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Abstract

Mathematical methods are developed to characterize the asymptotics of recurrent neural networks
(RNN) as the number of hidden units, data samples in the sequence, hidden state updates, and training
steps simultaneously grow to infinity. In the case of an RNN with a simplified weight matrix, we prove
the convergence of the RNN to the solution of an infinite-dimensional ODE coupled with the fixed point
of a random algebraic equation. The analysis requires addressing several challenges which are unique
to RNNs. In typical mean-field applications (e.g., feedforward neural networks), discrete updates are
of magnitude O(+) and the number of updates is O(N). Therefore, the system can be represented as
an Euler approximation of an appropriate ODE/PDE, which it will converge to as N — oco. However,
the RNN hidden layer updates are O(1). Therefore, RNNs cannot be represented as a discretization
of an ODE/PDE and standard mean-field techniques cannot be applied. Instead, we develop a fixed
point analysis for the evolution of the RNN memory states, with convergence estimates in terms of the
number of update steps and the number of hidden units. The RNN hidden layer is studied as a function
in a Sobolev space, whose evolution is governed by the data sequence (a Markov chain), the parameter
updates, and its dependence on the RNN hidden layer at the previous time step. Due to the strong
correlation between updates, a Poisson equation must be used to bound the fluctuations of the RNN
around its limit equation. These mathematical methods give rise to the neural tangent kernel (NTK)
limits for RNNs trained on data sequences as the number of data samples and size of the neural network
grow to infinity.

1 Introduction

Recurrent neural networks (RNN) are widely used to model sequential data. Examples include natural
language processing (NLP) and speech recognition [I, [2]. The key architectural feature of an RNN is a
hidden layer which is updated at each time step of the sequence. This hidden layer — sometimes referred to
as a “memory layer” — is a nonlinear representation of the history of the data sequence. Using its hidden
layer, the RNN can — in principle — learn functions which map the path of a sequence (of arbitrary length) to
fixed-dimensional vector predictions. The RNN’s hidden layer therefore provides a parsimonious, nonlinear
representation of the data in the sequence up until the current time. An RNN is trained by minimizing an
appropriate loss function over a high-dimensional set of parameters using a gradient-descent-type algorithm.

The mathematical theory for RNNs is limited. In this article, we study the asymptotics of a single-layer
RNN as the number of hidden units, training steps, and data samples in the sequence tend to infinity. In
the case of an RNN with a simplified weight matrix, we prove the convergence of the RNN to the solution
of an infinite-dimensional ODE coupled with the fixed point of a random algebraic equation.
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For feedforward neural networks with i.i.d. data samples, limits have been proven as the number of hidden
units, training steps, and data samples tend to infinity. The dynamics of the output of the trained network
converges to either an ODE (the Neural Tangent Kernel NTK limit) [3] or a (random) PDE (the mean-field
limit) [4, (5l [6l [7] depending upon the normalization used for the neural network output. For the NTK case,
the equation for the limit neural network can be studied to prove global convergence of the neural network
to the global minimizer of the objective function. Proving limit results for RNNs is substantially more
challenging. The data sequence is not i.i.d., which complicates the analysis of the evolution of the trained
neural network. Furthermore, the RNNs cannot be studied using standard mean-field or weak convergence
analysis (e.g., as is true for feedforward neural networks). We explain in more detail below.

Consider a classic recurrent neural network (the standard Elman network [8]) with one hidden layer that
takes in the input sequence X = (Xj)r>0 and outputs a prediction (}Aka)kzo for the target data (Y;)g>o0.
The RNN predictions are given by the model outputs YkN = g,iv (X;0). The RNN depends on the parameters
6 = (C,W, B), which must be trained on data. In particular, for all ¥ > 0, the RNN hidden layer S,iv and

predictions Y,jv are updated as:

Sip1(X;0) = o [ (W) T X, +*ZB”SJN(X 0)]. Sy (X;0)=0 (1.1)
j=1

o (X0 = 15 ZC" Sel(X50), (12)

where

e N is the number of hidden units in the memory states S,i’N(X ;0),

B1 =1 and By determine the scaling used to normalise the outputs of the network,
e C ¢ RY, with C? representing the i-th component of C,

o W e RV*? with W' representing the i-th column of W as a column vector, and
e B c RV*N with BY is the (4, j)-entries of B.

The data samples X, which are elements of a data sequence, are not i.i.d. (unlike for feedforward neural
networks). In our mathematical analysis, we will make the simplifying assumption that all columns of B
are equal, i.e. for all j we have BY = BJ for some B7. The memory states S, *(X;6) is a nonlinear

representation of the history of the data sequence (X j);?;é. Using this nonlinear representation — which is

learned from the data by training the parameters § — the RNN generates a prediction YkN for the target
data Yj,. Notice that if we fix X}, = 2 and BY = 0, becomes a standard feedforward network (i.e., the
network does not dynamically evolve over time k and the network output is a static prediction). Limits for
gradient-descent-trained feedforward networks as the number of hidden units N — oo can been established
when 1 < 8, <1 (the NTK limit [3]) or 8, =1 (the mean-field limit [4, 5, 6] [7]).

A “typical” limit ODE from mean-field analysis will not occur in for the RNNs and standard mean-field
techniques (see, for example, [9]) cannot be directly applied. As an illustrative example, standard mean-field
techniques would be applicable to a neural network with the following updates:

1 1 O
i,N i,N [y i ij oJsN (y. LN (5 gy —
Sin(X:0) == Sy (X:0) + o | (W )T X + VA > BUSIN(X:0) |, SyN(X;0) =0. (1.3)
=1
(1.3) is an Euler approximation of an ODE with step size O(1/N). (1.3) is a standard mean-field framework
and it can clearly be proven as N — oo that ([L.3)) converges to an appropriate infinite-dimensional ODE.

However, the S;i’N(X :0) and 1/N do not appear in the RNN (1.2). This changes the analysis: the RNN
hidden layer (|1.2) is not an Euler approximation to an ODE.

Although (1.2)) is not a standard mean-field equation, we can observe mean-field behaviour for the distri-
bution of the hidden layer. This is illustrated by Figure [I| where, for varying N, we simulated paths of the
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Figure 1: Each curve represents the overall empirical distributions of the untrained hidden units in the
memory states (the hidden memory units) from all simulation instances £ = 1,...,100 for N = 10?,...10°
and time step k = 50000.

hidden layer (Sp™ (X;6))N,, based upon a common # and independent paths of the input sequence X. The
empirical distributions of the hidden units in the memory layer at a large, fixed time step k, is displayed as
N — +o00. The empirical distributions converge as N — oo. Figure [I| suggests that a mean-field limit as
N — oo does exist. Further details of the simulation are provided in subsection [3.3

Furthermore, numerical simulations suggest that the hidden layer is ergodic as the time steps k — oo.
Figure [2| displays the time-averaged first and second moments of the hidden layer. The formal definition of
the time averages is provided in subsection [3.3] Figures [I] and [2] together motivate an analysis of the RNN
as both k, N — ~c.

Our mean-field analysis studies an appropriate fixed point for the untrained hidden units in the memory
states, and use it to study the evolution of the RNN. The case for a constant input sequence X; = x (with
a finite number of hidden units) has been study in [10, 11} 12] for developing a more efficient gradient-
descent-type algorithm. However, the fixed point analysis is more complex when the input sequence Xy, is
non-constant and random. As a result, we would expect the RNN to have a random fixed point and that the
distribution of the untrained hidden unit in the memory states should converge weakly. The random fixed
point should also depend on the distribution of the data sequence Xj.

We are able to prove such random fixed point exists if the data sequence X} is ergodic. Section [3] shows
that the ergodicity of X actually leads to the ergodicity of SZC’N(X ;0).

The fixed point analysis is further complicated since the parameters 6 will be simultaneously trained
using the truncated backpropagation through time (tBPTT) algorithm as the hidden layer is updated at
each time k; see Section Both the hidden layers S,JCV (X;0r) and the parameters 0 (which govern the
transition function for the hidden layer S{) will jointly evolve in time. Therefore, the dynamics of the RNN
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Figure 2: The plots of the time-averaged first and second moments of the hidden units for a sufficiently
large N (chosen to be 10%) and p = 1,2. The x-axis represents the number of time steps. We summarise
the minimum/maximum of the simulated first and second moments of the time-averages for independent
input sequences X using a (seemingly invisible) grey band. The red line represents the mean of the time-
averaged moments for all input sequences X, thus providing a Monte-Carlo estimate for the moments of the
random fixed point. The fact that the realisations of the time averages all converge as k — oo illustrates the
. i, N
ergodicity of the sequence S, (X 6).

will be changing over time. Fortunately, the changes due to the parameter updates will be of magnitude
O(1/N). Therefore, the evolution of the output layer of the network (gf' (X;6) = w5 Zivzl CiSz’fl(X; 0))
can be represented as an Euler approximation of an appropriate infinite-dimensional ODE whose dynamics
are a function of the RNN hidden layer’s random fixed point, which it will converge to as N — oco. We
emphasise that the evolution of the RNN hidden layer itself (i.e., S,i’fl(X ;0)) cannot be represented as a
discretization of an ODE/PDE since the RNN hidden layer updates are O(1).

The RNN hidden layer is studied as a function in a Sobolev space, whose evolution is governed by the
data sequence Xy, the parameter updates, and its dependence on the RNN hidden layer at the previous time
step. Due to the correlation between updates (including both the hidden layer and data samples), a Poisson
equation must be used to bound the fluctuations of the RNN around its limit equation.

The rest of the paper is organized as follows. In Section [2] we present the model that we study and our
main assumptions. In Section [3| we characterise the dynamics of the RNN memory layer as a sequence of
random functions of the parameters. We prove that the sequence of memory layers of the trained network
is geometrically ergodic. In Section [ we prove the convergence of the trained RNN. Our main result is
presented in Theorem Section [5| uses our limit result to prove a useful guarantee for the training of
RNN models: the RNN training algorithm will asymptotically decrease the loss function (i.e., the RNN
model will be updated in a descent direction). In Section |§| we present a number of technical lemmas and
preliminary estimates that are used in the detailed proof of Theorem which is presented in Section[7} In
the Appendix [A] we present a recursive inequality that is used in various places throughout the paper as well
as the construction of a clipping function.

2 Assumptions, Data, and Model Architecture

2.1 Data generation

Our paper focus on the problem of recovering the map from an input data sequence to an output data
sequence. We assume the input data sequence X = (Xy)g>0, Xx € R? and output data sequence Y =
(Yi)k>0, Y € R are jointly governed by the following update equation

(Xkt15 Ziv1) = 9(Xi, Zi) + €, (2.1)
Yi = f( Xk, Zi) + 1,



where (ex, k) k>0, € € R4TL 7). € R are independent, identically distributed (iid) and mean-zero noises (but
€, doesn’t need to be independent from 7). The map g : R4 — R+ drives the dynamics of the input
sequence, and f : R¥! — R maps the input sequence to the output sequence. The variables Z; € R are
hidden, i.e. only the inputs (Xj)r>0 and outputs (Yj)r>0 are observed, and it is not guaranteed whether the
observation (X, Yy)k>0 is actually a Markov process.

Let us make the following assumption on the functions f,g, as well as the background noise of the
dynamics. As we will see in the next section, these assumptions are essential in ensuring that the dynamics
of the input chain is ergodic.

Assumption 2.1 (On governing dynamics and background noises of the data sequences).

1. We assume that the function (f,g) is L-globally Lipschitz (with respect to the Euclidean norm) with
L < 1. That is for any (x, 2), (2, 2') € R4 we have

(2629 2920 < - 0

2. We assume that both (ex)r>0 and (ng)r>0 are mean-zero iid random variables that are uniformly
bounded by some constant C..

3. We finally assume that the sequence (X, Zy)r>0 is bounded with |(Xy, Zx)| < 1. This could be
achieved by e.g. assuming

1
max | sup |g(x, 2)|,sup |ex| | < =.
X,z k 2

As a result, the output (Y%)g>0 is uniformly bounded by some constant Cy < +o0.

2.2 Recurrent Neural Network

A recurrent neural network is used to approximate the function g as defined above. Specifically, we will
study the standard recurrent network in equation ([1.2)) but with the following simplifying assumption for its
weight matrix:

Assumption 2.2 (Simplifying assumption of memory weights). We assume all columns of B are equal, i.e.
for all j we have BY = BJ for some B7.

Assumption 2.3 (Regularity of activation function). We assume that o € CZ(R) (being a twice-continuously
differentiable), with output bounded by one and first and second derivatives both uniformly bounded by C,

. 12
where C2 < min{3, 15~}

Assumption 2.3]on C, is instrumental in our proof of ergodicity of the memory states. One of the crucial
results is Lemma and the related results on erogodicity are in Section (3.1

Example 2.4. An example of such activation function is the usual sigmoid function, defined as

1
One could show (see e.g. [13]) that o/(z) € [0,1/4] and |0”(z)| < 1/4 for any z € R. As a result, the sigmoid
function satisfies our assumption when L < 1/2.

We emphasise that the above assumptions are included for the simplicity of our proof, and we conjecture
from our simulation that the RNN exhibits the desired mean-field behaviour under weaker assumptions.

Assumption 2.5 (Initialisation of parameters). We assume that the trained parameters (C%, W¢, B?) are
initialised independently from the data sequence, so that the sequence (C}, W¢, BS)Y | is composed of inde-
pendent and identically distributed random vectors with a distribution (C¢, Wi, BE) ~ Ao := A(dc, dw, db),
such that C§ and W{ are independent from each other with C} having zero mean. We further assume that
the measure A(dc, dw, db) is absolutely continuous with respect to Lebesgue measure, i.e., it has a density.

In addition, we assume that |C§| < 1, |Bi| <1 and E ||W5H2 <1.



Remark 2.6. For simplicity of notation, we define A\ to be the empirical measure of the trained parameters
at initialisation on the space R+ ie.

N

N 1

Ao = > dciwi.Bi
i=1

Finally, in our notation later in the paper, the dependence of the RNN hidden layer S,i’N(X ;0) on X
may be dropped in the later sections.

2.3 Training the RNN parameters

The parameters 6 are in practice trained with an online SGD algorithm seeking to minimize the function

£0) = 257 Lx(0),  where L4 (6) = %(g,iv (X:0) — V)2,

1
T

-

The computational cost of evaluating the RNN network up to step T and performing one full evaluation
of gradient by back-propagation through time (BPTT) grows in O(T'), which become intractable if we
want to perform gradient-based algorithms for large T' for minimising the loss function. We instead update
the parameters through the online stochastic gradient descent with truncated back-propagation through time
(online SGD with tBPTT) [I4] [I5]. A detailed explanation is given in the next section, but the main idea
is to truncate the computational graph up to 7 time steps for 7 < T" when computing the outputs of the
RNN and gradients with respect to the parameters. For simplicity and without loss of generality, we restrict
our discussion to the case when 7 = 1.

Assume that the network (estimated) outputs at each step is fka , which are used as a comparison with
the actual observations Y}, for the computation of loss function and the estimated gradient. As it turns out,
it is challenging to prove the boundedness of YkN . To resolve this issue, we will clip the gradients used in the
parameter updates. Gradient clipping is a standard method in deep learning and training RNNs [13] [16]
[I7]. The gradient clipping will actually disappear in the final approximation argument as the number of
hidden units — oco. Once the gradients in the parameter updates are clipped, the output YkN can be proven
to be bounded. We use the following clipping function:

Definition 2.7 (Smooth clipping function [18]). A family of functions (V) yen, ¥V € CZ(R) is a family
of smooth clipping function with parameter -y if the following are satisfied:

1. [N (z)| is bounded by 2N7,
2. YN (z) =z for x € [-N7,N7],

d N

A construction of such clipping function is provided in appendix [B| following the arguments in [19]. By
fundamental theorem of calculus we also know that |V (z)| < |z[. The parameter 7 is to be chosen in the
next section, and it should be small to ensure that [ (V;)| does not blow up too quickly as N — oo.

Assumptions for the wide-network limit In our paper we set 5; = 1. Depending on the choice of 5, we
will get different limits. Preliminary works for feedforward NN (including our prior work), [7, 20} 2T, 22| 23]
demonstrate that when N — 400, the evolution of the output of the feedforward NN converges to a limit
equation:

1. for B3 = 1, the limit equation is expected to be a PDE,
2. for By = B € (1/2,1), the limit equation is expected to be an infinite-dimensional ODE, and

3. for B2 = 1/2, the limit equation is expected to be a random infinite-dimensional ODE.



Algorithm 1 Ounline SGD with tBPTT (7 =1)

1: procedure SGDTBPTT(N, A\, T) > network size, initial pauraurneters._distribution7 running time
2: Initalise: initial parameters 6 = (Cy, Wy, Bg) ~ A, initial memories Vi, SS’N =0,stepk=0
3: while £k < NT do
4: for alli e {1,2,..,N} do > Truncated forward propagation
N
iy 1
5: S,i_]i_vl —o | (WHT Xy + + ZBJ SIN > Updating memory
6: end for
. 1 X
7: VY ~F Z LS > Updating output
~ 1 -
8: Ly = i(YkN —Y3)? > Computing loss
9: for alli e {1,2,..,N} do > Truncated backward propagation on Ly
N

&i i 1 j &
10: ASY o [ (Wi T X, + ~ Z Bl SN

i i % N
11 Crp1=C — N2 B @N(VY) - V)5

i i aCp i,N
12: Wi =W — N>—B (N () - )A5k+1
13: By = B} — N 5(7/1N(Yk = Yi) ZOkASk+1

r=1

14: end for
15: end while

16: end procedure

Our paper will focus on the case when 82 = 5 € (1/2,1). We are aware that some analyses have been done
for the case when 2 = 1 in [24], with the RNN trained offline by continuous gradient descent after observing
a fixed number of steps of the sequence (X )r>0. We emphasise that in the present work the RNN is trained
online, so that we update the parameters every time we observe a new step of our sequences (Xy, Yy). We
study the asymptotics of the training of RNN as the training time (and hence number of observations made
for the input and output sequences) grow with the width of the hidden layer, i.e. N — +oc.

In order to derive a well-defined typical behaviour of the neural network when training our RNN in the
limit as N — 400, we choose the learning rate to be

(&%
aN = m, (2.3)

for some constant @ > 0. The learning rate is constant in time, and with this we may explicitly state the
online SGD with tBPTT, see Algorithm

Lemma [2.8| yields a bound (uniform in ¢) for how much the parameters move.

Lemma 2.8. Fiz T > 0. If we choose v > 0 such that 8 + 2v < 1, then for all k such that k/N < T we
have the following sure bounds:

i i i i i i Cr
t— Lo E— Wo E— Pol < 15— .
€Y. = Col + Wi = Wil + |Bi = Bil < 55— (2.4)
where Cp > 0 is a constant that depends on T.
Proof. See Section O



Remark 2.9. One can also show, with the absence of clipping function %, that

Cr

Chr = Gl + [[Wir = Will + 1Ly - Bil < F (25)

and hence by a telescoping sum argument,
|Ci — Col + |Wi = W5|| + | By — Byl < Cr.

The proof of this remark is also very similar - see section [6.1} However, this does not reflect our intuition
that the trained parameters are closed to the initialisation. The clipping function here is crucial in justifying
the linearisation of the sample outputs with respect to the parameters in our analysis.

Define the empirical measure of (C%, W}, Bi) as AY, i.e.
X
N _ -~ S
N = 2 o i
i=1

Lemma says that the parameters at step k£ should be close to the initial parameters on average, so )\N
should be well-approximated by AY in some sense. We therefore expect that for k < |TN|, )\k converges
to A (distribution of initialisation) in a sense to be specified. However, establishing such convergence using
our traditional way of studying its limiting ODE (see e.g. [20]) is difficult. To that end, the evolution of

N

1 o
<f, g, > = /Rl+d+1 fle,w,b) Ay, (de, dw, db) = N E f(CL, Wy, By),

=1

i.e. the inner-product of the empirical distribution with a smooth test function f € C*°(R*4*1) does not
look like a discretization of a differential equation. A new mathematical approach is therefore required to
analyze the infinite-width RNN.

Our result is divided into three parts: a result regarding the dynamics of sampled memories through the
network, the limiting ODE of the process Yk , and how one could gain insight on how the tBPTT decreases
the loss function by studying the limiting ODE.

3 Dynamics of the memory units

We characterise the dynamics of the memories as a sequence of a random function with respect to the
weights. Specifically, we have S,ij_vl = vy, 1 (W}), where v}, ; (w) satisfies the following recursion:

vip1(w) =0 ( Xk + ZBkvk (Wi 1)) ;o vp (w) =0. (3.1)

We will show that the sequence of random functions {v,iv () converges in distribution to some sta-

’ }k:>0
tionary distribution over a specific function space, as a result of the ergodicity of the underlying input and
output dynamics, and the parameters do not move too far from their initial position. Taking these observa-
tions into account, we study the joint process V;¥ = (X, Zx, Yi, vi (-)) ~ v} as an element of the product
space

X = Bl() [ CU,C]XQ,

where
By (0) = {(z,2) |[(z,2)| <1}, (3.2)

H is the set
H={f(w wa+b):a€Rd7\a|§1,b€R},



and H is the closure of H with the Sobolev norm (with respect to the distribution of initialisation of w (i.e.
A)

1Rl ) = / (@) + [Vh(w)?) Adw). (3.3)
We equip the space X’ with the norm ||| ,:

I, 2,5, )% = |2l + |27 + [yl* + 1Bl ) (3.4)
and the usual Borel o-algebra B(X') that contains the open subsets of X with respect to this norm.
Lemma 3.1. An element v € H satisfies

sup |v(w)| <1, sup|Vv(w)| < Cy <1, maxsup [|0;v(w)]] < Cy < 1.
w w 9 w

As a result, we know that v € H'(R% \) =: HY(\), i.e. H is a (proper) subspace of H(\).
Proof. The first inequality is immediately true by Assumption [2.3] The second inequality is true as
Vo(w) =o' (w'a+ba = |Vo(w)| < |0’ (w"a+b)||a] < C,.
The second inequality can also be proven by noting that
Hessv(w) = 0" (w'a+blaa’ = [0;;0(w)| < |o” (w'a+b)||ail|a;] < C,.

Notice that this implies that v € H()), as the [v[l z71(») norm is well-defined and bounded by the following

2 2
[0 F1 (2 < /Rd (Jo(w)|* + [Vo(w)|*) A(dw) = /Rd DU(wTa+b)| + o’ (wa +b)| |a|2] Adw)
< / (14 C2) N(dw) =1+ C2 < +oo. (3.5)
Rd
In fact this yields the control [|v||g1(n) < v/1 4 C2, so H is bounded in H'(\)-norm. O

As a result, the closure 7 is a proper closed subspace of the Polish space R41+1 x H!()) in the X-norm,
hence it is a complete normed space as well.

As the parameters do not move too much from their initial position, we would expect )\kN to be close to
AN in some sense when k < [NT]. We also expect AV to be close to A when N gets large. This motivates
us to consider the following auxiliary processes:

Hy = (Xk, Zie, Yie, he(+)) ~ pag,
where hy, is governed by the following random iterations:
hpsr(w) = o(w' Xy + @' hp(w'),\)) € H, ho(w) = 0. (3.6)

We will quantify the distance between v} (w) and hy(w) in the later part of this section, but let us focus on

this auxiliary process. The process is a Markov chain of the form Hyi1 = F(Hy, €k, 1), where

F:(z,z,y,he,n) = (9(x,2) + € f(z,2) + n,6(x, 2,y,h)) € X (3.7)
S (2, h) = [we o(wz + (bh(w), \)] € H

As a result, the Markov chain possesses the following transition kernel P : X x B(X) — R, where:

P(Ha A) = Ee,”](]IA(F(H7€777)))'

We make note that



Lemma 3.2. For any fized realisation of (e,n), the function F is qo-Lipschitz continuous with qo <
VL?+8C2 < 1. Due to Assumptions and on L and C, respectively , we have qo < 1.

Proof. See section [6.2 O

This enables us to show that the Markov chain (Hy),>1 is ergodic, which is the objective of subsection

81

3.1 Geometric Ergodicity of the auxiliary process

Given a norm ||-|| on a vector space X such that (X, |-||) is Banach (i.e. complete) and separable, we can
define the associated p-Wasserstein distance for p > 1 [25]:

Definition 3.3 (Wasserstein Metric). Let pi, p2 are measures in the p-Wasserstein space of (X, ||-||):

o e PRI =+ [l plde) <400
X
A measure p on X x X is a coupling between p; and po if

pr() = p(- X X) pal) = plX x ).

The p-Wasserstein distance between p; and p, with respect to norm d is defined as Wassﬂ,'”(pl, p2) that
satisfies

P
Wassy)'”(pl,pg) = inf / lu—v||% ~v(dudv), (3.8)
YET(p1,02) Jx x X
where T'(p1, p2) is the set of all couplings between p; and ps.
The norm ||-|| might be omitted in writing Wassy)'”(pl,pg) and ’P;U'”(X) if no confusion is created as a
result.

Remark 3.4. Note that the infimum in (3.8)) is a minimum [25], i.e. there is an optimal coupling v* € I'(p1, p2)
such that

[Wassf 1)) = [ =l 7o) (3.9)

This fact will be used to prove bounds for the Wasserstein metric between successive terms of sequence of
distribution py.

Recall that the transition kernel P induces an operator on the space of all probability measure on X':
PV
p B PN = [ PO plaH).

In particular, the sequence of measures (pux)k>0 could now be written as p = (P¥)*puo. Thanks to the
qo-Lipschitzness of the function F', we could show the following control:

Lemma 3.5.
Wasso(P(H,-), P(H',-)) < qo ||H — H'||X .

Proof. We consider the joint random variable Fy g = (F(H,e,n), F(H',e,n)). We note that the first
component has the same distribution as P(H,-), and the second component has the same distribution as

P(H',-). Therefore the distribution of Fy g+, denoted as g g, is both a coupling between the measures
P(H,-) and P(H',-) and a valid ((H, H')-measurable) transition kernel. Therefore, by Lemma [3.2] we have

1/2
Wassy(P(H, ), P(H',)) < [Er, , [F(H,e.n) = F( e )] < aoll = Hlx. (3.10)

O
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This leads to the following formal result on the convergence of .
Theorem 3.6. For all v € Po(X),
Wasso (PY (), PY(v)) < goWassa (11, v),

where qo < 1, and the 2-Wasserstein distance is taken with respect to the metric induced by the |-|| , norm
defined in (3.4). As a result the operator PV has a unique contractive fized point u, which is the stationary
measure of the Markov chain (Hy)k>o0-

Proof. Let v* be the optimal coupling between p and v, such that
(Wasss (11, )2 = / IH = A2 ~* (dH, di). (3.11)
x

We look at the coupling
1= [ Gl (@H.dR).
XxX

The integral is well defined as 5y 5(-)(A) is a (H, H)-measurable function for any sets A € B(X x X).

One can directly check that «y is a measure. In particular, v is a coupling of PY(u) and PV (v), as for all
A, B € B(X)

W(AXX)Z/

XXX

v(XxB):/

XXX

Sa(A x X)~*(dH, dF) = /X P(H.A) 5" (dH.dH) = [PY(0)(4), (3.12)

Fu,a(X x B)y*(dH, dH) :/X XP(H’B)’V*(dHadH) = [PY()|(B).

We therefore have v € I'(PY(u), PY(v)). Finally, since

W(A><B)=/

&H)H(AXB)W*(dH,dFl):/ / Luses (L, H) 3y o (dH, dF) 7 (dH, dF)
XXX XXX JAXXX

one could extend the above formula to define an integral of (H, H)-measurable functions c(h, h) with respect
to the coupling ~:

[ cnmytandny = [ [t ) p(aH ) 5 @),
XXX axx Jxxx '
so we could use this formula with ¢(h, h) = ||h — h||% to conclude that
Wasso(P (). PYONE < [ [~ 3 Gyl dH. i) 2 (@, ),
XXX JAXX

(3.10) 9 - . _
= / G2IIH — A2+ (dH, dF)
XXX

B2 g2 Wass, (11, 1)), (3.13)

Therefore PV is indeed a contraction in the space P2(X). Since X is a complete space with respect to the
|| -|| 2 norm, so is Pa(X) with respect to the Wassy metric [25], so by Banach fixed point theorem P admits
a unique fixed point u, such that

PY(p) = p.
By definition of P, we see that p is the unique stationary measure of the Markov chain (Hy)x>0, so that for
any initial distribution py and induced sequence (uy)k>0 we have

Wasss (uk, 1) = qgWasss (110, 1)
This completes the proof of Theorem O
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3.2 Bounds on auxiliary processes

We will introduce a further auxiliary sequence HYY = (X, Z, Yy, hiy (*)) for our proof, where the random

sequence (hév ()) k>0 €volves according to the equation

Ay (w) = o(w' Xp, + (VY (w'), AV)), k) (w) =0. (3.14)

Remark 3.7. We could now express the hidden memory units in terms of the auxiliary processes. In fact,

e The trained hidden memory units ,SA’;CN = v (W}_,) for k > 1. The base case is justified as SN —
vV (WE) = o((WE) T X1), and we could inductively prove that

N
&i i i 1 i &,
Skivl = (Wi) =0 ((Wk)TXk + N ZBkSkN> =0 <(Wk ) Xk + ZBk”k (Wi ) )

i=1

e We also show that the untrained hidden memory units S,i’N(X 100) = hiY ( Y for k > 1 and 0y =
(C*, Wi, B%). This is shown by noting that for k = 1, we have St (X;60) = hN (W) = o(W)T X,),
and inductively,

N
wHT X, + Z BISIN(X;0)

SpN(X50)

Il
)

N
; 1 , ,
=0 | (WHTX + N ZlBﬂhkN(Wﬂ)
‘7:
=0 (W) TXp+ (V'hy (w'), AV)) = byl (WF).
Since we already know that the individual parameters C,;, Wk', B; k are close to their initial values C*, W, B’
by Lemma we should expect that the random functions vl (-) to get close to the functions hN (- ) as

N — +oo. In addition, we should also expect that hY () to be close to the random functions hk( ) as
N — 400 as well. This is useful in proving the weak convergence results in the next section.

Let us formalise the above heuristics by studying the difference
TR (w) = o (w) = hy(w) = T (w) + T (w),
where
Tyt (w) = hyY (w) = hg(w), (3.15)

DY (w) = v (w) — hiY (w).

We will show the following
Proposition 3.8. If a Vb = max(a,b) and a A b = min(a,b), we have for k < |[NT],

2 12
N,1 N,1 i
E Hrk (“’)Hmm v maxE [Fk (W )} <~ (3.16)
for some constant C > 0, and

E[[r¥?w)||  vmaxE L2 (we o _Or 3.17
k (U)) HI() maX ( ) N2-28-27’ ( . )

where Cr > 0 is another constant depending on T. Therefore for k < |[NT|,

C Cr Cr
N N (117 2

E [T ()21 ) v maxE [0 (W9)]° < 4C2 (N — 27) < (3.18)

12



Proof. See section [6.3] O

As an immediate result of the above proposition, we see that the empirical distribution of the untrained
memory units converges. This gives a formal statement of the mean-field behaviour of the distribution of
the untrained memory units.

3.3 Numerical simulations

To illustrate the above results, we simulated 100 paths of the untrained hidden memory units, denoted as
hy PP (W) = SpN(XPath ) each based on the common parameters § = (C?, W, BY) and an independent
instance of the input sequence XP2™ for path = 1,2, ..., 100. The actual input sequence is simulated from the
following 2D random dynamical systems:

{)Z(:Ii]:;tanh@ [(1) 1(/)2} P [)Z(:D " =[f‘f’§§ %fg]’XOaZo%Uniform[OJ]. (3.19)

We choose the standard sigmoid function as our activation function, and (B?, W) are simulated so that
B % Uniform[0, 1] and W  Normal[0, 1]

The mean-field behaviour could be studied by looking at the empirical distributions of the untrained
hidden units for each set (represented by the grey lines in figure [3)):

th _ 2 :
’pa 5hN path Wl

as well as the overall distributions of the hidden units from all sets as a Monte-carlo estimate of the expec-
tation of the distribution of hlY (W?) (represented by the red lines in figure [3)):

100

N, overall 5
Vk — hN ,path W"
path 1

The convergence of distribution of hlY (W?) as N — oo is illustrated by noting that the above plots are
similar to each other for large N. Figure [I| in the introduction is plotted by stacking all overall empirical

N overall . .
distributions v, *°**™" on the same plot for easier comparison.

The intermediate proposition provides a solid foundation for our numerical experiment. Showing the
ergodicity of Al (W?) = S“N(X; ) is easier than showing the ergodicity of the function hy(-) as the former
does not involve the exact computation of (b'hy(w’), A). The above proposition implies that for sufficiently
large N, the untrained memory units h (W) = SN (X;0) exhibit similar ergodic behaviour due to the
ergodicity of hy. To illustrate this, we compute the time average of the empirical first and second moments
of the sample hidden memory units (S’,Z’N(X ;0))k>0 for each sets, defined as

T N
1 p
timeAvg?’p’path NT E E [hN’path ] , p=12 path=1,...,100,
k=0 i=1

as well as the overall time average of the empirical first and second moments:

| oo

. N I . N ,p,path

timeAvg, PO = — g timeAvg PP
path=1

They are both plotted in Figure 4} with the redline being timeAvgh****™" and that all timeAvgn "™ lies
within the greyband. The shrinking of the grayband towards the red line is another evidence of mean-field

13
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2 71519 2 75 2 759
& 501 | 50 & 501
= = =3
2 <4 2
o 2549 a 2.5 a 2.5
0.0 - ; T —— t 0.0 - ; ; T ; ; 0.0 - T ; T T ;
0.0 02 04 0.6 0.8 1.0 0.0 02 04 06 0.8 1.0 0.0 02 04 06 0.8 1.0
Output of hidden units Output of hidden units Output of hidden units
N = 10000 N = 100000 N = 1000000
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Z 1254 2 12,51 2z 125
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o h-l o
2 154 2 754 Z 7154
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K 8 K
£ 2517 T 2.5 & 2517
0.0 — T T T y u 0.0 T T T T u 0.0 — T T T T t
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Output of hidden units Output of hidden units Qutput of hidden units

Figure 3: Empirical distributions of the untrained hidden memory units kY (W?) for varying N and large

time step k =~ 50000. The grey lines represents the empirical distribution for a single set of the untrained

hidden memory units V,iv’path, and the red line represents the empirical distribution of all untrained hidden

. N,overall
memory units from all sets v,

behaviour, and the convergence of timeAvgn?***™! demonstrates the ergodicity of the untrained hidden

memory units. Figure [2|in the introduction is the enlarged version of 4] for N = 10°.

Please refer to https://github.com/Samuel-CHLam/rnn_ergodicity| for the code of the simulation.

4 Dynamics of the RNN output
4.1 Pre-limit evolution
To study the dynamics of the sequence YkN , we first study the auxiliary sequence of functions

N
1 P _
g che M gV(h; ) = ~F ; CLh(W}) = N'=8 (h(w)e, \Y ),

Notice that g,JCV (+) is a sequence of linear functionals on H that evolves with the time step k. We further note
that Sz’fl =op  (W}), so

Y/kN = gI]cV(U]]CV_‘_l(w)).

Using Taylor expansion, we derive the following evolution equation for g} (h) for a fixed test function h:

1The setting does not fully satisfy our strong assumptions, but it gives a good illustration of the general mean-field behaviour.
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Figure 4: The plot of time averages for N = 10¥,k = 2,3,4,5,6 and p = 1,2. The actual realisations of
timeAvgn ***™ lie in the grey band, and the red line is the overall time average timeAvg)”**" as the Monte-

carlo estimate of E[timeAvquf "P]. The desired converging behaviour is only exhibited when N is sufficiently
large.

15



Lemma 4.1. For all h € H, let

Agy (h) = giy1(h) — g (R),

N
Mgl (h) = N (1Y) =) Y [ SENAOWE) + (CLPASLA VRV T X |
=1
a
= —N(w Vi) ({oply 1 (w)h(w) + o’ (w - Xi + (bvp (w), A\Y ) VR(w) " X, AY)). (4.1)
Then for all k < |[NT],
Cr
1) N

‘Agk 8¢ )gk (h)‘ < N3—F—2v"

Proof. See section [6.4] O

We will prove that the RNN converges to a continuous-time limit equation on [0,7] as the number of
hidden units N — oo and where the number of time steps is k = 0,1,...,|TN|. The following time-rescaling
is defined to embed (4.1)) in continuous time: g/ (h) = ngth (h; 0| ny)). Using a telescoping series applied to
([4.1) and re-writing in terms of the empirical measure AY, one can conclude that

[Nt]—1 [Nt|—1
g (h) —gd'(h) = D 6Wgl ()| =| D> (Ag(h) =D g (h))
k=0 k=0
[Nt]—1
< > [aak o) - oM )
k=0
< Nix & Ce (4.2)

N3—B-2v  N2-B-2v

The sum in (4.2)) is an approximation to a Riemann time integral with error O(N~1), so one would expect
that for ¢ € [0, T, the evolution of g{¥ (h) for fixed h would converge in distribution to a solution of the linear
infinite-dimensional ODE equation. Formally, we have the following:

Theorem 4.2. Let T < oo be given and t < T. Define the infinite dimensional equation for g, € (H*(\))*,
the dual space of HY(X), such that for the test function h € H(\):

gu(h) = —a / [/X (95(s(H)) — Y))Koon (b, h) (M) | ds,  go(h) =0,
Kea(h,h) = (a(wx+ (t'h(w), \))h(w) + o’ (w x4+ 'h(w'), \)) Vh(w) "2, A),
S(H)) (w )—o—<w x+ (Fh(w'), A)) (4.3)

where H = (x,z,y,h), and p is the stationary distribution of Markov chain (Hy)k>o obtained in Theorem
(3.6). Then, for v > 0 sufficiently small, as N — oo and T < 400, we have

Cr
- E N h) — h < Nre o
teb[IéI;“]fSLIElEl [|9t (h) = g:( )H = Ne

wheree=(1—F—=27)AyA(B—-1/2)A1/2 > 0.

Proof. The well-posedness of the ODE is discussed in section and the actual proof of weak convergence
is deferred to section [0 O
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5 Limit RNN minimises the average loss

Let us analyse the deterministic limiting ODE. Again we let H = (x,z,y, h) and H= (%,2,y, ﬂ) If we integrate
the limit equation (4.3]) with respect to X again with the limiting measure p, we will obtain that

/X gu(s () p(dF) = /X [—a / /X (95(s(H)) — Y)Ko (6 (1), ) a(dH) dis | (P
P o [ (0ulsH) = 9P () Ry s, )

which yields
d .

G | @) (@) = o [ (an(s(H) = 9o () ) ) ()

Notice that the integrand on the left hand side of (5.1)) is g;(s(H)) and not g¢(s(h)). This is because
<(M)](w) = o(wx + <b’ﬂ(w’), )\>) mimics the limiting behavior of the pre-limit memory state 1)

Now, we can further compute that

i 3. 050 =572 i = [ [(gxc(m) —y)dgtijf“”] (dF)

- —a /X /X Kon (sC(R). 1) (91 () — 9)(gr (s(H)) — y) pu(dH) pu(dFl)  (5.2)

For convenience we define the kernel on X
K(H,H) = K, A(s(H), h)
= (o(w x+ W), A)[s(A)](w) + o’ (wTx + 'h(w), 1) VIs(H)](w), A)
= (o(w " x+ (t'h(w’), N)o(w %+ (H'h(w'), A))
+ o' (wx+ Whw'), A\))o'(w s+ (B'h(w’), A)x"%, \)
We can now prove that the loss is monotonically decreasing during training.

Proposition 5.1 (Minimisation of averaged square loss).

% |5 [ @) =57 utai] <o 53)
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Proof. By straight forward computation, we have

G |5 [ o) =572 utaiy

- a / / R (L H) (05 (F)) — 9) (e (s(H)) — y) ju(dH) p(dFl)

o f [

+ {0 (wx + (Wh(w'), A)o’ (w "%+ ('h(w'), X)x "%, ) (g:(<(H) = 9)(g(s(H) —y) p(dH) p(dH)

2
)

proving the claim. O

a< ([ o™+ W) Mtan(s(H) -y ntar) +

+ 2

/X o' (wx+ (W'h(w’), A))(ge(s(H)) — y)x p(dH)

<0

)

Therefore, the function ¢ — % [, (g¢ (¢(H)) —¥)? ju(dH) is decreasing. This is a useful theoretical guarantee
that emerges from the limit analysis. The pre-limit training algorithm (tBPPT) truncates the chain rule —
see the algorithm — and therefore it is not guaranteed that parameter updates are in a descent direction
for the loss function. That is, in principle, the loss (for the long-run distribution of the data sequence) may
actually increase when the parameters are updated. Proposition proves that, as N,k — oo, the RNN
model will be updated in a descent direction for the loss function.

6 Technical Lemmas

The unimportant constants C,Cp > 0 may change from line to line, and we allow the constants Cp to
depend on T'.

6.1 A-priori control of the parameter increments

Proof of Lemma Assumption on the activation functions ¢ implies for all £ € N

Z

i i 1 L
Siti=o | WD) X+ 5 2oBISEY | <1 (6.1)
J=1
_ 1N
ASEh =o' [ (W) X+ 5 D BLS™ | < Co, (6.2)

Jj=1

where (S';CN) k>0 and (AS‘;N) x>1 are as specified in algorithm (I} Therefore, we have

|Cli+1 Ck| <

i A
7 || (WY I + 1) € 55 @V +Cy) <

so by a telescopic sum argument we have for all k < | NT|

|Ci = Co| < Z i1 = Cil < 375 = N
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and

i i i i cr
Gkl < 1Col +[Ck = Col < 1+ 1—5— < O
We may further conclude that
i i a i aCyCr Cr
Wi = Will < 555 [Ci] [V (7Y >\+|Yk|} AN < S 2V + 6y < o
i o aCyCr Cr
(Bt~ Bl < o (10N O+ vl S CIASLY) < TN+ O] S e

=1
so by following the telescoping sum argument as above we conclude, as desired,

Cr

|CL. — Col + ||W1: - WSH +|Bj. — BY| < N

Proof of Remark The proof of remark relies on the observation that

aC,Cy aC
‘CkJrl‘ - |Ck’ < |Ck+1 Ck’ < N2 No=B ’SkJrl‘ (|YkN| + |Yk\) S N2-p (6.4)
so by letting Cj, := w one has
~ ~ alCy Cy aC? aC?\ .  aC,C,
Cir1 — C < N2 B + N Ok e Ok+1 < (1+ N Cr + N2—F

and by Lemma for all k < |NT|, one has

_ 2\ LTN] 2—8
Cr < (1 a}%) (1 + %) < Cexp(aC2T) =: Cr.

One can that make use of equation (6.4 to conclude that

aCyCy aCyCr  Cr
< -4
N2-8 + N — N’

Ciy — Ci| <

and that |C}€‘ < NTCt/N = Cr is bounded whenever k < | NT| by a telescoping sum arguments. This
enables us to show further that

Wi = Wil < 55 |ck| (19014 vl [A5,

1 [ ]
Vel + WZ|Ck]

Cr
5 lley | +ort=? < 2L,

N2-8
Cr
N2—

IA

N

Bl = Bi| < a5 (19014 1%0) Yo ICEIASEN
(=1

N
OZC .
fieat (C + %3 Z|ck|skﬁ> (Z |C£|>

o=1

aCy

Cr
= ya-p (Cy +N'7FC CT)NCT<W
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6.2 Proof of Lemma [3.2]

2

HF(i&Z,y,haé»ﬂ) - F(*%agvgvi"vevn)HX
2

= lg(a,2) = 9@ D 11w 2) = F@ P + [l 29 W) ~ k@ 25 W@,
<22 (je—2f + | = 27) +||ls(@ 2w () ~ (@ 2.5 ﬁ)](w)Hiﬂm

Note
[, 2, W) w) = [6(3. 2,5, ) (w)|
= |o(w @+ /A, N) = o + hw), \)|
o [w" (@ = @)+ (hlw') = R, V)|
< (Julle=al+ [ [pw) —B<w’>\ A(dw'))
(|w||x i+ ([ nw) w)/>
< Gy (Juwlfo = &+ 1A - hqum) .
= Jotw e+ (/h(w), )~ o(w" & + (hw), )\>)’2
<202 (ol [z = & + b = Alid ) -
Moreover,
Vst 2y, W))(w) = [Vs(@: 2,5 )] (w)|
—\va wTa + H'h(w'), \)) — Vo (w7 + (0h(w'), A>)]
o' (T + W), Mo o' (w &+ W hw >,A>>:z\
<‘ w4+ 'h(w'),\)) — o' (w7 + (b h(w’ ’|x\+‘U’(wTi+<b’iL(w'),A>)i & — |
wT (2= &) + ¥ (h(w) = h(w), >|+cg|x—az|

Cs (|w| 2= &+ b= Rl (x)) + Co = 2.
- 2
— ‘vo—(w% + (W R(w'), \)) — Vo(w F + (Hh(w), A>))
<302 ((1+ [wl)|e =32 + b = R|1?).

so, using Assumptions [2.1] and 2.5 we have the bound

a2, ] = [ 2, Wl = T+ (). ) = o™ + WhG) D),

§C§|wfa~c|2/ (5lw[? + 3) A(dw) + 5C2
]Rd

< 8C2 |z — #|* 4 5C2
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and
= 5 o7 ? 2 2 - 12 12 " 2112
|F@. 2y hiem) = F@. 2 5.0 en)|| | < (12 +8C2) (o =3 + 12— 27 + |y — 5 + |[n— |

By Assumption we have that the Lipschitz constant is bounded by
qg = L? —|—8C’3 <1,

and that F(-,e,n) is a continuous contraction for any realisations of € and 7.

6.3 Analysis of the auxiliary processes (proof of proposition (3.8))

Preliminary bounds for the auxiliary processes Let us begin by establishing some preliminary bounds
for hy(w), hY (w) and v} (w).

Lemma 6.1. All of the hi(w), hiY (w) and v} (w) are elements in H. As a result, the following holds:
sup |y (w)| V sup [hY (w)| V sup [viy (w)] < 1, (6.6)
w w w
sup |Vh(w)| V sup [VAY (w)| V sup |[Vop (w)] < Cy < 1, (6.7)

maxsup [0y i (w)] V |95 (w)| V 308 (w)]] < Cy < 1.
2,J w

Proof. To see this, we record the following recursive formula for the gradients of the above random sequences
of functions for our convenience:

VoRh(w) = o’ ( TXkJFNZBkUk (Wi 1)) Xg,  Vop'(w) =0,

=1
Vhp o (w) =o' (w' Xi + (VA (w'), ")) Xy, VA (w) =0,
Vhipr(w) = o' (w' Xy, + O'h(w'), A)) Xy,  Vho(w) = 0.

We further note that

N
E k”k Wk 1)

where C'1 depends on the size of the increments as derived in Lemma Similarly, we have

1M ,
< ¥ 2Bl [l W) <
i=1

N
[0 Ry (W), AV)| = < %Z |B| |hy (W] < 1, (6.8)

=1

1L .
NZB%Q’(VW)

i=1

[(b'hae(w'), A)| =

/ b hyy (w') A(dV, duw')
RxR4

< [ W) A ) <1
RxR4
So we know that for finite k, N, all of the hy(w), hiy (w) and vl (w) are elements of H*(\). O

Bounds for the differences between the auxiliary processes Recall that
T (w) = v} (w) = hy(w) = T (w) + TR (w),

where



Since the activation function is regular, we know that

‘rkNﬁl(w)f + ‘vr,ﬁ“(w)f < Jo(w" Xi + 'BY AVY) — 0w X5, + Bhie, V)|
+ o’ (T X 4+ (FRY,ANY) = o (w Xy, + (6 hie, M| 1 X
< (L4 Xk P)C2 (R (), AV = (1 hi(w'), X))
<202 (B)),

where
BN = (WY (W), AV ) — (i (w'), A)

Similarly,
N,2 2 N,2 2 2 N,2 2
ey 2(w)| + [V 2w)|” < 22 (B

where for k > 1 we define

and E)"? = Finally, we have that

¥ ) + VO )] <202 (BN + BY?)” < ac2 ((Eff’l)Q + (EiV’Z)Q) '

This yields the following lemma
Lemma 6.2. For all k> 0,

2 12 2
s, v ] < aczz 57
2 12 2
s}, v ] < aczs 57

E
E (|0 (w)|[571 s, V max E [0 (W) < 4C2 (]E [E,i\”lr +E [Efj’?r)

where a V b = max(a, b).

(6.10)
(6.11)

(6.12)

Proof. The proof for (6.10)-(6.12)) are similar, so we will only prove (6.10) here. To that end, we note that

the bound E,iv’l is uniform in w, so for all 4,
I 2 N1]?
E[rNovg)] <202k BN

Moreover,

B[, =E | L [0 w) + (70 w) ] s <2c28 | [ (8) aw)]

2
= 2C2E [B)]
This completes the proof.

2 2
It remains for us to control E [E,]c\”} and E [E,i\m} .

2We note that when k = 0 then v} (w) = hlY (w) = 0, so the value of Eév’2 = 0 regardless of what value we set for W? .
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Lemma 6.3. For all k> 0,
2
E[E] <

i

=1e

for an unimportant constant C' < co.

Proof. This is trivial for k = 0 since h}’ (w) = ho(w) = 0, so Eév’l = 0. For general k, we note by Young’s
inequality that

(E,fj’l)2 = (¥ (b () = b)), A) + (O'RY ('), AN — A))?

<2 ((H' (A (w') = h(w')), A))* + 2 (BB (w'), AN = A))%.

Now note that

E ((b’hkN(w’), AN )\>2) —E [JE {<b’hkN(w’), AV Ay hkNH
(;i (Bihg(wi) _/RM b’hkN(w’))\(db’dw’)>> | hﬁ” .

Since B'hY (W?) | kY is conditionally mutually iid for i = 1,--- , N,

=E |E

1

E ((0/hY (), AN —\)* = =E |E

(Brovy = [ vmdw) sy dw’>)2 | hifH

=

E

B[y’ 1] - (

VR (w') M(ab dw’)) 2]

==

1+d

1

< —E [E {(BlhkN(Wl))2 | h{f” + %E </RM bR (w') A(db dw’))2

E [(Blh,lf(Wl))Q} + %ﬂ«: </W bR (w') A(db dw’)>2

IA
ZlQ =z~ =

)

for an unimportant constant C' < co. In addition, we have

E (5 (B (') — hi(w')), \))” < /

R1+d

< ]E/ (a(uﬁxk_1 + (V' hy (W), AV))
R1+d

(b)) \(db' dw')E / |RY (w') = hy(w)|*> M(db dw")
R1+d
2
—o(wT Xp_1 + B h_r ("), A))) A(db duw')
2 2
<E / 2 (BYY) A dw') = C2E (B0
Rl+d

Therefore, we have

2 90 2
E(EY) < 5 +202E (B) (6.13)
By lemma [A]] for all £ > 0 we have
2 2C C
E(EN) < — " =2
( k ) ~ N(1-2C2) N’

noting that 202 < 1. The unimportant constant C' changes from line to line. This completes the proof. [
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Similarly,
Lemma 6.4. For all k < |NT],

2 C
N2 T
B(EY?) < g

Proof. Again, we have v (w) = b (w) = 0 so E}"® = 0. For general k, we conclude by Young’s inequality:
2
2 A ,
(B?) = <<b/<v,iv (w) = B (' Biol (Wi_y) - Byl <Wa>)>

<2 (Yo (o) — WY (@), AV)) 4

2\
= 1

Z\H

N 2
Z Bkvk Wk 1) — Bo”k (Wo))>

=1

<2 ({6 (o (') — BY ('), A Biod (Wi_,) — Byl (W)

2\1\9
Mz

z:l

We first analyse the second term, and we emphasise that this term vanishes at k = 0 as v{’ is defined to be
zero. For k > 1, we have
| By (W5) — By (Wii_y)| = [Bo(vr' (Wo) — v (Wiy)) — vk (Wi_y)(Bg — By)|
< (185 [or (W) — ol (Wi )| + v (W) [(Bo — Bi)|)
< (Cs |Bg| }Xk {(WG = Wi_)| + (B - BL)|)
(Co [W§ —Wi_y| +|By — Bil)
— E|Bjo) W) - Bl Wi_y)[* < 2B (€2 Wi - Wi_,[* +|Bj - Bi|)

C
«__ T
= N2—26-27°

IA A

where in the last inequality, we used Lemma [2.8] In addition, for k£ > 1 we have

N
(W ) = 1 @) AY) < 1 1B [l V) — b )

IN

o, L1 XL 4
T2 | 2 Bl (W) = (R () AY)
C

Therefore, we have
2 ) 2
E (E,i“) < 21 oo (E{jj) . (6.14)

By Lemma, for all £k > 0 we have

2 2C c
N,2 T _ T
B(£) < N?-2-3(1-2C2) N2 202

noting that 202 < 1. O

Proof. (Proof of proposition Lemma and imply that for any k& > 0, there is a constant C' > 0
such that o

2 2
N i
EHF’IC\M(W)HHI(A)VIH?XE{ o )} = N’

24



Similarly, lemma [6.2] and [6.4] imply that for all & < | NT'|, there is another constant Cr > 0, depending on
T, such that
Cr

2
N,2
E[ri*w], NTE

2
N2y ] <
Y v m;cLXIE [Fk (W )} <

This completes the proof. O

6.4 Proof of Pre-Limit Evolution (Lemma 4.1
We expand h(Wy, ;) — h(W}) using Taylor series as followed:
WWiier) = (W) = VRWE™) T Wiy = Wi)
= VAW T (Wi = Wi) + Wiy — Wi) THess h(W ™) (Wi, — W),

where W,z ", Wl ** are points in the line segment connecting the points W} and W} . The following remain-
der terms in the Taylor’s expansion is small by Lemma - specifically by (6.3] .

i i i% i Cr
‘(CkJrl — CLVRW) T (Wi, — Wk)‘ Ni—25-27 (6.15)
7% CT
’Ck Wiy — Wi)Hess h(W ") (Wi, — Wk)’ < Op(Cd?) Wiy, — Wi|* < S Nizg oy

noting that the derivatives of h are bounded. From this, we obtain the following evolution equation

Agi' (h) = g’ (h) — g ()

N
= 55 D (Chah(Wiy) = CER(W)
N
= 5 YM(Chs = COMWE) + CLWE ) = BV + (s = CO(Wi ) ~ H(V)

N
= NF Z[(Ciﬂ = C)h(Wy) + CLVR(WE) (Wi — W) + Cr(Wig — Wi)Hess h(W ™) (Wi, — W)
i=1
+ (Clyr = COVRW) T (Wi, = W))].

Notice that with the specific choice of the learning rate a¥ = ~2ozs by lb we get after training is
taken into account

N
~B Z[(Ck-H — Ch(W}) + CLVR(Wi) T (Wi, — W)
N
— NI - Y [Skﬂh W) + CLASEN VR(Wi)T X | = 5D gl (h).
i=1
Therefore, for all k < |[NT|,

2l () = 5D gl (h)|

N
1 4 ] i i i i % i i
= |57 2 [ChWi s = Wi Hess AW ) (Wi, = Wi) + (Choy = COVAIWE)T (Wi, —W@]‘
=1
1 X o . . . . . _ . . .
< <7 2 [| RV = WiHess hW™ ) Wiy = W)+ [(Chas = VRV Wiy — W)
=1
SN G Cr
— NB N4—28-2v N37ﬁ72’y'
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It is important to note that 3—8—2y > 24+1—5—2y > 2, s0 |Agl (h) — 6M gl (h)| = o(N~?2) uniformly
for k< |NT| and h € H.

6.5 Well-posedness of the limit ODE
The affine ODE on the dual space (H!(\))* (which is a Banach space) could be written as

%gt =A(g¢) +b, go=0,

where A is a linear operator from (H'(\))* to (H(\))* as defined below,
Asg € (HYO) = [Alg)h o = [ g6 ) )|
and b is the following linear functional:
bits [V (i) )
Therefore the ODE admits a unique solution if A is bounded. In fact, for H € X, we have

[Kxa(h, )] < /]Rd [1h(w)] + [VR(w)[] Adw) < [2]l g1y »

SO

[[A(9)](h)] S/X\g(h)l\’Cx,A(h,h)lu(dH)

< / 90l cars oy ISy sy (M)
< VT CZ gl oy ol - (6.16)

thanks to the fact that any elements of ¢(H) is in H so the control (3.5]) holds. Therefore, we have

IA@) z71.0y- < VIF C2lgll gy = Ml < V1 +C2.

Moreover, b is bounded the following sense:

[b(h)| < /Ml’Cx,A(h,h)lu(dx, dz,dy, dh) < Cy [|hllgrny = [10llzray)+ < Gy

Therefore, the following exponential operator is well defined for any 7" > 0:

0 tiAoi )
exp(tA) = s A =Ao..0A,
=0 v 4 times

and therefore

Proposition 6.5. The ODE (4.3) admits the following classical solution:

gt = /0 exp((t — s).A)bds, (6.17)

and when acting on h € HY(\) we have

gt(h) = /0 exp((t — s).A)b(h) ds.
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In particular, we have the following control over the operator norm

lgell oy < Texp(TILAID 1Bl 1 x> < CpTeVI+ET .= O (6.18)

where ||.A]| is the operator norm of the operator A, which is proven to be bounded by (6.16). So for all h we
have [g;(h)| < C7 [|h]| g1y for any finite T' > 0.

Proof. We follow [20] for our discussion. Firstly, Theorem 1.2-3 of [26] states that A induces a unique

uniformly continuous semigroup exp(tA). Indeed, consider the sequence of operators from (H!()))* to
(H' ()"

N i goi
Vit A) =3 A

1!
i=0

By triangle inequality we have the operator norm control ||[S™(¢; A)|| < exp(t||Al|) < +oo, uniform in
N. Therefore the partial sums (S% (¢,.4)) >0 must converge absolutely. Since the space of operators from
(H'(X\))* to (H'()\))* is Banach, the partial sum (S™ (¢, A)) y>o must also converge to an operator in operator
norm, for which we define it to be exp(t.A).

Since b € (H'(\))* is constant in ¢, then by Corollary 2.5 of [26] the ODE [4.3| admits a classical solution,
given by the formula (6.17)) according to Corollary 2.2 of [26]. O

7 Proof of weak convergence

The actual convergence of the ODE is broken mainly into three steps. Firstly, we show in subsection[7.1] that
one could modify the increments 6% g (h) by replacing the current parameters (C, W}, Bi) to the initial
parameters (C?, Wl B?) without introducing too much error, thanks to the heuristic provided in Lemma-
and Proposmon Then we remove the clipping in the evolution in subsection [7.2| by noticing the initial
value g{¥(h) is L2 mtegrable for all h € H. Finally, we establish in subsection the weak convergence
by using analysing the corresponding Poisson equation [27] of the Markov chain (Hy)r>0. The proof of the
main result of this paper, Theorem [£.2] then follows in subsection [7.4]

7.1 Replacing the trained memory units

Recall that gi¥(h) = gf\J[VtJ (h; 0| nv)), and that we have now established

[Nt]—1 o
1) t
o (1) =gt = D VM) <
where
a N
6N (h) = =5 (N () = Yi) 3 [Si AW + (CLPASL VAW T X, - (7.1)
1=1

In this section, we would like to show that one could study a simpler increment for the evolution of gi¥ (h),
in light of the a-priori bounds for the increments of parameters (Lemma and our current analysis of
the trained hidden memory units in appendix [3, We begin by showing that W™V (Y};) could be replaced by
UN (gl (hy)). This relies on the following lemma:

Lemma 7.1. If u,v € H, then for all k < |TN|, there are constants Ct depending on T such that

Cr

2
Elgi (u) — gif (0)|* < O N [l — o] 5 + T2y
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Proof. We start with

!(gm ) g1 (0) = (gx (u) — g&’ (v)|
=( gk+1 —gr (1) = (9031 (v) — g& (v))]

’ Agk (v )’
<|s 1>g = 809 )] + [0 (@) = 6VgY ()| + [6Dg (0) - Ag ()],

so by Young’s inequality,
2
E [(g01(0) = 9241 () = (g (w) — g’ (v)]
2 2 2
<3 [E (6062 () = sWgY ()| +E |Ag (u) — 6D (w)] + [0V gl (v) — Agl (v) } ,

[+ 55

<3E ’5(1)95(11) =W ()| + No-25 4 (7.2)

with the constant Cr depends on the constant in the pre-limit equation in Lemma[4.1] We further note from
the definition of §(Yg/¥ () in equation (7.1 that

008 (w) — 6g) <v>(

Z[ N (W) = o(W) + CLASEN (Vu(W) = Vo(Wi) T X |

N
_NQ‘w (¥i) - ‘

SO

2
E \5“)955 (w) = 6Vgl (v)]

S ’dJN (Vi) ‘ Z {5114]:]1 w(Wi) = v(W)) + CLASE Y (Vu(W) — V”(Wli))TXk] ]
[ N r . . . . A e . . 2
< rﬁﬂ D[S (W) — (W) + CRAS, (Vu(W) — W(W,;))Txk]
Li=1
c & i, N i i 2 i, N T
< k| (Skm (W) = o(Wi)) " + (CLASEN (Vu(Wi) — Ve(Wi) T X, H
OT :N I . .2 . .2
< N3y _(U(Wé) —o(WR))" + |Vu(Wy) — Vo(W))| ”
Cr N i i) 2 i i) 2 i i) 2
< | 20 [V~ ul)* 4 (0O0¥) — oW9)° + (u() — w(1¥)

-

o
Il

+ | V(W) — Va(Wi)|* + |[Vo(Wi) — VoW + | Vu(We) - VU(W3)|2H

N

Cr 2 4 2
=1
CT CT 2 CT CT
< NI {NQMQV +llu =0l | = N2 oy |u U||H1 ™ T Ni2pay

Combining the above with equation (7.2]) yields

C C
E ’(gljcv+1(u) - gl]cv(u)) - (gljcv—&-l(v) - g/iv(?fm < NTTQW flu— U||i11(x) + Wz,&y?
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so by summing the telescoping sums:

E

—1 k—1
=E|> (Ag)(u) — Ag) (v))| < NE Z AgN(u) — AgN (v))?

J

E g (u) — g (v)|”

Il
<
.

Il
<

Cr
SCTN}Y ||u U”Hl(A)er

This leads us to the following lemma.

Lemma 7.2. Define

N
« 'L
5(2)95@) = *ﬁ(w (gk (hi+1)) Z [ k-ﬁflh (Ck) A5k+1Vh(Wk)TXk]
=1
« N . P .
= 5 (W (0 (<X, Zie Yies ) = Vi) D [ S A (W) + (CLPASE VAW T X
i=1

then for all h € H, the following holds for all k < |[NT| —1

2 C
E[6Mgp (h) — 62 gl (h)| :

S N2

Proof. We first note the uniform bound in ¢ for k¥ < | NT|: thanks to the boundedness of the test function
h, boundedness of activation function (see Assumption and equations (6.1)-(6.2)) and the boundedness
of C% (see Assumption and Lemma , one has

SpM (W) + (CL?ASEY, V(W) T X, < C + CrC,C =: Cr,

where the constant C7 may change from line to line. By the boundedness of derivative of 9",
C N Cr |~

009 (1) = 6@ ()] < =F [N () = 0N (9 )| € FF [T =gl (sn)|. - (73)

Observing that YkN = g,iv (’U]]CV 'y1), and that we know a-priori that the iy and fuk has output bounded by 1 and

partial derivatives bounded by C,, we may invoke Lemma [7.1] with our a-priori bound [7.3] and Proposition
(see also equation (3.18))) to bound our required expectation:

2-CT
S N2

- SEE B [ 0) = o ) [

2
E ‘5<1>g;€v(h) — 5@V (1 )‘ B (g8 (vi1) — g8 (hri1)]

- CT Cr
B [Con? ol — hesallip + s |
B-13) Cr
< Nipeh (74)
The result holds by recalling that hyi1 = ¢(Xg, Zk, Yi, hi)- O
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We could then sum up all the differences between the increments to conclude that

2

INt|—1
ElgN(h) =gy (h)— > 6Pgt(h)
k=0
[Nt]-1 2 [Nt]—1 2
< 2E | | g¥(h) Z 50 1 (0Wg () - 6Dl ()
k=0
INt] -1
Cr ) N 2) Nyl Cr

< o PN Y E W) —0@gl )] < ghr

k=0

To understand the next step, we revisit the formula for §(2 g (h):

M=

(% ) 7 7 Qi i
6D (h) = =5 WV (98 (hies1) = Yi) Y [SeNh(WE) + (CL* A} VR(W) T X

i=1

0]
e

N
i i i i 1 j i i
vt (WORWE) 4+ (C)%a” | (Wi T X, + N Z Bloy (Wi_y) | VR(Wi)T Xy,

1 j=1

] =

N (g8 (hisr)) — Vi),

.
Il

= —— (WM (gx (hi+1)) — Yi) <Uk+1( )h(w) + o’ [ w' Xy + — ZBJ (Wi_)) | Va(w)" Xy, )\;16V>

Z|e

In light of the results proven regarding the increments of parameters (Lemma and the trained memory
units (Section , we would expect that one could study the new increments with the average of empir-
ical distribution of updated parameters )\{CV replaced by an average with respect to the initial parameter
distribution A. This is formalised by the following technical lemma:

Lemma 7.3. Define

5@ g (h) = —%(¢N(9;§V(hk+1)) — Y3) (b1 (w)h(w) + o’ (w' Xi + (V'hi(w'), A)) VA(w) " Xi, A),
= — N (g (<X, Zies Yes b)) = Yi) (s (w)h(w) + €0 (w7 X+ ('hi(w), X)) Vh(w) T X, A)

then for all h € H, the following holds for all k < |NT| —1
2 Cr
E |52 gN (1) —5(3>g;j(h)‘ < e

Proof. We break down the fluctuation term into different components

« L
0@gil (h) = 8P gl (h) = = (VN (g (b)) — Vi) ZM o

=1
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ME’N = <c2 ! ( TXk + = ZBkUk Wk 1)) Vh(w)TXka )\év - >‘N>

j 1

= (hi+1(w)h(w), AN = X)
= {0’ (w' X + (W' hi(w'), A)) VA(w) " Xi, AV — X)

This implies

9 9 6 2 6 )
£ [6®g () — 5©g ()] < S [W(gif (hesr) = Vil (Z M,:’N) ] < o (ZE [ )

=1

Now note that:

| = 35 i o vy
< Ni [ WiR(Wi) = v (W)h(W)|
< Nﬁ: (o (W (R(WE) = ROW))| + [ (W) = oy (W) R(WY)]]
< ]Cvfnw - (7.5)
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N

N
3« ( ( (W) X+ - > Bl <W;z'1>) Vh(Wi) " X,

z:l j=1

—(Ch)’o ((WOWXHZBJ (W o) w(Wa')TXk)‘

1 N : ) 1 N
Z l| Co) | UI((WIz)TXk‘*‘NZBkUk (Wk 1)Vh(Wk)TXk)
z:l j=1
<C
+ (2o ((Wk)TXHJZlBJ (Wi_1) ) VAW T X,
B N
— o' (07 X+ Z ¢ (Wi 1)Vh<WO>TX’“]

2

1 % 0 i i
<N§_:l|0k—co|]ck+00]

SCT

+ o' (W)X + + Z Bl (Wi_)) =o' (W) X0 + ZBJ (Wi, )’ IVA(WE) T X5|
J 1 SVC
SCO‘Wli_WS‘

N
i 1 j i i i
+ o' (W)X + & 2Bk <Wk_1>)\xk| Vh(W) - Vh<wo>|]

<Cd2|W; -W(|

<dCs
N
Cr i i i ; Cr
SW;[|Ck_Co|+|Wk—W5H S N (7.6)
Furthermore,

: 1 C &
‘MISN‘ < Nz i1 (W5) = haea (W) | |R(WG)] < Nz k1 (
i1 ]

where I'Y (w) = v (w) — hi(w). By Proposition and recalling the definitions of EN:!, EN:2| we have
Z‘ 2
B[ < € ZE T2, (075)

c[E (5] + e [m22] ]
ERED {N 2025 (B} )2+720T +202E (E,iv_fjﬂ

N2—28—2v
’ Cr
= N2-28-2v°

Next, we have

2- Cr

4N N,1 N,2 4 N
‘M ’<CHE ‘Jr’E H:HE[M } = N2—25-2v
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The remaining two terms could be easily bounded using similar arguments in establishing equation (6.13)).
Formally, we note that hg1(WS)h(W{) | hgsq is conditionally mutually iid for i = 1,--- , N, so

BN =B (o ()h). 4 - 2)7)

=E {E [<hk+1(w)h(w)’ AN — /\>2 ’ hlﬁ_l”

E | E (zbi (hk-&-l(Wé)h(Wé) - /hk+1(w/)h(w/) A(a’ dw/))>2 ‘hk+1

1
—E
N

C
< —.
- N
Noting also that (C§)%o’ (W§) T Xk + (b'hi(w'), X)) VR(W{) T X, | hie, X, is conditionally mutually iid, we
can apply the exact same argument to show that

E {(hkﬂ(wl)h(wl))? | hkﬂ} — (/ Py 1 (w")h(w") A(db’ dw’))j

E [((C3)20" (W T Xi + W' hi(w'), \)) VR(WE) T X)]°
N

Finally, since 8 > 1/2 and v > 0, we have 2—2—2y < 1—2y < 1,50 CpN~! = o(N~(2-28-27)) Therefore,
one could sum up all fluctuation term to have

2
E Mg = <2

=l

2 C C C
E 6@ (h) — 6Vgl (h)| 5 :

< N2—2v N2—-28-2v  N4—28—4y"

Arguing as before, one could now conclude that

[Nt|—1 Cr

E g () — g5 (h) = D 8P (h)| < <5 (7.8)
k=0

7.2 Removal of the clipping function

So far, we have shown that one could study the process g2 (h) by looking at the increment 5(3)9,16\7 . To
simplify our computation, let us recall the fact that

his1 (w) = [(Xis Ziy Yiey hae)}(w) = o (w " X + (W' hye(w'), A)),
and define the kernel ICp A (+,-) : H x H — R for all z:

Kua(h,h) = {(o(w"z+ 'h(w)))h(w) + o' (w'z + (Vh(w'), ) Vh(w) "z, A),

then

6@ g () = =5 @V (g8 (hacs1)) = Vo) (s ()h(w) + 20" (w" X+ ('), N)) Vh(w) X, A).
= _%(¢N(Qllfv(hk+l)) - Y) <U(wTXk + (V' he(w'), X)) h(w) + o’ (wTXk + (0" (w'), )‘>) Vh(w)TXk’ )‘>
- _%(w(g}j(g(xk, Zios Yy h))) = Yi) Ky a (hy hy). (7.9)

We have assumed that |(X, Zx)| < 1 in Assumption which implies | Xj| < 1, so we could limit our
discussion of the kernel IC;  for |z] < 1. By Assumption on activation function o(-) and the space H,
we have

o a(h,h)| < C.
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The main objective of this section is to remove the clipping function in §() g (h), and set the initial
value of the output evolution to zero, without introducing too much error.

Lemma 7.4 (Uniform integrability of gY (hmy1)). For m < |[NT| — 1, we have E [g%(hmﬂ)]z <Cr.

Proof. Using the independence and identical distribution of (C§, W¢), for i = 1,--- , N and the fact that C}
and W¢ are independent from each other with C§ having zero mean, we have

v vt 2
s ) =22 | (45 et x0 ) | x

: H

=F 1§:E|:(Ci ((Wi)TX 2
- NQB : 0o 0 0))

<E NzaZ

Nza 1
Therefore by we have
m—1 2
Elgn (hmi1)? < 2E| > 63 gY (hmsa)| + %
k=0
ZLZ_?: 0 )]+ g
< 25\?%15 0N (g (hesn)) = i + %
k=0
< ”NTM 2 [E 0" 0 (e + V] + o
k=0
< ZLCNTZ:)I [E ’Q;ng(hkﬂ)f + Cﬂ + %
< MTT 7:_01 [E |g{j(hk+1)|2] +4CC2T + %
< MTT m_l]E ‘gliv(hkﬂ)f +Cr

>
Il
o

We may then use discrete Gronwall’s inequality to conclude that

4CmT
Egﬁ(hm+1>2<cTexp( N )<cT.
O

Because the expectation E|gY (h,,11)]? is uniformly bounded for m < |NT], we may invoke Markov’s
inequality to prove the following:

Lemma 7.5 (Removal of clipping function in 6*)). Define
e’
s Wgp (h) = N(giv(hkﬂ) — Yi)Kx a(h, h),

then for all h € H, the following holds for all k < |[NT|

Cr
E 5(3)95(}1) - 5(4)g]]€\l(h) < NIt
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Proof. Note that

«
6Wgl () = @ ()| = T

Recall that when |gl (hi41)| < N7 then ¥~ (g (hr+1)) = g (hs1), s0

C
[N (R (hies1)) = gn (i) | 1K xo (B )| < v [N (g8 (his1)) = gi (hisr)|

¢N(g;iv(hk+1)) - g]]cv(hk)+1) = W’N(gl]cv(hkﬂ)) - gljcv(hk+1)) (1{|g’i\7(hk+1)‘>N'¥} + 1{|g;j(hk+1)|§1\m})
= (N (g2 (hiy1)) — gIJcV(hk+1))1{|g£’(hk+1)|>N“f}'

Combining with [/ (x)| < |z|, we have

C
B 5062 (1) — 6D ()] < T [0 (0 (i) = 9 ()| gy

C
~E [N (g8 (hag))| + |98 (Pies)]] Lol (hasn) >N )

98 ) [ 110 (>0}

2C 2

W ]E‘glzcv(hk-i,-l)‘ \/E {1{\g,§(hk+1)|>N7}]
Or

N

<

<

IN

E lgziv(hk+1)|2 Cr

< = )
- N2v N1+

Arguing as before, we have

|Nt]—1

C
E|g)(h)—g) (h)— > 6WgN(n)| < z
k=0

N2 (7.10)

We now record a simple observation regarding the boundeness of the second moment of g}’ (h).

Lemma 7.6. For all h € H,

1
E g5’ ()" < 55

Proof. Using the independence and identical distribution of (C§, W¢), for i = 1,--- , N and the fact that C}
and W{ are independent from each other with C§ having zero mean, we have

2 2
E [C{h(Wy)] 1

N26-1 < N26-1

N
1 . )
E [g5'(0)]" = 335 | 2 Con(Ws)| =
=1

O

Remark 7.7. The above is also true if we replace the fixed h with the elements in random sequence (hy)x>0,
as the sequence hy, is independent of the initialisation (C§, W)Y ;.

This allows us to consider the new evolution that ¢ (h) that satisfies the evolution equation

m—1
o)=Y Al (h), ¢ (h) =0 (7.11)
k=0
a
Ay (h) = =5 (0 (hrs) = Yi)Kx, a(h, ).
= — (R (X, Zy Yy ) = Vi) Koy n( o):

35



Lemma 7.8 (N (h) approximates g2 (h)). For allm < |[NT| and h € H,

Cr
sup £ | (1) = em W) < == mae—7a (7.12)
Proof. In light of Lemma we know that
E |gm (h) — om ()| < E [gm (h) = g5’ () — o ()] +E |g5" ()]
m—1
1 C
4) N N T
<E kZ((S( )gk (h) - A@k (h>) + NB—1/2 + N1-B—2y
=0
C'" & N 1 Cr
< N — E |gk (hk+1) - Pk (hk+1)| + Nﬁ_l/g + N(l_ﬁ_g,y)/\py' (713)
The above inequality is also true when replacing h = h,,+1, in particular
C'= 1 C
T
E |g717\i(hm+1) - @%(hmﬁ‘l)‘ < N kZO E }gliv(hk?"rl) - Spllcv(hk?"rl)’ + NB_1/2 + N(l_ﬁ_ZV)A'Y; (714)
so by discrete Gronwall’s inequality,
Crexp(Cm/N) Cr
N N
E |gm (hm+1) = om(bm+1)| < Fammammn=173 < NOFon A1/ (7.15)
We can then plug in (7.15)) into (7.13)) to obtain our desired result. O

With the absence of initialisation in the sequence X (h), one can prove that ¢ (h) is surely bounded
for any h € H.

Lemma 7.9. For m < [NT| and h € H, |pN (h)| < Cr surely. Moreover, X (h) is Cr globally Lipschitz
with respect to the HY(\) norm whenever m < |NT|. Finally, consider the map for H = (x,z,y,h)

G™" i H € X o —alpn (s(H)) = y) K (h, h),

so that
N x D (h) = G™ (X, Zins Yoy o). (7.16)

Then for fized h € H and m < |[NT],
o [|G™hdu < +o0, where p is the invariant measure of chain (Hy) as induced in Theorem and
o G™" s Cp-Lipschitz in X.

Proof. From the evolution equation, one sees that
EOESS (k) + ), (r.)
N j—
The above equation is true for & = hyy1, so by discrete Gronwall’s inequality one has
|<pm hms1)| < Cexp(Cm/N) < CeCT =: Cr.

Substituting this into (7.17)) yields our estimate |¢[ (h)| < C. To show the global Lipschitzness of ¢} (-),
we note that for any h,h € H*())

o)~ o0 < Y- el () = Vil [ [IhGw) = hw)| + [Vhw) -~ Thw)l] Aduw)
k=0
< Cr Hh - BHHl(/\) . (7.18)
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It is then immediately true that [|G™"(x,z,y,h)|u(dx,dz, dy,dh) < +oo. Finally we recall that if
(x,2,y,h) € X then |z| <1 and |y| < Cy, and that |[K; x(h,h)| < C. Therefore, for any H = (x,z,y,h),H =

(%,2,¥,h) with [x| V [x| <1 and |y| vV |y] < Cy,
Kon(hsh) = Kea (s )] < | ([a(w)llo(wTx+ E'h(w), 2) = o(w 3+ $h(w), M), A)

+ (AIVR@)llo’ (wTx + h(), X)) = o (w %+ h(), ), A) |

<0G, | [wT= M) + [ Ina!) = () 2w

< 4aC, [|x — x|+ |lh - F1IIHI<A>} :

We also recall the controls from inequality (6.5)

Is(HD) ) = <)) s = [l (B (a). ) = w5 W) )

< 8C2 [l %>+ [Ih = All3 )|
< 8CZ|H — H|? (7.19)

so by (7.18) we have
. |2 -
els(H) = N (N[ < CrlH = I,
This yields the following control

— |G (H) = G (R)] < alf (b h)| [|omi(s(H) = i ((F)| + Iy = 1]
- al ((A)) = F11Kur (B, h) — K (1 )
< Cpl|H = Hl|x,

which completes our proof. In particular, the Lipschitz constant for G%" is independent from T as {\ (-) is
set to zero. O

7.3 Weak convergence analysis

We study the difference between the random evolution

Jun

m—

om(h) = > Agy (h)

k=0

and the evolution )
Fm(h) =Y 5oy (h),

k=0

where

o (1) = =5 [ (0 ((H) = Mo (b ().

We study this difference by first constructing the associated Poisson equation of the chain of memories
[27]. We write the transition kernel of the Markov chain (Hy)r>1 as P, and recall that the Markov chain
admits a limiting invariant measure p.
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Definition 7.10. Given G : X — R a measurable function with [ |G|dp < +oco, the Poisson equation is a

/ G(H) P(H,dH) / G(H (7.20)

where H = (x,2,y,h), H = (z,%,9,h), and P is the transitional kernel of the Markov Chain (Hy).

functional equation on G

In our case, the Poisson equation is used to replace the integral with respect to the invariant measure p
with an integral with respect to the transition kernel P. We note that the following expansion converges for
any H = (z,z,y,h) € X if G is globally C-Lipschitz:

= i ( /X G(H) P*(H,dH) - /X G(H) u(dﬁ)) : (7.21)

where P¥ = Po...o P. This is because
—_—

k times

H)P*(H,dH) — / G(H ’ < CWassy(P*(H, "), 1) < Cqp. (7.22)

As a result, for all H

li</XG(H)P’“(H,dH)—/)(G(H),u(dH))

Lemma 7.11. Let G be a globally C-Lipschitz function on X, and define G as in (7.21). Then G is the
solution to the Poisson equation (7.20). Moreover G is C/(1 — qo)-Lipschitz, where qo is as defined in
Theorem [3.4

|G(H)| =

- c
< Zng =7 < +o0. (7.23)
=0 q0

Proof. We observe that

/G P(H,dH) XLO(/G H) P*(H,dH) — /G )

We can exchange the sum and the integral as the integrand is summable (hence integrable). Noting that
w is invariant, we have

/(;(H) (H,dH) (/G H)P*\(H, dH) - /G (df[)).
X
Subtracting this from G(H) yields

- / G(H) P(H, dil) = / G(H) PO(H, dil) — / GUH) p(dfT) = G(H) — / GUH) p(dil)
X X X X

as desired. We further note that if H' = (2/,2',3/, h’), then

P(H,dH).

|G(H) H) P*(H,dH) — /G ) P*(H', dH)’
> CZWassz(Pk(H, ')7Pk(H/7 ))
k=0
<C|H-H'|x)Y a5 < I,
k=0
completing the proof. O
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We now consider the Poisson equations with G(H) = G™"(H) as deﬁned in lemma |7 - These Poisson
equations admit a solution for each m < |NT'| using the expansion in , for which we will call them
G™"(H). In summary we have

Am,h _ Am,h H) — m,h m,h
G™"(H) /XG (H) P(H,dH) = G™"(H) — /XG (H) p(dH). (7.24)

It is important to note from the above analysis that, since there is a constant Cr > 0 such that G™"(H)

is Cp-Lipschitz (Lemma|[7.9) for m < [NT| and h € H, the above analysis shows that Corollary below
holds.

Corollary 7.12.

sup |[G"™"(H)| < Cr,
hH

Ly

and that G™"(-) is Cp/(1 — qo) Lipschitz.

With this, we could study the difference between ¢} (h) and @l (h) for any h € H and m < [NT].
Recalling that Hy = (X, Zk, Y, hi) and letting H = (X,Z,y, h), we have
m—1
b (h) = (Lpy (h) = 5oy (h))
k=0
1 m—1 B B
> (G’“’%Hk) -/ G’“’h(H)u(dH)>
k=0 X
1 m—1 ) R
= = (G’“’h(Hk) —/ Gkvh(H)P(Hk,dH))
N k=0 X
= QM (h) + QY2 (h) + RN (n), (7.25)
where
m—1
1 ~ N _ _
QN (h) = (G’“h(Hk) —/ G’“’h(H)P(Hk_l,dH)>
k=1 X
1 m—1 )
QN2(h) = ~ > (/ G*M(H) P(Hy_1,dH) / G*I (H) (Hk,dH))
k=1 W&
1 /. SN _
R0 = (G0~ [ 6000 P, an))

Corollary [7.12] immediately leads to

C o0
sup |[RV1(h)| < WT Nz,
heH

The second term on the RHS of (7.25)), i.e. QN:2, could be analysed by observing that

</ GFIMH Hk_l,dH)—/ ék’h(H)P(Hkydg)>

>
k=1

:;</XG (H)P(Ho,dH) +Z/ G""(H) P(Hg_1,dH) T:Z:/X Hk,dH))>
(/

Q7 (h)

m—1
_« A k+1h kh
=% XG "(H)P(Hy,dH) +Z/G P(Hy,dH) — ];/XG Hk,dH))>
m—2
— 83 [ (@)~ G ) P A + R (),
k=1Y%

39



where
RN:2(h) :;(/Xél»h(H)P(Ho,dﬁ)—/Xém—lvh(ﬁ) P(Hml,dﬁ)))

We therefore naturally break our analysis of Q)2 into two parts:

Lemma 7.13. If m < |[NT|, then supy¢cqy |RY2(h)| < Cr/N.

Proof. We note that G s C-Lipschitz by Lemma Moreover, since G™" is Cp-Lipschitz whenever
m < |[NT], we know from Corollary that G™"(-) is bounded by some constant Cp > 0 as well.

w0l < || [ @i pooam - [ G P, am)

+

/X GYM(H) P(Hp_y,dH) — /

G VM H) P(Hp, 1, df{)’ }
X

Cr

< 5 (CWassy(P(Ho, ), P(Hy-1,)) + Cr + Cr) < =T

for a constant Cp that depends on 7' but changes from line to line. O

Lemma 7.14. Fort <T, there are Cp > 0 such that for allm < |NT|,

sup [AG™H(H)| < <7
Hex N

where Aémvh(H) = Gm+1,h(H) _ Gm,h(H)‘

Proof. Define AG™"(H) = G™TLh(H) — G™"(H), then we see that AG™"(H) is a solution to the Poisson
equation for AG™"(H), i.e.

A@mvh(H)_/ AG™M () P(H,d) = G™"(H) — [ AG™"(H) ju(dH),
X

As seen in -, the boundedness of Aém’h(H) depends on the Lipschitz constants of AG™"(H).
The proof is completed if we prove that AG™"(H) is Cr/N-Lipschitz. To begin, we note that
AGm’h(H) _ Gm+1,h(H) _ Gm’h(H)
= a(phs1(s(H)) = o (s(H))Kua(h, h)
G () K (B ),

where Hy, = (X, Zm, Yim, hin). Since we know a-priori that [(Xp,, Zm)| < 1, |Vin| < Cy and [[hplc2 < C,
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we have the following control

K, A(S(H), o) = K, A(S(H), o)

< (lo(w " X + (V' hun ("), 1) ([s(H)](w) = [<(F)](w))]

+ o’ (w X+ (6 B (w'), ) (VIS (H))( )*Vk(ﬁ)](w))TXm\,/V
(

[ 1) — <R M) + Co [ [96(R)w) = D)) X )
<+ CllH) = @l = CCall+Co)lH = Rl
— () — e ()
< ol (0 (0T Xon + (), ) — Vil Kt a(6(H). o) — Koy n(6(F). )|
< Cr|H - H|x.
= |AG™"(H) — AG™"(H)|

= K (RGO (Hy) = G (Hyp)) 4 GO (Hop ) (o (i h) = K ()]
Cr ~

< — - .

< 5 IH-Hlx

So indeed AG""A}’(H) is Cp/N-Lipschitz whenever m < |[NT|, and therefore there is another Cr > 0 such
that suppcy [AG™"| < Or. O

The above lemmas lead to the control

Finally, let’s analyze the term Q~:1(h). Define the term
G 0) =GR () — [ GEME) P dR), k1,
X

so that QN1 (h) = (ad> e 11 G (h))/N. We define the increasing filtration {F,,}, with F,, the smallest o-
algebra induced by the random variables (Hj)g<m. Then {gojkv (h) }e<m are Fp,—1 measurable for any h € H,
as they are continuous functions in terms of (Hj)k<m—1. Therefore, we have

E[g (h) | Fr-1] = EIE[GY (h) | 9} ]| Fr—1] = EIGH" (Hy) | Hi1] — /X@k’h(H)P(Hk—hdH) =0.

If we define Hy,.,, being the sequence (Hy, ..., Hy,), and (%, (h)) being the smallest o-algebra so that each
of the random variables ¢, (h) is measurable, then for m > k we can prove recursively

E[gi (h)gm (h) | Fir] = E[E[g (h) g (h) | Hyn—1, 0 (@ 1 ()] | Fiemi]
= E[E[gx (h)gm (h) | Hi—1im—1, 0 (9h_1m—1 (1))] | Fio-1]
Elgy’ ()Egn, (h) | Hi—1:m—1, 0 (0= 1.m—1 (A)] | Frma] =

Finally, notice that G*"(-) is uniformly bounded (see Corollary [7.12), we have
2
B (G (1)) < B |GH ()~ [ R R) Pt a)
X

<2E [ékvh(Hk)r +2FE U é’“h(H)P(Hk_l,dH)r < Cr.
X
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Therefore

5 LNt]-1 5 LNt]-1

QYW =55 > EEF a0 =15 > ElGY (0)%) < <F-
k=1 k=1

The above estimates are uniform for all h € H, so by combining all of them we have

Lemma 7.15. For allm < |[NT|,
. Cr
E [oN _ =N 2 < 2T

Proof. We collect the above estimates to show that

SWE [ (h) = &1 ()" < 5wk [QV! ()] +sup B [QV2 ()] + sup B[RV (1)]”

Cr Cpr Cr Cr
<L 2L 2T < 2T
_N+N2+N2_N

Let us then define a new process ¢ (h) that satisfies the recursion

=

m—

Sm(h) =D dom(h), &g’ (h) =0,

k=0

301 () =~ [ (68 (S(H) = Y)ICun () (),

and study the difference T'Y (h) = o (h) — ¢ (h). Then we have

m

Do (h) = om(h) = @ (h) + @5 (h) = dp (h)

=) = 0 = 5 X [ TN () K ) ).

So

So by discrete Gronwall inequality we have
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Lemma 7.16. For allm < |TN| we have

SN Npn2 _ Ny N2 o Or mCr Crexp(TCr) Cr
£ = sup BIFS )] = sup BIo(0) — o2 (0] < S enp (77 ) < CLoRECD G

Finally, define ¢ (h) = ]LVNt |(h) be a time-rescaled evolution of #N (h), and recall our desired limiting
equation is

) = —a [ t [ 06O = s )| s, gt =0,

Lemma 7.17. As N — 400, we have

Cr

sup sup |¢ (h) — gi(h)| < ~
te[0,T] heH

Proof. Let ~
Y (h) =7 (h) — gu(h), T =Sgp|T§V(h)lv

then for m < |[NT|,

T%H)/N(h)‘ = \QZ)%H)/N(}I) - ‘%X/N(h) - 9(m+1)/N(h) + gm/N(h) + T%/N(h”
< i1 (h) = i (B) + gms1)/n (h) = Gy (W) + 1T 5 (B)]
< ' — o [ @N((H) = y)Koa (h, ) (i, dz, dy, dh)
X
(m+1)/N
—af [ (0u(6(1) = () ol . dy, db) dt\ TN ()
m/N X

(m+1)/N
<a / /X (6 (s(H) — gy (s(H) + gy (s(H) — ga((H) Ko (s h) pu(d., dz, dy, dh) dit

m/N
+ X ()]

(m+1)/N
< a/ ) / HT%/N(h)’ + | gm/n (h) = gs(h)| 1K x (B, h)|} p(dx, dz, dy,dh) dt + [T 5 (h)],
m/N X

The control of the operator norm of g; by (6.18) suggests that for all h € H, g;(h) < Crllhl/ g1 < Cr.
As a result, for all s € [m/N,(m+1)/N) and h € H,

96(6(H) — gy ()] < [ LA IS(H)) + B(s(H)) | r < Cr(s — /) < SF.
m/N
Therefore,
[t 0] < 35 [T+ SE] + 1N w0
and that

. Cor Cor
T iyn (h) < (1 + ) Ton + Nz

By Lemma (A.1)), for all m < |TN| we have

CT g < CT exp(TCT) o ﬁ
N — N N’

TN B _. N Cr
sup 6 () = g (1) = T () < (14
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Finally, for all ¢t < NT, define m = [t/N], then

sup |67 (h) — g5 ()| < sup [§7 () — by /v (B)] + sup | T30 ()] + 5UD gy () — g5 (R)]
heH heH heH heH

=0

_Cr O _Cr
- N N N
This completes the proof as the above bound is uniform in A € H. O

7.4 The final steps

Now, we are in position to prove the main convergence result of this paper.

Proof. (Proof of Theorem As a summary, we collect
e Lemma [Z.8

Cr
N N
3 sup Blgn () = em (W] < Famgmmaag-izar

e Lemma [7. 16!

Cr Cr
sup sup E[op (h) — ¢ (R)]* < -~ = sw Elpf (h) — ¢ (h)| < Nijz
m<NT heH hel
e Lemma [7.17
N Cr
sup sup |¢; (k) — g:(h)| < N
te[0,T] heH

Adding all of the error terms yields:

sup sup Elg; (h) — g¢(h)| < sup sup [Elgf (h) — o7 (h)] +Elgr (h) — ¢¢ (h)[] + sup sup [E|¢y (h) — gi(h)]
tel0,T) heH te[0,T] heH te[0,T) heH

< sup sup [Elgp (h) — on (B)| + Elpp (h) — ¢m(P)|] + sup_sup [E|¢; (h) — g:(h)]]
m<NT heH te[0,T) heH

Cr Cr Cr
< NA=B—27)AvA(B—1/2) T N1/2 T N
cOr
< e

where e = (1 -8 —-29) AvyA(B—1/2) A1/2 > 0. O
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A Recursive Inequality

Many proofs of the technical lemmas involves the study of a sequence (ay)r>o that satisfies the following
recursive inequality:
ax < Myag—1 + Mo,

where M;, My > 0. By recursion, we can prove that

Lemma A.1. For My < 1, we have

1— MF 1
1M2§Mfao+17
i —

akSM{“aO—i—l i 7
- 1

M27

and for My > 1, we have

Mf—1 M.
akSM{Cao—i-Ml 1M2§M1k <a0+M 21).
1= 1

B Construction of a clipping function

We consider the function
exp(—1/x) z>0

0 <0,

which is known to be infinitely smooth (i.e. in C*°(R)). Therefore, the function

W)
90) = Ty O o)

is also infinitely smooth. In particular we have

m
==
=

8 8

m A
==
=

g(z) =
=1 x>1

Therefore for any a < b, the infinitely smooth function

=0 z<a
T—a
i) =9 (3=2) =30y wefabl,
=1 x>0
and that the infinitely smooth function
=1 |x| < N7

pN(:L‘) = 972N’Y’7N’Y(_‘T)ngN’Y’fN’Y(fE) =q€ [0,1] N7 < |z| <2N7 .
=0 |x| > 2N7

Finally, the function
x
Y () =/ pn(y) dy
0
satisfies all the requirement for being a smooth clipping function in definition (2) follows by direct

computation, and (3) is true by definition (that “L4y(z) = pn(x)). Finally, (1) follows by Fundamental
theorem of calculus. By symmetry we could prove only for the case when x > 0, for which

2N7Y
o ()] < / lon ()| dy < 2N
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Figure 5: pny () = g—onv,—nv (—2) X g—onv,— N+ (2)
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