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Abstract

I study a bargaining game in which a seller makes offers to a buyer. The buyer is
privately informed about her valuation, and the seller privately observes her stochasti-
cally changing production cost. The seller’s time-varying private information gives rise
to new dynamics. Prices fall gradually at the early stages of negotiations, and trade
is inefficiently delayed. Inefficiencies persist even when gains from trade are common
knowledge. Privately observed costs lead to lower welfare, higher seller revenue and
lower buyer surplus (especially for high value buyers) relative to a setting with publicly
observed costs.
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1 Introduction

In many bargaining settings, new private information may arrive as negotiations proceed.
Consider, for instance, a producer of a new intermediate good negotiating a sale with a
potential industrial buyer. Since the good for sale is new, production costs are likely to be
initially high. Over time, costs may fall as the seller privately becomes more efficient. The
goal of this paper is to study how the arrival of new private information affects bargaining
dynamics.

I study a bargaining game in which a seller makes offers to a privately informed buyer.!
The seller’s cost of producing the good (or, equivalently, the opportunity cost of selling it)
changes stochastically over time, and is privately observed by the seller. For simplicity, I
assume that the seller’s cost can take two values, high or low, and that it evolves over time as
a Markov chain. For most of the analysis, I focus on separating Perfect Bayesian Equilibria
(PBE), under which the seller’s price each period reveals her cost.? These equilibria are
natural and tractable, and provide a natural point of comparison with prior papers in the
literature (e.g. Cho, 1990, Ortner, 2017).

The analysis delivers three main results. First, I provide a characterization of the set of
separating PBE. In any separating equilibrium, buyer and seller trade at a slow rate when
the seller’s cost is high, and prices fall gradually. When the seller’s cost falls, equilibrium
becomes Coasian: buyer and seller trade very fast at a low price. Market dynamics under
separating PBE are broadly consistent with dynamics typically observed in markets for new
durable goods, where prices fall gradually during the early stages, and market penetration
raises slowly (Conlon, 2012). Moreover, without loss, separating PBE can be taken to be
weakly stationary.

The key drivers of these equilibrium dynamics are the information revelation constraints

1As usual, this bargaining model is mathematically equivalent to a setting in which a durable good
monopolist sells to a population of heterogenous buyers.
2T also impose a natural restriction on off-path beliefs; see Section 2 for details.



that arise as a result of the seller’s evolving private information. In any separating equilib-
rium, a seller whose cost just fell must not gain by mimicking a high cost seller and posting
a high price. The slow rate at which buyer and seller trade when costs are high makes this
deviation unprofitable, since a low cost seller has a stronger incentive to trade fast. An impli-
cation is that information revelation constraints lead to inefficiencies relative to the first-best
outcome. In contrast to other bargaining models with two-sided private information (e.g.
Cho, 1990), inefficiencies persist even when gains from trade are common knowledge.

The second main result studies the frequent-offers limit of (most efficient) separating
equilibria. I show that this limit is characterized by a system of differential equations, which
specifies how prices and probability of trade change over time while the seller’s cost is high.
This tractable characterization allows me to derive several comparative statics. An increase
in the seller’s high cost increases equilibrium prices, and lowers the speed with which buyer
and seller trade. An increase in the distribution of buyer values (in terms of reverse hazard
rate), or in the rate at which costs fall, have similar effects on bargaining dynamics. Lastly,
seller’s profits become negligible as the buyer’s lowest valuation converges to zero, as in
classic Coasian bargaining games (Fudenberg et al., 1985, Gul et al., 1985). The difference,
however, is that this fall in seller profits comes together with a drop in social welfare.

The third main result compares equilibrium outcomes in this model with a model in
which the evolution of the seller’s cost is publicly observed, as in Ortner (2017). Stationary
equilibria of the game with publicly changing costs retain several features of the Coasian
model. In the frequent-offers limit, the equilibrium outcome is efficient. Moreover, the seller
is unable to extract rents from high value buyers: her limiting profits are exactly what she
would earn if it was common knowledge that the buyer had the lowest possible value. This
contrasts sharply with the model with privately observed costs, in which trade is inefficiently
delayed, and the seller extracts rents. An implication is that privately observed costs lead to
lower social welfare, higher seller revenues and lower buyer surplus (especially for high value

buyers) relative to settings with public costs.



Related literature. This paper fits into the literature on dynamic bargaining with private
information. Early contributions in this literature illustrate how, in settings with one-sided
private information, the uninformed party’s inability to commit to future offers severely
limits the rents she can extract (Bulow (1982), Fudenberg et al. (1985), Gul et al. (1985),
Gul and Sonnenschein (1988)). Stationary equilibria satisfy the Coase conjecture when offers
are frequent (Coase, 1972): the seller’s initial price is very low, and buyer and seller reach
an immediate agreement.

Several papers have identified economic forces that push towards inefficient bargaining
outcomes within the one-sided private information framework. Bargaining inefficiencies can
arise when bargainers strategically delay trade to signal their types (Admati and Perry,
1987), when players use non-stationary strategies (Ausubel and Deneckere, 1989), when
the seller faces capacity constraints (Kahn, 1986, McAfee and Wiseman, 2008), or when
values are interdependent (Evans, 1989, Vincent, 1989, Deneckere and Liang, 2006, Gerardi
and Maestri, 2017). Costly delays can also arise in the presence of deadlines (Giith and
Ritzberger, 1998, Horner and Samuelson, 2011, Fuchs and Skrzypacz, 2013), when bargainers
have outside options (Board and Pycia, 2014), or when bargainers seek to build a reputation
for being tough (Myerson, 2013, Abreu and Gul, 2000).3

A smaller literature studies how delays and inefficiencies arise when there is two-sided
private information (Cramton, 1984, 1992, Chatterjee and Samuelson, 1987, 1988, Cho, 1990,
Ausubel and Deneckere, 1992). The current paper adds to this literature by analyzing a
model in which one of the bargaining sides receives new private information over time. The
analysis illustrates how such evolving private information affects bargaining outcomes, and

gives rise to new distortions and inefficiencies.*

3See also Abreu and Pearce (2007), Fanning (2016, 2018), Sanktjohanser (2017).

4For models with two-sided private information, the results in Myerson and Satterthwaite (1983) show
that there is no budget balance mechanism that is individually rational, incentive compatible and efficient
(provided gains from trade are not common knowledge). An implication is that any PBE of such model must
necessarily be inefficient. In contrast, Appendix E provides conditions for the current model under which
efficiency can be achieved with a budget balance mechanism that satisfies IC and IR.
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The current paper also relates to Ortner (2017), who studies a continuous-time durable
goods monopoly model in which the seller’s cost is publicly observed, and changes stochas-
tically over time.> Ortner (2017) shows that time-varying costs allow the seller to extract
rents when buyer values are discrete. With a continuum of buyer types (as in the current
paper), the seller is unable to extract rents, and the market outcome is efficient. The results
for public costs in the current paper show that the conclusions in Ortner (2017) also hold in
the frequent-offers limit of discrete-time games.

Fuchs and Skrzypacz (2010) and Daley and Green (forthcoming) study bargaining games
with one-sided private information in which parties may receive public news while negoti-
ating. Their results shed light into how the arrival of public information affects bargaining
outcomes and can lead to costly delays and inefficiencies. In contrast, the current paper
highlights the inefficiencies generated by the arrival of new private information.

Hwang (2018) studies how the arrival of new private information affects trading dynamics
between a long-run seller and a sequence of short-term buyers. 1 instead study how new
private information affects bargaining dynamics between two long-run agents. Kennan (2001)
studies a repeated bargaining game with persistent one-sided private information, and shows
that this may give rise to path-dependent bargaining outcomes.

Lastly, several papers construct models to rationalize sales in durable goods markets.
Conlisk et al. (1984) and Sobel (1984, 1991) propose theories of sales driven by entry of
new consumers. Board (2008), Board and Skrzypacz (2016) and Dilmé and Li (2019) show
that sales can be part of an optimal selling scheme when demand is time-varying. Dilmé
and Garrett (2017) show that sellers might extract additional rents by offering random price
discounts. The current paper adds to this literature by providing a theory of sales driven by

changes in the seller’s cost of production.

The paper proceeds as follows. Section 2 introduces the model and the solution con-

®See also Acharya and Ortner (2017), who study how public shocks affect equilibrium dynamics in
environments with persistent private information.



cept. Section 3 characterizes the efficient outcome and the commitment solution. Section 4
characterizes the set of separating PBE. Section 5 studies the frequent-offers limit of welfare
maximizing separating PBE and derives several comparative statics. Section 6 compares
this model to a model in which the seller’s costs are publicly observed. Section 7 discusses

extensions and other equilibria. Proofs are collected in the Appendix.

2 Model

A seller with the technology to deliver a good faces a buyer. The buyer’s valuation for the
seller’s good, v, is her private information, and is drawn from distribution F' with support
[v,7] and continuous density F’ = f satisfying f(v) > 0 for all v € [v,7]. I assume that
v > 0. Time is discrete, with t € T(A) = {0, A, 2A, ..., 00}.

The seller’s cost of delivering the good (or, equivalently, her opportunity cost of selling
it) changes over time. The seller’s cost can take two values: ¢y > 0 or ¢, = 0. At t = 0, the
seller’s cost ¢ is ¢y with probability ¢ € (0,1) and ¢;, with probability 1 — ¢. For all times
t € T(A), prob(cien = chle, = cg) = e with A > 0, and prob(cyn = czle, = ¢z) = 1.
The assumption that low cost ¢y, is absorbing simplifies the exposition, but is not necessary;
Section 7 shows how the results generalize when ¢y, is not absorbing. The seller is privately
informed about her production cost: she privately observes her current cost realization at
the start of each period t € T'(A).

The timing of moves within each period ¢ is as follows. At ¢ = 0, the buyer privately
learns her valuation and the seller privately learns her initial cost. Then, the seller offers
price pg € R, , and the buyer chooses to accept or reject this price. At any time ¢ > 0, if
the buyer hasn’t yet accepted a price, the seller first privately observes current cost ¢;. After
observing ¢;, the seller offers price p, € Ry, and the buyer chooses to accept or reject this
price. If the buyer accepts the seller’s offer at time ¢, trade happens and the game ends, with

the buyer obtaining payoff e"*(v — p;) and the seller obtaining payoff e™"(p, — ¢;), where



r > () is the common discount rate.

Histories and strategies. At any period t before agreement is reached, the seller’s history
he = {cs, ps }s<t records all previous cost realizations and all previous prices, and the buyer’s
history hP? = {v,{ps}s<t} records her valuation and all previous prices. A (pure) strategy
for the seller og : hf X ¢; — p; maps seller’s histories hf and current cost ¢; into a price. A
(pure) strategy for the buyer op : hP? x p; = {accept, reject} maps buyer’s histories h? and

the seller’s current price p; into a decision of whether or not to accept price p;.

Solution concept. For most of the paper, I focus on separating (weak) Perfect Bayesian
Equilibrium (PBE) under which, at every seller history, the seller’s price reveals her current
cost.% Formally, let (o, 1) be a PBE, where 0 = (0g,05) are the players’ strategies, and p =
(ps, pp) are players’ beliefs: pg(hy) is the seller’s beliefs over the buyers’ type after history
h?, and pup(hP U p,) the buyer’s beliefs over the seller’s cost at time t after history hZ LI p,.
I look for PBE (o, i) with the property that, for every seller history k¥, supp a®(hy)(cy) N
supp o (hy)(cr) = 0. That is, for every history h?, the seller charges a different price if her
cost at time ¢ is cy than if it is c¢;. As a result, for every on-path buyer history kP U py,
up(hB Lip,) assigns probability 1 to either ¢; = ¢, or ¢; = cp.

I impose one additional restriction on the buyer’s beliefs: if at any history hZ the buyer
assigns probability 1 to the seller’s current cost being ¢y, then I require that for all histories
that follow hP, the buyer continues to assign probability 1 to the seller’s cost being cy. This
restriction is natural, since cost ¢, is absorbing.

Let $°(A) denote the set of PBE satisfying these conditions, under which the seller uses

a pure action while her costs are cg.”

6Section 7 discusses other equilibria.
“In Appendix A, I briefly study equilibria in which the seller mixes while her cost are cg.
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Successive skimming. Any (weak) PBE must satisfy the skimming property: if at time
t a buyer with valuation v € [v,7) finds it optimal to accept the current price p;, then a
buyer with valuation v" > v also finds it optimal to accept p;. The reason for this is that it is
more costly for high-value buyers to delay trade.® The skimming property implies that, for
any period ¢, there exists a cutoff k1A such that a buyer with valuation v > kA accepts
the current offer p,;, and a buyer with valuation v < Ky rejects the offer. Moreover, if the

buyer rejects all of the seller’s offers {ps}s<: up to time ¢, the seller believes that the buyer’s

F(9)
F(kt+n)

valuation is distributed according to prob(v < v) = for all v € [v, Kral.

3 Benchmarks

This section derives two benchmarks: (i) the first-best outcome, and (ii) the seller’s optimal

commitment outcome.

7TA(1_€7)\A

First-best. Define p(A) = el_Tmm) to be the expected discounted time until costs fall

to ¢, provided current cost is cy. Define v*(A) to be the solution to:
v (A) —cg = p(A)v*(A).

Under the first-best outcome, the seller sells to a buyer with valuation v > v*(A) at t = 0,
regardless of the initial cost, and sells to a buyer with valuation v < v*(A) the first time
costs fall to ¢r. Define 7, = min{t € T'(A) : ¢; = ¢} to be the random time at which costs

fall to ¢r. The following proposition summarizes the first-best outcome.

Proposition 1 (First best). Under the first-best, a buyer with valuation v > v*(A) buys at

t =0, and a buyer with valuation v < v*(A) buys at time Ty,.

Throughout the paper, I maintain the following assumption:

8See Lemma 1 in Fudenberg et al. (1985) for a formal proof.



Assumption 1. v*(A) € (v,7).

Commitment solution. Suppose next that the seller can commit to a mechanism at time

1—F(v)
fv)

t = 0, after learning her initial cost ¢y. Let ¢(v) = v — denote the buyer’s virtual

valuation. The following result holds.’

Proposition 2 (Commitment solution). Suppose ¢(-) is strictly increasing. Then, under
the commitment solution, the seller sells to buyers with ¢p(v) > v*(A) att = 0, and to buyers

with ¢(v) € [0,v*(A)] at time T1,. Buyers with ¢(v) < 0 never buy.

As is standard in screening models, under the commitment solution the seller inefficiently
delays trade with lower value buyers to reduce the informational rents of higher value buyers.
These inefficiencies appear in two ways in Proposition 2. First, a buyer with value v €
[v*(A), ¢ (v*(A))] trades inefficiently late, at time 7. Second, a buyer with value v €
[v, 71 (v*(A))] never trades.

4 Equilibrium

This section characterizes set ¥°(A). I start with a few preliminary observations. Note
that in any PBE in ¥°(A), when costs fall to ¢, the buyer’s beliefs about the seller’s cost
remain concentrated at ¢y, at all future periods. Hence, the continuation game is strategically
equivalent to the one-sided incomplete information game in Fudenberg et al. (1985) and Gul
et al. (1985). This game has a unique equilibrium (since v > ¢, = 0), which is weakly
stationary: along the equilibrium path, the buyer’s purchasing decision depends on the
current price and the seller’s price offer depends on her current belief cutoff (see Fudenberg

et al. (1985) and Gul et al. (1985)).1°

9The proof of Proposition 2 shows that the same result holds if the seller can commit prior to learning
her initial cost.
100ff the path of play, the seller’s price offer may also depend on the history of prices.



For any ~ € [v,], let pZ (k) denote the price that a seller posts in the one-sided incomplete
information game when her belief cutoff is x, and let U%(x) denote the seller’s equilibrium
continuation profits given belief cutoff x.!!

Consider next equilibrium behavior at periods at which costs are high. By the skimming
property, for any (o, 1) € ¥°(A), on-path behavior at times ¢ with ¢, = cy is characterized
by sequences {p{’, ki’ }rer(a) such that: p/ is the price that the seller charges at time ¢ if
¢ = ¢y, and k! is the seller’s belief cutoff at the start of time ¢ if her cost last period was
cy. Therefore, along the equilibrium path, at any time ¢t € T(A) with ¢; = ¢y, the buyer

accepts the seller’s price if her valuation lies in [/@fi A, k); and the conditional probability

F(sf)—F(r{A)

with which buyer and seller trade is T
t

For any sequence {pf,xF}, and for all times s, let U ({pH, kI'}) be the seller’s contin-

uation payoff if ¢, = cg, when play is given by {pf, k}:

U (1Y) = o — )] s T g gy, ity

F(kH
+ e—rA(l . e—)\A) ( S+A)UL(R5+A).

The following result holds.

Theorem 1. (i) Suppose sequences {p2, kH} are induced by an equilibrium (o, ) € L3(A).
Then, {kf} is decreasing, and for allt € T(A):

bfpa —pff = TV, —plA) H e AL — e M) (kA - PP (KAL), (1)
F("‘?f{) - F(”Em) H Ly H — AF(“ﬂA) L/ H

p, <U"(k)—e " ———2U"(k , 2

F(/ﬁ)tH) t ( t ) F(/ﬁ){{) ( t+A) ( )

UL ({p, k1Y) = p(A) U (k). (3)

(ii) There exists A > 0 such that, if A < A, for any sequences {pf, k'} satisfying (1)-(3)

HTf the seller randomizes her price in the one-sided private information game when her belief cutoff is x,
I use p”(k) to denote the expected price she charges.
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with {kH} decreasing, there exists an equilibrium (o, ) € 3°(A) that induces {p?, 1}

Theorem 1 emphasizes three properties of any equilibrium in ES(A). First, by equation
(1), for all periods ¢t with ¢; = ¢y the marginal buyer s/ is indifferent between trading at
the current price p, or waiting and trading at time ¢ + A.

Second, by inequality (2), the probability (F (k') — F(r{iA))/F(ki') with which buyer
and seller trade at a period ¢t with ¢, = cy cannot be too large. As a result, equilibrium trade
is slow relative to the first-best outcome. To see why (2) holds, suppose that the seller’s
belief cutoff at ¢ is k7, and that her cost falls from cg to c;, = 0 at this period. The seller’s

H

profit from posting price p”(x) and revealing that her cost is U(k). The seller’s profit

from mimicking a high cost seller for one period, and revealing her cost at t + A, is

F(x]") - F(“gA)pH +e—rAF</€t}<IFA)UL<KH )
t F(KJ{I) t+A /-
Inequality (2) guarantees that this deviation is not profitable.
Third, equation (3) shows that the seller’s equilibrium payoff when her cost is ¢y must
be at least as large as what she would get by delaying trade until her cost falls to ¢y, and

playing the continuation equilibrium from that point onwards.

Proposition 3. Suppose sequences {p2, kH} are induced by an equilibrium (o, n) € X°(A).

Then, for all t € T(A), kT > v*(A).

Proposition 3 shows that any inefficiency takes the form of too much delay: since k7 >

v*(A) for all ¢, a buyer with value below cutoff v*(A) only trades when seller’s cost is cy,.

Equilibrium existence. For all A > 0, there always exist sequences {p, kf1} satisfying
the conditions in Theorem 1(i). For instance, sequences {p2, k} with k% =¥ and p2 = p

for all 7, with p satisfying

U—p= e_(r+’\)A(5 —p)+e (1 — e ) (T - pt (D))
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satisfy (1)-(3). Hence, by Theorem 1(ii), ¥°(A) is non-empty whenever A is small enough.
Under this PBE, the seller posts a very high price while her costs are high, which all buyer
types reject. Buyer and seller only trade when seller’s costs fall to ¢;,. Note, however, that the
game also admits more efficient equilibria, under which buyer and seller trade with positive

probability while ¢; = cp.

Stationary equilibria. Appendix A shows that, when looking for equilibria in 35(A), it
is without loss to focus on equilibria that are weakly stationary. In particular, the arguments
in the proof of Theorem 1 imply that there exists A > 0 such that, for all A < A and for any
(o, 1) € X5(A), there exists a weakly stationary equilibrium (0%, ) € $°(A) that induces

the same outcome as (o, p).

Welfare maximizing equilibria. In any equilibrium, the probability with which buyer
and seller trade while seller’s cost is high is bounded by inequality (2). This delayed trade
is socially costly. Therefore, under the most efficient equilibrium in X°(A), constraint (2)

binds at (almost) all periods ¢ with x> k{1 4.

5 Continuous-time limit

This section studies the frequent-offer limit of welfare maximizing equilibria. For each A > 0,
let (0, u®) be an equilibrium in X5(A) achieving the largest social welfare (among equilibria
in ¥°(A)). Let {p(A), k(A)} denote the prices and belief cutoffs induced by (o2, i) at
periods at which the seller’s costs are cp.

Recall that, when the seller’s costs fall to ¢y, continuation play under any equilibrium
in ¥5(A) is equivalent to the continuation equilibrium in a game with one-sided private
information. By Fudenberg et al. (1985) and Gul et al. (1985), as A — 0, the seller’s price
converges to v (regardless of her belief cutoff), the buyer buys immediately at this price, and

the seller obtains profits v.
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Define v = lima 0 v*(A) = #CH. The following result holds.

Theorem 2. There exists functions p! : R, — R and x" : Ry — [v,0] such that, for all
t € T(A), ima 0 p(A) = pf(t) and lima o 7 (A) = & (1).

Functions p" (t) and k™ (t) satisfy

SO ) 1) 4 A ), )
_d/{H(t) _ F(kH(t)) rv (5)
dt f(EI@)) (p"(t) —v)’

for allt <t =inf{t > 0: xf(t) = 0}, with boundary conditions k™ (0) = T and p"(t) =

CH—i—H%\Q. Forallt>f,%:$:0.

Theorem 2 shows that the limit of welfare maximizing equilibrium is characterized by a
system of differential equations. Equation (4) has the following interpretation. The buyer’s
benefit from delaying her purchase for an instant at time ¢ while ¢; = ¢y is

D w0 - o)

dp™ (t)

o if costs remain high, and drops from p”(t) to v if

Indeed, the seller’s price falls at rate

costs fall to ¢;. By equation (4), this benefit must equal the cost r(kf(t) — p(t)) that the
marginal buyer type () incurs from delaying trade for an instant.

To see the intuition for (5), note that the equation can be written as

- (" (t) —v) =rv. (6)

The left-hand side of equation (6) is the net benefit that a seller whose cost fell to ¢, = 0
at time ¢ obtains from pretending that her cost is ¢y for an instant longer. The right-hand
side is the cost in terms of delayed trade that the seller incurs by following such a mimicking

de'’ () (" (1))

strategy. The speed of trade —=; FAQD) under a welfare maximizing equilibrium is the

13



fastest speed such that the net gain from pretending to have a high cost is lower than the
cost of delayed trade.

Theorem 2 shows that, in the continuous-time limit, while costs are cy the seller trades

with the buyer until her belief cutoff reaches the efficient cutoff v = #CH; i.e., until time

t =inf{t > 0: kf(t) = ©}. Price p(f) at which a buyer with type © trades leaves this buyer

indifferent between buying at ¢, or waiting and buying at price v when costs fall to ¢y

o —pf(t) = A (0 —v) <= p"(t) = cy +

A v
r+ A ’

r+ AT

r+A
= CH-

where the second equality uses v =

The bargaining dynamics in Theorem 2 are broadly consistent with the dynamics typically
observed in markets for new durable goods. During the early stages of such markets, prices
typically fall gradually, but at a faster rate than costs, and market penetration raises slowly

(Conlon, 2012).

Relation to models with two-sided private information. Theorem 2 allows for a
comparison between the current model and separating stationary equilibria of models with
two-sided private information. Cho (1990) shows that, in such models, separating stationary
equilibria satisfy a version of the Coase conjecture: when gains from trade are common
knowledge (i.e., seller’s highest cost is lower than buyer’s lowest value), bargaining outcomes
are efficient, and the seller cannot extract rents from high value buyers.

In the current model, in contrast, bargaining inefficiencies persist even when gains from
trade are common knowledge. Indeed, information revelation constraint (2) (or (6) in the
continuous-time limit) bounds the rate at which buyer and seller trade while costs are high

even when gains from trade are common knowledge (i.e., cy < v).

De-coupling equation (4). The system of differential equations (4)-(5) in Theorem 2 is

coupled. I now show how to transform it to get a de-coupled ODE for prices.
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For each k € [0,7], let P (k) denote the price at which a buyer with value s trades
when costs are ¢y in the continuous-time limit; that is, for all ¢ € [0,#], P (k" (t)) = p ().

Combining (4) and (5), and using dp;It(t) = dPHd(:;I (1)) d“;(t), PH(.) solves:

Yk € [0,7], dpd—%(ﬁ) = (r(k — P(r)) + Mv — P™(r)))

f(x) (P7(r) —v)
F(k) rv ’ (7)

with P7(0) = cy + Ti‘)\y.

Comparative statics. [ now use Theorem 2 to study properties of efficient equilibria and
derive several comparative statics. The first result shows how prices and speed of trade
change with changes in (i) cost cg, (ii) value distribution F', and (iii) speed A at which costs

fall.

Proposition 4. The following comparative statics hold:

det (1) f(rH (1))
dt  F(rE (1))

(i) as cy increases, price P (k) increases for all k > 0, and speed of trade —

falls for all t < t.

(ii) as F increases in terms of its reverse hazard rate, price P (k) increases for all k > 0,

HH HH ~
d dt(t) 1];((»;11((?))) falls for all t < t.

and speed of trade —

(iii) as \ increases, price P* (k) increases for all k > © close to ©, and speed of trade

wH wH ~
—2 dt(t) {F((KH((?))) falls for all t close to t.

The first part of Proposition 4 shows that the prices at which the different buyer types
trade when costs are high increase with an increase in cy.'2 Since prices are now higher, by
equation (6) the rate at which buyer and seller trade when costs are high must be adjusted

downwards to deter a low cost seller from pretending to have a high cost. The second part

12 Although cost ¢y does not appear in the ODE (7), it does appear in the boundary condition P(?) =
A1 _ A
P (TCH) =cyg+ Al
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and third parts of Proposition 4 establish similar results for changes in the value distribution
and in the rate at which the seller’s cost falls.
The last result in this section studies equilibrium outcomes as the buyer’s lowest value v

becomes small. Recall that ¢ = prob(cy = cp).

Proposition 5. In the limit as v — 0,

(i) speed of trade —d”gt(t) };((’ZZ((?))) converges to zero for all t < i:

(ii) seller’s equilibrium profits converge to zero; and
(i1i) total equilibrium surplus converges to (qﬂ%\ +1—¢q)E[v].

Proposition 5 follows from equation (6): as v — 0, the speed at which buyer and seller
trade while costs are cy must converge to zero to deter a low cost seller from pretending to
have a high cost.

These results allow for further comparisons between the current model and previous
models in the literature. When the seller’s production cost is fixed and publicly known, the
seller’s profits converge to zero as the buyer’s lowest valuation v converges to zero (Fudenberg
et al., 1985, Gul et al., 1985). But the limiting equilibrium outcome is efficient: all buyers
trade immediately at price equal to marginal cost.

For models with two-sided private information and with time-invariant costs, the re-
sults in Cho (1990) imply that, in any separating stationary equilibrium, the seller’s profits
also converge to zero as the buyer’s lowest value converges to zero. However, inefficiencies
“explode” in this limit: only the seller with the lowest possible cost makes sales.!?

Proposition 5 illustrates how these results generalize when the seller is privately informed
about her time-varying production cost. As in the two cases described above, the seller’s
profits go to zero as the buyer’s lowest value v goes to zero. Moreover, as in Cho (1990),
inefficiencies also grow in this “gapless” limit. The difference, however, is that seller and

buyer eventually trade with probability 1 in this model, when costs fall to cy,.

13A related result is proved in Ausubel and Deneckere (1992), Theorem 1.
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6 Publicly observable costs

This section compares equilibrium outcomes described above with equilibrium outcomes of
a model in which the seller’s changing cost is publicly observable, as in Ortner (2017). Let
YPUP(A) denote the set of weakly stationary PBE of the game with publicly observable costs;
i.e., PBE such that the buyer’s acceptance rule depends on her valuation and the seller’s
current cost, and such that, along the path of play, the seller’s price depends on her belief
cutoff and her current cost.'* Note that, in any (o, u) € XP*(A), continuation play when
costs are ¢y, is identical to continuation play in a model with one-sided private information.
In particular, as A — 0, the seller’s price when costs are ¢, converges to v, and the buyer
accepts this price immediately.

For each A > 0, let (o2, u®) € XP*(A) be a weakly stationary equilibrium of the game
with public costs, and let UP'®(c2, u®; A) denote the seller’s profits under (o2, u?) at t = 0,
conditional on her initial cost being cy. Recall that 77, is the first time the seller’s cost falls

to cp. The following result holds.
Proposition 6. Suppose the seller’s costs are publicly observable. Then, as A — 0:

(i) the equilibrium outcome under (o™, u>) converges to the first-best outcome;
i) if co = cy, the seller’s initial price under (o™, i) converges to cy + —<v; and
T+

A
r—&-)\y'

(iii) if co = cp, seller’s profits UP'P(a®, u®; A) converge to

Proposition 6 generalizes the classic Coase conjecture (Coase, 1972, Fudenberg et al.,
1985, Gul et al., 1985) to settings in which production costs publicly change over time. As
the time period vanishes, the equilibrium outcome becomes efficient, and the seller is unable

to extract rents from high value buyers: her profits are exactly what she would obtain if the

buyer’s value was v with probability 1.1°

4 Existence of weakly stationary PBE can be proved by extending arguments in Gul et al. (1985).
15Indeed, if the buyer’s valuation was v with probability 1, the seller would optimally wait until time 77,
would charge price v at that point, and her expected profits would be H%y.
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Interestingly, even if the seller earns exactly what she would earn if the buyer had the
lowest value v, different types of buyers trade at different times, and at different prices: when
initial costs are ¢y, buyers with value above v buy at time ¢ = 0 at price cy + r%\y > v, and
buyers with value below © buy at time 7 at price v. However, the profit margin that the
seller makes on a high value buyer is exactly equal to the expected discounted profit margin
from selling to a low value buyer when costs fall to cy.

Proposition 6 contrasts sharply with the results in Theorems 1 and 2: the seller is able
to extract rents from high value buyers when she privately observes her cost, and the market
outcome is inefficient. Indeed, with privately observed costs, trade is inefficiently delayed
to satisfy the information revelation constraint in (2). As in the commitment solution in
Section 3, this inefficiently delayed trade reduces the rents of high value buyers, and allows
the seller to obtain larger profits.

Proposition 6, together with Theorems 1 and 2, imply that the buyer is worse-off when
the seller privately observes her evolving cost of production. However, this evolving pri-
vate information affects different buyer types differently: buyers with valuation above v are
strictly worse-off when the seller privately observes her costs, whereas buyers with valuation
below v are indifferent (since, in both cases, they trade at time 7;, at price v).

It is worth highlighting that the model with public costs cannot rationalize the price
dynamics typically observed in markets for new durable goods. In those markets, during the
early stages prices tend to fall at a faster pace than costs, leading to falling profit margins.
In contrast, Proposition 6 shows that prices fall in tandem with costs when costs are public,
and profit margins increase over time (from r%\"—’ when ¢ = cg, to v when ¢ = ¢, = 0).
Relation to Ortner (2017). Ortner (2017) studies a durable goods monopoly model in
which the seller’s costs are publicly observed and change stochastically over time. The key
results in that paper are: (i) time-varying costs allow the seller to extract rents when buyer

values are discrete; (ii) when there is a continuum of buyer types (as in the current model),
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the seller is unable to extract rents and the market outcome is efficient, as in Proposition 6.

The key difference is that Ortner (2017) casts the model directly in continuous time,
and introduces a new equilibrium notion to get around well-known difficulties in analyzing
continuous-time games with observable actions. Hence, Proposition 6 is a new result, which
shows that the conclusions in Ortner (2017) still hold in the continuous-time limit of discrete-

time games.'¢

7 Discussion

This section discusses: (i) conditions under which the model admits an efficient bargaining
mechanism; (ii) how the results extend when low cost ¢, is not absorbing, and (iii) other

types of equilibria.

An efficient mechanism. Appendix E shows that, under certain conditions, the frame-
work I study admits a mechanism that is budget balance, incentive compatible and individual
rational, and that implements the first-best outcome. This is true in spite of the fact that
both players have private information at the start of the game. Appendix E also shows that
the game does not admit an efficient equilibrium.

The direct mechanism that implements the first-best is as follows. When the seller reports
cost ¢ at t = 0, she sells to the buyer at price v regardless of the buyer’s reported value.
When the seller reports cost cy at ¢t = 0, buyer and seller trade at t = 0 at price cg + p(A)v
if the buyer reports a value higher than v*(A). If the buyer reports a value lower than v*(A),
she pays p(A)wv to the seller at ¢ = 0. This payment gives the buyer the option to get the
seller’s good at price ¢y, = 0 the first time ¢ > 0 that the seller reports ¢; = c;. Proposition
E.1in Appendix E shows that, when v(1—p(A)) > (1—F(v*(A))cy, this mechanism satisfies
IC, IR, and is budget balanced.

16 Another difference is that, in Ortner (2017), the seller’s cost evolves as a geometric Brownian motion.
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The existence of an efficient mechanism satisfying IC, IR and budget balance distinguishes
the current model from prior bargaining games with two-sided asymmetric information. For
instance, the equilibria in Cho (1990) are inefficient only when the distribution of values
and the distribution of costs overlap. But we know from Myerson and Satterthwaite (1983)
that such a framework does not admit an efficient mechanism satisfying IC, IR and budget

balance.

Increasing costs. The model assumes that cost ¢y, is absorbing. This assumption greatly
simplifies the analysis and exposition. Indeed, it implies that in any equilibrium in X5(A),
continuation play when the seller’s cost falls is equivalent to equilibrium play in a model
with one-sided private information.

In Appendix F, I study the case in which the cost evolution satisfies prob(c;;a = cyle; =
cy) = e and prob(ciyn = crley = c) = e 72, I show that, in any weakly stationary
separating equilibrium, the seller’s continuation profits converge to v as A — 0 whenever
her cost is ¢;,. Indeed, when costs are ¢y, the Coasian incentive to accelerate trade constraints
the seller’s ability to extract rents from high value buyers.

Appendix F shows that, in this setting, prices still satisfy equation (1), with p*(x) now
denoting the price that a low cost seller charges in a weakly stationary equilibrium. The

seller’s IC constraint now becomes:

F(H{{) - F(HgA>p£{ < UL( H) _ e—(r—}—y)AF(HﬁA)UL(KH )
Ia >

(vi") " IR
-1 ) SRR ) Q

The last term equation (8) above takes into account the possibility that the seller’s cost

increases next period if her current cost is ¢z, in which case the seller gets a continuation

profit U7 (k{2 )17

17 Appendix F briefly shows how Theorem 2 extends to this environment.
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Other equilibria. Throughout the paper, I focused on separating equilibria, under which
the seller’s price each period perfectly reveals her current cost realization. Such equilibria
are intuitive, tractable, and help rationalize observed pricing dynamics in markets for new
durable goods. Moreover, such equilibria represent a natural point of comparison to prior
papers in the literature, like Cho (1990) and Ortner (2017)

However, the game admits many other equilibria. First, the game admits semi-separating
equilibria, in which a seller with ¢; = cy posts price pf, and a seller whose cost fell to ¢,
posts price pff with probability 1 — «; and price p’ (k) with probability a; € (0,1).!® Under
such an equilibrium, equation (2) holds with equality at all periods ¢ in which oy € (0, 1).
Hence, under a semi-separating equilibrium the speed of trade is also slow relative to the

first-best. On the other hand, equation (1) becomes

Kpa —pi = G_TA(MﬁAe_M + (1= pln)ousa)(Bron — piia)

+e A g A=) + (1= pl )1 — aea) (i a — P (KA)),  (9)

where 12 is the probability that the buyer assigns to the seller’s cost being cy at the begin-
ning of period 7 (i.e., before observing the seller’s price at time 7).

The game also admits pooling equilibria. For instance, the game admits equilibria in
which: (i) both types of sellers post the same price at times ¢t = 0,...,7 — A; (ii) buyer and
seller play a continuation equilibrium in ¥° from 7 onwards.

When ¢ = prob(cy = cg) is small, pooling equilibria are less efficient that separating
equilibrium. Indeed, when ¢ = 0, separating equilibria are approximately efficient in the
limit as A — 0. However, since pooling equilibria don’t need to satisfy information revelation
constraint (2) during the pooling periods, when ¢ is large there are pooling equilibria that

are more efficient than separating equilibria.

18Under such an equilibrium, once the seller posts price p”(x!?), she reveals that her cost is ¢z, and the
continuation equilibrium is as in Gul et al. (1985), Fudenberg et al. (1985).
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Appendix

A Proofs of Theorem 1 and Proposition 3

In any PBE in ¥°, when costs falls to ¢y, continuation play coincides with equilibrium play
in the one-sided incomplete information game in Fudenberg et al. (1985) and Gul et al.
(1985).12 Hence, I focus on characterizing equilibrium behavior at periods ¢ with ¢; = cy.
By the skimming property, any PBE in ¥° induces a decreasing sequence of belief cutoffs
{kH} such that along the path of play, at any time ¢ with ¢; = cy, (i) the seller believes that
the buyer’s type lies in [v, k7], and (ii) the buyer buys at time ¢ if and only if her valuation

lies in [k{% A, &{7).

Lemma A.l. Fir a PBE (o,u) € X°. Consider a seller history h? with ¢, = cy for all
s < t such that the seller’s belief cutoff ki at time t is strictly larger than v. Let p be the
price that the seller charges under (o, 1) at history hy if ¢; = cy, and let ke, a be the highest

consumer type that buys at time t when ¢; = cy. Then, Ky and Ky a Satisfy

—rn F(Keia)
F (k)

< UM(ky) —e Ub(kygn). (10)

Proof. Consider a seller whose cost changed from cy to ¢, after history hY. The profits that
this seller obtains by revealing her cost are U (k;). The profits that this seller would make
by posting price p? that she would have posted if ¢; = cg, and then from ¢ + A onwards
playing the continuation strategy with common knowledge cost ¢y, and belief cutoff kA are

f% + e*m%;)A)UL(KHA). A seller whose cost changed to ¢y, at period ¢ has
an incentive to reveal her cost only if (10) holds. W

_TA(lfe_)‘A)

Recall that p = W Fix a PBE in X° and consider a seller history hy with

19For ease of exposition, throughout Appendix A I drop the dependence on time period A.
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cs = cy for all s < t leading to belief cutoff k7 = k. Note that at such a history, a seller with
cost ¢; = cy can obtain a payoff equal to pU%L(k) by posting prices above x at all periods
until her costs fall to ¢y, and then playing her continuation strategy. Hence, the seller’s

continuation profits at this history under (o, ;1) cannot be lower than pU” (k).

Lemma A.2. Fiz a PBE (o, 11) € X°, and consider a seller history he with belief cutoff k.
If ¢ = cy, then Kypn > min{kyg, v*}. In particular, if Ky < v* and ¢, = cg, the seller makes

a sale with probability zero at time t.

Proof. Towards a contradiction, suppose that ¢, = ¢y and ki a < min{ry, v*} < v*. Let
{Ki1ra}2 o be a weakly decreasing sequence such that for all 7 > 0, if the seller’s cost
is ¢y at time ¢t + 7A, under (o, ) the seller sells to the buyer when her valuation is in
[Kes(r41)a, Keera). Let {pfh 7322 denote the sequence of prices that the seller charges at
each time t + 7A if ¢4, = cy. Recall that pZ(k) is the price that the seller charges if her
cutoff belief is x and her costs are ¢;. By Fudenberg et al. (1985) and Gul et al. (1985),
pY (k) is weakly increasing in k.

Note first that, for all 7 > 0, it must be that

Rt (re1)a — Priea > PlReerrna — P (Kipra1)a)- (11)

Indeed, a buyer with value k. (r41)a can guarantee a payoff of at least p(ksy(r+1) A—pL(/{H(TH) A))

by delaying her purchase until the seller’s cost falls to c¢. Note further that,

Kt+(r+1)A — CH < PRty (r4+1)A;

where the inequality follows since fy4(r41)a < Kiya < v* and since v* —cy = pv*. Combining

this inequality with inequality (11),

pfiTA < (1 - P)Fét+(7+1)A + PPL(fft+(T+1)A) <cg+ PPL(F&H(TH)A) (12)
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Equation (12) implies that the profit margin pﬁrT A — cy that the seller earns from selling to
consumers with value v € [/‘it+(r+1) As Kirra) When her costs are ¢y is strictly lower than the
expected discounted profit margin pp”(kiy(-1+1)a) that the seller would earn if she waited
until her costs fell to ¢, = 0 and then charged price of p” (Kt (r+1) A)-

For all s € T(A), let U denote the seller’s on-path continuation payoff at time s if ¢, =
cg under equilibrium (o, p). For all k € [v,], recall that U%(k) is the seller’s continuation
payoff under (o, i) at a history with belief cutoff £ and at which her costs are ¢y, respectively.
I now use equation (12) to show that UH < pU%(k;). This implies that (o, ) cannot be an
equilibrium, since at time ¢ the seller can earn pU”(k;) by waiting until her costs fall to cy,
and then playing the continuation equilibrium from that point onwards.

Note that, for all 7 > 0,

F(kiyra) — F(Ht+(r+1)A) —(r+>\)AF(Ht+(7+1)A) UH

Ufla = (psa — cn) Flrorn) te T F(reea) DA
+e A F;’f(tzgjz)ﬁ) (1= e U (Kes(rr1)a)
< PpL(Ht+(T+1)A)F(KHTA;(;jT(Z;HTH)A) + _(T+A)A%U£(T+I)A
4O F;:(ZZ:Z)A)_“ — e U (Kps (r11)a)
—) <pL(Kt+(TH)A)F(m+7A}(—Htle(Z;+(r+1)A) F;ig;(:;);)UL(HH(TH)A))
_ otrina Flitreina) U (ke (ra1ya) + 6_(T+A)AMU£(T+1)A (13)

F(Ki4rn) F(Kiyra)

where the strict inequality follows from (12), and the last equality uses p = e ™" (1 —e*2) +

e~ N2, Note next that, for all 7 > 0,

F(Ht+7A) - F(’ft+(r+1)A) F(’ft+(r+1)A)

U (Kir(rina). (14
F("ftJrTA) F(F‘;t+TA> (t+( +1)A) ( )

UL(K't+TA) > pL(HH(TH)A)

Indeed, a seller with cost ¢ = ¢, and with belief cutoff k;,.a can earn the right-hand side of
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(14) by posting price p*(Kis(r+1)a). Combining (14) with (13), for all 7 > 0,

F("v’t+(r+1)A) F(/‘@t+(r+1)A)
U 7— < UL Kpr _e—(T+)\)A—UL K . +€—(T+)\)A—UH . ]
t+ra S P ( (K4ra) F(Kirn) ( t+( +1)A) Flrin) t+(r+1)A

(15)

Using equation (15) repeatedly for all 7 > 0 yields

F(Kiirn) F(s )
—(T‘+>\)7'A t+7A) 7L _—(r+N)A t+(t+1)A) 7.1 o L
H < g U - U - = pU .
< F(I{t) (I{H- A) € F(Kt) (KJH-( +1)A) Y (I{t)
But this cannot be, since a seller whose cost is ¢y at time ¢ can obtain pU%(k;) by waiting

until her costs fall to ¢, = 0 and then playing her continuation strategy. W

For any equilibrium (o, p) € ¥°, let
k@M = inf{x € [v,7] : 3 on-path history (h¥ U cy) at which type & buys under (o, z).}

Note that x> is the lowest valuation at which the buyer buys when costs are cy under
equilibrium (o, i1). By Lemma A.2, k(@* > v* for all (o, u) € X5.

Fix a PBE (o, ) € X5 Let {s} be the sequence of beliefs cutoffs induced by (o, )
at histories at which the seller’s costs is c¢y. Under (o, 1), a high cost seller stops selling
whenever her cutoff beliefs about the buyer’s valuation reach x(**) so k1 > k(@) for all ¢.

Let t denote the time at which a high cost seller sells to a buyer with valuation k(™).

provided that ¢ is finite, and let /<;t A=K (@1)  Note that, for all periods ¢t > £+ A a high
cost seller does not make sales. Hence kT = Iit{i A forall ¢ > t 4+ A (if £ is infinite, this is
vacuous).

Let {p/}i_, be the prices that the seller charges at times ¢ < { under (o, 1) at histories
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at which her cost is high. For all ¢t <t — A, these prices satisfy:

frea —pih = e UKL —pika) F e (1 = e (kA — PP (R1A))- (16)
Indeed, prices {p? }fzo are such that a buyer with valuation sf} . is indifferent between
buying at time ¢ or waiting and buying at period t + A.

For all k € [v,7], define p(r) = k(1 — p) + pp*(k). Price p(k) is such that a buyer with
valuation & is indifferent between buying at p(x) when costs are ¢y and waiting until costs fall
to ¢, and buying at price p’ (k). Note that p(x) is increasing in  (since p” (k) is increasing in
k). Note further that, if  is finite, it must be that p/f = p(k(7)) = £ (1 — p) 4 pp" (™M)
If £ is finite, it is without loss to set p/ = pf! for all t > t+ A.

Given sequences {pfl, 1}, for all times s let UZ ({p, k'}) be continuation profits that

a seller obtains if ¢, = ¢z, when play is given by {p”, xH}:

U ) = 01— ey e s ES g

—AA) F("JgrA)

—rA
1—
+e ™ (1—e Flnf

L(.H
U (’is—&—A)'
If an equilibrium (o, ) € ¥° induces sequences {p!?, kI'}, it must be that

s, US({pi' k' }) = pU (k). (17)

H

¢ can obtain a

Indeed, a seller whose cost is high by time s and whose belief cutoff is «
payoff of pUL (k) by waiting until her costs fall to ¢, and then playing the continuation

equilibrium from that point onwards.

Proof of Theorem 1. The arguments above imply that conditions (1)-(3) must hold in
any PBE (o, ) € X5.

[ now turn to the proof of part (ii) of the Theorem. Fix sequences {pZ, x5} with {x}
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decreasing, satisfying conditions (1)-(3). I now show show that there exists A > 0 such that,
for all A < A, there exists a PBE (o, ) € ¥° that induces {p, k}.

Let k£ = lim;_,, k. For all k € [, ], let (k) denote the price at which a buyer with
type x buys under {pf, k’}. For all k € [v,&), let p”(r) = p"(k), where p”(k) is the price
that a buyer with type k is willing to pay in the game with one-sided private information.
The buyer’s strategy under the proposed equilibrium (o, i) is as follows. For all histories
hBUp; with uB(hPUp;) = prob(c; = cy|hPUp;) = 1, a buyer with type x buys iff p; < p (k).
For all other histories, a buyer with type & buys iff p, < pL (k).

Buyer’s beliefs under (o, 1) are as follows. If at all periods s < ¢ the seller offered price
pf the buyer at time ¢ believes that the seller’s cost is ¢y with probability 1. In any other
case, the buyer at time t believes that the seller’s cost is ¢y, with probability 1.

The seller’s strategy is as follows. On the equilibrium path, for all ¢ with ¢, = cg, she
charges price p?. For all off-path histories h? Licy, the seller posts a price higher than ¥ (and
no buyer type buys). For all ¢ with ¢; = ¢, the seller plays the continuation equilibrium of
the game with one-sided private information.2°

Since {pH, KM} satisfies (16), optimal buyer behavior induces belief cutoffs {x?}, given
the seller’s strategy. Hence, the buyer’s strategy is sequentially rational at histories at which
she believes that the seller’s cost is high. Moreover, buyer’s strategy is sequentially rational
at histories at which she believes that the seller’s cost is low (since, at such histories, buyer
and seller are using the equilibrium strategy of the game with one-sided private information).

I now show that, for small enough A, the seller’s strategy is also sequentially rational.
Note first that, since {p”, x7} satisfy (10), the seller does not find it optimal to deviate at
a period t such that ¢;_1 = ¢y and ¢; = ¢.. Moreover, she doesn’t find it optimal to deviate

at a period ¢t with ¢;_1; = ¢y and ¢, = ¢, (since, at such histories, buyer and seller are using

20Note that the strategy of the seller can be made weakly stationary. Indeed, by Fudenberg et al. (1985)
and Gul et al. (1985), the seller’s strategy is weakly stationary when ¢; = ¢;. Moreover, for all on-path
histories, while ¢; = cpy the seller’s strategy can be written as p (k) = pH for all x € (/ig_A, ki1]; off path,
the seller charges price v.
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the equilibrium strategy of the game with one-sided private information).

By the Coase conjecture (Gul et al., 1985), for every n > 0 there exists A, > 0 such
that, for all A < Zm price p¥(k) that the seller charges when costs are ¢ = ¢y, = 0 is strictly
smaller than v + n for all k. Pick ' > 0 such that v + 7 — ¢y < pv; since v < v* = fTHp
(by Assumption 1), such an 7’ exists. Let A = A,, and suppose A < A. Note that if at a
period s with ¢, = cg the seller posts a price different from p, the highest profit she can
obtain is pU¥(k).2 Since {pf, kI'} satisfies (17), the seller finds it optimal to post price
pl. ®

Proof of Proposition 3. Follows from Lemma A.2. W

Mixed strategy equilibria. Theorem 1 characterizes equilibria under which the seller
uses a pure action while her costs are cy.

The game also admits separating equilibria under which the seller mixes while her costs
are cg. In any such equilibrium, the (now random) sequence {p, k' } must still satisfy (10),
(16) and (17). Indeed, Lemmas A.1 and A.2 apply to mixed strategy equilibria as well. And
inequality (17) must hold in any separating equilibrium, pure or mixed. In addition to these
conditions, if the seller mixes at some period ¢t with ¢; = ¢y, she must be indifferent among

any price that she posts with positive probability.

Welfare maximizing equilibria. Let (o,1) be an equilibrium in X° that delivers the
largest social surplus (among all equilibria in ¥°). Under (o, i), constraint (10) is satisfied
for (almost) all times t. As a result, there exists a finite period # at which, under (o, 1), a

buyer with value x(®* buys if ¢; = c; (and so /-ffiA = ko),

21 This follows since p* (k) € [v,v+n'] for all k € [v, 7] whenever A < A, and since v+’ —cy < pv. Hence,
the seller’s profit margin p — cy from any sale she makes while costs are high following such a deviation is
strictly smaller than pv. Since p’ (k) > v for all x, the seller’s most profitable deviation is to wait until costs
fall to ¢z, and then play the continuation equilibrium, obtaining a payoff of pUZ (k) > pu.
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Moreover, under (o, it), the price at which the seller sells at time # if ¢; = ¢y must be
equal to p(k(TM) = (1 — p)k@* + ppP(k(@H)). Indeed, after consumer x(“*) buys, buyer and
seller don’t trade until costs fall to cz,. Price p(x@") is the price that leaves consumer # (%)
indifferent between buying at time ¢ with ¢; = ¢, or waiting until costs fall to ¢z and buying

at that point (at price p*(k(@")).

B Proof of Theorem 2

For each A > 0, let (62, u®) be an equilibrium in $°(A) achieving the largest social welfare.
Let {p//(A), k' (A) }er(a) denote the prices and belief cutoffs induced by (o2, ) at periods
at which the seller’s costs are ¢y, and let k@1 be the lowest value buyer who trades while

costs are cy under (o2, u?).
Lemma B.1. k%) — p*(A) = 0 as A — 0.

Proof. Towards a contradiction, suppose the result is false. Hence, there exists a sequence

) — v (A") > €.

{A"} — 0 and an € > 0 such that lim,, ., gl "

ol

For each n, let £, be the time at which a buyer with value &, = & R buys under
(02", uA") if ¢, = ¢y for all t < £,,. The price at which a buyer with value x, buys under
(02", pA") when costs are ¢y is p(k,) = (1 — p(A™))k, + p(A")p" (K,).

For each n, fix &, € (v*(A"), k) such that

Afn F(kn) — F(Rn) L _ prAn F(fn) ;11 2
plin) (F ) < vt U i)

Let {#H(A™)} be such that, for all t < ¢, + A", BI(A") = g (A"), (where {kH(A™)} is

the sequence of belief cutoffs under (02", ")) and for all t > + 2A", ZH(A") = &,,. Let

29



{pH(A™)} be such that pH (A") = p(k,) for all t > t,,+ A", and such that, for all ¢ < tn+ A",

Fryan(A") = By (A7) = e VS (R A (A) = Brian(A™))

+ e (1L — e (R an (A") = pE(RILA(A™). (18)

That is, {pf (A"), & (A™)} satisfies (16). Note that the inefficiencies under {p (A"), #H (A™)}
are smaller than under {pff(A"), kI(A™)}, since trade is delayed by less under the former.
The rest of the proof shows that, for n large enough, {p (A"), K (A™)} can be supported

by an equilibrium in $°(A"). This leads to a contradiction, since (02", u®")

was assumed
to be a welfare maximizing equilibrium in X5(A™).

As a first step, I show that pff < p for all ¢ < £,. Since sequences {x(A"),pf(A™)}
satisfy (10) for all ¢ < #,, and since &7 (A,) = &1(A,) for all t < £, + A", pIT < pH for all

t < t,, implies that sequences {&(A™), I (A™)} satisfy (10).

Note that
EZan‘FA" o ﬁiHn - e_(ﬂr/\)m(’%gm - ﬁiHn+An) + e—mn(l e )(K“t FAR T pL('%anJrA"))
> e —(r+X) A" (th+An o ﬁ<,~€gb+An)) + e—rA" (1 _AAH)(I{tn_,'_An N pL(’%g_;_An))
= 6_(T+)\)Anp(’%g+An _pL(’%fier)) + e—rA”(l _)\An)(’%t e _pL(’%g+An))
= PO o = PR 00))
where the strict inequality uses pt tAn = = p(r¥ R 4o An) < p(rE Ri m)v the second equality
uses p(F;! o) = G R an (1= p(A™)) + p(A™)p* (E§{+An>, and the last equality uses p(A) =
e (1 — e ) 4 pe (VA Since Ry +AH(A”) = Ky +An(An), and since pg(A”) = p(kn) =

p(k; +An(A”)) it follows that p (A”) <pt (A™).

I now use this to show that pf(A") < pH(A") for all t < f,. For all t < t,, prices
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{p{(A™)} satisfy

iy an(A") = pff (A") = e TV (5 0 (A") = pan (A™))

e (1= e ) (R an (A") = pt (rfan (A))).
Combining this equation with (18), for all t < £,,,
il (A") = p{(A") = e VA (pfL An (A™) = Plian(A)),

where I used &7 (A") = xP(A") for all t < #, + A". Since pi < pfl, it follows that
pI(A™) > pH(A™) for all t < £,. Hence, {R(A™), p7(A™)} satisfies (10).

I now show that, for n sufficiently large, {#X(A"), p(A™)} also satisfies (17). I start by
showing that pff(A") > pH .. (A") for all t < £,,+ A", so prices p(A") are decreasing. This
implies that pf (A") > ﬁan+An(A”) = p(ky) for all t < t,. Since p(k,) = (1 — p(A™))k, +
p(A)pt(ky), hn > v(A") = (&, and pL(R,) > v, this further implies that p(k,) —
cg > p(A™)v. Hence, if prices p (A™) are decreasing, then pi(A™) — ¢y > p(A™)wv for all
t <t,+ A"

Recall that

ﬁiHnJrA" - ﬁ(Ran+2A"(An)) =(1- p(An))"%an+2A”(An) + P(An)pL(’%iHnwm(An))

~H ~H ~H L~H
> K ponan — Dipan = PIAAT)(E onn = P7(E] 1oan)
KiHA” _prn+A" = e U (’ianJrzAn _ngrAn) +e (11— )(’%{{HATL —pL(ffgLJrQAn)),
(19)
where the last line uses p(A) = ’ir_i(,l(—:i;;f) Moreover, ﬁf satisfies (18), and so
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Combining this with (19) yields

~H

~H >,£H

A i onn and pL(-) is weakly increasing.

where the strict inequality follows since &
Towards an induction, suppose that pff > pff wan forall t =t + A" t,. I now show
that p;’ > pft an. Since pi’ and pfl A satisfy (18), it follows that

—(r+X)A™ (

155 o ﬁﬁkm - (1 - eim )(“t+m ’%ﬁmn) +e Piian — ﬁgrmn)

+e (1 - efAAn)(PL(Rfim) — p"(R{laan)) > 0.

By the Coase conjecture, for all k, UX(k) — v as A — 0; i.e., the seller earns a profit
margin of v on each sale she makes when her costs are cy. Since the profit margin (pf — cp)
that she earns on each sale when her cost is cy is larger than pv, in the limit as n — oo
the seller’s profits from selling when her costs are cy are larger than what she would get
by waiting until her costs fall to ¢, and then playing the continuation equilibrium. Hence,
constraint (17) is satisfied under sequences {p/ (A"), & (A™)} when n is sufficiently large.

The arguments above show that, for n large enough, {2 (A"), p(A™)} satisfies all the
conditions in Theorem 1(ii). Hence, for n large enough, {#7 (A"), p¥ (A™)} can be supported
by an equilibrium in X°(A"). But this contradicts the fact that, for all n, (2", u2") is a
welfare maximizing equilibrium in X5(A") (recall that inefficiencies under {pf (A"), &2 (A™)}

are smaller than under {p¥ (A"), k¥ (A™)}). Therefore, k" #) —v*(A) = 0as A - 0. W

For all k € [v,7] and A > 0, let U(x; A) be the seller’s continuation profits when her
cost is ¢, and her belief cutoff is k. Define 7% (xk; A) = F(r)UL(k; A).

Lemma B.2 (no atoms). Fiz a sequence {A"} — 0. For each n, let (™", u®") be a welfare

mazimizing equilibrium in X°(A™), and let {xH (A™), pf(A™)} be the sequences of prices and
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belief cutoffs induced by (02", u>"). There exists B > 0 such that, for all t € T(A"),

o PO (A™) = Pty (A7)

n—o00 An

<B.

Hence, for allt € T(A"), k]'/(A") — K \n(A™) = 0 as n — oo.

~ HH ny)__ IiH " n
Proof. Note first that, for all n, there exists t,, such that Fle (A7) AFn( rxan(8%) 0 for all

t > t,; i.e., t, is the last period at which the seller makes sells when costs are high.

Consider next ¢t < £,,. By Lemma A.1, and using 7% (x; A) = F(k)U*(x; A),

(F(ri" (A") = F (s an(A")pp (A") < 78 (5 (A"); A")(1 = 727
+ e (s (A"); A") = mh (K an (AT); A")).
(20)

Let p*(k; A) be the price that a low cost seller would charge when her cutoff beliefs are
Kk in a setting with time period A. Note that, since p’(x; A) € [v, p*(v; A)] for all x,

T (g (A"); A") = T8 (R an (A"); A™) < pH (0 A (F (k) (A)) = F(riian(A"))).

Combining this with (20),

F(k{'(A") — F(ki{an (A")) 1 — o—rA"

An (pi" (A") = e ph (@ A")) < (7" (A"); A" ——- (21)

Next, recall from the proof of Lemma B.1 that prices pf (A") are decreasing: for all t < £,,,

PH(A") > pll (A") = pk*#3) > p(ut(A") = (1=p(A"))v* (A")+p(A")pF(v* (A™); A™).

Since lima_,0 p(A) = T%\, lima 0 v*(A) = #CH and lima_,o p"(U; A) = v, it follows that
lim pf (A™) — 7™ " pk(T; A™) > ey + A vV—v=cy— v>0
n—soo’ ! ’ - r+AT - r+ A
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The strict inequality holds since, by Assumption 1, v*(A) € (v,7), and so lima_,o v*(A) =
%cH > 0.

Using this in inequality (21)

. F(sI(A™) — F(kE A (A™)) _ 1 o 1 _ A"
1 <1 A™): A
nl—>nolo An - nl—)ngo pr(An) — 6_rAan(@; An)ﬂ- (Ht ( )7 ) An
Tt A TV
~(r+MNeg —rv

where the last inequality uses lima o 7% (k;A) = F(k)v <v. W

Proof of Theorem 2. Note first that, by (16), sequences {s{(A), pf/ (A)}ier(a) are such

that, for all t < {,

firea(B) = p (A) = eI A(A) = pfia(A))

£ A1 — e (W A(A) —pHREA(A) A)). (22)

For each t € [0,00), let p(t) = lima_op(A) and k% (t) = lima_o 7 (A) (if needed,
take a convergent subsequence, which exists by Helly’s Selection Theorem). Dividing both

sides of (22) by A and rearranging,

HAY — pH (A _ oA — (M)A
Y2 ( ) Apt+A( ) :ﬁﬂA(A)(l X ) —pfiA(A)(l X )
+ —rA(l — e_AA) L( H A): A
€ A p K;t—&—A( )i A). (23)

Taking limits on both sides of (23) as A — 0 and using lima_,0 p%(x, A) = v and lima o 7 (A)—
ki a(A) =0 (Lemma B.2),
pi(A) =plia(d)  dp(t)

: _ _ L Hpy H
ilinm A = pn re(t) — (r +A)p"”(t) + M.
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Under the most efficient equilibrium, it must be that inequality (10) holds with equality
for almost t € T(A). Using 7l(k; A) = F(k)UL(k; A),

Py (D) (F (ki (A)) = Fria(A))) = 78 (ky (A): A) — 78 (ki a(A); A)

(1= e A)rE (kA (A); A). (24)
Note next that, for all k, <" € [v,7] with k > &/, the following inequalities hold:

7l (k; A) — 78 (ks A) > v(F(k) — F(K))

wh(k; A) = 7 (K5 A) < pP (T A)(F (k) — F(K')).

The inequalities follow since, for all belief cutoffs &, pZ(%; A) € [v,p(v; A)]. Combining

these inequalities with (24), and dividing through by A, yields

F(r'(A) — F(riia(4)  1—e2

v A TA T (CHUNCAVEAY
o PLeE ) = POl )
<t ) LA Fia @) 12 (Ao,

Taking the limit as A — 0 and using lima_,0 p%(7; A) = v and lima_,0 75 (k; A) = vF(k),

F(r'(A)) = F(riia(A)) F(ri!(A)) = F(ria(4))

lim p;7(A) X = lim v X +ruF (k" (t))
. F(r{1(A) = F(sfia(A) — di™(t) gy TeF(E (1))
= I A e

The boundary condition for x(-) is x#(0) = v. To derive the boundary condition for

pH(+), let o = ima o v*(A) = “;)‘CH. By Lemma B.1, belief cutoffs s (t) reaches ¢ = H;/\CH

at finite time ¢ = inf{t > 0 : x(t) = ©}. The price at which the seller sells to a buyer with

valuation © must be such that this buyer is indifferent between buying now, or waiting until
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costs fall to ¢z, and getting the good at price v. Hence, p (1) = i+ 2 v =cy+-—2cv. N

C Proofs of Propositions 2, 4 and 5

Proof of Proposition 2. Suppose first that the seller can commit to a mechanism at
time ¢ = 0~, before learning her initial cost. For each v € [v,7], let 7(v) € Ry U{occ} denote
the random time at which a buyer with type v buys under this commitment solution, and
let p(v) denote the price at which consumer with value v buys.

The seller’s expected profits are

B[ [ 060 o] =£[ [ 760 — e o]

where E[-] denotes the expectation with respect to cost process {¢;}, and where the equality
follows since, by incentive compatibility, Ele"""p(v)] = E [e_”(”)v - f; e_”(z)dx] for all
v € [v,7]. Note that, for each v, the solution to max, Ele™""(¢(v) — ¢.)] is: 7 = 0 if
o(v) > v (A); 7 =71, =inf{t : ¢, = ¢, = 0} if ¢(v) € [0,v*(A)]; and 7 = 0 if P(v) < 0.
Hence, if the seller can commit before learning her initial cost, a buyer with ¢(v) > v*(A)
buys at time ¢ = 0, a buyer with ¢(v) € [0,v*(A)] buys at time 7 = 7, = inf{t : ¢, = ¢, = 0},
and a buyer with ¢(v) < 0 never buys. Let vy be such that ¢(vy) = v*(A) and let
v, = inf{v € [v,7] : ¢(v) > 0}. This commitment solution can be implemented with the
following path of prices: the seller charges price py = vy — p(A)(vy — vy) while her cost is
ch, and charges price p;, = v, when her cost reaches cy,.

Suppose next that the seller can only commit to a mechanism after learning her initial
cost ¢y. Under a direct mechanism: at ¢ = 0 the buyer reports her value v € [v,7] and the
seller reports her initial cost ¢y € {cp,cy}; at any time ¢t > 0, the seller reports her cost

¢t € {cp,ch} (or, equivalently, the seller reports the first time her cost falls to cy).
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Consider the following direct mechanism. If the seller’s initial cost report is c¢: (i) buyer
and seller trade immediately at price p;, = vy, if buyer reported v > vy; (ii) if buyer reported
v < vr, she never trades, and pays nothing to the seller. If the seller’s initial cost report is
cy: (i) buyer and seller trade immediately at price py if buyer reported v > vy; (ii) if buyer
reported v € [v, vy, she pays p(A)vy to the seller at time ¢ = 0, and then gets the good
the first time the seller reports that her cost fell to ¢, = 0, at additional price ¢, = 0; (iii)
if buyer reported v < vy, she never trades, and pays nothing to the seller.

Note that, conditional on truth-telling, this mechanism gives the same expected payoff
to all buyer types than the commitment solution discussed above; and hence it is incentive
compatible for the buyer to report truthfully, conditional on the seller reporting truthfully.
Moreover, it also gives the same expected revenues to the seller. I now show that it is
incentive compatible for the seller to report truthfully. To see why, note first that a seller
with ¢y = ¢y does not find it profitable to mimic a seller with ¢y = ¢;. Moreover, a seller
who reported ¢y = cy finds it weakly optimal to report her cost ¢; truthfully for all £ > 0.

A seller with ¢y = ¢, earns profits v (1 — F(vr)) by reporting truthfully at ¢ = 0.
Note that, since v, = inf{v € [v,7] : ¢(v) > 0} and since ¢(v) is strictly increasing,

v, = argmax, v(l — F(v)). If a seller with ¢y = ¢, reports cost ¢y at t = 0, her profits are

pu(l = F(vy)) + p(A)vr(F(vn) — F(ur)) = v (1 — p(A))(1 = F(vy)) + p(A)vr(1 = F(vr)),

where I used py = (1 — p(A))vyg + p(A)v. Note that

vr(1 = F(vr)) — (va(1 = p(A))(1 = F(vg)) + p(A)vr(1 = F(vy)))

=(1 = p(A))(vr(1 = F(vr)) —vu(l = F(vr)) = 0,

where the inequality uses v, = arg max, v(1— F'(v)). Hence, a seller with initial cost ¢y, finds

it optimal to report truthfully at ¢t =0. W
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A
r4+A

Since P(k'(t)) = p(t) for all t < i, this is equivalent to showing that () — p(t) >

Proof of Proposition 4. [ start by showing that xk — P(k) >

(k —wv) for all K > 0.

T%\(HHU) — ) for all t < £, or that

vt < t, D(t) = r(k"(t) — p"(t)) + Mv — p™(t)) > 0.

Using equation (4),

D'(t) = rd“;(t) Sy )\)dp;;(t)
=20 N ) (1) + A = (1)
_ Td'ﬁ;@ D). (25)
Note that p”(f) = o — 25(0 —v) = £"() = 25(x"(f) — v), and so D(f) = 0. Since

d < 0 for all t < i, it follows that D’'(f) < 0. Hence, D(t) > 0 for all t < # close to .

Let £ = inf{t < : D(t) > 0}. Towards a contradiction, suppose that £ > 0. Since D(t) is

continuous, D(t) = 0. Moreover, since D(t) > 0 for all ¢ € (£,%), it must be that D’(f) > 0.
. . dr (1) N

Using (25), and noting that ====|,_; < 0 and D(t) = 0,

- dr (t -
D'(t)=r 'idt( )\t:ﬁ (r+A)D(t) <0,
a contradiction. Hence, D(t) > 0 for all ¢ < . And so k — P(k) > riA (k —uv) for all kK > 0.
I now show part (i). For each cy, let ©(cy) = 2*cy be the efficient cutoff for cost cy,

and let P (x;cy) denote the solution to (7) and boundary condition for cost cz.
Fix dy > cpy, so 0(cy) > 0(cy). Note that 9(cy) — P (d(cy);cy) = r+>\< O(eny) —

v). By the arguments above, k — P(k;cg) > k —v) for all K > 0(cy); in particular,

A
oyl

0(cy) = PM(0(cy )i en) > 7235(0(cy) —v) = 0(cy) — P(0(cy); ), and so PH(d(cy); cy) >
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PH(i(cly); ca).

I now show that P (k;cy) > PH(k;cy) for all k € [6(c}),v]. Towards a contradiction,
suppose the result is not true, and let # = inf{x € [0(c}),v] : P¥(k;cy) < P*(k;cy)}.
Since P (k; ) and PH(k;cpy) are continuous and since PH (4(cy); cyy) > PR (0(cy); cr), it
must be that & > 4(cy) and P2 (&; c}y) = P*(&; cy). But then, PH(;¢)y) and PH(-; cy) both
solve ODE (7), with PH(k; ;) = PH(F;cy); and so PH(-;cy;) = P (-;cy), a contradiction.
Hence, P (r;cy) > P*(k;cy) for all k € [0(c}y),v]. Finally, by equation (5), the speed of
trade falls when prices pf (t) = PH (k1 (t)) increase.

I now turn to part (ii). Fix distributions F; and Fp such that F; dominates Fj in terms
of the reverse hazard-rate. Let P (k; F;) denote the solution to (7) and boundary condition
under distribution Fj.

[ start by showing that PH(k; Fy) > PH(k; Fy) for all k > . Note first that P (o; F}) =
=10 — 2(0 — ) for i = 0,1. Using (7), for i = 0,1,

r+A
dPH (k; F)’ _0
d/{'/ K=0 — )
d*PH (k; F)| _ rfi(f)) PH(D) — v
dr? = F;(0) TV
Since FL()) > {7 for all v, thﬁ > WL{ s. Hence, there exists © > © such
that P (k; Fy) > PH(/{ Fy) for all k € (0,).
Towards a contradiction, suppose that the result is not true, and let & = inf{x >

0 PH(k; F)) < PY(k; Fy)}. Since PH(k; Fy) and P (k; Fy) are continuous, PH(f; Fy) =

PH(k; Fy). Since P (k; Fy) > PH(k; F,) for all k € (9,/), it must be that WM:R <

dPHé:;Fo)‘K:R, But PH(k; Fy) = PH(&; F,) and 1]:1(2) > {?(())((?) together with ODE (7) im-

plies %‘H:g > W—”F‘)\K %, a contradiction. Therefore, P¥ (k; Fy) > P (k; Fy) for all
k > v. Lastly, since prices are higher under F; than under Fp, by equation (6) the rate at
which the seller makes sells is slower under F} than under Fy.

I now turn to part (iii). For each A, let 9(\) = ¢y, and let P7(k;\) denote the
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dpH

solution to (7) and boundary condition for A. Note that (1:2) ls=o(y= 0. Note further

dk
that
0 0 A r
ZPH(H(A); \) = — 2 )= >0
a0 =53 (CH+ r+AQ> Gl !

Hence, for all N > X close enough to A, it must that P7(5(\); N) > PH(5(N); ). Since
PH(;X) and PH(-; )\) are continuous, there exists & > 9()\') such that PH (k; X') > PH(k; \)
for all k € (0(X\), k). Next, note that by equation (5), the speed of trade falls when prices
pf(t) = PH(kH(t)) increase. Hence, for all t with k7 (t) € (6(XN), &), the speed of trade is

lower under . N

Proof of Proposition 5. Part (i) follows from equation (6) and the fact that, for all ¢ < £,
p(t) = p™(f) = cu + 25v > v (since, by Assumption 1, v < & = “cp). For part (ii), note
that in the limit as v — 0 the seller only trades with the buyer once costs are ¢y, at price v.
Hence, seller’s profits go to zero as v — 0. Since all types of buyers trade at time 7, in the
limit as v — 0, the total equilibrium surplus converges to (qw%A + 1 — ¢)E[v], establishing

part (iii) (recall that ¢ = prob(co =cg)). N

D Proof of Proposition 6

I start with some preliminary observations. Note that, in any equilibrium (o, u?) € XPU(A)
of the game with public costs, when the seller’s costs fall to ¢;, the continuation equilibrium
is the same as in the game in which it is common knowledge that the seller’s costs are cy,.
This observation implies that Lemma A.2 continues to hold when costs are public. In
particular, in any (o, u®) € SP¥(A), the seller sells with probability zero at any period ¢
with ¢; = ey and k; < v*(A). The reason for this twofold. First, in any (o2, u®) € XPP(A)

and for any cutoff beliefs x, the seller’s profits when costs are ¢ cannot be lower than prl (),
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since the seller can wait until costs fall to ¢;, and then play the continuation equilibrium.
Second, price pf at which a buyer with valuation H{i A buys when costs are high must be
such that st — pff > p(kiL A — p*(kfA)). Indeed, a buyer with valuation s{ 5 can get a
payoff at least as large as p(kf , — p" (kL 1)) by waiting until costs fall to ¢, and buying
at that time. With these two observations, the proof of Lemma A.2 goes through as is. I

summarize this discussion in the following Lemma.

Lemma D.1. Fiz a PBE (o, 1) € SP“°(A), and consider a period t with belief cutoff ;. If
¢t = cg, then kia > min{v*(A), k:}. In particular, if Ky < v*(A) and ¢; = cy, the seller

makes a sale with probability zero at time t.

For each A > 0, let (02, u®) € XP*(A). For any on-path belief cutoff x, let p(k;A)
denote the price that the seller charges under (0, u®) when costs are cy and the seller’s
belief cutoff is k. Let U (k; A) denote the seller’s continuation profits under (o2, u*) when
costs are ¢y and the seller’s belief cutoff is x. Lastly, let {s{’(A), p;’(A)}ter(a) denote the
sequence of belief cutoffs and prices induced by (2, ) on the equilibrium path when the

seller’s costs are cp.

Lemma D.2 (Efficiency). As A — 0, the equilibrium outcome of (o2, u®) converges to the

efficient outcome: for all t > 0, lima_ £ (A) = 0.

Proof. The proof adapts arguments in Liu (2015) to the current setting. Consider a period
t with belief cutoff xK7(A) and with ¢; = cy. For each v € [v,k(A)], let 72(v) denote
the random time at which a buyer with valuation v buys. The seller’s continuation profits

UH(kF(A); A) at this history satisfies:

O I
F(K5<A)>UH(HH(A% A) =E / e’’’ (v)(¢n{[(A)(v) - CTA(U))f(U)dU|Ct =CH|,

where E[-|c; = cy] is the expectation over future cost realizations, and where for each k

and v < K, ¢x(v) = v — % is the virtual valuation of a buyer with type v under
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truncated distribution g( .
K)

The reason why this expression holds is that, at any PBE,

incentive compatibility must hold at every history. Note that, for every s € T'(A), s > t,

kI (A)
F(st (M) U (k8 (A); A) > / (bt (v) — ) f(v)dw

(26)

Indeed, the right-hand side of (26) is the profits that the seller would obtain if she accel-
erated trade and sold to all buyer types v € [k7(A), kH(A)] at time ¢ and then played the
continuation equilibrium.??

By Helly’s Selection Theorem, there exists a sequence A,, — 0 and functions x7, pff and
7(v) such that, as n — oo, k1(A,) and p’(A,,) converge pointwise to x and pff, and 72" (v)
converges pointwise to 7(v). By Lemma D.1, k7 > lima_,ov*(A) = ¢ for all ¢ > 0. Since
k¢! is decreasing in ¢, to establish the result it suffices to show that [}, = limp ok} = 0.

Towards a contradiction, suppose that the result is not true, so /-i{)ﬂ > 0. Let ﬁi be an

increasing sequence converging to Iig,_. By dominated convergence, and using (26), for all s,

it must be that

HH
E / G_TT(U) (gbn(l)ﬂr (U) - CT(U))f(U)dU|CO+ = CH]
K)H_: KH
0 Sn
> [ (o (0) = cnlf@)do 4 B| [0 0, (0) = e (0)do e = e
(27)
~ H H o - _ F(ll)=Fv) _ .
Since kg " kg > 0, for all n large enough we have that ¢HH+ (v)=v— —— >0 for
0

allv € [ klL]. Tt follows that, for all n large, for all v € [ | k[ ] and for all random times

Sn

22By stationarity of the equilibrium, such a deviation does not affect the prices that the different types
of buyers are willing to accept.
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7>0, ¢y (v) —cy > IE[e*”T(gzﬁﬁH+ (v) — ¢ )|co = cy].?® Since the seller’s continuation payoff
0 0
E [f:f“ e""T(”)(qb,_iH+ (V) = cr)) f(v)dv |cor = CH] at state £ is non-negative,? it follows that
= 0

for all n large enough

H

/ n e_r(‘r(v)—Sn)(d)ﬁgl+ (v) — CT(v))f(U)d"U ‘CO+ =cy

/ 6—7«7(1;)@5%51+ (V) = crw)) f(v)dv|cor = cH] ,

which violates (27). W

Proof of Proposition 6. Part (i) follows from Lemmas D.1 and D.2, together with the
fact that, when ¢y = ¢, = 0, by the Coase conjecture all buyers buy immediately in the limit
as A — 0.

For every A, let #(A) be such that {xk(A)} converges to £(A) as t — oo. That is,
®H(A) is the lowest valuation at which the buyer buys when the seller’s costs are ¢y and the

time period is A. The price p at which the seller sells to a buyer with valuation 7 (A) when

her cost is ¢ must be such that %7 (A) —p = p(A)(F(A) —pL(FHE(A))) <= p = p(RH(A)).

By Lemma D.2, 7 (A) — ¢ = ¢y as A — 0. Since p“(k) — v for all k as A — 0, it

follows that lima g ﬁ(/@H (A) — ”;iiv cg + —5v. Therefore, when ¢y = cy the limiting

initial price is cy + 75, establishing part (ii).

The limiting proﬁts that the seller makes when ¢y = cy are then

A
+ A

A A
_ F N
v CH) + (U)r+)\y A

A—0

i, U0, 8) = (1= F(0) (e +

establishing part (iii). W

ZIndeed, for all v with ¢, (v) > 0, the solution to sup, Ele ™" (¢, (v) — ¢;)|co = cg] is T = 0.
H
24The seller’s continuation payoff ﬁE [f:m e r7(v) (¢HH+ (V) = cr ) f(V)dV [cor = cH} is bounded be-
Sn = 0

low by M%Q > 0, which is the payoff from waiting until costs fall to ¢;, = 0 and posting price v.
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E Mechanism design: efficient mechanisms and ineffi-
cient equilibria

This Appendix has two results. First, it shows that, under certain conditions, there exists
a direct mechanism satisfying IC, IR, and BB that attains the efficient outcome. Second, it
shows that all PBE of the game are inefficient.

Consider the following direct mechanism, which I denote MFB. At ¢t = 0, buyer reports
her type v € [v,7] and seller reports her initial cost ¢y € {cp,cy}. If the seller reports
co = c¢r, = 0, then all types of buyers trade at t = 0 and pay price v > 0 to the seller.

If the seller instead reports ¢y = ¢y, then at ¢ = 0: (i) all buyer types with v € [v*(A), 7]
trade at ¢ = 0 and pay price cg + p(A)v; (ii) all buyer types with v € [v,v*(A)) pay the
seller a price p(A)v but don’t trade yet. Then, at each period t € T'(A),t > 0, the seller
reports her cost ¢; € {cr,cy}. If at t > 0 the seller reports ¢; = ¢y, nothing happens. The

first period ¢ > 0 at which the seller reports ¢; = ¢y, all buyer types v € [v,v*(A)) trade,

and pay price cr(= 0) to the seller at this point.

Proposition E.1. Suppose that (1 — p(A))v > (1 — F(v*(A)))eg. Then, mechanism M

1s budget balance, satisfies IC and IR, and implements the first best outcome.

Proof. It is easy to check that this mechanism: (a) is budget balance, (b) satisfies IC for the
buyer, (c) satisfies IR for buyer and seller, and (d) implements the efficient outcome under
truthful reporting. I now show that the mechanism also satisfies IC for the seller. Consider
first a seller who reported ¢y = cg at t = 0. Then, for all t > 0, the seller strictly prefers to
report ¢; = cy if her current cost is cy, while she is indifferent between reporting ¢y or cy
if her cost is ¢;. Hence, truthful reporting is (weakly) optimal.

Consider next time ¢ = 0. A seller with initial cost ¢y obtains a payoff of p(A)v from
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reporting truthfully, and gets a payoff of v — ¢y from reporting ¢y = cr. Recall than
v*(A) = #f@ > v, where the inequality follows from Assumption 1. Hence, p(A)v > v—cp,
so a seller with initial cost cy strictly prefers to report truthfully.

A seller with initial cost c¢;, gets a payoff of v if she reports truthfully. Her payoff from
reporting ¢o = cg is (1 — F(v*(A)))(ca + p(A)v) + F(v*(A))p(A)v. Reporting truthfully is
optimal when (1 — p(A))v > (1 — F(v*(A)))cy. N

I now show that every PBE of the game, or any limiting PBE as A — 0, is inefficient.
Note that any (o,p) € X(A) (or any limit of equilibria (o™, p") € X(A") with A" — 0)
induces an outcome 7 : [v,7] X {cp,cg} — Ry and p : [v,7] X {cp, cy} — Ry, where 7(v, ¢y)
(resp. p(v,¢p)) is the possibly random time (resp. expected price) at which a buyer with
value v buys when the seller’s initial cost is c¢y.

Since the seller is making all the offers, prices p(v,cy) must satisfy p(v,cy) > v for all
v € [v,7] and ¢y € {cp,cy}: in any PBE, all buyer types accept a price v with probability
1.2 This implies that, in any PBE, the profits of a seller with initial cost cy are bounded
below by pv. Indeed, a seller with initial cost ¢y can wait until her cost falls to ¢y, charge
price v, and make a sale with probability 1, earning puv.

Recall that the first-best outcome 72 : [v, 9] x {cr, ey} — Ry has 778 (v, cr) = 0 for all
v, and 7FP(v, cy) = LycpsTr + Lysor, where 7, = inf{t : ¢; = ¢ }.
Proposition E.2. Let 7 : [v,7] X {cp,cy} — Ry and p : [v,0] X {cp,en} — Ry be an
outcome induced by a PBE (o, ) € 2(A), or the limiting outcome induced by a sequence of

PBE (o™, u") € 3(A") with A™ — 0. Then, 7 # 7F5.

Proof. Suppose by contradiction that the result is not true, so 7 = 775, Let U(v) be the

utility that a buyer with type v gets under this outcome:

Uv) = E[qe_”FB(”’CH)(U —p(v,cq)) + (1 — q)e_”FB(”’CL)(v —p(v,ep))].

25This follows from arguments in Lemma 1 in Gul et al. (1985), or Lemma S10 in Ortner (2017).
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By incentive compatibility, U(v) satisfies:

U(v) _ U(Q) +/ E[qe—rTFB(:v,cH) + (1 _ q>e—r7—FB(g;,CL)]dl. (28)

for all v € [v,7]. Since p(v,c) > v for all v, U(v) = 0.

Consider first v < v*, and note that

U(v) = qp(v = p(v,cu)) + (1 = q)(v = p(v, cr))

=qp(v —v) + (1 — q)(v — v), (29)

where the first equality uses the properties of 715 (v, ¢y) and the second follows from equation
(28), using U(v) = 0. Since p(v,cq) > v for ¢y € {cr,cy} and for all v, equation (29) implies
p(v,cr) = p(v,cy) = v for all v.

Consider next v > v*, and note that

Uv) =q(v—p(v,cu)) + (1 —q)(v —p(v,cr))

=qlp(v" —v) + (v =)+ (1 = g)(v —v), (30)

where again the first equality uses the properties of 7'?(v, ¢y) and the second follows from

equation (28), using U(v) = 0. Equation (30) implies that, for all v > v*,

qp(v,cu) + (1 = q)p(v, cr) = q[v* — p(v* —v)] + (1 = ¢)v = q(ca + pv) + (1 — q)v,

where the last equality uses v* — cyg = pv*. Since p(v,cr) > v for all v, it follows that
p(v,cg) < cg + pv. I now show that p(v,c) = v and p(v,cy) = cy + pv for almost
all v > v*. Suppose not, so there exists a positive measure of buyer types v > v* with

p(v, cg) < ey + pu. Since p(v, cy) = v for all v < v*, the profits of seller with ¢y = ¢y under
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outcome T, p are
(1= F@")E[p(v,cn) — culv =2 v'] + F(v")pu < pu.

But this cannot be, since a seller with ¢y = ¢y can obtain pv by waiting until her costs fall
to ¢z, and charging price v. Hence, p(v,cy) = cg + pv and p(v, ¢) = v for almost all v > v*.

By the arguments above, under outcome (7, p) a seller with ¢y = ¢, earns profits v. The
profits that this seller can obtain by mimicking a seller with ¢y = ¢y, and then playing as if
her cost fell to c;, at time sA are (1 — F(v*))(cy + pv) +e "2 F(v*)v, which is strictly larger

than v for all sA small enough, a contradiction. Hence, 7 # 715, W

F Increasing costs

This appendix studies a version of the model in which the evolution of {¢;} satisfies prob(ciyn =
crles = cg) = e2 and prob(ciya = cp|c = cp) = e A,

Recall that v* is such that v* — ¢y = pv*, where p is defined as in the main text. Note
first that Proposition 1 continues to hold in this setting: under the first-best solution, the
seller sells to a buyer with value v > v* at ¢ = 0, and sells to a buyer with value v < v* the
first time her cost falls to ¢;. I maintain Assumption 1, so v* € (v, 7).

I focus on PBE (o, u) that satisfy the following conditions. First, as in the main
text, I restrict attention to separating equilibria: for all histories hy, suppo?(h¥)(cy) N
suppaB(h?)(cr) = 0. Second, I consider weakly stationary equilibria; i.e., equilibria in
which the buyer’s purchasing decision depends solely on her value and her beliefs about the
seller’s costs, and in which along the path of play, the seller’s strategy depends solely on her
current cost and her belief cutoff. With a slight abuse of notation, I let ¥° denote the set of

PBE satisfying these conditions.
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For each PBE (o, 1) € X5, let U(Ig’u)(li) and U(?W)(/{) denote, respectively, the seller’s
profits under (o, ) when her belief cutoff is x and her cost is ¢y and ¢;. The following result

generalizes Lemma A.1 to the current environment:

Lemma F.1. Consider a seller history hy such that the seller’s belief cutoff k; at time t is
strictly larger than v. Let pIf be the price that the seller charges under (o, 1) € $° at history
h? if ¢; = cy, and let keyon be the highest consumer type that buys at time t when ¢; = cp.

Then, k; and Kin satisfy

HF(KZt) - F(:‘itJrA) S UL (/’it) . e—(T+V)AF(Ht+A) UL

Py F(ky) (o11) F(ky) (o (Kta)
_y _ A F(k
S R L e RN (31)

Proof. Consider a seller whose cost changed from cy to ¢y, at time ¢, after history hf . The
profits that this seller obtains by revealing her cost are U (ﬁ M)(I{t>. The profits that this seller
would make by posting price p that she would have posted if ¢; = cg, and then from ¢ + A

onwards playing the continuation strategy with belief cutoff k; ;A are

F(kirn)

ol Fre) = F(ktra) | —paF(Fera)
F(ry)

T F(ey € Flry) o

J(Kesa) e (1= e Ul (Ke4a)-

A seller whose cost changed to ¢, at period ¢ has an incentive to reveal her cost only if (31)

holds. W

For each A > 0, let (6, u®) be an equilibrium in ¥° in a game with time-period A. For
each A > 0 and each t € T(A), let ki (A) denote the (random) sequence of belief cutoffs
under (o, p®) at time t.26 Let p*(x;A) and p(k;A) be the price that the seller offers

under (o2, u2) when costs are ¢y, and ¢y, respectively, and her belief cutoff is &.

26Note that #¢(A) is random even if the seller uses a pure strategy, since behavior until time ¢ might
depend on past cost realizations.
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The next result shows that, in any equilibrium in $°, as A — 0 buyer and seller trade
efficiently fast whenever the seller’s cost are c. Let 72 denote the first time in T/(A) that

the seller’s costs are cy,
Lemma F.2. For allt > TLA, lima 0 K¢ (A) = v.

Proof. Consider period 72 with belief cutoff ks = K and with ¢, = ¢,. For each v € v, K],
let 72(v) denote the random time at which a buyer with valuation v buys. The seller’s

continuation profits U*(k; A) at this history satisfy:

w(A)
/ 670 (6 (0) — era ) f0)doler = e | |

F(r)U*(k;A) =R

where E[-|¢; = cg] is the expectation over future cost realizations, and where for each x and

v < K, pp(v) =v— W is the virtual valuation of a buyer with type v under truncated

F(v)
F(k)"

distribution This expression holds since incentive compatibility must hold at every

(2

history.

For every s € T(A),s > 78, let k¥(A) denote the seller’s belief cutoff at time s under
(o2, u?), conditional on ¢, = ¢, for all 7 € [72,s]. Let pX(kL(A), A) be the price that the
seller charges at time s under (o, ) conditional on ¢, = ¢, for all 7 € [75, s].

For all such s € T(A), s > 72, it must be that

K

F(r)U (k; A) > / (60(v) — 1) (v)dv

K5 (A)

KE(A)
beSE| [ e 00, 0) ) fo)do e = en | (32)

Indeed, the right-hand side of (33) is the profits that the seller would obtain if she accelerated

trade and sold to all buyer types v € [ks(A), k] at time ¢ and then played the continuation

equilibrium.?”

2"By stationarity of the equilibrium, such a deviation does not affect the prices that the different types
of buyers are willing to accept.
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By Helly’s Selection Theorem, there exists a sequence A,, — 0 and functions %, pL and

7(v) such that, as n — oo, kL(A,) and pF(A,) converge pointwise to X and pF, and 757 (v)
converges pointwise to 7(v). Since kF is decreasing in ¢, to establish the result it suffices to

show that /€7I_{L+ = limg o K = .

H
TL+S
Towards a contradiction, suppose that the result is not true, so /<L7L_+ > v. Let ’stn be an
L
increasing sequence converging to /€£+. By dominated convergence, and using (33), for all s,
L

it must be that

T

L

Since /{SLn S kE. > v, for all n large enough we have that ¢HL+ (v) = v —
L Tr
v>c, =0foralve [k, kL] Tt follows that, for all n large, for all v € [kL k%] and
TL n ’TL
for all random times 7 > 0, ¢,z (v) — ez > E[e77(¢nr (v) — ¢r)co = cg].*® Since the
L L

seller’s continuation payoff E {f:g" e’”(”)(gme+ (v) = crw)) f(v)dv |co+ = CL:| at state k% is
v 4
non-negative, it follows that for all n large enough

L

/ " (Bes (v) — car) f(v)dv + E

/ ' e_T(T(U)_Sn)(QSHL (U) - CT(U))f(U)dU |Co+ = CL]

Lo L
whE,
>E / - e—r'r(v) (¢HL+ (U) - CT(U))f(U)d’U|Co+ = CL] 5
v "L

which violates (34). W

The following result follows from Lemma F.2.

ZIndeed, for all v with ¢, (v) > cr, the solution to sup, Ele™" (¢, (v) — ¢;)|co = cr] is 7 = 0.
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Corollary F.1. For any k € [v,7], p"(k; A) — v and UL (k; A) — v as A — 0.

Using arguments similar to those in the proof of Theorem 2, one can show that in the
limit as A — 0, under a most efficient separating equilibrium, the evolution of prices when

costs are cy still satisfies equation (4). Moreover, the limiting speed of trade now satisfies:

de"'(t) _ F(s"(t)) (r+7)v =y U" (" (1))
dt F(sH(1)) (P (t) —v) ’

where U (k! (t)) is the limiting payoff of a seller with cost cy and belief cutoff x(¢).
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