multiples of a time step\t. The robot may also stay at anyWhich generates the output word
of the points of interest.

The motion of the robot is abstracted as a transition systen? = €, €, {A}, {A}, {A}, €, {C},{C},€,¢,{D},{D}. (23)
T, which is obtained from the finite graph by splitting each
edge into a number of transitions equal to the correspondifige minimum temporal relaxation fer is |7|,, = —2, where
edge’s travel time. The generated transition system thss ha = (-2, —o0,—2,—3) is the minimal temporal relaxation
27 states and 67 transitions and is shown in Eig. 4b. vector associated withr.

x = Base, A, A, A,C,C, Base, D, D, (22)



C. Verification algorithm computes the heuristic sel¥., and D%, k €
In the verification problem, we are concerned with checkingl, d2}, of false positive and false negative trajectories,
for the existence of relaxed specifications for every pdssigespectively:

run of a transition system. Deadline Value D%, Dk ‘D§P| + ‘D§N|
To illustrate this problem, consider the transition sysiam

Fig.[H and the following two TWTL specifications: dy 2 {o4} 0 1
1 12 d1 3 {0’3, 0’4} @ 2

¢ = [H A][ 5 (24) ds 2 {0‘3} {0’1,0’2} 3

¢y = [H'-B]1? (25) da 3  {os} 0 1

dQ 4 {0'3, 0'4} @ 2

Finally, Alg. [18 chooses the deadline palr= (di,d2) =
(2,3) that has the lowest heuristic misclassification rate,
- |DE p| + | D | shown in the last column of the above table,
for d; andds, respectively. An important observation is that
the inferred formulapl =~ = [H' A]l%2]. [H2B][*3 has zero
@@ as actual misclassification rate. The discrepancy between t
values in the table and the actual value of the final misclas-
Fig. 5: A simple transition systerffsimrle, sification rate are due to the heuristic of synthesizing each
deadline separately. Thus, the heuristic procedure in [Bfy.
To check the transition systerf*™?l¢ against the two ignores the temporal and logical structure of the template
specifcations, we can use Alg_]15. It is straightforward thdWTL formula which may lead to suboptimal performance,
the procedure will return true fop,, because every run ofi.e., misclassification rate.
Temrle satisfiesg, (3) = [H']?+3]. Note that the runs of
the transition system may not need to satisfy the originatsp
ification as the satisfaction of a relaxed version is sufficie In this paper, we introduced the time window temporal
Similarly, Alg. [I3 returns false for,, because there existslogic (TWTL), which is a linear-time logic encoding sets
a run of 7#im»le that does not satisfy the specification, e.gaf discrete-time bounded specifications. Different frorhest
x = A, B, B. temporal logics, TWTL has an explicit concatenation opmtat
An important conclusion highlighted by the two examplewhich enables the compact representation of serial tasks
is that the verification problem proposed in this paper isostly prevalent in robotics and control applications. fSac
concerned with checking a system against the logical strect compact representation significantly reduces the contylexi
of a specification and not against any particular time bounds constructing the automaton for the accepting language.
This might be useful in situation where the deadlines of tha this paper, we also discussed the temporal relaxation of
specification are not knowa priori, but the logical structure TWTL formulae and provided provably-correct algorithms to
of the specification is. construct a compact automaton representing all temporally
D. Learning deadlines from data relaxed_f(_)r_mulae of a given TWTL_ formula. Stemming from
) .. the definition of temporal relaxation, we formulated some
_ Inthe previous two cases, we use the TWTL specificatiopssplems related to verification, synthesis, and learniifg.
in conjunction with problems involving infinite sets of werd yemgnstrated the potential of TWTL and its relaxation on
encoded as transition systems. However, it is often the caggge problems. Finally, we also developed a Python package

that only finite sets of (output) trajectories are availabfe 1, gojve the verification, synthesis, and learning problems
this section, we give a simple example of the learning prmble

presented in Se€.]V. o 0 XIl. A PPENDICES
Consider the specificatiofc,,, = [H']>%] . [[H2B]10:d2

with unknown deadlines and the following set of Iabeleé' Proof of PropLVLB -

trajectories, where”, and C,, are the positive and negative ~ Proof: Let (L1, L1, L1 - (P (£L2) \ {¢})) be a partition

XI. CONCLUSION

example labels, respectively: of P (L, -Ls) andL be a proper subset &f;. Assume that
there existsw € L andw’ € £; \ L such thatw = wé_’i, for
Word Label Deadlines S°Mei € {0,. .., Jw'| —1}. It follows thatw € L;, because

, . ;
o (A (A (A (0515 (0]« C 23 :ﬁs?jéofﬁt: However, this contradicts the fact thaf and £, are
oy =¢, {A}{A}e, {B}.{B}.{B}e Cp (2,3) Conversely, letZ; be unambiguous and consider a word
o3 ={Bhe, {A}{A}A{BL{B}{B}.{B} C» (3,2) w € P(Ly-Ls). Assume thatv € L; N L. It follows that
os=¢, {Ah{dhe, e {BL{B}{B} Cn (2,4) {w} is a prefix language fof; \ {w}, which contradicts with
The last column in the above table shows the tight deadlinte hypothesis thaf; is unambiguous. Similarly, if we assume
obtained in lines 2 and 3 of Ald_16. Next, the learninghat there existsy € P (L£1)N (L1- (P (L£2)\{e})), then there




existsw’,w” € £ such thaw' is a prefix ofw, w is a prefix
of w”, and |w'| < |w| < |w”|. Thus, we arrive again at a
contradiction with the unambiguity af,. Thus, the three sets[10]

form a partition of P (£ - L2).

B. Proof of Prop[VI.#

Proof: The proof follows by structural induction over

[11]

AST(¢). The base case is trivial, since the leafs correspond
to the hold operators. For the induction step, the result

follows trivially if the intermediate node is associatedtiwi
a Boolean or concatenation operator. The case @fithin

[12]

operator follows from Eq.[(17) and_(118) in Prdp. VI.1, i.e.
o(r)]lsrnl = [o(rflering = [s(r)]i 4, where
a<beZsgandT <71’ € Z™. We assumed without loss of

generality_that the first component of the temporal relaxati

vectors is assigned to the root node. ] [13]
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