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ABSTRACT

The (stochastic) bandit problem is a classic example used to address the challenge
of balancing exploration and exploitation when dealing with bandit feedback. This
dissertation focuses on stochastic bandits with constraints, where each action (or arm)
bears both a reward and a safety risk. The objective is to maximize rewards while
avoiding unsafe options. We explore the application of the optimistic principle in
this context. Specifically, we study two performance metrics, the reward regret and
the constraint violation. Our formulation penalizes deficit reward and excess risk
in a per-round sense, thus pertinent to the safety critical scenario. We propose a
doubly optimistic approach that aggressively determines which arms are feasible to be
considered, along with several realizations of this strategy to specific scenarios. We
instantiate this scheme on the multi-armed bandit, linear bandit, and generalized linear
bandit cases. Our findings demonstrate that these algorithms achieve a regret bound
that is faster than existing results. For the constrained multi-armed bandit problem, we
achieve logarithmic regret for both the reward and safety risk; for linear and generalized
linear bandit settings, we carry out a dual analysis based on linear programming

sensitivity, identify the discreteness from the continuous problem, and manage to show

\%



a logarithmic regret on reward and a log(7") to VT safety violation, which is the best
to expect without prior information. The upper bounds are accompanied with lower
bounds that are matching in terms of time horizon and gaps. We complement our

study with illustrative simulations, and conclude with several future directions.
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Chapter 1

Introduction

1.1 Constrained Learning

Machine learning methods have been extensively researched and utilized across diverse
real-world domains, such as engineering systems and clinical trials. Typically, a
conventional machine learning problem involves optimizing a selected objective within
a predefined function class. However, this approach overlooks the reality that many
real-world systems operate under certain constraints. In the contemporary landscape
of machine learning and artificial intelligence, the shift from conventional learning
paradigms to constrained learning represents a significant move towards developing
solutions that better align with the challenges posed by real-world scenarios. Al-
though traditional learning approaches have led to notable progress, they often prove
inadequate when confronted with the intricacies and limitations inherent in practical
applications. The motivation behind constrained learning is rooted in the recognition
and effective addressing of these complexities encountered in real-world contexts.
Standard learning paradigms often assume, or is simplified so that there is only
a single objective to be optimized. Constrained learning, on the other hand, em-
braces the reality of limited resources, budget constraints, and contextual limitations,
which addresses the critical need for resource-efficient or safety-critical decision-
making. In scenarios where resources are finite—be it time, budget, or computational
power—learning approaches that ignore constraints may lead to suboptimal solutions.

Constrained learning methodologies aim to optimize decision-making processes by



explicitly considering and adhering to real-world constraints, ensuring efficiency and
practicality in application.

Learning models trained in constrained environments are better equipped to
generalize and adapt to the complexities of real-world situations. By incorporating
constraints during the learning process, models are forced to navigate the challenges
that arise in practical deployment, resulting in solutions that are more robust and
reliable across diverse and dynamic contexts.

The ethical dimensions of machine learning methods demand that models not only
perform well in controlled settings but also adhere to societal norms, legal constraints,
and ethical guidelines. Constrained learning provides a framework for developing
machine learning systems that not only excel in performance metrics but also operate
within the bounds of ethical considerations, ensuring responsible and accountable
deployment in real-world scenarios. Constrained learning methodologies actively
contribute to mitigating biases and promoting fairness in machine learning systems.
By incorporating constraints that reflect fairness requirements and ethical standards,
these approaches strive to develop models that are not only technically proficient but
also sensitive to the societal impacts of their decisions.

The motivation for embracing constrained learning over standard learning without
constraints lies in its ability to bridge the gap between theoretical advancements and
practical applicability. As we proceed towards the integration of machine learning
into everyday life, the need for models that understand and navigate real-world
constraints becomes increasingly imperative. Constrained learning thus serves as
a new direction that pushes machine learning techniques towards more responsible,

ethical, and effective side, surpassing the limitations of traditional learning paradigms.



1.2 Bandit Problems

Bandit problems constitute a category of sequential decision-making challenges present
in diverse fields, including machine learning, economics, and operations research.
The term bandit draws from the analogy of a gambler facing a row of slot machines
(one-armed bandits) and having to decide where to allocate limited resources, such as
time or money, to maximize overall rewards.

A bandit problem involves an agent, or player making a series of decisions over
time faced with uncertainty. The agent is presented with a set of actions, often referred
to as arms, each associated with an unknown reward distribution. The agent’s goal is
to learn and exploit the best-performing arm while simultaneously exploring other
arms to gather information about their potential rewards.

The major challenge in bandit problems revolves around the exploration-exploitation
trade-off. Exploitation entails selecting the arm estimated to be the best based on
historical information, while exploration involves trying other arms to refine under-
standing of their reward distributions. Keeping a balance between these two aspects
is crucial for optimizing cumulative rewards over time.

Bandit problems have applications in real-world scenarios such as clinical trials,
online advertising, recommendation systems, and autonomous systems. Theoretical
advancements and practical algorithms like epsilon-greedy, UCB (Upper Confidence
Bound), and T'S(Thompson Sampling) have been developed to address different facets

of bandit problems.

1.3 Major Scheme of the Dissertation

In this dissertation, we study the bandit problem with constraints, where an agent
is trying to solve a sequential decision-making problem under bandit information,

and under unknown constraints. Bandit with constraints models the complexity of



constraints on top of the standard bandits, capturing the reality that in addition
to the exploration-exploitation trade-off, it is also important to deal carefully with
the reward-constraint trade-off in applications. In an intuitive sense, an agent can
play more aggressively (in an extreme sense, as aggressive as non-constrained case) to
accumulate rewards, while it must also retain the cautious to obey the constraints in
face of stochastic feedback. In the next section, we motivate the constrained bandit

problem with real-world examples.

1.4 Motivating Example: Clinical Trials

In clinical trials, the primary goal is to evaluate the effectiveness and safety of trial
drugs. These drugs, while potentially curative for certain diseases, often bring with
them a range of side effects, such as headaches and nausea. The challenge lies not only
in ensuring the drug’s effectiveness in treating the condition but also in minimizing
these side effects to acceptable levels. This dual focus forms the basis for a critical
decision-making problem: selecting the most appropriate drug and dosage for each
patient that is both curative and safe.

This decision-making process is complex, as it must balance the positive outcomes
against the potential negative side effects, ensuring that the latter remain below a
certain safety threshold. Each patient’s reaction to a drug is unique, which adds
another layer of complexity and uncertainty. The effects of a drug on an individual
can be thought of as random variables, with their average effects across the population
providing a baseline for comparison. In this context, it’s not sufficient to alternate
between ineffective treatments (like placebos) and effective treatments that might be
harmful. Safety needs to be a continuous consideration, ensuring that each patient
receives a treatment that maximizes benefits while minimizing risks.

On one hand, ineffective treatments can lead to a lack of progress in combating



the disease; on the other hand, overly aggressive treatments can lead to unacceptable
side effects. Thus, in a clinical trial, the objective becomes to find an optimal sweet
spot where the drug is sufficiently effective in treating the disease without crossing the
threshold of tolerable side effects for each individual patient in an overwhelming sense.
This necessitates a nuanced approach to treatment assignment, one that accounts for

the effectiveness and safety at the same time.

1.5 Chapter Overview

The remainder of this dissertation is arranged as follows. Chapter 2 formally sets up
the problem and reviews related literature. Chapter 3 presents results for constrained
multi-armed bandits. Chapter 4 incorporates the infinite armed case by considering
the constrained linear bandits setting. Chapter 5 further extends the results to
generalized linear model. Chapter 6 exhibits simulation results. Chapter 7 concludes

the dissertation with future directions.



Chapter 2

Problem Statement and Literature Review

2.1 Problem Setup

The general form of bandit problem is a fundamental framework to study the
exploration-exploitation trade-off. The game unfolds over rounds, during each of
which the agent (also referred to as player or learner) selects an action (or arm) A,
from a set of available actions 4;. The environment then provides feedback specific to
the chosen action f;(A;), and so the agent gathers information and refine its strat-
egy before proceeding to the next round. The objective is to maximize rewards or
minimize losses over time, with rewards being determined by the feedback in either a
deterministic or stochastic manner.

To introduce the constrained (stochastic) bandit problem, we start with the most
basic setting of standard bandits, the stochastic multi-armed bandit (MAB), where the
action set A; = A :=[1: K] is time-invariant and finite, each arm ¢ is associated with
a fixed but unknown reward parameter p;, and the feedback upon pulling arm i is a
noisy version of the associated reward parameter f;(i) = p;+17;. There exist algorithms
dealing with the stochastic MAB problem with both theoretical guarantee and practical
implementation, including both frequentist (e.g. Upper Confidence Bound, see (Auer
et al., 2002)) and Bayesian (e.g. Thompson Sampling, see (Russo and Van Roy, 2014))
approaches. Such problem is exceedingly well studied, and a plethora of methods with
subtle differences have been established, as is well summarised in the recent textbook

(Lattimore and Szepesvéri, 2020).



The bandit problem, especially the MAB problem, has applications to diverse
settings, including recommendation systems, clinical treatments, communication
networks, and engineering design (Li et al., 2010; Villar et al., 2015; Hu et al., 2021).
Although such setting has been thoroughly studied, many application domains such
as the above have constraints accompanying the reward maximisation objectives. For
instance, trial drugs have both positive (eg. curing a disease) and negative side-effects
(headaches, nausea, etc) on a patient in a clinical trial, and it is as much in the interest
of a patient to ensure that negative side effects are limited as it is to ensure that
the drug is effective (Genovese et al., 2013). This scenario motivates the problem
of choosing drug and dosage (arms) that have the maximum positive effect while
ensuring that the side-effects remain below some safety threshold «. Since each patient
responds differently, the observed response and the manifestation of side-effects for a
specific patient can be modelled as random-variables, with the corresponding means
representing population averages. Importantly, for such a scenario, safety must be
accounted for in a per-round sense - it does no good to alternate between assigning
ineffective placebos and effective but harmful doses; instead we need to ensure that
individuals are not exposed to undue risk while accruing benefits.

We thus introduce the safety constrained multi-armed bandit problem, where each
arm, k € [1: K] is modelled by a tuple, consisting of a stochastic reward, of mean ",
and an associated stochastic safety-risk, of mean v*. Upon pulling an arm, the learner
observes noisy instances of the reward and safety-risk. The learner is provided with a
tolerated risk level, denoted «a, and the goal of the safe bandit problem is to maximise
the reward gained over the course of play, while ensuring that unsafe arms—those
for which v* > a—are not played too often. At each time step t, the play picks an
action from the given action set A; € [1 : K], and the environment generate stochastic

feedbacks which are centered at the mean associated with the arm 7, = p* + WY,



sy = v + w}. The player then updates its strategy based on the observations, and
the game proceeds to the next round.
We measure the performance of the bandit algorithm via two metrics, the cumula-

tive regret on rewards &, and the net constraint violation .77, defined as follows.

ér = Z(M* — 1)y (2.1)
Sr=> (V' —a) (2.2)

where (-)4 = max{-,0}, p* = max;eq.x) p* s.t. v < o, and pf = ptt vt = A

The key point of the regret formulation lies in the fact that it only count the
positive part, thus encouraging algorithms that do not alternate between effective and
safe actions.

The constrained MAB setting, although intuitive and easy to understand, bears the
major limitation of the finiteness (discreteness) of the action set. In bandit literature,
it is well studied that infinite (continuous) action set could be considered, when certain
structure is imposed in the action space. (Stochastic) linear bandit is a representative
setting, where the observation is linear in the action, and all of the actions share a
fixed and hidden parameter. We thus generalize the safety constrained multi-armed
bandits to the constrained linear bandit setting, specified as follows.

At each time step t, the player picks action z; (here we change the notation to
obey the convention of linear bandit literature) from a known polytope X = {x € R? :
Bx < }. The environment then generate stochastic feedback on the unknown reward
re = {0, 1) + w?, and on several unknown safety constraints, s = (a’, ;) + w?, where
0 and a’,i € [1 : U] are the unknown reward and risk parameters, w!,i € [0 : U] are
observation noises. An arm z € X is deemed safe if (a’,z) < o for all i € [1: U]. To

keep the notations short, we stack all all the unknown parameters and corresponding



thresholds into a matrix A and vector «, so that the unknown constraints can be
expressed as Az < «a, and the safety polytope is naturally introduced as S = {z €
X @ Az < a}. As the case in safe MAB, we measure the performance of an algorithm
through the following metrics

T

& = Z((@,J}* - xt>)+7

t=1

T
S = Zmiax(mi, ) — )y,
t=1

where 2* = argmax,y (6, ) s.t. Az < a.
The goal in both safe MAB and safe LB is to design an algorithm that achieves

sublinear rates in both &r and 7.

2.2 Literature Review

The bandit problem, originated from the seminal work (Thompson, 1933), has been
extensively studied and widely applied. We briefly summarize some important and
most pertinent work, while the curious readers are referred to a series of representative
surveys and textbooks, including (Cesa-Bianchi and Lugosi, 2006; Bubeck et al., 2012;
Lattimore and Szepesvari, 2020).

There are mainly two types of bandit problems considered in the literature, the
stochastic bandit and the adversarial bandit, categorised by the nature of the en-
vironment. In stochastic bandit, the distribution of the feedback associated with
an arm is fixed but unknown, and the agent needs to estimate and exploit these
distributions; while in adversarial bandit, the environment provide any feedback,
oftentimes adversarial, and hence the agent needs to deal with worst case feedback
structure. In this dissertation, we mainly consider the stochastic bandit setting. For

the sake of simplicity, we omit the terminology ’stochastic’ hereinafter.
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The simplest setting of bandit problems is the multi-armed bandit (MAB) problem,
where the candidate actions form a finite and discrete set. The MAB problem is
properly introduced in (Robbins, 1952), and thoroughly developed by a series of
follow-up work. Classic approaches of dealing with MAB problems include frequentist
methods like explore-than-commit (ETC) and upper confidence bound (UCB), and
Bayesian methods like Thompson Sampling (Agrawal and Goyal, 2012). Refined
analysis are further studied, including (Kaufmann et al., 2012a; Kaufmann et al.,
2012Db), providing tighter regret bounds on the regret.

Beyond multi-armed setting, linear bandit (LB) (Dani et al.; 2008; Rusmevichien-
tong and Tsitsiklis, 2010; Abbasi-Yadkori et al.; 2011) is also well-established to study
the bandit problem with infinite arms under linear structure. The confidence set
introduced in (Abbasi-Yadkori et al., 2011) is widely used as a building block for many
linear bandit algorithms.

In this dissertation, we study a family of bandit problems called (safety) constrained
bandits. A key point of our setting is that the constraints need to be considered
in a per-round sense, such that any constraint violation in a specific round should
be noted and counted towards a cumulative objective. We briefly summarize the
literature on constrained bandits, with comparison to our setup. To begin with, let’s
discuss previous methods for dealing with constrained bandit problems in terms of
their formulation. One significant observation is that earlier approaches often impose
constraints on overall play in a cumulative manner. This becomes problematic when
our objective is to guarantee safety on a per-round basis. Next, we’ll provide context
for our proposed methodologies in relation to the existing body of work. Finally, we’ll
discuss the topic of pure exploration within the context of safe bandit scenarios, an
area that has garnered recent attention.

In the literature on constrained bandit problems, there are two main categories
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based on how constraints are handled: aggregate constraints and round-wise con-
straints.

A significant portion of constrained bandits has focused on aggregate constraint
enforcement. This involves controlling the overall regret, denoted as %, and aggregate
violation, o7r. The regret Zr is defined as the cumulative sum of the differences in
expected rewards between the optimal action (z*) and the action actually taken (z;)
across all rounds up to 7. Mathematically, it is represented as % = Zth =t
in the MAB case, and %r := ), (0,2" — z;) in the LB case. While @ measures
the maximum total violation of constraints over time and is expressed as o/ =
doer V' = u' ey = max; (3, g (a', 7) — o). The concept of bandits with aggregate
constraints was first introduced in the work (Badanidiyuru et al., 2013) and later
expanded upon by (Badanidiyuru et al., 2014; Agrawal and Devanur, 2014; Agrawal and
Devanur, 2016; Agrawal et al., 2016; Sankararaman and Slivkins, 2021). These theories
apply to the contexts where the total number of adverse effects needs to be constrained,
while still attempting to match the performance of an optimal dynamic policy that
has complete knowledge of all mean values. In more specific terms, (Badanidiyuru
et al., 2013) considers a budget constraint, which can be mathematically represented
as Y. s —aT < 0, given that the total budget is B = oT. On the other hand,
(Agrawal and Devanur, 2014) offers a more relaxed approach. Instead of a hard
constraint, they define a form of regret, which represents the maximum of zero and
the excess of the total safety risk over a7". This is formulated as max(0, Y s; — aT').
The goal in this relaxed scenario is to ensure that this regret, which quantifies the
extent to which the safety threshold is exceeded, remains minimal. These approaches
represent different strategies in handling aggregate constraints in bandit problems,
with the former emphasizing strict adherence to limits, and the latter allowing for

some flexibility while still aiming to minimize risk overruns. These approaches ensure
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that on average, over time, actions are both safe and effective. However, they do not
guarantee safety in each individual round. The methods may alternate between very
safe but ineffective actions and very unsafe but effective ones. Such a methodology
might be suitable for scenarios where the average outcome over time is the primary
concern, such as in resource management or budget allocation problems. However,
in settings where safety is critical in each decision, like in healthcare or autonomous
vehicle navigation, this approach is not appropriate.

The issue with these aggregate safety formulation in constrained bandit problems
could lead to a significant violation of the constraints, which could be illustrated
through the following example of 2-armed safe bandit. Arm 1 has a mean reward pu'
of /2 and no safety risk (¢! = 0), while arm 2 has a higher mean reward (> = 1) but
comes with a significant safety risk (v = 1). In the flavor of aggregate constraints,
the optimal strategy would involve pulling arm 2, which has a higher reward but also
a higher risk, for o7" rounds — where a represents the safety threshold and 7" the total
number of rounds. After reaching this threshold, the strategy would shift to pulling
Arm 1, which is safer but less rewarding. Consequently, a low regret algorithm would
require pulling arm 2 a proportionate number of times to 7' (€2(7")). This strategy,
while optimal in the context of a global constraint, has a significant drawback: it
exposes the agent to a large number of rounds with the high-risk arm 2, which is
not desirable from a safety standpoint. To address this, our formulation proposes
penalizing each use of arm 2 with a cost of 1 — «, effectively reducing its frequency of
selection. As a result, a more effective approach under our model would involve playing
arm 2 significantly fewer times, specifically less than proportionally to 7" (sublinearly).

Aggregate constraint formulation, particularly in the context of bandit problems
and Markov Decision Processes (MDPs), continue to be a vibrant area of research.

These methods generally focus on balancing the goal of achieving high rewards while
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controlling the overall cost or risk involved, assessed over the entire course of action
or decision-making trajectory. A notable segment of this research, often referred to
as ‘conservative bandits,” emphasizes strategies that are cautious or ’conservative’ in
nature. This line of work, introduced in (Wu et al., 2016), and developed by (I{azerouni
et al., 2017; Garcelon et al., 2020a; Garcelon et al., 2020b), focuses exclusively on
rewards and implements a continuous aggregate constraint throughout the process.
Specifically, at any given round ¢, the cumulative reward up to that point, denoted
as D .o p?s, is required to be at least (1 — a)tu*. Here, u”* represents the mean
reward of the action taken in round s, a is the predefined threshold, and p*° is the
mean reward of a baseline action ky. This conservative approach ensures that the
accumulated reward at any point in the sequence does not fall significantly below a
certain fraction of what would have been obtained by consistently choosing a baseline
action. The objective is to maintain a steady level of reward performance while
exploring other options. However, applying a similar running aggregate constraint
to safety risks, as in the conservative bandit problem, could lead to issues similar to
those observed in globally constrained formulations. If such a constraint were applied
to safety risks, it would allow for the possibility of accumulating a significant amount
of budget in earlier rounds, so that larger risk in later rounds could be offset by these
safer choices. This approach could result in rounds being exposed to high levels of
risk, which is undesirable in scenarios where maintaining safety in each individual
round is crucial.

In constrained MDPs, the objective is to learn policies that not only yield high
rewards but also keep the aggregate cost or risk within acceptable limits throughout
the decision-making trajectory. Recent works like (Vaswani et al., 2022) contribute to
this area by developing algorithms and strategies that balance reward maximization

with cost control over the entire policy execution path. Some other studies, like (Yu
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et al., 2017), approach these problems from a more optimization-focused angle. These
works often integrate techniques and insights from the field of optimization to enhance
the efficiency and effectiveness of bandit algorithms under constraints. In summary;,
aggregate constraint methods are crucial in scenarios where the overall performance
over time, rather than the outcome of individual decisions, is the key focus. They find
applications in various fields, from resource allocation to automated decision systems,
where a long-term perspective on costs and benefits is essential.

An important aspect of our approach is the per-round application of the constraint,
as opposed to an aggregated approach over all rounds. This means that the optimal
dynamic policy in our scenario is more focused on consistently selecting a single, safer
arm, rather than alternating between a safe and risky one. This per-round constraint
enforces a more rigorous adherence to safety in each individual decision, contrasting
with the aggregate approach that could allow for significant exposure to risk in the
pursuit of higher rewards. The per-round formulation can be further divided into
hard and soft enforcement strategies. The hard round-wise constraints require the
knowledge of a very safe action and a safety margin. These methods build a pessimistic
set of actions, ensuring high probability safety in each round. They pick actions by
maximizing an optimistic reward index within this safe set. This approach was first
considered in linear bandits (Amani et al., 2019) and further refined by (Moradipari
et al., 2021). The main challenge here is the requirement of knowing a safe starting
point and the dependence of performance on the safety margin.

(Pacchiano et al.; 2021) presents a novel approach to the safe bandit problem,

which differs significantly from previous methods in the following two key aspects.

e Action Space Lifted to Policy Space: Instead of focusing on individual arms,
they consider policies over arms. These policies are represented as distributions

over arms, denoted by m;. This shift to policy-based decision-making allows for



15

a more nuanced approach to selecting actions, where a policy at any given time

t dictates the probability distribution from which an arm is chosen.

e "Hard" Per-Round Constraint: The model enforces a stringent constraint
on each round, formulated as (m;, v) < a. Here, (m, V) represents the expected
safety risk associated with the policy m;, and « is a pre-defined safety threshold.
This constraint ensures that the expected safety risk in each round does not

exceed the threshold, prioritizing safety on a per-round basis.

The concept of regret in this model is also distinct. It is defined as the sum of the
differences in expected rewards between the optimal static safe policy, 7*, and the
actual policy used in each round, m;. The optimal policy 7* is identified as the one
that maximizes the expected reward (m, u) while ensuring that the expected safety
risk (7, ) remains within the acceptable limit «.

Exploration within this framework is facilitated by incorporating a known safe arm
ks and utilizing the flexibility provided by the difference between the actual safety risk
of ks and the threshold a as a margin for exploration in the policy 7;. This strategy
allows for controlled exploration while maintaining adherence to the safety constraint.

Overall, the approach by (Pacchiano et al., 2021) offers a more dynamic and
flexible method for addressing the safe bandit problem, with a strong emphasis on
maintaining safety on a round-by-round basis and leveraging policy-based decisions for
effective exploration within safety constraints. However, despite being constrained on
a per-round basis, this formulation encounters challenges akin to those seen in globally
constrained frameworks. Although it appears to ensure safety in each round, the
optimal static policy (7*) actually achieves safety only when viewed in the aggregate
sense over time. This can be problematic, as illustrated by the previous example
where the optimal policy 7* ends up being (1 — «, ). In such a scenario, a low regret

algorithm would be compelled to assign a significant probability to the high-risk arm
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2 in most rounds. Consequently, this leads to a situation where approximately Q(T")
rounds (linear in time) are exposed to the high-risk arm, mirroring the issue found in
globally constrained models.

In a related vein, the works (Amani et al., 2019; Moradipari et al., 2021) in the
linear bandit setting explore similar themes, but without adopting the policy action
space. Their research also focuses on hard round-wise safety constraints. A key aspect
of their approach is the utilization of a known safe action and the continuity of the
action space to facilitate adequate exploration within the safety constraints.

The pure-exploration approach in safe bandit problems is also an active area of
research, focusing on identifying arms that are not only nearly-optimal in terms of
rewards but also nearly-safe. This approach is particularly relevant in contexts where
safety is a critical factor, and the goal is to explore and identify the best possible
options within safety constraints. (I{atz-Samuels and Scott, 2018) explore this concept
in the formulation of finite-armed bandits. Their work aim to identify the top arms
that meet specific safety thresholds. This approach is particularly useful in scenarios
where there are a limited number of options (arms), each with distinct characteristics
and associated risks or rewards. (Wang et al., 2021) extend this exploration to a more
complex setting where each arm comes with a continuous parameter that influences
both the reward and safety. This addition of a continuous parameter adds a layer of
complexity and realism to the model, as it mirrors real-world scenarios where choices
exist on a spectrum. (Camilleri et al.; 2022) further explore the concept in the linear
bandit framework, which aligns closely with the structure discussed in our context.
In their study, they focus on identifying the best feasible arm, assuming a finite and
known set of possible actions. This research is significant in linear bandits, where
actions and outcomes have a linear relationship, making the exploration for safe and

effective arms more nuanced. A critical aspect to note in these studies, particularly



17

in (Camilleri et al., 2022), is that even though safety might not be strictly enforced
during the learning phase, the methods developed are still geared towards identifying
arms that balance safety and effectiveness. However, these methods typically provide
safety assurances only to a certain level of precision, indicating a trade-off between
exploration speed and the precision of safety guarantees. In summary, the pure-
exploration approach in safe bandit problems is essential for scenarios where the
primary objective is to explore and identify the best possible actions within given
safety constraints.

Beyond the perspective of formulation, there is also the categorization of pessimistic-
optimistic approach and doubly-optimistic approach. In the safety constrained bandit
problem, the majority of existing solutions adopt a pessimistic-optimistic (PO) ap-
proach, focusing on hard constraint satisfaction. This means they aim to ensure with
high probability that the total safety violation (./7) remains zero. Key contributions
in this domain include (Amani et al., 2019; Moradipari et al., 2021; Pacchiano et al.,
2021; Bernasconi et al., 2022). While this approach provides strong safety guarantees,
there are notable limitations and trade-offs involved. One significant constraint of
PO methods is the prerequisite of an explicitly defined, nontrivially sized safe region,
known beforehand. This requirement can be a substantial assumption, especially in
situations where such prior knowledge is not readily available or hard to ascertain. In
addition, the efficacy guarantees provided by these methods are typically of the form
&p = O((M®)~"'\/T), where M? represents the measure of the size of the known safe
region. This relation implies that the efficacy of the method is inversely proportional
to the size of the safe region and directly proportional to the square root of the time
horizon T'. The focus of this dissertation, on the other hand, is to explore alternative
methods that aim to improve upon these limitations. Specifically, we are interested in

approaches that:
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¢ Reduce the dependency on having a predefined, nontrivially sized safe
region This could potentially broaden the applicability of the methods to a

wider range of scenarios where such prior knowledge is limited or unavailable.

e Improve upon the efficacy guarantees, aiming for bounds that are more

favorable and less dependent on the size of the safe region or the time horizon.

However, it’s important to note that in pursuing these improvements, there is a
trade-off in terms of safety guarantees. The methods we explore may offer ’soft’ safety
guarantees, where the total safety violation .7 grows slower than the time horizon T,
specifically 77 = o(T'). This means that while the methods may allow for some safety
violations, the frequency and severity of these violations diminish over time.

To conclude, the field of bandit problems with unknown constraints is diverse, with
various approaches each suited to different aspects of the exploration-exploitation trade-
off and the safety-reward balance. Our focus on round-wise constraint enforcement
aims to address the limitations of aggregate constraint methods, particularly in
scenarios where safety is a critical concern in every decision-making instance. Our
methodology aims to strike a balance between the strength of safety guarantees and
the practical limitations of requiring prior knowledge of safe regions, while also seeking

to improve the efficacy of the solutions in the constrained bandit problem context.



19

Chapter 3

Constrained Multi-Armed Bandits

3.1 Problem Setup and Definitions

In the context of the (safety) constrained multi-armed bandit problem, we define an
instance by specifying a risk level denoted as o within the range of |0, 1|. Addition-
ally, we have a constant K, which represents the number of arms available, and a
corresponding vector of probability distributions denoted as (IP¥) kep:kx]- Bach entry
in this vector is supported within the range [0, 1]* and can be represented as a pair
(R, S), where R stands for reward, and S represents the safety risk. Furthermore, we
associate two vectors, ;1 and v, both within the range [0, 1]%, which correspond to the
mean reward and safety risk of each arm. In mathematical terms: for each arm k, we
have (1%, V) := E (g g)pr[(R, S)]. It’s important to note that the reward R and safety
risk S components of each arm do not necessarily need to be independent, and our
results are designed to handle various dependence structures.

The scenario unfolds in rounds, denoted as t € N. At each time step ¢, the learner,
represented by an agent implementing some algorithm for the bandit problem, makes
a decision denoted as A;, which corresponds to choosing an arm to "pull". Upon
selecting an action, the learner receives samples (R;, S;) ~ P4t independently of the
history. The learner’s knowledge at time t is characterized by the information set
Hi 1 = {(As, Rs, Ss) : s < t}, and the action A; must be adapted to the filtration
induced by this set. The learner has no knowledge of any specific properties of the

probability distributions P* other than the fact that they are supported within the
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range [0, 1]2.
The competitor, representing the best feasible arm given the safety constraint and
the mean vectors, is determined as:

k* = argmax pf s.t. v < o,
ke[l:K]

whose corresponding mean reward and safety risk are denoted as p* and v*. We will
use this notation throughout - for any symbol h*, we set h* = h*". Without loss of
generality, we assume that the optimization is feasible, and that £* is unique. We

define the efficiency gap AF and the feasibility gap I'* for playing arm k as:
A =0V (pr = ph), TF=0v (" -a),

where a Vb := max(a,b), and we also use a A b := min(a, b) later on. It’s worth noting
that AV IT* > 0 for k # k*, according to the uniqueness of the optima arm.

The performance of a learner is assessed using the concept of (pseudo-) regrets
as defined in Equation 2.1 and Equation 2.2. For the sake of simplicity, we further

introduce the following concept of a "composed" regret, defined in Equation 3.1:

Rp= Y AMvIH (3.1)

1<¢<T

where A4t and I'** are defined as in the previous explanation. It is readily seen that
max{&r, Sr} < Rr. Hence upper bounding the composed regret will immediately
give us an upper bound on both the efficiency and safety regret. We focus on bounding
R+ henceforth.

It’s worth noting that the per-round regret, namely max(0, u* — ptt, v — «),
has some appealing properties from a safety perspective. Specifically, it penalizes

constraint violations on a per-round basis rather than globally. This means that

violating the safety constraint at one time cannot be compensated for by being overly
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cautious at another time, as would be the case if we considered the sum of excess safety
risk >"(v4* — a). Similarly, playing a suboptimal arm cannot be compensated for by
playing an overly aggressive arm later, as would be the case if we studied the sum
of suboptimality Y (u* — ). Controlling the regret Ry implies that suboptimality
and excess safety risk are small for most rounds individually, not just in aggregate.
Additionally, for each arm k, we introduce state variables NF representing the
number of times it has been played up to time ¢, and R and SF representing the total

rewards and safety risk incurred on those rounds. Specifically:

Nf = T{A, =k},

s<t

Rf =Y T{A, = k}R,

s<t

Sfi=Y I{A =k}S,.

s<t
Similarly, NV;, R;, and S; denote the corresponding variables for k*. Note that
Ri = - (AP VITF)NE . We also use the notation jif := Ry /Nf and 0 := Sf/Nf
as the sample means.
To track the number of times an unsafe arm is played, we define Ur as the sum of
indicators that denote when vt > a:

Uy = Z]I{VA‘ > al.

t

Finally, we introduce the notation d(a||b) := alog ¢ + (1 — a)log :=% to represent
the Kullback-Leibler (KL) divergence between Bernoulli distributions with means a

and b. We also define the following one-sided values:

d<(al|b) == d(a]|b){a < b},

ds (al|b) == d(a||b)I{a > b}.
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Remark 3.1.1. While the formulation primarily focuses on a single safety constraint,

it can be extended to handle multiple constraints. For example, one could introduce

a safety-risk vector S € [0,1]¢ and require that the corresponding mean vectors v/*

should lie within a known safe set S. Extensions of the methods described below
would then control, for instance, Y max(u* — pt, dist(vt, S)). However, for clarity

and ease of explanation, the focus here is on a single constraint.

3.2 Doubly Optimistic Strategies on a Frequentist Perspective

The concept of optimistic confidence bounds, as discussed in chapters 7-10 of (Lattimore
and Szepesvari, 2020), is a foundational strategy in bandit algorithms. This approach
is based on two key principles:

1. Encouraging Exploration: The method involves calculating an optimistic
estimate of the potential reward for each arm, typically based on the observed data
plus a confidence margin. By always selecting the arm with the highest optimistic
estimate, the algorithm inherently encourages exploration. This is because arms with
less certainty (i.e., fewer pulls) tend to have wider confidence intervals, resulting
in higher optimistic estimates. Thus, arms that have not been explored much will
naturally get selected, ensuring that the algorithm does not prematurely converge to
a suboptimal arm due to lack of exploration.

2. Efficiency Through Information Utilization: As more data is collected
for each arm, the confidence bounds become tighter, converging closer to the true
mean rewards of the arms. This process allows the algorithm to gradually distinguish
between optimal and suboptimal arms. Arms that are less rewarding will eventually
show lower optimistic bounds as their estimates become more accurate, leading to
less frequent selection. Consequently, over time, the algorithm becomes more efficient,
focusing more on the arms that are more likely to yield higher rewards.

This principle is fundamental to many bandit algorithms, including the Upper

Confidence Bound (UCB) algorithm, and has been proven to be effective in ensuring
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Algorithm 1 Doubly Optimistic Confidence Bounds

1: Input: K, functions U, L.
2: Initialise: Hy + @

3: fort=1,2,... do

4. if t < K then

5: At

6: else

7: Vk, LF < L(t,H; 1, k).

8: I < {k: LF <a}.

9: Vk € I, UF < U(t,Hi_1, k).
10: Ay + argmaxcp, UF.

11:  end if

12:  Pull Ay, receive (R, S;) ~ P4t
13: Update Ht — Ht_l U {(At, Rt, St)}
14: end for

both robust exploration and efficient exploitation in various bandit problem settings.

The concept of doubly optimistic bounds follows a similar principle. In this
approach, lower bounds on safety-risk denoted as L¥ and upper bounds on rewards
denoted as U} are maintained such that L¥ < v* and UF > p* hold with high
probability. A set of "permissible arms" II; is constructed, consisting of arms that
are considered feasible based on the available information up to time ¢. The action
A; is chosen to maximize Utk among arms in II;. This optimism in II; encourages
exploration for high rewards, but as L¥ becomes more concentrated with increasing
observations (NF), it helps identify unsafe arms, which are then avoided.

The algorithm for doubly optimistic confidence bounds is summarized in Algorithm
1. It operates as follows: Initialize with an empty history H,. For each time step t:
If t < K, select action A; =t (initial exploration); If ¢ > K, update L¥ for all arms
k based on the available history; Define II; as the set of arms that satisfy the safety
constraint; Compute UF for all arms k in II; based on the available history; Select
action A; as the arm with the highest UF among those in II;; Pull arm A; and observe

rewards (R, S;) from P4¢: Update the history H,; with the new observations.
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The analysis of this scheme is based on a similar idea of the UCB type of analysis.
To control the play of unsafe arms, it can be argued that v* — L¥ is bounded as
\/W , which implies that arms violating the safety constraint will fall out of
I1; after being played a sufficient number of times. Additionally, the bounds are shown
to be consistent (namely, L; < v* and U > u*) and optimistic with high probability.
As a result, arms are played only if their upper bounds exceed the mean reward of the
best arm, and the number of plays is limited by the gap between the upper bound
and the mean.

The scheme presented in the previous discussion is analyzed using confidence
bounds based on KL-UCB (Kullback-Leibler Upper Confidence Bounds, see (Garivier
and Cappé, 2011)), which are known to provide optimal mean-dependent regret
control for standard bandit problems. These KLL-UCB bounds are a natural choice
for random variables supported on [0, 1] and offer a strong foundation for analyzing
the performance of the algorithm in the context of safe bandit problems.

It is important to note that the field of bandit algorithms has seen extensive
research on various types of confidence bounds, and different choices of bounds can
be made depending on the problem at hand. While the analysis in this case uses
KL-UCB bounds, it is acknowledged that there are other types of confidence bounds
that can be utilized to achieve similar goals, such as Empirical-KIL-UCB (Cappé¢ et al.,
2013) and UCBV (Audibert et al., 2009).

The choice of which type of confidence bounds to use depends on the specific
characteristics of the problem and the underlying distributions of the rewards. Different
bounds may offer better performance in different scenarios, and researchers often select

the most suitable bounds for their particular application.
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The KL-UCB type bounds is summarized as follows:

v :=logt + 3loglogt,
U(ta %t—la k) = max{q > ﬁi@ : d(ﬁf”q) S Pyt/Ntk}7

L(t,H¢—1, k) := min{q < ’//\tk : d@f“@) < %/Ntk}7

where v, serves as a trade-off parameter that balances the width and consistency of
the upper and lower bounds. These bounds are natural for Bernoulli random variables,
and since these are the ‘least-concentrated’ law on [0, 1], the fluctuation bounds extend

to general random variables. We show the following result based on the KL bounds.

Theorem 3.2.1. Algorithm 1 instantiated with KL-UCB type bounds attains the
following for any T and any € > 0.

1+8 Ak\/Fk log T
Z ) log + &k,

where &, = O(loglogT + €72). Further, the number of times an unsafe arm is played

ElUr] < Z <d<( (1+¢e)logT ))+€k.

k * k
2 NG ) v i (o

1s bounded as

The O in the above hides instance-dependent constants, the most pertinent of
which is a dependence on (A* v T'*)~3 with the e=2 term. To ameliorate this, we also

give a gap-independent analysis of the scheme.

Theorem 3.2.2. Algorithm 1 instantiated with KL-UCB attains
Rr| < /28KTlogT + 6K loglog T + 32.

The statement that the discussed analysis using KL-UCB type bounds extends to
standard bandits when sending o« — 1 is indeed an interesting observation. This means
that the same analysis and algorithm can be applied to standard bandit problems by

setting the safety constraint a to be very close to 1. In standard bandit problems,
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where there is no explicit safety constraint, the focus is typically on maximizing the
cumulative reward without considering safety concerns. However, the mentioned
analysis, originally designed for safe bandit problems, can still be used in the standard
bandit setting as a generalization. This observation highlights the flexibility of the
analysis and the algorithm based on KL-UCB type bounds. It implies that the same
methodology can be applied to both standard and safe bandit problems, making it a
versatile approach for various types of sequential decision-making tasks.

It’s worth noting that while the algorithm can be used in standard bandit problems,
its performance and efficiency may depend on the specific problem instance and the
degree of safety constraint enforced by a. Nevertheless, this insight provides a
valuable connection between safe and standard bandit problems and underscores the

adaptability of the analysis.

3.3 Bayesian Methods

Thompson Sampling (TS) is a pioneering method for addressing bandit problems,
introduced by (Thompson, 1933). It promotes exploration through randomization.
The core concept involves selecting a benign prior and playing arms based on their
posterior probability of being optimal. Insufficiently explored arms maintain flat
posteriors, ensuring a non-negligible chance of being chosen. A key advantage of TS is
its exploitation of a posterior that may be more closely aligned with the underlying
law P* compared to confidence bounds that are based on statistics. Empirical studies
have shown that TS often outperforms comparable Upper Confidence Bound (UCB)
methods in multi-armed bandit scenarios (Chapelle and Li, 2011).

In this section we investigate the application of Bayesian methods to safe bandits.
We begin by substituting the KL-UCB -based arm selection in Algorithm 1 while

keeping the construction of II; unchanged. We then explore a Bayesian approach for
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selecting 11, drawing inspiration from the work of (Kaufmann et al., 2012a).

Our analysis focuses on Bernoulli bandits, where the laws P* dictate that rewards R
and safety-risks S are distributed according to Bernoulli distributions with parameters
it and v4, respectively. It is important to note that the derived bounds, being
dependent only on the means of rewards and safety-risks, are applicable to general
laws supported on [0, 1]%. As observed by (Agrawal and Goyval, 2012), an algorithm
designed for Bernoulli bandits can be adapted for general laws by feeding it samples
R, ~ Bern(R,) and S, ~ Bern(S;). These transformed variables R, S remain Bernoulli
with identical means, thus extending any mean-dependent guarantees to the broader
bandit problem. However, this approach may increase variances, potentially leading
to inefficiency in cases with highly concentrated distributions.

For brevity, we omit explicit bounds on E[Ur] and the gap-independent bounds
in the subsequent discussion, as they are essentially equivalent to those in Theorems

3.2.1 and 3.2.2.

3.3.1 Thompson Sampling with Optimistic Safety Indices

For Bernoulli bandits, using the Beta distribution for priors is a natural choice due
to its conjugacy properties. The standard TS approach initializes each arm with a
non-informative prior, Beta(1, 1) = Unif|[0, 1]. The corresponding posterior at time ¢
can be easily derived as Beta(RF + 1, N¥ — RF +1).

Algorithm 2 outlines the proposed strategy. We retain the optimistic lower bound
from Algorithm 1 but modify the arm selection process within II; to follow a TS
approach: for each arm in II;, we draw random scores pf from their respective
posteriors, and the arm with the highest score p¥ is selected.

Analyzing this method is straightforward, provided an existing analysis of TS for
standard bandits. As a matter of fact, we can control the selection of infeasible arms

as in Algorithm 1. Moreover, as long as k* € II; holds true with high probability, we
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Algorithm 2 Thompson Sampling With Optimistic Safety Indices (TOPSI) for
Bernoulli Bandits

1: Input: K, function L.

2: Initialise: H, < @.

3: fort=1,2,... do

4: 1f t < N then

5: At

6: else

7: Vk, LF < L(t,Hi 1, k).

8 IL« {k:LF<a}.

9: Vk € I1;, sample pf ~ Beta(RF + 1, N¥ — RF + 1)
10: Ay + argmaxc, py-

11: end if

12:  Pull Ay, receive (Ry, S;) ~ PA:
13:  Update H; < Hi1 U {(As, Ry, Sp) }-
14: end for

can apply the following decomposition:
E[Nf,] <D PR ¢ 10,) + P(A, = k[k* € T,).
t

The first term in the above is controlled by the consistency of the lower confidence
bound Lj. The second term, which is typical in standard bandit analyses, can be
managed using any established TS analysis. We specifically employ the approach of

(Agrawal and Goyal, 2013) to demonstrate the following result.

Theorem 3.3.1. For Bernoulli Bandits, Algorithm 2 with a KL-UCB -type confidence
bound achieves the following regret bound for any T and & > 0:

(14 ¢)(AF VvV IT*)logT

B[R] < D G i v &)

ktk*

+ &,

where & = O(loglog T + % log(1/c)).
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3.3.2 Thompson Sampling with BAYESUCB

While Algorithm 2 provides a rigorous analysis, it still relies on a potentially less
precise frequentist bound for determining II;. Utilizing the posteriors on safety-risks
might enhance performance.

One might consider applying the basic principles of Thompson Sampling, asso-
ciating a posterior Ptky = Beta(SF + 1, NF — S¥ 4+ 1) with the safety risk, sampling

safety scores of ~ PF  and setting II; = {k : of < a}. However, this approach is

tw
fundamentally flawed, primarily because it involves comparing scores to a fixed level
« rather than among themselves. If v* = «, there is a constant probability that
of > a, even when the empirical mean 7} is accurate. This could result in a consistent
selection of suboptimal arms, leading to linear regret. A similar problem was noted
in the analysis of TS using a UCB-type framework (IKaufmann et al., 2012b), but
here the issue lies in the scheme itself. Simulations confirm that when v* = «, this
approach leads to linear expected regret.

To address this, one might introduce a slack variable, 3F, so that II; = {oF < a+3F}.
This 3 should decrease as NF increases but remain large enough to ensure k* € II;.
This approach, akin to (Kaufmann et al., 2012b)’s analytical method, effectively
designs a confidence bound, somewhat negating the original intent.

Our approach circumvents this issue by employing a Bayesian confidence bound,
leveraging the BAYESUCB method of (Kaufmann et al., 2012a). We choose the
d7th quantile of the posterior Pf, as the safety score, where 6 decays with ¢. This
method harnesses the adaptability of the posterior, while ensuring optimistic scores
due to the small §F, thus maintaining a high likelihood of including k* € II;. As N}
increases, the scores for unsafe arms converge to v*, eventually excluding them. This
method appears particularly suited for our context of arm filtering at a specified level.

Algorithm 3 details the scheme, where Q(P, §) denotes the dth quantile of law P. We
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Algorithm 3 Thompson Sampling with BAYESUCB (TsBU) for Bernoulli Bandits

1: Input: K, schedule 6.
2: Initialise: H, « @.
3: fort=1,2,... do

4: Vk

5. if S¥ =0 then

6: Lf ~—0

7. else

8: LY «+ Q(Beta(SF, NF — SF +1),6F).
9: end if

10: I« {k: LF <a}.

11:  Vk € I, sample p} ~ Beta(RF + 1, NF — R} + 1)
12: Ay + argmax, py.

13:  Pull Ay, receive (R, S;) ~ P4t

14: Update Hy +— Hiq U {(At, Rt, St)}

15: end for

slightly bias the method for technical convenience.

The following summarizes our analysis of Algorithm 3.

Theorem 3.3.2. For Bernoulli bandits, Algorithm 3, instantiated with 0F =
(v/8NFtlog® t)~! attains the following regret bound for any & > 0 and any T :

(1+¢e)(A*VTF)logT
E[Ry] < L
d ;d ) V- do () T

where & = O(loglog T + e 2 log (/<))
3.4 Lower Bound

We wrap up our theoretical investigation with a lower bound for algorithms that
achieve sub-polynomial regret across all bounded distributions. This foundation is
built upon the technique of (Garivier et al., 2019), which leverages the chain rule of
KL divergence and the data processing inequality. The following relation, directly

applicable to our scenario, is established:
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Lemma 3.4.1. For any safe bandit algorithm, and any two safe bandit instances
{P*} {P*}, and any T, ko € [1: K],

> E[N{ | DEF|PY) = d(E[NF, /T)|E[NT, /T)).

This lemma facilitates a conventional strategy - selecting P such that E*[(R, )] =
(u* Vv p* +e, V% A ), while maintaining the other P*s unaltered. For bandit algorithms
with sub-polynomial regret, the right side of the inequality scales as log(7T’), and the
left simplifies to E[N} +1]D(]P”‘“||I§”“). Although the optimal selection of P is nuanced
and depends on the specifics of P, we explore a straightforward case to demonstrate

the robustness of our previous analyses.

Proposition 3.4.2. Any algorithm that ensures that, uniformly over all instances of
safe Bernoulli bandit problems with independent rewards and safety-risks, the mean
number of plays of any suboptimal arm is bounded as O(T*) for every x € (0,1) must

satisfy .
L E[VE] 1
T/se logT = do(p¥||p*) + ds (vF||e)

Given that mean regret is expressible in terms of E[N,,], this also establishes a
lower bound for regret. It is noteworthy that the denominator uses a sum rather than
a maximum, as seen in our upper bounds. This implies that for strictly dominated
arms (i.e., arms k where AFT* > 0), our bounds could be off by a factor of up to
two. This discrepancy arises because our approach does not capitalize on potential
dependencies between the reward R and safety-risk S, presenting a pathway for future

research endeavors.
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Chapter 4

Constrained Linear Bandits

4.1 Problem Setup and Definitions

Notations: For natural numbers a < b, let [a : b] := {a,...,b}. In R% (-,-) and || - ||
denote the inner product and f>-norm, respectively. For a matrix V' > 0, the norm
|z|lv is defined as /(z,Vz). For a p x ¢ matrix M, and a set & C [1 : p|, M(S)
denotes the |&] x ¢ submatrix of M, preserving rows indexed in & only and discarding
the rest.

Setting: The safe linear bandit (SLB) problem is parameterized by an objective
vector 6, U unknown constraint vectors {ai}ie[l:U], and K known constraint vectors
{V'}jenk), all in RY. Tt also involves constraint levels {a'}icir.o, {87 }jep:x). These

elements define the principal linear program as follows:
max (0, x)s.t. Ar < «a,Bx <f3

The matrices A, B and vectors «, 3 stack the linear constraints. The known constraints
Bx < [ arise from predetermined limits on x (e.g., dosage levels must not exceed
toxicity thresholds determined in model organisms). We assume a bounded polytope
and feasibility of the program, together with a unique optimum z*. The levels «, 3,
and the matrix B are known to the learner, whereas the objective # and the unknown
constraints A are hidden. The feasible set is defined as S := {z : Ax < o, Bx < 5}.

Unlike prior works, we do not assume a known feasible solution (for example, a placebo
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x = 0) since @ may be negative.
Mechanism: The problem proceeds in rounds, indexed by time step t. In each round
t, the learner chooses an action from the domain z; € X := {z € R? : Bx < 8},

receiving reward feedback r, and safety feedback {s}}icp.0:
re=(0,x) +wy, and s, =(a’,z;) +wj,

where w! are conditionally centered sub-Gaussian noises. The learner’s information
set at time ¢ is H;_q, comprising previous actions and feedback.

Performance Metrics: We aim to control the cumulative Efficiency Regret and Safety
Violations, defined earlier in § 2.1 (and repeated below for convenience). Penalizing
only the positive part of round-wise inefficiency or safety violations is crucial in the

SLB context to prevent inter-round tradeoffs of safety violations and efficiency gain.

Eri= D (0" — ).

T
S = ng@x((ai, ) — )y,
t=1

Assumptions. As per (Abbasi-Yadkori et al., 2011), we make the following assump-

tions, which are standard in linear bandit literature:
1. Boundedness: ||0]| <1, la’|] <1 for all ¢, and {Bz < 8} C {||z|| < 1}.

2. Sub-Gaussianity: For all ¢,7, the w! are conditionally centered and 1-sub-

Gaussian given o(H;—1, ), that is that is Vi € [0 : U], and F; := o(H¢—1, x1)

E[w;|F] = 0, Elexp(&ny)|F] < exp(§7/2), V€ € R.

Subsequent results are valid under these assumptions. There assumptions are in

fact streamlined versions of those typically found in linear bandit literature. For
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the completeness, we take a deeper look into these assumptions and explore their
implications.

Boundedness. This assumption encompasses two facets: the boundedness of underlying
parameters (i.e., ||0], |la’]] < 1) and the bounded domain (||z| < 1 for all z € X =
{Bx < B}). The bounded domain is crucial for ensuring that the value of the
optimization problem is finite. While we use ||z|| < 1, this could be generalized to
||| < L without significantly altering the conclusions. This modification primarily
influences the choice of regularizer \ in our algorithm DOSLB , where A > L? is required
for the validity of Lemma 4.2.1. The bounds on parameters, while standard, can be
adjusted to ||0]|, max; ||a’|| < S, affecting only the additive term in the confidence
radius w;. Adapting to varying norms of a’ and 6 is possible, as shown in recent studies
like (Gales et al., 2022).

SubGaussianity. The assumption of 1-subGaussian noise, while offering significant
technical convenience, can be expanded to R-subGaussian conditions. Altering this
assumption impacts wy, scaling the first term which grows with ¢. This scaling is more
substantial than the changes induced by modifying parameter bounds, as it directly
affects the dynamic component of w;.

Owverall Confidence Radius with General Parameters. Under more generic conditions
(=] < L,||0]] < S,|la’|] < S, and R-subGaussian noise), our analysis remains

applicable but with expanded confidence radii:

1 1 1/2 )-1/2
Vwi(0; L, S, R) = R\/§ log <(U+ )det(vt; det(AF) ) + SAV2

under the condition A > L?. This adjustment would typically increase the regret
bounds by a factor of max(R,S) and alter the logarithmic terms to log(1 + T'L?/4)
instead of log(1 + 7'/d). For simplicity, our subsequent analysis will maintain the

default parameters R =5 = L = 1.
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4.2 Doubly Optimistic Play for SLB

The optimism principle proves to be highly effective in bandit problems, as demon-
strated by (Lattimore and Szepesvari, 2020). Specifically, it shines in the domain
of stochastic linear bandits, as shown in the works (Dani et al., 2008) and (Abbasi-
Yadkori et al., 2011). The quintessential approach for addressing such problems is
the 'OFUL’ algorithm. This algorithm constructs confidence sets denoted as C for
the objective parameter vector §. It then selects the action x; by maximizing the
optimistic objective maxycco (6, z). The success of these methods can be attributed to
their ability to adaptively explore the reward: when an inefficient choice of x; is made,
it indicates that the corresponding direction in the action space has not been explored
adequately, leading to significant improvements in parameter estimates.

Our method for stochastic linear bandits (SLBs) similarly relies on constructing
confidence sets, but for both the reward and constraint vectors. We will begin by

describing the confidence sets we utilize and then discuss the core algorithm.

4.2.1 Noise Scales and Confidence Sets

Our confidence sets draw inspiration from (Abbasi-Yadkori et al., 2011). They are
constructed based on an analysis of the noise scales associated with regularized least
squares (RLS) estimators. For a chosen value of A > 1, we define V; = A\[+3"_| w,x].

The RLS estimates for the parameters are given by:
ét - (XthXlzt + A])_lXItRlzh

di = (XItXlzt + A])_lXIt i:t'

For convenience, we define /w;(d) := \/% log <(UH)det(mgzdet(’\”_”2> + A2 The
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confidence ellipsoids are then defined as:
Co(8) :==40: 110 — O allviy < Vera(9)},

Ci(0) =Aa’: [la" — &y [lvie, < Vwi-a(9)},

for each i € [1: U]. The term ||z||y, is small for z aligned poorly with the past actions,
which results in wider confidence sets C; for under-explored directions. Additionally,
we define the 'matrix confidence set’ as Cy(0) := {A € RV*? : Vi, A;. € C/(8)} for
notational convenience. These sets are primarily known for their consistency (Theorem
2 of (Abbasi-Yadkori et al., 2011)), implying that with high probability, 6 is contained
in C? and A is within C;. We formally present this result as the following lemma.

Lemma 4.2.1. The confidence sets are consistent, i.e.,

YA>1,6€(0,1), P(VE,0€C(5),AcC(S)>1—0

In the following, we will often omit the dependence of C;(§),C:(0), pi(z;d) on 4,

where

pula:8) 1= 21/ 1 (0ol 1.

4.2.2 The DOSLB Algorithm

Algorithm 4 Doubly-Optimistic Safe Linear Bandit (DOSLB) (A, 9)

Input: A >0, 6 € (0,1)
fort=1,2,--- do
Construct S;(0) as in (4.1).
Optimize (4.2) and play ;.
Observe 74, {5}, }
Update X, R, {S'},V,C
end for

Now, let’s discuss our algorithm, Doubly-Optimistic Safe Linear Bandit (DOSLB;
Algorithm 4). This scheme keeps track of confidence sets CP(d) for 6 and Cy(d) for A
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(as discussed in §4.2.1). Using these sets, it constructs an optimistic 'permissible set’
of actions x that are safe with respect to at least one set of constraints in C;. This

permissible set is defined as:
Sy(8) := {x : A € C,(6) s.t. Az < o, Bz < f3}. (4.1)

In other words, gt encompasses all potential actions that could be deemed safe based
on the accumulated knowledge. The algorithm then selects the action x; optimistically

from this permissible set as follows:

(0;,7,) € argmax (6, z). (4.2)
6eCO(8),xE5:(5)

The primary differentiation between the Doubly-Optimistic (DO) and Pessimistic-
Optimistic (PO) approaches lies in the construction of the permissible set, as mentioned
in §2.2. The DO approach, as we’ve discussed, adopts an optimistic stance when
forming the permissible set. This optimistic S promotes a much more vigorous
exploration strategy, ultimately resulting in enhanced efficiency performance, as we
will delve into in the subsequent analysis. Naturally, this increased aggressiveness comes
at the expense of safety, and there is an inherent trade-off between the two. However,
we will demonstrate through subsequent regret analysis that the DOSLBalgorithm
effectively manages and controls this trade-off, ensuring that the cost in terms of
safety is well-contained.

It’s essential to note that this optimistic construction of the permissible set sets
DOSLB apart from the Prior Optimism approach, which creates a more conservative
permissible set (as discussed in §2.2). This optimistic S approach encourages more
aggressive exploration, resulting in improved efficiency, as we will analyze further
below. Naturally, this approach comes at the cost of safety performance, but it can

be shown through subsequent regret analysis that DOSLB effectively manages this
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trade-off.

4.3 Lower Bound and Hardness of the Problem

In standard linear bandits, where the safety set S is known, adopting an optimistic
approach leads to instance-dependent logarithmic regret bounds for a large T, as
shown (Abbasi-Yadkori et al., 2011). These results hinge on the fact that when S is
known, any action chosen by an optimistic method lies within the finite set of extreme
points of S. Consequently, there exists a positive value A such that for any suboptimal
action z chosen by the method, (0, 2* — x) > A. This nontrivial separation directly
leads to regret bounds of O(log?(T")/A). However, in our case,the scenario becomes
more complex when some constraints are unknown. It is a natural question to ask:
can we still achieve logarithmic bounds in such cases?

Addressing this question requires a redefining of our expectations. Since S is not
fully known, we must consider not just the efficiency gap but also eliminate potentially
unsafe points outside §. We define the set of extreme points £, which includes points

meeting both known and unknown constraints as follows

E={z:Bx<pBIMC1:U,RC[l:K]:

rank (A(S)T B(R)T)' =d, Az = a(Y), B(R)z = B(R)}.
In simpler terms, the finite set £ consists of points in the bounding polytope that
activate d linearly independent known and unknown constraints. Notably, z* € £.
(Since there are only finite number of known and unknown constraints, the set £ is
a finite set.) We will show, in this and the following section, that this set is of vital
importance in identifying the discreteness in this continuously problem. We present a
negative result (lower bound in this section) and a positive result (upper bound in the

next section) to show that a quantity closely related to this set controls the rate of
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the regret in this case.

An SLB instance is termed A-well-separated if every suboptimal point in £
is either inefficient or unsafe by a margin of at least A, which is to say, Vz €
E\{z*}, max{(, x* — z) ,max;({a’, x) — ')} > A. This means that every suboptimal
point in & is either nontrivially inefficient or unsafe. In this case, if all the potential
extreme points are well separated, and the set £ is provided to the learner, it is
immediate that we can derive O(log®(T")/A) bounds on both the efficiency regret and
the safety violation. However, an SLB is in the face of unknown & due to the unknown
constraints, thus the question of interest is refined as: can we achieve logarithmic rate
for both the efficiency regret and the safety violation? It turns out that the answer is
counter-intuitively negative. We demonstrate this through the following theorem and
example.

Theorem 4.3.1. For any SLB algorithm, there exists a 1/8-well-separated instance
where the algorithm incurs max(E[&r], E[.#7]) = Q(VT).

This result asserts that for any SLB algorithm, there exists a 1/8-well-separated
instance for which the algorithm must incur at least Q(v/T) in either efficiency or
safety. This means that logarithmic bounds cannot be universally achieved for all
well-separated instances. Theorem 4.3.1 highlights a fundamental challenge in SLBs:
the inability to precisely refine the location of the optimal point within &. This
difficulty is distinct from the challenges in standard bandits, where the noiseless
problem often involves suboptimal points with similar performance.

The underlying obstacle is illustrated in the following example, which represents
a simplified one-dimensional problem. In this problem, we maximize x subject to
known constraints 0 < x < 1 and an unknown constraint ax < 1/4, with § = 1, and
a€{(l+kr)/2,(1 —k)/2}, where k € (0,1/4) is a parameter to be determined later.
It is straightforward to verify that this instance is indeed well-separated so long as

k < 1/4. Depending on the value of a, the extreme points of the sets differ. While
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the estimation of a could be at best spread a segment of 1/ V/t, it is unreasonable

to eliminate any of the two options of a when t < k2.

In such scenario, if we
eliminate (1 — x)/2 when it’s actually the truth, we suffer at least 2« inefficiency; and
reversely, if we wrongly eliminate (1+ k)/2, we suffer at least 2 safety violation. Thus
max{&r,.7r} = O(k - min{T, =2}, which lead to a /T rate by picking x = 1/v/T.
This inability to refine the precise location of the optimal point, rather than the
presence of suboptimal points with similar performance, is the fundamental challenge
preventing logarithmic control in SLBs compared to the standard linear bandits.

This result contrasts sharply with existing minimax lower bounds in standard
bandits, which typically require setting A ~ T~ to achieve Q(\/T ) bounds. In SLBs,
the challenge is more about accurately pinpointing the optimal action within the
feasible set, a problem exacerbated by the unknown constraints.

The subsequent sections will explore how the polytopal structure of SLBs, despite

this fundamental challenge, induces a form of discreteness in the action space through

index sets of constraints, which we will leverage in our analysis.

4.4 Identifying Discreteness through Basic Index Sets

Once we are at Theorem 4.3.1, an immediate question to ask is what rate is achievable.
We shall now proceed to establish precise formal definitions for both the basic index
sets (BIS) that enable us to encapsulate the inherent discreteness of DOSLB’s actions,
along with the gaps inherent in these index sets. These gaps ultimately result in
a crucial implication: that ’suboptimal’ index sets cannot be played frequently by
DOSLB.

The construction and reasoning based on basic index sets (BIS) is inspired by the
concept of basic feasible solution in linear programming (LP) theory. For a detailed

treatment of LP theory, we refer the readers to the classic textbook (Bertsimas and
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Tsitsiklis, 1997). In terms of LP theory, a basic feasible solution (BFS) is, in the
non-degenerate case, a point where d linearly independent constraints meet. Each
BF'S corresponds to a vertex or an extreme point, from the geometric point of view.
LP theory tells us that when we are considering a feasible, bounded, non-degenerate
linear program, there must exists a BFS that attains the optimal value. Hence it
suffices to examine the BFSs since there is only a finite amount. And indeed there
exists even more efficient approach in this vein, called the simplex method.

Our study is essentially a linear program, with the difference that the feedbacks
are noisy. The noisy observation structure of the unknown constraints adds to the
complexity of the problem: if all the constraints are known, one could enumerate all
the possible combinations of d constraints, figure out their intersection point, and
verify one-by-one whether these points are BF'S. While in our case, these points are
not all known in advance, and under noisy feedback, the following could happen:
1) our estimated constraints (let’s call them noisy constraints from now on) could
intersect outside of the true domain S; 2) noisy constraints that intersect may not
intersect at all were they noiseless; 3) noisy constraints that do not intersect may
actually corresponds to BFS in the noiseless program, etc.

To capture these subtlety, we need to introduce a series of concepts that deal with
noise scales introduced by the stochastic bandit problem. The general idea is that,
we measure the optimality of a set of constraints according to its original (noiseless)
intersection point(s). If it’s inefficient, the intersection should have an efficiency gap;
if it’s infeasible, it should have a feasibility gap. In order for an suboptimal BIS to be
selected, it must be the case that the estimation noise already exceeds these gaps, so
that it is mistaken as optimal. The subsequent development are hinged on the core

idea of controlling the noise scale.
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4.4.1 Basic Index Sets

We define £ previously as a gentle start. To depict the behavior of these points in
a quantitative way, we associate them with indices of constraints. Thus comes the

definition of index set and basic index set.

Definition 4.4.1. An index set is an ordered pair of sets (U, R) such that I C
1:U],R C[1: K]. An index set I = (U, R) is called a basic index set (BIS) if
U] + || = d.

As a comparison to LP terminology, an index set is similar to the candidates for
BFS, where we pick the solutions to all possible combinations of d constraints. While
the BIS definition resembles that of BFS. (Note that to include all possibilities under
noise, we drop the linear independence in the defition of BIS, but save it for later .)
To capture the benignity of the BISs, we examine the performance of their associated
points, defined as follows. It is worth noting that according to the definition of BIS,
there is a possibility that each BIS corresponds to multiple points. Later on, based
on this concept, we identify the points that are noisily associated with a BIS, taking
the observation noise into consideration, and naturally derive a control over the noise

scale.

Definition 4.4.2. The set of points that activate an index set I = (U, R) is defined as

X i={reS: A)r = al), B(R)x = B(R)}.

Note that we require the activation points to be feasible, meaning they must
reside within the S. With this requirement, the set X! could potentially be empty
(no intersection within §), consist of a single point (a unique intersection, and within
S), or even form an affine segment (infinite intersection within ). The following

terminology will prove to be beneficial in our discussion.

Definition 4.4.3. A BIS I is called
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1. feasible if X1 # () and infeasible otherwise;
2. suboptimal if z* ¢ X! and optimal otherwise;

3. full rank if the vectors {a'}iey U {V}jeq span R%.

Throughout the bandit game, we encounter a challenge where we are compelled
to operate not with the actual constraint matrix A, but rather with its imprecise
(estimated-under-noise) counterparts, denoted as the As. To address this uncertainty
in the constraints, we broaden the concept of BIS (strict) activation to noisy activation.

Note that the set X} C S,.

Definition 4.4.4. The set of points that noisily activates an index set I = (4, R) at

time t is

Xl ={ze8 :3AecC, Az = a(l), B(R)z = B(R), Az < a, Bz < }.

The set ./'?tl , which we call the candidate set, is of vital importance, since our
development are pinned upon this concept. To be more specific, the following claim
asserts that our algorithm DOSLB must always pick elements in the /'\N,’tl candidate sets.
With Proposition 4.4.5, we say that I is played at time t if x; noisily activates the
BIS I at time ¢t. Hence we draw the connection between an BIS (which is a concept
for the noiseless program) and an arm that is actually played by the algorithm (under

noisy observation).

Proposition 4.4.5. The actions of DOSLB must noisily activate at least one BIS,
r.e. Vt,dl; - xy € 5(}.

4.5 Gaps Associated with Suboptimal BISs

Based on the definition of BIS, we claim that if DOSLB noisily activates a suboptimal
BIS at time t, then the noise scale py(xy; ) must be substantial. To establish this, we

introduce two key concepts for suboptimal BISs: the feasibility gap and the efficiency
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gap, which respectively exploit the admissibility and optimism of x;. Recall that in
the safe multi-armed bandit setting, a suboptimal arm should suffer either a positive
efficiency gap or a positive feasibility gap (or both). In this section we aim to derive
a similar result. Our findings will provide a lower bound for p;, determined by the
greater of these gaps when suboptimal BISs are played.

The overall methodology primarily relies on reducing the problem to linear pro-
gramming sensitivity analysis. However, we face an additional complication due to the
necessity of handling general perturbations in constraint values, rather than exclusively
examining the local behavior of the optimal value under minor perturbations. This
complexity arises from our lack of knowledge regarding the constraints in matrices A
or #; perturbations in this matrix, as indicated by A, can indeed cause the optimal
solution z* to appear suboptimal.

We first introduce some basic properties of points noisily associated with a BIS.
Lemma 4.5.1 essentially describes the noise scale of points played by DOSLB must be
large enough, so that suboptimal arms could be picked.

Lemma 4.5.1. Suppose the confidence sets are consistent, and that the action of
DOSLB at time t, z, noisily activates the BIS I = (84, 8). Then the following relations
hold true.

Az < a+ pd, Bx < jp (4.3)
Az > a(U) — p1, B(R)x; = B(R), (4.4)
0,2) > (0, 2") — p. (4.5)

This is a straightforward inference from the noise scale lemma.

Lemma 4.5.2. If the confidence sets are consistent, i.e., if A € C4(5) and 6 € CP(§),
then Vx € X,

Vie[1:U], max |(a@' —a',z)| < px;8), and max 0 — 6, 2)| < pu(:0).
aieci(s) ey (9)

Next we proceed to the definitions of the gaps, and accompany the definitions with

a quantitative example.
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Skewed Box

e .

Figure 4-1: Left: Example Setup; Right: Illustration of Gaps

Example 4.5.3. To illustrate these definitions, consider the LP

maxxy + 2w 1 19 < 1/2, 21 > 29,1 < 1,29 > 0.
\ / N J/

unknown lc;oqun
Foregoing normalisation for clarity, we have U = 1, K = 3 and the parameters

0 = (1,2),a' = (0,1),b" = (—1,1),6% = (1,0),6* = (0,—1),a = (0.5),3 = (0,1,0).

There are (133) = 6 index sets,

I = ({1} {1}), I = ({1},{2}), Is = ({1}, {3}),
Iy=(0,{1,2}),Is = (0.{1,3}), L6 = (0, {2,3}).
Of these, Iy is optimal, and the rest suboptimal, with x* = (1,1/2). Further, I3 is

rank-deficient while the rest are full-rank. Finally, Is and 14 are infeasible, while the

rest are feasible.

In Example 4.5.3, we focus on BIS I} = ({1}, {1}). It is immediately observed
that I is feasible, full-rank and suboptimal, while the activating point is unique:
1t = (1/2,1/2). To calculate the gaps, we need to introduce several quantities. To

begin with, the efficiency separation is defined as £(1) := <9, x* — ZL‘I>. In our case,

(1) = 1/2.
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Efficiency Gap When noisy activation of I occurs, point z; may deviate from z/,

but not to a significant extent. As per Lemma 4.5.1, z; must reside within a (skewed)
(+ box in close proximity to z!, with a 'radius’ of p;. Specifically, for I;, this box can
be described as {x : 21 = 9,29 € 1/2+ p,;}. However, this imposes a constraint on
how large (0, ;) can become. In fact, there exists a constant s(/), such that moving
within a unit box of this type can only increase (0, z) by at most s(I)—effectively,
s(I) measures how well the geometry of this box aligns with 6. Consequently, we can
conclude that (0, z,) < (0,2") + ps(I). For I;,s(I) corresponds to the inner product
between (1,1) and 6, resulting in s(I;) = 3. Given that (6,2” —2*) = —¢(I), the
previous discussion reveals a discrepancy with (4.5). Combining these observations,
we arrive at a significant lower bound: p; > n.(I) := &(I)/(1 + s(I)), which is referred
to as the efficiency gap of I. In the case of Example 4.5.3, n.([;) = 1/8.

Now let’s take a look at another BIS I, = (0,{1,2}). This resembles the case in
safe multi-armed bandit where an arm is unsafe.
Feasibility Gap Certainly, it is also possible for z; to noisily activate an infeasible
BIS, as demonstrated in Example 4.5.3 with I, = (0, {1,2}). In such cases, a conflict
arises between (4.3) and (4.4): when p; is small, any point satisfying (4.3) is in close
proximity to the safe set, but points that meet (4.4) are distant from safety when I is
infeasible. In the context of Example 4.5.3, only (1, 1) satisfies (4.4) for I, whereas
points that satisfy (4.3) must lie below zo = 1/2 + p;. This implies the existence
of a minimal perturbation (.(/), known as the feasibility gap of I. Therefore, if
an infeasible BIS is noisily activated, it must hold that p;, > (.(I). In the case of
Example 4.5.3, (.(14) = 1/2.

These two examples illustrate the two fundamental gaps in selecting suboptimal
BISs. If the BIS is infeasible, then its activation necessitates p; to be greater than or

equal to its feasibility gap. Conversely, if it is feasible but suboptimal, activating the
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BIS requires p; to exceed its efficiency gap.

Below, we provide a unified treatment of these aspects by examining the behavior
of a parameterized linear program (LP) with a feasible set determined by (4.3) and
(4.4), but with p; replaced by a parameter denoted as ¢. The (.([) then corresponds
to a feasibility condition for this parameterized LP, {(I) represents the minimum finite
value achievable by such programs, and s(/) quantifies the sensitivity of the program

concerning (.

4.5.1 Formal Definitions of the Gaps

In this section, the text formally defines various concepts related to basic index sets
(BISs) and the associated gaps. These definitions are crucial for the analysis in the

next section.

Definition 4.5.4. For a BIS I and ( > 0, the activation polytope of scale ¢ induced
by I is defined as

TG ={z: Ar < a+ (1, Az > a(Ul) — (1(U), Bz < B, B(R)z > B(R)}.

Further the optimistic LP at scale ¢ induced by I is defined as P((; 1) := sup{(0,z) :
zeT(GI)}

As shown in the example, the activation polytope guarantees that if x; noisily
activates I, then the action is within the activation polytope of scale p;, to be more
specific, x; € T (py; I), and (0, z;) < P(ps; ). Note that the optimistic LP’s value
P((; 1) is right-continuous in its scale (, since its feasible set is a closed polytope
growing with (. Together with the fact that ( = 0 corresponds to the noiseless
program, we conclude that P(0; ) = —oo for infeasible BIS. This naturally leads to
Definition 4.5.5 that the feasibility gap represents the minimum value of the parameter
¢ such that the optimistic LP is not equal to negative infinity. In other words,

it captures the minimum perturbation required to make the associated constraints
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feasible.
Definition 4.5.5. We define the feasiblity gap of a BIS I as (.(I) := inf{¢ > 0 :
P((; 1) > —o0o}.

Now let’s turn to the reasoning around efficiency gap. In accordance with the
consistency of confidence sets, we have x* € S, and 0 € C?. Given this, and due to
the optimistically-selected z;, there exists some § € C? for which (8, z,) > (0, z*).
Additionally, Lemma 4.5.2 implies that (8, z;) — p; < (6, x;) . However, considering that
x; belongs to T (py; ), if py is sufficiently small, then (0, x;) cannot exceed (0, z*) — (1)
by a significant margin. Therefore, the noise scale must be sufficiently large to render
x; seemingly optimal, yet small enough to suggest the activation of I. This delicate

balance is captured in the optimistic LP
P(G 1) :=max{(0,z) :x € T(¢;I)}.

By definition and consistency of the confidence set, (6, x;) < P(p; ). A critical
observation here is that the growth rate of P((;I) in relation to ¢ is bounded.
Specifically, there exists a constant, referred to as s(I) and termed the spread of I,
such that

P(¢; 1) < P(0; 1) + ¢s(1).

This constraint intuitively arises because an increase in ( leads only to a linear
expansion in the activation polytope 7, which, in turn, can only linearly increase the
value. This limitation on the growth of P provides an additional lower bound for p;:

(0.2%) = p < {0, 20) < Plp 1) < (0,27) = €(I) +s(D)py = pu > 1321),

a value we refer to as the efficiency gap of I. This concept can be extended to infeasible
BISs by controlling the growth of P for ¢ > (.(I). These ideas are further delineated

in the definitions that follow. Note that the spread term seems artificial, but it is
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rooted in the sensitivity analysis.

Definition 4.5.6. The efficiency separation of I is defined as (1) := (0,x*) —
P(C.(I);1). The spread of I is defined as s(I) := inf{C : V¢ > (.(I),P(¢; 1) <

P(C(I); 1)+ C(C — (D)) }. Accordingly, the efficiency gap of I is defined as n.(I) :=

£0) 4 Ge(Ds(l)
1+s(1) 1+s(1) °

For infeasible BISs, it’s notable that 7.(I) > (.(I) > 0 occurs when £(I)—(.(I) > 0.
This implies that if a minor alteration in the constraints results in P((; /) becoming
feasible, yet the derived solutions are significantly less effective, then the efficiency gap
of I becomes more critical than its feasibility gap. For feasible BIS, i.e. (,(I) =0, a
similar reasoning holds, leading to a general insight: if x; noisily activates a suboptimal
BIS I, then it follows that p; > n.(I). This relationship underscores the impact of the
efficiency and feasibility gaps in determining the lower bounds of the noise scale p;.

We summarize this reasoning into Proposition 4.5.7.

Proposition 4.5.7. For any suboptimal BIS I, the spread is finite, i.e., s(I) < oo.
Therefore, max (. (1), n.(I)) > 0.

Proposition 4.5.7 presents the important claim, that the above development leads
to non-trivial gaps (any suboptimal BIS has a strictly positive gap). This resembles
exactly the case of safe multi-armed bandit problem. Therefore, it is legitimate to
define the gap of an SLB instance. This gap is strictly positive, since it is a minimum

over finite number of strictly positive numbers.

Definition 4.5.8. The gap of an SLB instance is defined as = =
min{max((.(I),n.(I)) : I is suboptimal}.

4.6 Regret Bounds

Before stating the main theorems, it is important to point out that the analysis hinges
on the following lemma: a lower bound of the noise scale. Under Lemma 4.6.1, a

suboptimal BIS can only be picked when its noise scale is above the larger one of the
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corresponding efficiency and safety gaps. Theorem 4.6.2 further controls the total

amount of suboptimal BIS quantitatively.

Lemma 4.6.1. If at time t, the confidence sets are consistent and the action of
DOSLB noisily activates the suboptimal BIS I, then py > max((.(I),n.(1)).

Theorem 4.6.2. Let {x;} denote the actions of DOSLB(0) on a safe linear bandit
problem. Then, with probability at least 1 — 0, if at any time t, x; noisily activates a
suboptimal BIS, then p, > =. Further, the total number of times suboptimal BISs are
played is bounded as

= d?log? T + dlog(T) log(U /s
Z]I{Elsuboptimal BIST:xz, € X'} =0 ( og” 1 + ;)2g( ) log(U/ )) .
t =

This outcome indicates that, for the majority of the time, DOSLB selects actions
that activate the same noisy constraints as those saturated by x*. Essentially, although
the method might not pinpoint 2* with a precision finer than O(1/+/%), it is adept
at identifying the binding constraints. Consequently, the actions chosen by DOSLB
predominantly aim at accurately activating these specific constraints. This ability to
focus on relevant constraints is a significant aspect of the algorithm’s performance, as
it ensures that the chosen actions are aligned with the critical constraints that define
the optimum solution, thereby enhancing the overall efficiency and safety scores of
the algorithm.

Moving to the main result of this chapter, the preceding development established
that suboptimal BISs are not frequently selected, which effectively manages a 'dual’
type of regret. We now aim to extend these findings to establish bounds on the
‘primal’ quantities, & (efficiency) and /7 (safety). To achieve this, it is essential
to consider time steps when only optimal BISs (i.e., BISs for which z* € I) are
activated. The behavior during these intervals can be regulated under the following

weak nondegeneracy condition at the optimum.

Assumption 4.6.3. Every optimal BIS (i.e., I : x* € X1) is full-rank. Further, Vi,
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the noise wi is generic in the sense that the probability that w! lies in any subspace of

less than d dimensions is zero.

The role of the non-degeneracy condition as stated in Assumption 4.6.3 is relatively
modest in our analysis. Essentially, it is sufficient if x; noisily activates a set of indices
such that the true parameter 6 can be represented as a linear combination of the true
constraint vectors corresponding to these indices. In scenarios where this condition
does not hold, our proof encounters challenges. Specifically, there might be instances
where certain constraints necessary to express 6 are not noisily activated by z;, even
though they are activated by z*. This discrepancy disrupts the equality of the various
programs we constructed in our analysis, reducing our conclusions to mere lower
bounds. These bounds would depend on the constraints active at x* but not noisily
active at x;, as well as those that are noisily active. Moreover, it’s not immediately
apparent whether z; should also optimize this modified lower bound. Nevertheless, we
conjecture that this requirement is more a limitation of our proof technique than a
fundamental aspect of the problem.

As stated in the previous reasoning, when suboptimal BISs are activated, it must
be the case where a nontrivial gap is endured. Since this scenario is already taken care
of, we focus on dealing with the case where an optimal BIS is activated. Lemma 4.6.4
guarantees that in such cases, the action z; in our framework is designed to be effective
and not excessively unsafe. An important aspect to highlight is that the parameter
is not an input to the algorithm; rather, our results apply concurrently for any choice
of € > 0. This versatility in handling various values of £ equips us to examine both
the efficiency and safety aspects of DOSLB ’s decisions, even when a certain level of
finite precision slack is incorporated in the constraint levels.

To quantify this, we define the e-precision safety violation, denoted as .77, which

is the sum of the maximum overages beyond the safety threshold o and the tolerance
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¢ across all constraints, formally represented as:

T = Zmiax (<ai,xt> —a'— 5)+ .

t<T

Here, the notation (-), signifies taking the positive part of the expression, effectively

measuring the extent of safety violations beyond the permissible limits.

Lemma 4.6.4. Under assumption 4.6.3, if the confidence sets are consistent, t > d+1,
and the action x; of DOSLB(S) is that x; only noisily activates the optimal BIS, then
(0,2;) > (0, x*). Further, for anye > 0, if ps(z;) < €, then for everyi, (a’, z;) < a’+e.

Integrating Lemma 4.6.4 and Theorem 4.6.2, we obtain insights into how DOSLB
manages these safety violations while maintaining efficiency. The lemma ensures that
if x; activates the optimal BIS, then the chosen action is at least as good as the
optimum z* in terms of efficiency. The theorem, on the other hand, restricts the
frequency of suboptimal BIS activations, thereby controlling the 'dual’ type of regret.
This combination effectively ensures that the actions of DOSLB are both safe, within
the defined e-precision, and effective over time. This is summarized in Theorem 4.6.5

and the interpretation that follows.

Theorem 4.6.5. Under assumption 4.6.3, ¥e,6 > 0, w.p. > 1 — 0, the actions of
DOSLB(1,6) satisfy

—
—

d?1og®(T) + dlog(T) log(¥) . d?1og®(T) + dlog(T) log(¥)
Er=0 — , S =0 — )
min(=, )
Safety Properties. The concept of e-precision safety violation, denoted as .77, is
crucial for evaluating the safety performance of the algorithm over time. This measure
is sublinear if, in most rounds, the actions chosen by the algorithm fall within an ¢
margin of the feasible set S, assessed in a strict ¢, sense. Essentially, .77 quantifies
the extent of safety violations, considering an allowable precision tolerance of € in the

constraint levels o’. This metric becomes particularly significant in practical scenarios
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such as drug trials like those discussed in §1.4. Here, setting ¢ as a proportion of the
constraint levels a provides a framework to ensure that any potential over-exposure
to drugs is kept minimal. This is reflected in two key aspects: the overall excess
violation and the count of instances where patients are exposed to doses exceeding
the safety thresholds by more than the € margin. A critical feature of this approach is
its simultaneous applicability for every € > 0. Notably, the algorithm does not require
€ as a predetermined parameter. This flexibility allows the algorithm to adapt to the
specific precision requirements of different domains or applications. For instance, in a
domain where even slight deviations from the safety thresholds are critical, a smaller ¢
value would be implicitly considered, ensuring stringent safety compliance. Conversely,
in scenarios where there is a bit more leeway in safety constraints, a larger € could be
accommodated, allowing the algorithm more freedom to optimize other performance
metrics without compromising overall safety.

Finite Precision Constraint Parameters. In addition to managing precision in the
constraint levels o, it’s important to consider scenarios where the constraint parame-
ters a’ themselves are confined to a finite precision grid. This situation is particularly
relevant in drug discovery contexts, where constraints often pertain to whether a drug
binds to a specific set of receptors. These so-called 'coverage’ constraints are typically
binary, representing the presence or absence of binding, as noted in sources like
(Radhakrishnan and Tidor, 2008). In such cases, the finite precision of the constraint
matrix A implies a certain granularity in the decision-making process. With DOSLB
adapted to this context, it means there exists a function (7), dependent on the
precision 7 of the constraint matrix, which determines a lower bound on unsafe actions.
Specifically, whenever the algorithm selects an action that violates the constraints, it
does so by a margin that is at least (m). This characteristic is crucial for ensuring

safety. By controlling Y;(W) /2__the cumulative measure of safety violations within a



o4

tolerance of e(m)/2—we can exert direct influence over the total safety violations ..
This approach allows for a more nuanced and precise handling of safety considerations,
especially in fields like drug discovery where the implications of constraint violations
can be significant. It acknowledges the reality that in many practical scenarios, con-
straints and decision variables may not exhibit continuous variability but are instead
subject to discrete levels or thresholds, necessitating algorithms that can effectively

navigate within these structured environments.

Efficiency Properties. The doubly optimistic strategy, at a price of slack in the
safety measure, as described by the e-precision concept, leads to significant gains in
efficiency. This is quantitatively reflected in the logarithmic control exerted on &7, the
measure of efficiency. Notably, this logarithmic behavior signifies an exponential im-
provement compared to the v/7T efficiency regret typically associated with PO methods.
This improvement has profound implications, especially in systems where a marginal
degree of tolerance is acceptable. In such contexts, even though the performance is
evaluated against the nominal design values of the constraints, the flexibility to slightly
deviate from these strict bounds allows for more efficient operation. The algorithm’s
ability to act optimistically in situations with uncertain safety parameters, therefore,
yields considerable benefits in terms of operational efficiency. For practitioners, this
characteristic underscores the value of adopting a slightly more flexible approach in
safety-critical applications. Instead of adhering to an overly conservative strategy,
which might limit the system’s efficiency, allowing for a controlled degree of risk can
lead to significantly better performance outcomes. This balance between safety and
efficiency is crucial, particularly in dynamic environments where decisions must be
made under uncertainty and where the cost of over-conservatism can be high in terms

of missed opportunities or reduced operational effectiveness.
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Exact Violations. The simultaneity of Theorem 4.6.5 in ¢ also lets us derive
control on .#7. Indeed, note that .7y < .77 4 €T. Optimising over ¢ in the bound of
Theorem 4.6.5 yields

Corollary 4.6.6. Assuming 4.6.3, with high probability, the actions of DOSLB(J)
satisfy
& = O(d*log®>T/Z), and Fr = O(dVT).
Observe that this is optimal in light of Theorem 4.3.1. Thus, up to logarithmic
terms, doubly-optimistic play in SLBs saturates the tradeoff inherent in this lower

bound in favour of minimal efficiency regret.

Tightness of Dependence on =. Exploiting a subtle reduction of safe Multi-Armed
Bandits problems to SLB problems, we show that the inverse dependence on = is

necessary.

Theorem 4.6.7. Fiz a c € (0,1). For any = < 1/16, and any method that ensures that
in every SLB instance, max(&r, 1) = O(T ), there exists an instance of the SLB

problem with gap at least =, such that lim inf % > /108 - =1 log T.

This result applies to DOSLB, since it achieves max(&r, S7) = 5(\/T ) in general.

Finite Action Spaces. In linear bandits, it is a common assumption that the
learner is presented with a finite set of actions denoted as A. The learner’s task
is to ensure that at each time step, the chosen action z; belongs to this set A, as
outlined in (Abbasi-Yadkori et al.; 2011). This particular scenario greatly simplifies
our analysis in various ways. One significant advantage is that there is no longer a need
to resolve the optimal point, which streamlines the entire analysis process and allows
us to conduct it in the primal space. In fact, we can tailor our approach by adjusting

DOSLB . It should make its optimistic choice from the intersection of S, and A. To

further characterize this situation, we introduce two essential concepts: the finite-arm
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efficiency gap for any action z € A, denoted as A, and defined as A, := (0, 2" —x)
and the finite-action safety gap for any action x € A, represented as X, and defined
as Y, := max;({a’, x) — a'),. Additionally, we define the overall gap of the problem as
', which is calculated as I' := min,e 4 max(A,, 3,). This comprehensive description
allows us to analyze and address the problem effectively.

Proposition 4.6.8. With probability at least 1 — 6, the modified finite-action DOSLB

achieves the following bounds in the finite-armed SLB setting: max(&r, 1) =
O(d?log® T)T).
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Chapter 5

Constrained Generalized Linear Bandits

Although constrained linear bandit problem indeed encompass the advantage of infinite
action space, the linear model is somewhat restrictive. Thus we are intrigued to explore
a generalized linear model for the constrained bandit problem. Constrained bandit
problems within the framework of generalized linear models have been relatively under-
studied. Surprisingly, there has been minimal focus on this area. The existing body of
research, exemplified by the work of (Amani et al., 2020), does have its shortcomings.
This research introduces certain constraints by necessitating the knowledge of a matrix
B that links the reward and constraint, which places restrictions on the problem’s
generality and increases its complexity. Furthermore, the analysis provided in this
work is relatively preliminary and narrative in nature, yielding a regret rate on the
reward that scales at approximately O~(T2/ 3). To address this gap in the literature,

we study the Safety-constrained Generalized Linear Bandit (SGLB) problem.

5.1 Problem Setup

In this study, we focus on a constrained optimization problem defined as follows:
max ({0, x)) s.t. v(Az) < o, v(Bz) < 8 (5.1)

This optimization problem is conducted under stochastic bandit feedback, where

6 € RY represents the unknown reward parameter, A = [a*,--- ,aV]" compiles the

1 U)

unknown constraint parameters, « = (a', -+, ") represents the corresponding risk
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levels, p and v are known link functions, and B and 3 define the known constraints.

The game of SGLB unfolds in rounds. At each time step ¢, the player selects an
action x; from the bounding polytope X = {x € R?: v(Bx) < 3}. The player then
receives observations r; = p({0, z;)) +w! and s¢ = v({a’, z;)) +w! for i € [1 : U], where
wi i € [0 : U], represent observational noises.

The objective is to maximize cumulative reward while minimizing total constraint
violation. In bandit literature, regret is a key performance metric. We consider two
metrics: cumulative regret on reward and total constraint violation. These metrics
are defined as follows:

=) (ul(6,27)) — p((0,2:)))+

t<T

S = ngmx(y((ai,xt)) — ;)4

t<T

In the above formulas, z* represents the solution to the noiseless optimization problem
(5.1). & aims to ensure that the player’s actions are close to the best possible actions
satisfying the constraints. .7 prevents actions that violate constraints excessively.
It’s noteworthy that in both performance metrics, only the positive parts are
considered, excluding the offsetting effect of negative instantaneous regret. This makes
the problem inherently more challenging and interesting, as discussed further in the

later sections.

Assumptions We introduce the following assumptions, which are common and
technically convenient in Generalized Linear Model (GLM) literature to ensure the
existence of optimality, among other properties.

Assumption 5.1.1 (Nice link functions). The link functions p and v are continuously

differentiable (u,v € C') and Lipschitz with constants k, and k, respectively, and
satisfy ¢, = inf @/ ((0, z)) > 0, and ¢, = min; inf v/ ({a’, z)) > 0.
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Assumption 5.1.2 (Boundedness). Vz € X, ||z|ls < 1. ||0]2 < 1, |||l < 1 for all
ie[l:U].

Assumption 5.1.3 (Sub-Gaussian noise). Let F; be the filtration induced by infor-
mation up to time step t, i.e. {x1.4, 714, {81y i)} Wi are conditionally zero mean

1-sub-Gaussian noises, for all i € [0: U] and all t, i.e.
Elexp(nuw;)| Fi-1] < exp(n*/2)

for alln > 0.

Remark 5.1.4. These assumptions are standard in bandit and optimization literature.
Assumption 5.1.1 guarantees the niceness and generality of the link functions, including
commonly used functions like the logistic function. Assumption 5.1.2 ensures the
existence of the optimization problem. Assumptions 5.1.3 restrict the noise and
feedback within general yet manageable families, providing technical convenience

without overly restricting the problem’s scope.

5.2 The DOSGLB Algorithm

In this section, we present our algorithm for the safety-constrained generalized linear
bandit problem, termed DOSGLB. This algorithm draws inspiration from the OFUL
algorithm for linear bandits and adapts it to the constrained bandit problem while
considering the non-linearity introduced by the link function. The core idea behind
DOSGLB is to construct an estimation of the hidden parameters using historical data
and then perform optimistic play based on these estimations. Before delving into the
algorithm, we provide background information on the generalized linear model and

the estimation of its parameters.
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5.2.1 Canonical Exponential Family and Generalized Linear Model

A random variable 7 is said to belong to a canonical exponential family parameterized

by 6 € © if its density is given by:
f(r;0) = exp (r6 + H(r) + q(0))

Here, H and ¢ satisfy certain regularity conditions. This canonical exponential family
encompasses various commonly used distributions, including Gaussian, Gamma, and
Poisson. For a random variable r from this family, its mean and variance can be
expressed in terms of the function ¢: E[r] = —¢/(6) and Var(r) = —¢"(0).

When we model the parameter as an inner product of an action x with an unknown
parameter, the expectation becomes E[r|z] = —¢/ ({0, z)). Denoting u(-) = —¢'(+) as
the (inverse) link function, the relationship r = u((6, z)) constitutes a Generalized
Linear Model (GLM). Without u, the inner product represents a standard linear
model. By introducing the non-linear function p, the model’s expressive power is

enhanced.

5.2.2 Maximum Likelihood Estimation of Parameters

With the preceding formulation, given the observations (z1,71),. .., (x;_1,71), the
log-likelihood function is expressed as:

t—1

S log f(r30la) = 3 e (6,) + H(m) + (6. 2,))

k=1
Setting the derivative of this log-likelihood function to 0, we obtain the estimating

equation (EE):

-
|
—

(ri — n((0, w)))2x = 0 (5.2)

1

i
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Here, we utilize the fact that ¢/(-) = —u(-). Let 6, denote the solution of (5.2). 6, serves
as the maximum likelihood estimator (MLE) of the parameter 6. It possesses favorable
properties such as consistency and asymptotic normality under certain regularity
conditions. Solving the EE can be made efficient using methods like Newton’s method.

It’s essential to note that the same development applies to the safety scores si.

Specifically, a! represents the solution to the following EE for a':

t—1

> (sh — v({a’, a)ze =0 (5.3)

5.2.3 Validity of the MLE

In bandit problems, a fundamental principle is optimism in the face of uncertainty.
This principle has been substantiated through algorithms like the UCB algorithm
for multi-armed bandits (Auer et al.; 2002) and the OFUL algorithm for linear ban-
dits (Abbasi-Yadkori et al., 2011). The essence of these algorithms lies in obtaining
a reasonable estimate of the underlying parameter(s) and then adopting an opti-
mistic strategy—overestimating the reward or underestimating the risk—to balance
exploration and exploitation effectively.

In the context of SGLB problems, the initial step is to ensure the validity of
the Maximum Likelihood Estimator (MLE) 6, concerning the true parameter. We
establish the validity of this estimation through the following lemma, adapted from

Lemma 3 in (Li et al., 2017).

Lemma 5.2.1. If \yin (V7)) > 1, then for any t > 7 and any 0 € (0, 1)

A 1 /d 2t 1
— 1 < —q/=log(l+—)+log(=) ] >1—
P(He etuvu_qu os +d>+og<5>)_ 5

o 1 [d 21 1
P (”a — aglly-1 < C—V\/§ log(1 + —) + 10g(5)> >1-90
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Here, V; = 22;11 rrr), and Apin(V) represents the minimum eigenvalue of a
positive semi-definite matrix V. For convenience, we denote the coefficients by
V/Bi—1(0) = \/g log (1 - %) + log (%) This lemma essentially implies that with

high probability, the MLE 6, (or @) is close to the true parameter  (or a'), within a

bounded distance determined by a slowly varying term.

To interpret this lemma, we introduce confidence sets. Specifically, we define
CO6) i= {0 10— sy 1 < VB, C0) o= {a s @ — ai_, | < Lv/Ba@)},
and C,(6) := {A e RV*4 . Vi e [1 : U], A; € Ci(0)}. Lemma 5.2.1 guarantees that,
with probability at least 1 — 4, the reward parameter 6 belongs to C?(d), and the

constraint parameters A belong to C,(9). Formally,
cCl),AcC(OVic[l:Uwp >1-9§ (5.4)

This assurance allows us to focus solely on cases where the confidence sets are
valid, containing the true parameters, and exceptions occur with a probability no
greater than ¢. For analytical simplicity, we also define the noise scale as p;(x;) =
2y/B1-1(6) - [[x[ly;-1 . In subsequent discussions, we may omit the explicit mention of

0 from C, C, and p, and the variable x from p when context permits.

5.2.4 The DOSGLB Algorithm

The DOSGLB algorithm draws inspiration from the DOSLB algorithm presented
in (Chen et al., 2023). While sharing the same fundamental approach, DOSGLB is
tailored to fit the GLM framework. This method upholds optimistic confidence sets
for both reward and safety parameters and jointly optimizes these parameters along

with the action selection process.
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Algorithm 5 Doubly-Optimistic Safe Generalized Linear Bandit (DOSLB) (4)
Input: A > 0,6 € (0,1)
Play actions ey, - - - , eq, receive ry, -+ ,rg, i, -+, 85,4 € [1: U]
for ¢ > d do
Calculate 6, i by solving (5.2) and (5.3)
Construct S;(8) as in (5.5)
Optimize (5.6) and play x;
Receive ry, st,i € [1: U]
end for

Permissible Set Construction: A vital aspect of DOSGLB is the construction
of the permissible set, denoted as gt(é) This set encompasses all actions that could

potentially adhere to the given constraints, as defined in Equation 5.5.
S(6) == {z € X :3A € C,\(8) s.t. v(Az) < a}. (5.5)

Optimistic Action Selection: Within this permissible set, DOSGLB adopts an
optimistic approach. It selects actions by optimizing the reward function with respect
to both the reward parameter and the action simultaneously. This selection process is
formalized in Equation 5.6, where (ét, x;) represents the chosen pair of parameters

and action at time step .

(0, 7,) € argmax  p((0, 7). (5.6)
6eCO(8),2€8:(5)

The detailed algorithmic steps are provided in Algorithm 5, encapsulating the essence
of DOSGLB’s approach.

In its structure, DOSLB preserves the advantages of optimistic exploration. If
the selected action z; proves to be highly inefficient or unsafe, it indicates that the
exploration along this direction has been insufficient. In other words, the chosen
action hasn’t been thoroughly explored yet, as evidenced by its large V,~}-norm.

Consequently, the feedback obtained from this action offers information enabling
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refinement of the parameter estimates.

5.2.5 Computational Efficiency

Algorithm 6 Doubly-Optimistic Safe Generalized LinUCB (DOSGLinUCB) (§)

Input: 6 € (0,1)
Play actions ey, - - - , eq4, receive ry, -+ ,rq, i, -+, 84,4 € [1: U]
for ¢t > d do
Calculate 6, a¢ by solving (5.2) and (5.3)
Play the action z; as in (5.7)
Receive 1y, st,1 € [1: U]
end for

It has long been noted that confidence region-based algorithms like OFUL (Abbasi-
Yadkori et al., 2011) lack computational efficiency in (generalized) linear bandit
problems, primarily due to the challenging double optimization step in (5.6). This
computational burden intensifies in constrained scenarios, where the permissible set 5.5
complicates matters further. To tackle this issue, we adopt the perspective introduced
by (Filippi et al., 2010; Li et al., 2017) and implement a score-based (compared to
parameter-based) algorithm DOSGLinUCB. The key modification lies in the following

expression:

x, = arg max u((0;, x) \/ﬁt 1( ||x||v_1

TEX (57)

s.t. v(Aw) ——\/ﬂt 1( ||xHV <a

This algorithm, described in Algorithm 6, introduces a level of relaxation compared
to DOSLB by allowing a broader range of feasible actions. It employs a reward upper
bound to select among potentially safe actions, making it more optimistic. Notably,
the objective in (5.7) is convex, enabling straightforward optimization using techniques
like interior point methods. However, it’s important to note that the constraints are

non-convex, as the case in (5.5). To address this, a further relaxation is applied (which
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is also applied to DOSLB ), replacing the V;_;-norm confidence sets with L — oo or
L — 1 norm confidence sets, formulated as follows:

Choo 1= {5“ 1@ — @)Vl < lVBt—l((s)}’

Cy

. ~ o 1
Clyi={a: lI@—a)V, "l < —Vd6a(9)},

By incorporating these relaxations, the algorithm achieves enhanced computational

efficiency, albeit at the expense of a reduced performance guarantee.

5.2.6 Reduction to Constrained Multi-Armed Linear Contextual Bandit
Algorithms

In this subsection, we elucidate the connection between our approach and that of
(multi-armed) linear contextual bandit, which is also known as contextual bandit with
linear payoff (Chu et al., 2011). While our main focus has been on the generalized
linear bandit with a continuous action space and shared parameters, it is worth
noticing the shared design philosophy across different variants of the contextual bandit
problem.

In the K-armed bandit with linear payoff setting, the agent observes contexts
x; for each arm @ € [1 : K] and selects the arm that maximizes the reward while
adhering to the constraints. To apply our algorithm in this context, one can replace
the continuous action x; with the context corresponding to the chosen arm x,,, where
a; selects from the discrete arms [1 : K. It’s crucial to recognize that due to the finite
number of arms, a natural gap in the problem is established, obviating the need for
the gap analysis detailed in §5.3. Unlike the continuous action problem discussed
here, the finite-armed problem is computationally more tractable. The optimization
here is always solvable, a marked departure from the complexities involved in solving

problems with continuous action spaces.
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This reduction underscores the adaptability and versatility of our approach, demon-
strating its seamless integration into various contextual bandit settings, whether
continuous or discrete. The underlying design principles remain consistent, showcasing

the applicability of the optimistic methodology across different problem formulations.

5.3 Gaps under Generalized Linear Structure

Under Assumption 5.1.1, the link functions must be strictly increasing, ensuring the
existence of an inverse function. Remarkably, the noiseless (non-linear) optimization

problem (5.1) can be equivalently represented as a linear program:
max (0, x) s.t. Az <v '(a), Bz <v () (5.8)

When all constraints are known, under noisy observations, (5.8) reduces to a standard
linear bandit problem. Due to the polytopal structure of the domain, there exists a
gap between different actions. Basic linear programming theory ensures that only
the extreme points of the polytope could serve as candidates for the optimal solution.
Therefore, calculating the gap of the problem involves comparing these extreme
points, as demonstrated in prior works (Dani et al., 2008; Abbasi-Yadkori et al.; 2011).
Specifically, when the candidate actions are finite, it is well-established that logarithmic
rates can be achieved, as evidenced in (Auer et al., 2002) for the unconstrained case
and (Chen et al.; 2022) for the constrained case.

However, in scenarios where the boundaries are blurred by noise, the finite-action
property of the constrained linear bandit problem vanishes. The inherent challenge of
this problem stems from the difficulty of estimation. Determining the exact location
of the optimal solution becomes inherently difficult, constrained by the estimation
complexity. This intricate relationship has been meticulously explored in (Chen et al.,

2023), revealing the impossibility of achieving faster rates than v/7" on both the reward
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and safety regret. Despite this, a form of discreteness can still be distilled from this
continuous problem through the concept of basic index sets. Although a more rigorous
definition can be found in (Chen et al., 2023), the basic premise is outlined here.

To grasp this concept, it’s necessary to understand some fundamental principles in
linear programming. A linear program (LP) can always be expressed in the form:

max (0, z) s.t. Az < « (5.9)

z€R4

In this context, the ith constraint (a’,z) < o' is deemed binding or active at z°
(alternatively, that x° activates the ith constraint) if (a’,2°) = a’. A point 2° in
{x € R?: Ax < a} is known as a Basic Feasible Solution (BFS) if it activates d linearly
independent constraints. When the domain {z € R? : Az < a} forms a bounded
polytope, such as a hypercube, all the basic feasible solutions are vertices/extreme
points, and all the vertices/extreme points are basic feasible solutions. These terms
are used interchangeably.

The optimal feasible solution of the LP (5.9), if it exists, must be attained at one
of the basic feasible solutions (Bertsimas and Tsitsiklis, 1997). In cases where the
domain is a bounded polytope, all basic feasible solutions are vertices, and so the
linear bandit problem reduces to a multi-armed bandit problem (Auer et al., 2002).
Consequently, logarithmic regret can be achieved due to the finite number of vertices,
representing the discrete nature of the problem.

However, when unknown constraints are introduced, the situation becomes more
intricate. The primary challenge arises from unknown constraints potentially inter-
secting at unknown extreme points, which cannot be determined solely by the known
constraints. Consequently, the reduction to a multi-armed bandit no longer applies.
Fortunately, this complexity does not signify a dead end. A critical observation from

(Chen et al., 2023) illuminates that despite the constraints floating around the true



68

values, the algorithm’s selected action point must noisily activate d constraints. Based
on this insight, it is concluded that the room for the noise scale cannot be excessively
large, as established through a dual sensitivity analysis (see §5.4). This room for the
noise scale is encapsulated by the concept of various gaps, formalized as follows.
Similar to the role of BFS in the noiseless program, a concept representing the

problem’s discreteness is introduced: the basic index set (BIS).

Definition 5.3.1. A basic index set (BIS) is an ordered pair of sets (4, R) where
UC[1:U], RC[1: K], and || + |R] = d.

In the context of the constrained generalized linear bandit problem, each BIS gives
rise to a system of linear equations, the solutions of which activate the corresponding

BIS. This concept is akin to the notion of BFS in certain scenarios.

Definition 5.3.2. The set of points that activate an index set I = (4, R) is defined as

X = {r e X :v(AWr) = a(l),v(B(R)z) = B(R)}.

With these activating points identified, BIS can be categorized in the following

ways, which are instrumental when discussing different gaps.

Definition 5.3.3. A BIS I is called (i) feasible if X1 # () and infeasible otherwise; (ii)
suboptimal if 2* ¢ X! and optimal otherwise; (iii) full rank if the vectors {a'};ey U
{b/}jeq span RY.

So far, we have been dealing with the noiseless program, where the development
closely aligns with standard LP definitions. Next, we introduce a unique element in
our gap analysis: the concept of noisily activating points, which arises solely in the
stochastic bandit setting due to observation noises.

Recall from §5.2.3 that, with high probability, the MLEs are close to the true
parameters, a fact summarized by the confidence sets introduced in the same section.

We consider the scenario where all the confidence sets are valid from this point onwards.
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In the presence of noisy observations, BISs could intersect at points different from
the true ones. However, the concentration results mentioned above (confidence sets)
constrain the variation room for these intersection points due to the noise. To capture
this maximum variation room for the extreme points, we introduce the definition of

noisy activating points.
Definition 5.3.4. The set of points that noisily activates an index set I = (4, R) at
time t 15
X ={zex:3AeC,v(AW)z) = a(y),
v(B(R)z) = B(8), v(Az) < o}

Here, M (%) stacks the rows of matrix M indexed in . to form a submatrix.

Thanks to the monotonicity and smoothness of the link function, we can adapt
Proposition 8 in (Chen et al., 2023) to our generalized linear case. This structural
result enables analysis centered on BISs. Additionally, we can derive the range of

variation for the actions selected by our algorithm, as stated in Lemma 5.3.6.
Proposition 5.3.5. Vt,3 BIS [, = (4, &) : x4 € /'?t[t.

Lemma 5.3.6. Assume the event in (5.4) holds, and the action of DOSLB at time t,
xy, noisily activates the BIS I = (U, R). Then the following holds.

Az, < yfl(oz) + &17 Bz < yfl(ﬁ)

Cy

AWz, > v o) — 21, B(R)z, = v (B(R)),

14

0, 2) > (0,27) — 2.
Cu

Proposition 5.3.5 ensures that our focus can be narrowed down to BISs. These
BISs allow us to establish specific gaps for each of them. There are two types of gaps
associated with a BIS: the efficacy gap and the feasibility gap. This observation aligns
with findings in multi-armed and linear cases (Chen et al.. 2022; Chen et al., 2023).

The efficacy gap gauges the distance between a BIS and the optimal BIS. On the
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other hand, the feasibility gap measures the margin a BIS needs to remain feasible.
If the associated points of a BIS are outside the feasible set, its feasibility gap is
positive. Conversely, if the associated points are within the feasible set, its efficacy
gap is non-negative. In the stochastic bandit observation setting, it’s necessary to
consider the intersection points influenced by noise, as demonstrated in Lemma 5.3.6.

This necessity leads to the introduction of the concept of an activation polytope.

Definition 5.3.7. For a BIS I and ¢ > 0, the activation polytope at scale ¢ induced
by I is defined as

TG ={zeX: Az <v ' (a)+ cil,A(u)x >
v () — S1). B > v (3(5)

Further the optimistic LP at scale ¢ induced by I is defined as P((; 1) := sup{c, (0, z) :
zeT(GI)}

The activation polytope and corresponding optimistic LP delineate the room for
extreme points to vary due to noise. With these concepts in place, we can introduce
the feasibility and efficacy gap. The feasibility gap captures the minimum scale for an
activation polytope to be non-empty. Following convention, we assign the value of an

infeasible program as —oo.

Definition 5.3.8. We define the feasiblity gap of a BIS I as (.(I) := inf{¢ > 0 :
P(¢; 1) > —o0}.

Under the noisy activation of a BIS I, the actual point x; could deviate from
the associated point x!, the extent of which is captured by the activation polytope.
Within the activation polytope, moving the activation point around could lead to an
increase in the objective value, characterized by the (efficacy) spread. We formally

define the efficacy separation, spread, and efficacy gap as follows.

Definition 5.3.9. The efficacy separation of I is defined as £(1) = ¢, (0,2%) —
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P(C(I);1). We further define the spread of I as s(I) :=inf{C :V( > (.(I), P((; 1) <
P(C(D); 1) + C(C = ¢())}-

Definition 5.3.10. The efficacy gap of a BIS I is defined as n.(I) := 1§r(51()1) + ﬂﬂf}?

As observed in the multi-armed version of the problem (Chen et al., 2022), each
suboptimal BIS corresponds to both an efficacy gap and a feasibility gap, at least
one of which must be strictly positive. This key observation is summarized in the

following proposition.

Proposition 5.3.11. For any suboptimal BIS I, max((.(I),n.(I)) > 0.

Therefore, we can define the gap of the problem, which represents the room needed

to distinguish the closest suboptimal BIS from the optimal one.

Definition 5.3.12. The gap of an SGLB instance is = := min{max((.(I),n.(I)) :
I is suboptimal}.

5.4 Regret Analysis

We now discuss main theoretical claims. Firstly, we conclude that suboptimal BISs
cannot be selected too frequently, which we achieve through a dual sensitivity analysis.
Subsequently, we convert these findings into bounds for the the regret quantities,
specifically & and .. To do this, we must consider the time steps when only optimal
BISs are chosen (i.e., I such that z* € I). We can manage the occurrences of such
selections under a weak non-degeneracy condition at the optimum, which is commonly

assumed in optimization literature.

Assumption 5.4.1. Every optimal BIS is full-rank. Further, Vi, the noise w! is
generic in the sense that the probability that w! lies in any subspace of less than d

dimensions s zero.

Assumption 5.4.1 essentially demands that the underlying linear program and the

noise adhere to normalcy. In practical terms, this means that an optimal BIS must
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exclusively contain the optimal action. Translated into linear programming terminology;,
this implies that the optimal feasible solution is non-degenerate. Additionally, it
necessitates that the noise be generic, indicating that it possesses some energy across
all dimensions almost surely. Non-degeneracy serves to circumvent complex discussions
involving corner cases caused by vacuous basic feasible solutions and is primarily for
technical convenience, aligning with practices in the linear programming literature,
such as (Bertsimas and Tsitsiklis, 1997). Generic noise ensures that when probing
an action, the agent has observations from all dimensions almost surely, preventing
situations where there is no signal for specific dimensions with a fixed probability.
In such cases, exploring these dimensions with sublinear regret would be impossible.
These assumptions, though weak, lay the foundation for our main technical result,
controlling the noise level using the gaps defined in the previous section. Essentially,
Lemma 5.4.2 establishes that whenever a suboptimal BIS is activated, the noise
scale must be sufficiently large to escape its respective gaps. Consequently, due to

concentration results, this scenario occurs rarely.

Lemma 5.4.2. If at time t, the confidence sets are consistent and the action of
DOSLB noisily activates the suboptimal BIS I, then py > max (. (1), n.(1)).

Having controlled the time steps when suboptimal BISs are (noisily) activated,
we also provide a result regarding the behavior of optimal BISs. Lemma 5.4.3 states
that whenever an optimal BIS is (noisily) activated, the corresponding action must
be overly efficient, and safety violations are controllable within any small tolerance
margin €.

Lemma 5.4.3. Under assumption 5./4.1, if the confidence sets are consistent, t >
d+ 1, and the action z; of DOSLB(0) is that x; only noisily activates the optimal
BIS, then (0,xz,) > (0,x*). Further, for any ¢ > 0, if pi(x;) < €, then for every i,
(a',x;) < a' + ’;—:5.

By combining Lemma 5.4.2 and Lemma 5.4.3, we obtain the primary regret bound,
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as outlined in Theorem 5.4.4.

Theorem 5.4.4. Under assumption 5.4.1, Y6 > 0, the actions of DOSLB(0) satisfy
with high probability

& = O(d?log?T/Z), and S = O(dVT).

To demonstrate the tightness of the dependence on =, we refer to Theorem 23 from
(Chen et al., 2023), which provides a lower bound in the linear case. Since the linear
model is a special case of GLM, where in our notation k, = ¢, = k, = ¢, = 1, this

theorem also serves as a lower bound for our setting.

Theorem 5.4.5. For any c € (0,1), for any = samll enough, and any method that
ensures that in every SLB instance, max (&, 1) = O(T'7°), there exists an instance
of the SLB problem with gap > Z, such that

max (E[&7], E[S7])
logT

lim inf = Q=" logT).

Indeed, Theorem 5.4.4 stands as optimal when viewed alongside Theorem 5.4.5.
Consequently, accounting for logarithmic terms, the strategy of doubly-optimistic
play in SGLB maximizes the tradeoff outlined in this lower bound, favoring minimal

efficacy regret.
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Chapter 6

Simulations

Although this dissertation focuses mainly on the theoretical aspects of constrained
bandit problems, we briefly present several informative simulation results to comple-
ment the claims made in previous chapters. Since the performance of the doubly
optimistic schemes among different setting are quite similar, we take the DOSLB in
the SLB setting as a representative example to illustrate the empirical performance of

our algorithms.

6.1 Simulations on SLB

We verify the theoretical study above with simulations over Example 4.5.3, and study
the relative performance of DOSLB and the optimistic-pessimistic method Safe-LT'S
(Moradipari et al., 2021). These implementations are based on the following relaxation

of Algorithm 4.

6.1.1 Computationally Feasible Relaxation

A well-known barrier to implementing Algorithm 4 is that even if all constraints
were known, the program (4.2) is non-convex (Dani et al., 2008). In our case, this is
further complicated by the fact that the set gt needs to be determined, which too is
computationally subtle.

We approach these issues by constructing box confidence sets. We consider two



5

relaxations to this, the Lo, box and the L; box, as follows:
i ~ ~ ~iNy1/2
Cloo i={a: [I(@—a)V;" oo < VA,

Ci, = {a:||(@a—a)V;"?|ly < VdB.},

such that C; C C} ., and C; C C},, since L, ball with radius r is contained in L, ball
with radius r and Lo ball with radius v/dr. Take any a € C; , ||(a — AW <
VB = |(a- a2, < \/dB;-1, and the same holds for the L; relaxation as
well. Thus replacing C; by Cioo or C,f,l, the only change in analysis will be from p;
to 7, = V/dp;. Hence running DOSLB with these worsens regret bounds by at most
O(V/d) (and the relaxed regret bound by at most O(d)).

The principal advantage of using C; », lies in the fact that the box-confidence sets
are polytopes. Due to this, the values of 6 € C_, . and @ € C_, ., that are active
for the optimistic action z; must lie at the extreme points of these sets. Since each set

has only 2d extreme points, this allows us to determine x; by solving (2d)V**

convex
programs, which is computationally feasible so long as U is small.

To investigate the choice between these two relaxations, we simulated DOSLB with
each of these on the instance of Example 4.5.3. We find that while both show very

strong efficacy and acceptable safety violations, the L, relaxation appears to be more

aggressive, and thus has weaker safety properties. See §6.1.2 for the observations.

6.1.2 Results

We implement DOSLB on with the L., relaxation above on the instance of Exam-
ple 4.5.3 over the horizon T' = 10*, and with the parameters A = 2,§ = 1/(4T) =
2.5 x 107°. The noise in observations is independent and Gaussian, with variance 0.1.

The key observations of our study are as follows. Notice that for this instance, = = 1/s.
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Figure 6-1: Efficacy Regret and Safety Violation of DOSLB . We plot
averages and one standard deviation confidence regions over 30 runs
for & (left) and both . and .#2% (right). We also plot the upper
bounds we show in the latter to contextualise the observations. Observe
that the efficacy regret is marginal: the mean is essentially 0, and the
variance limited. Further, observe that the growth of the net safety
violation .¥; is well-controlled, and lies far below the bounds of §4.6.
Further, the finite precision violations show a strong flattening, as is
expected from Theorem 4.6.5.

DOSLB is very effective, and has well-controlled violations. Figure 6-1 shows
the efficacy regret &, and both the arbitrary precision safety violations ., and the
finite precision safety violations . for the value ¢ = 0.05 = 2Z/5. The observations
strongly validate our main claims of strong efficacy regret control, and well-behaved
growth of safety violations. Indeed, observe that the efficacy regret is essentially zero
over most of the runs (with rare runs rising to &9+ ~ 100). This property arises
since DOSLB very rarely plays suboptimal BISs (see the following discussion and
Figure 6-2), and when it plays the optimal BIS, it plays a ‘over-efficient’ but unsafe
point. Further, the extent of the lack of safety of the actions chosen by DOSLB is
well-controlled, as seen in the behaviour of .#7. The finite precision regret shows even
stronger control, with growth essentially halted at ¢ ~ 5000, validating the analysis

underlying Theorem 4.6.5.
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DOSLB rarely activates suboptimal index sets. In Figure 6-2, we plot the
number of times that DOSLB noisily activates a suboptimal BIS, i.e., any index set
other than I, = ({1},{2}). The main observation is that this occurs very rarely:
indeed, over the horizon of 10*, most runs do not activate suboptimal BISs more than
100 times. This is far below the upper bound of Theorem 4.6.2. We also observe the

curious fact that for ¢ < 1500, such index sets are essentially never activated.

100] ,=~"7TTTTTTTT
I
|
1034 |
102 4
101 4
100 4
10-1/ = Number of Non-optimal BIS Played
~ ™ Upper Bound
0 2000 4000 6000 8000 10000

Figure 6-2: Number of times a suboptimal BIS is noisily activated by
DOSLB in the instance of Example 4.5.3. Means over and one standard
deviation over 30 runs are reported, and the vertical scale is logarithmic.
Observe that the method activates such index sets very rarely, typically
far less than 1% of the times. Also observe that the growth is essentially
flat.

DOSLB compares favourably with pessimistic-optimistic methods. To con-
textualise our method, we also implement the PO-method safe-LT'S due to (Moradipari
et al., 2021) in the instance of Example 4.5.3. As previously discussed, safe-LTS
constructs a pessimistic set of permissible points, II;, such that with high probability
all points in II; must be safe. The method then selects actions optimistically, in
this case by exploiting Thompson sampling. The safe point provided to safe-LTS is
x® = (0,0), which has the separation M® = 1/2.

Figure 6-3 compares the behaviour of the raw efficacy regret Y (0, x* — ;) (left)
and the raw safety violation Y max;({a’, z;) — o) (right) of Safe-LTS and DOSLB
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Figure 6-3: Comparing the behaviour of DOSLB and safe-LTS on the
instance of Example 4.5.3. The left plot shows the raw efficacy regret,
while the right plot is the raw safety violations of the two methods, and
each reports means and one-standard deviation confidence regions over
30 runs.. Observe that the efficacy performance of safe-LTS is extremely
poor, indicating that the algorithm is far from the boundary of the
safe set S for most of its runs. In contrast, the violation properties
of DOSLB are well-controlled, and almost four times smaller than the
efficacy regret of safe-L'TS.

(since the efficacy regret of DOSLB , and the safety-violations of safe-LTS are both
essentially 0, the raw behaviour elucidates more insight). As expected, safe-LTS suffers
from 0 safety regret, since it plays in a pessimistic set. However, this is accompanied
by a large efficacy regret, with the mean of over 7000 at the horizon 7' = 10*. This
arises due to the extreme conservatism of this method, which is evident from its safety
violation property: the method has a strong negative (and decreasing still) violation,
indicating that it continues to play deep in the interior of the domain for large T'.
Indeed, since over the domain, (a,z) — a € [—0.5,0.5], and since the violation at
T = 10* is roughly —3000, this indicates that with a nontrivial probability, the method
remains at least 0.25-separated from the boundary of the safe set.

In comparison, observe that the raw efficacy regret of DOSLB is negative, but not
nearly as far as the violations of safe-L'TS. This indicates that the method is shrinking
towards teh boundary of the safe set at a much better rate. Of course, this property

is similarly illustrated by the violation behaviour: this nearly four times smaller than
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the efficacy regret of safe-LTS, and concentrates strongly to ~ 103 at T' = 10*.
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Figure 6-4: Comparison of L., vs L; relaxations of DOSLB over 30
runs on the isntance of Example 4.5.3. Observe that the L, relaxation
yields more aggressive, and less safe play.

L., versus L, relaxation. Finally, on a technical note, we simulate DOSLB with
both the L., and L; relaxations discussed in the previous section. Again, since
each achieves 0 efficacy regret, we plot their raw efficacy and safety perforamnces in
Figure 6-4.

As we noted earlier, both relaxations are largely comparable, showing similar
performance on both metrics. In particular, the qualitative observations made earlier
remain the same. The difference between the methods is that the Li-relaxed DOSLB
is somewhat more aggressive than the L.-relaxed DOSLB | and thus suffers a lower
raw efficacy regret and a higher safety violations. One reason for this may be that the

L;-DOSLB has a larger magnitude in terms of the V;-norm.
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Chapter 7

Conclusion and Future Work

In this dissertation, we study the constrained bandit problems, in terms of multi-
armed, linear, and generalized linear settings. We explore the usage of doubly
optimistic approach in such scenario, and end up with meaningful findings. The
doubly optimistic strategy encourages aggressive exploration, and thus enjoys fast
rate in reward accumulation. For the safety risk, in terms of multi-armed setting, due
to the discreteness of the action space, the doubly optimistic strategy is able to filter
out the unsafe arms as fast as accumulating rewards, thus the safety violation is also
at a logarithmic rate; for the continuous settings, we investigate the linear structure,
and show that at least v/7T rate is achievable under no additional assumptions, which
is already the best to expect in the provided setting, while in addition, we show that
an arbitrary slackness in the safety measurement could lead to a logarithmic rate
similar to the discrete case. These findings contextualize the potential usage of doubly
optimistic strategies in applications.

Moving forward, the exploration of contextual bandit and reinforcement learning
settings with the inclusion of states remains open for investigation. In these sce-
narios, the challenge lies in devising effective strategies under various constraints,
while guaranteeing fast convergence rates. Doubly optimistic strategies have shown
promise in addressing such challenges, yet there is still much ground to cover in fully
understanding their potential.

One area of future research lies in the extension of doubly optimistic strategies
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beyond the realm of bandit settings into broader machine learning contexts. For
instance, there is a compelling avenue to explore how these constrained methods
could enhance the efficiency of training neural networks. By integrating constrained
optimization techniques, we may unlock novel approaches for accelerating neural
network convergence and improving generalization performance. This could have
implications across various domains, from image recognition to natural language
processing.

Furthermore, the proposed doubly optimistic techniques could find its usage in
real-world applications with complex feedback model. As an example, the dynamic and
complex nature of wireless radio access networks(Olwal et al., 2016) presents various
challenges, including resource allocation(Liang et al., 2019; Wei et al., 2020) and
interference mitigation(Wei et al., 2021; Wei et al., 2019). By leveraging constrained
optimization methods inspired by doubly optimistic strategies, we could potentially
optimize those operations in real-time, leading to improved network performance
and user experience. In traffic systems, the integration of constrained optimization
techniques holds promise for alleviating congestion and enhancing traffic flow (Salkham
et al., 2008; Arel et al., 2010). By applying doubly optimistic strategies to traffic
management algorithms, we may develop adaptive systems capable of dynamically
adjusting traffic signals and routing based on real-time constraints. This could result in
reduced travel times, minimized environmental impact, and enhanced overall efficiency
of transportation networks. Additionally, the adoption of constrained optimization
methods inspired by doubly optimistic strategies could also be applicable to distributed
machine learning systems. In scenarios where data is distributed across multiple
nodes or devices, such as in edge computing environments, efficient coordination and
optimization are of significant interests (Verbracken et al., 2020; Wei et al., 2023a;

Wei et al., 2023b). By applying constrained optimization techniques, we may develop
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distributed learning algorithms that not only converge faster but also exhibit improved
robustness and scalability (Wei and Shen, 2022; Boyd et al., 2011).

In summary, the exploration of doubly optimistic (and in general, constrained
learning) methods represents a rich area for future research spanning various domains.
By pushing the boundaries of these methodologies, we can uncover new possibilities

for optimization and learning techniques.
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Appendix A

Supplement for § 3

A.1 Notation and General Proof Strategy

We commence by introducing some notations, followed by an overview of the general
proof strategy.

We adopt the convention of using H; ; to denote both the history and the sigma
algebra induced by it. Here, H, corresponds to the trivial sigma algebra. Naturally,
the sequence {H,} forms a filtration. It is noteworthy that in the cases of Thompson
sampling (TS), the laws of p¥ are measurable with respect to H;_;. Bayesian methods
also incorporate additional randomness, represented by the various pfs.

A crucial observation for all our designed methods is that the permissible set 11, is
a predictable process, meaning it is determined based on H,;_;. Each method utilizes
an index derived from the history to determine II;, making it a deterministic function
of the variables {(As, Rs, Ss) : s < t}. While not strictly necessary, this predictability
serves as a convenient representation that we leverage in our proofs. For brevity, we
denote the conditional laws P(-|H;_1) as P;_;.

Proof Strategy: The foundational breakdown of regret is expressed in terms of Nk 1

Due to the additive definition, we have

E[Rr] = 3 E[NE,, (A" v I%).
k£k*

Thus, the primary arguments focus on controlling E[N%, ] for all suboptimal arms k.
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Naturally, subsidiary claims regarding E[Ur] also stem from these main arguments.
The arguments manage E[N%, ] for both infeasible and inefficient arms separately,
through a straightforward splitting of terms. In cases where arms exhibit both
inefficiency and infeasibility, the more stringent control between these two arguments
is applied. This approach defines the structure of the expressions in the main text.
Infeasible Arms: All our strategies incorporate a safety index L to populate the
permissible set 1I;. We leverage the properties of this index to regulate the play of

infeasible arms. This decomposition is expressed as

T T
E[Nf,,] =) P(A Z P(LF < a).
t=1 t=1

The formulation of the two indices, whether through KL-UCB or BAYESUCB, guar-
antees that the likelihood of playing an infeasible arm more than O(log(T)/d(v*||))
times is exceedingly small. For KL-UCB, this outcome directly follows from Cher-
noft’s bound. In the case of BAYESUCB, the argument is derived from the KL-UCB
approach, drawing a connection between the tails of Beta distributions and Binomials.
Inefficient Arms: Employing the conventional approach for confidence-bound-based
index policies, the control of inefficient arms necessitates a reference index for compari-
son with the reward indices. Ideally, the index of £* is desired. However, utilizing this
index requires that k* itself is permissible, as otherwise, the algorithm disregards its
reward index when selecting an arm. This represents a key deviation from standard
proofs.

Consider the case of KL-UCB. The strategy involves decomposing the expression

as follows:
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E[Nf ] =) P(A=k)

= P(A =k k" ¢11) + P(A, = k, k* € 11,)
t

<> P EIL) + Y P(A =k, k* €T1))
t t

The initial step is to ensure that the first term is small, leveraging the consistency
of L.
This allows us to proceed in a manner consistent with standard approaches.

Specifically, for KL-UCB, we break down the second term as follows:

> P(A =k kell) <> PU; < pt k€11
t t

+]P)(Utk Z ,LL*, Ut* 2 :u*a k* € Ht7At = k)

< PU; < pt) +PUF > 5t A = k).
t

The final expression is the standard quantity controlled in regret proofs, and this
argument can be reiterated without alteration. For completeness, we will provide
a sketch of these proofs in the subsequent sections. In the case of KL-UCB, this
essentially aligns with the argument by (Garivier and Cappé, 2011), while for the
BAYESUCB bound, it follows the reasoning presented by (Kaufmann et al., 2012a),
which is itself very similar to (Garivier and Cappé, 2011). To establish the efficiency
of TS, we will utilize the argument outlined by (Agrawal and Goyal, 2013).

Remark on showing consistency of L}: It’s worth noting that our choices of LF
are designed in a way that consistency proofs for Uy directly translate into those
for L;—this symmetry arises from the relevant functionals under the mappings

(S, vk, a) = (1= S,1—v* 1—a). Following this transformation, 1 — L¥ serves as an
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upper bound of 1—* in a Uf-type fashion. The argument for controlling > P(LF < «)
for infeasible arms is essentially the same as that for controlling Y P(U} > u*) for
the standard bandit version of the respective method.

However, we observe a deviation in proving the consistency for BAYESUCB.
Controlling standard regret in a Bayesian setting involves comparing two random
indices, and (IKaufmann et al., 2012a) directly compare their index U;'g,,usucn to
1" to argue that V) is at least logarithmically large. With this in hand, they assert
that U;g,yesucs is at least p* — O(4/1/log(T)) with high probability, suggesting
that it is unlikely to be exceeded by suboptimal arms. However, to ensure the
consistency of our (random) safety index Lj, we must compare it to a fixed value a.
Consequently, the second argument utilizing a weakened consistency does not directly
carry over. To address this, we adjust the quantiles §* sufficiently to ensure that the
first argument alone is adequate to establish consistency. This introduces a gap, which
might potentially be addressed with a more robust analysis.

Note on Dependency: The outlined overview does not leverage the potential dependence
between the signals (R, S). There is a possibility that such dependence could be
exploited, and its significance might increase with an escalation in the number of

safety constraints. We identify this as an area for potential exploration in future work.

A.2 Proof for Doubly Optimistic Confidence Bounds

The subsequent lemma essentially stems from the main result in the KLL-UCB analysis
by (Garivier and Cappé, 2011) and serves as a pivotal statement to establish our
results. It is stated slightly more generically than in their paper, allowing us to employ
the same result to demonstrate both gap-dependent and gap-independent bounds. We
encountered this approach in the work of (Agrawal and Goyal, 2013).

Lemma A.2.1 (Adaptation of (Garivier and Cappé, 2011)). For any suboptimal arm
k, Algorithm 1, instantiated with the KL-UCB -type confidence bounds, achieves the
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following guarantees:

o If A* >0, then for any x € (u*, u*),

log T+ 3loglog T 2
E[NE. ] < +6loglog T + ———————~ + 24. Al
Nl < =0 A () (A1)
o IfT* >0, then for any y € (o, V%),
log T+ 3loglog T 2
E[NE, ] < . A2
Nenl < =gl T TAdY e

We will first present the proofs of the two results using the above lemma and defer

the proof of the lemma itself to the end.

A.2.1 Proof of Theorem 3.2.1

Proof. Consider an arbitrary arm k. If A* > 0, choose x € (u*, u*) such that d(z||u*) =
decreases from d(p*||p*) to 0 as x varies in (u*, *). Our aim is to demonstrate that
the third term in the bound of (A.1) is bounded by O(e?). For small &, we have
z=pu"+0(e).

Let’s abbreviate d = d(u*||u*), and observe that the derivative d’ := Od(z| )] .
is non-zero. Consequently, x — pu* = sﬁ + O(?). Notably, since d(z||;*) is minimized
at z = ¥, we find that d(z|p¥) = $d"e*(d/d')? + O(£?), where d” = 92.d(z||")]

This leads to the conclusion that

. This choice exists as d(z||p*) is a continuous function that monotonically

z=pk "

2 d/Z
_c _of(-=_
d(z||*) A1 (d”d252) ’

which is a scaling of e72 by a problem-dependent constant.
Similarly, if T* > 0, we proceed as above and choose y € (a,v*) such that

d(ylla) = 0l Using an entirely identical calculation, the final term of (A.2) is

1+
bounded as O <f ) , where [’ = 0,d(z]|a)| and f" = 02d*(z||VF)|__ .-

12 1

77 P [) a=vk
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Utilizing both of these bounds, we conclude that

i 1 (I1+¢e)logT (1+¢)3loglogT
Al = s u*}{ AT )
+ 6loglogT + 24+ O (%) }7
1 (1+)logT  (1+¢)3loglogT (£2/1")
ENral < 15 { Wfa) T dwe) <d2(v’“|\a)€2> } |

where we set 1/1{p} = oo when the proposition p is untrue. Notably, recalling that
T{p* < p*}d(pk||p*) = do(p¥||p*) and similarly ds (v*||v*), we can choose the tighter

of the above bounds to obtain the result

1+e)logT
E[NE ] < (
Vel S TOR Vs oF )
loglog T 1 >
+o< +
de (pk]| ) Vods (VF||lv*)  (de (¥ || ) V ds (VF][v*))2e?

The claimed bounds now follow trivially. To control E[Ry], simply multiply by
the per-round regret of playing arm k, AF v I'* and sum. To control E[Uz], simply
add up the above over the unsafe arms.

O

Note that when the gaps A* and I'* decrease, the last term in the expression scales

as 1/(A* AT*)*, resulting in only a 7%/* gap-independent bound.
A.2.2 Proof of Theorem 3.2.2

The gap-independent regret bounds follow from the observation that arms with very
small gaps cannot incur substantial regret over 7" rounds. Let M > 0 be a parameter

to be determined later. Expressing regret as follows:

E[RT] < Z E[NIIEH]Ak + Z E[N%H}Fk +M Z E[N’f’—&-l]'
k:AR>TkvM k:Ik>AkvM k:(AkVIF)<M

(A.3)
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The last term is bounded by MT', and thus, choosing M of order \/WT/T
controls regret. The remaining task is to show that E[N%,] is not too large for arms
with large gaps. We develop bounds explicitly dependent on the gaps using (A.1) and
(A.2).

Lemma A.2.2. For any arm k with AF > 0,

2logT + 6loglogT + 4
E[Nili—l-l] S (Ak)g

+ 6loglog T + 24.

Similarly, for any arm k with T* > 0,

2logT + 6loglogT + 4
]E[NYIZJrl] S (Fk)2

Proof. For an arm k with AF > 0, set x = (u* + p*)/2 =: i*. By Pinsker’s inequality,
d(p*||p) = 2(p" = i*)* = (A%)?/2, and d(p"||p*) = 2(a* — 1i*)* = (A*)?/2. Plugging
these into the bound yields the claim, noting that (A*)2/2 < 1.

For arms with T'* > 0, a similar control results from (A.2) by setting y = (a +
k) /2. O

With these bounds, we can now demonstrate the claim.

Proof of Theorem 3.2.2. The first term in (A.3) can be bounded as

+ (6loglog T + 24)A*

2logT + 6loglogT + 2
2 N

2logT + 6loglogT + 4
M

Ak>TkvM

SKA(

+610g10gT+24) ,

where K = [{k: A% > T*}.

Similarly, the second term in (A.3) can be bounded as

Z 2logT + 6loglogT + 4 <K 2logT + 6loglogT + 4
< Kr

I~ M ’
Tk>AFVM

where Kt = |{k : T* > AF}|.
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Finally, observing that Kr + K < K, we conclude that

K
E[Rr] < M(QlogT +6loglogT +4) + (6loglog T+ 24) Z(Ak v TH) + TM.

The claim follows by choosing M = /K (2logT + 6loglogT + 4)/T, and noting
that 2logT > 4 for T' > 8, and 2loglogT < logT for all T'. m

A.2.3 Proof of Lemma A.2.1

Proof. We make the argument separately for infeasible and inefficient arms. The
former is easier, so let us begin with it.
Infeasible arms

We follow the decomposition from §A.1. Recall that LF = min{q < F : d(DF||q) <
v /NF}. Since d(7F||x) is a continuous decreasing function on [0, 7], if L¥ < « then it
must either hold that 7F < «, or d(UF|«) < d(DF||LF) = ~/NF. Either way, we have
that d- (Uf[|ar) < /NP

Now, let 7*(s) denote the value of 7} after the s-th time we play the arm k. We
observe that

T
DA =k} <Y 1{A =k do(Bf|a) < %/Nf}
t t=1

T

t
= 1{A, =k, sdo (9 ]la) < 3, N = s}
t=1 s=1
T

<3S {A = kN = s} T{sds (74(s) o) < 1)

t=1 s=1

= > 1{sdo (9 (s)0) <y} D U{A =k, NF = s}

t=s

<> 1{sdo (94 (s)lla) < e},

where we have used that 7, increases with 7', and for any value s, there is at most one
time step on which NF is exactly s and we play the action k.

Now, we observe that for any y € (a, V%), the event {ds (7*(s)|a) < d(y|la)} =
{0*F(s) < y}. Indeed, d-(ul) is exactly equal to 0 for u < a, and monotonically

increasing for u > a. Recalling Chernoff’s bound (which applies since the random



91

variables are bounded in [0,1]), P(2%(s) < y) < exp(—sd(y||v*)). This sets up the
following calculation.

Let y € (a, V%), and define S(y) := |yr/d(y||a)], so that for all s > S(y), yr/s <
d(y||a)). Then

E[N7,] = iP(At = k)

P(sd (0" (s)]|a) < r)

T

S+ D, P (¥ (s)lla) < d(ylla))
s=S(y)+1

< S(y) + Z o—sdyllv*)
s=S(y)+1
e~ (S@W)+D)d(yllv")
1 — e—dllv®)
2
LAd(yl[v*)’

[M] =

1

S

IN

< S(y) +

S(y) + (A.4)

where the last term uses that (S(y) + 1)d(y[[v*) > 0, and = < 2. But S(y) <

l—e— v
yr  __ logT+3loglogT
d(ylle) d(ylle)
Inefficient arms

Again, we follow the decomposition from §A.1, namely

E[Nfy) <) P(k™ ¢ 1) +P(US < p7) + P(UF > p"),

Observe that P(k* ¢ I1;) = P(L} > «), which will be taken care of later.

As highlighted in Section A.1, the final term is regulated using the same approach
as the inefficiency control. Specifically, considering UF = max{q > ¥ : d(iiF|q) <
7t /NEY, where d(7i||z) increases in the range [i¥, 1], if UF > p*, then either af > p*,
or d(jif||u*) < ~;/NF. Employing a similar derivation, we find that

T
ST u{A =k UF > 7} < 30 T{sd (46 |7) < ).
t s=1

where P(d<(fi*(s)||p*) < d(z|p)) = P(i*(s) < x) < exp(—sd(z|u")) for any = €
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(¥, u*). The resulting sum yields the bound

2

PUF > u* A, = k) < -

where S( ) W
The remaining task is to control > P(Lf > a) + P(U} < p*). To handle the second
term, we first utilize the monotonicity of d(fi;||q) on [, 1]. We note that

{U7 < w'} = A{max{qg > jif - d(pgllq) < /Ny <p'} ={as <p d(@gllw”) > 7 /N}

The final event is addressed by (Garivier and Cappé, 2011, Theorem 10), which states
that for any z > 0 and any k,

P(NF( 1) > 2) < e(zlog(t) + 1)e . (A5)
Applying (A.5) to fiy with z = 74, we find that
B(U} < 7) < el log(t) + 1),

which leads to

T T
e(log”t + 3logt - loglogt + 1
SORW; < p) Z (log”t + 3logt -loglogt + 1)
t=3 t= tlog?(t)
< e(loglog T+ 4). (A.6)

Control on Y P(L; > «a) follows identically. By exploiting monotonicity twice,
Ly > ap = {7 > a,d(ylla) > /N7y C{op > v A7 |[v7) > /NS

and thus, applying (A.5) to 7} with z =,

T

T
S Pk ¢IL) =) P(L; > a) < eloglogT + 4e. (A7)
t=3

t=3
Combining these results, we obtain

log T+ 3loglogT'
d(|p)

+ 6loglogT + 24 +

E[NF, ] < R S
[ T-‘rl] 1/\d($HILLk)’
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where 2e < 6 and 8e + 2 < 24. O

A.3 Proofs for Thompson Sampling with Optimistic Safety

Indices

An initial observation is that, given the constancy of the safety index LF, we can
directly apply the proofs of Lemma A.2.1. This implies that the bounds (A.2) and

(A.7) persist. In other words:

E[Nf.,] < inf

1 logT'+ 3loglog T’ 2
y 1{a <y< vk} ’

d(yl|ev) LAd(ylvr)

T
ZP(k* Z 11;) < eloglog T + 4e.

=3

The primary focus of the analysis is now to ensure the extension of the Thompson
Sampling (TS) analysis to control the exploration of inefficient arms. This is achieved
by leveraging the analysis of (Agrawal and Goyval, 2013) for TS, although alternative
analyses such as that of (Kaufmann et al.; 2012b) can be equivalently employed.

The central bound is summarized as follows:

Lemma A.3.1 (Adaptation of (Agrawal and Goyal, 2013)). There ezists a universal

constant C' such that if A*¥ > 0, then for any u,v such that pF < u < v < p*:

T

logT’ 3
P(A; =k, k" € 1I;) < + +
2 P )= Ty T T Al
C 1 1 .
(= —v)? (”k’g v T8 (m”w —v>)) (A8)

We will now demonstrate the result from the main text using the above Lemma.

Proof of Theorem 3.3.1. Let’s establish the proof of the theorem.
For infeasible arms, instantiate (A.2) with a value y such that d(y||a) =

d(v*||a)/(1 + ). As mentioned earlier, the resulting d(y||v*) is on the order of
O(g?).
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Turning to inefficient arms, we decompose the expected number of pulls as follows:

T T

E[Nf ] =) P(A =k) <Y P(k* ¢IL) + Y P(k* €I, A, = k).

t=1 t=1

The first term is bounded by 3loglogT. For the second term, instantiate the
bound (A.8) with u and v selected such that

Lod(ullp) = d(p* () /vVT+e
2. d(ullv) = d(ullw)/vV1+e = d(p*||p*) /(1 +€),

both of which exist due to continuity.

Demonstrating the bound then necessitates controlling  — p* and pu* — v (using
the upper bound d(a||b) > 2(a — b)?). Accordingly, as in the proof of Theorem
3.2.1, notice that u = p* + O(y/1+¢ — 1) = ¥ + O(¢). Similarly, v = u* — O(e).
Hence, d(ul||g*),d(v]|u*) = ©(e72). Finally, since this e 72 term does not grow with
T, (d(||p*))"* AT = O(¢7?). We can now conclude the argument as in the proof of
Theorem 3.2.1.

]

Similarly to the situation with Algorithm 1, this approach also yields a gap-

independent bound.

Proposition A.3.2. Algorithm 2, instantiated with KL-UCB -type lower confidence

bounds, achieves the gap-independent regret bound
E[R7] < O(/KTlogT + K loglogT).
Proof. For infeasible arms, instantiate (A.2) with y = (o + v*¥)/2 to establish that
log T
k
E[N7,] <O (W)

For inefficient arms, instantiate (A.8) with u = p* + A*/3, and v = p* + 2Ak/3.
Then p* —v =v —u=u— u* = A¥/3, and by observing that d(v||u*)™' ATA*/3 <
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TA¥/3, we have the upper bound

logT 1+ log(1/A¥) 4 log(TA¥)
E[N74) < O(loglog T) + O ((Ak>2 + e
logT
=0 (loglogT+ W) .

Taking the tighter of these bounds, and partitioning according to the size of A*VIT*,
we obtain the bound

KlogT
M

E[Rr] < 1\i/InfO T™ + O < ) + O(K loglogT),
>

confirming the claim upon optimization. O

It remains to establish the key lemma. Once again, we emphasize that the

fundamental ideas originate from (Agrawal and Goyal, 2013).

Proof of Lemma A.3.1. Let’s fix a specific arm k. The values u and v essentially
act as benchmarks against which we can compare the random scores p; and p¥. To

facilitate this, we introduce the ’good’ events:

7k I
E = {ay < ul,

Pt = {pf < v}

Notably, G* belongs to H_1.

We initiate the argument with the decomposition:

P(A, = k, k* € 11,)
=P(A, =k, k* e 11, G"*, g°™)
+ P4, = k, k* € I, G (GPF)°)
+P(A, = k, k* € TI,, (G*)°)
< P(A, = k, k* € 11, G"*, g°F)
+P(A =k, G, (G00))
+P(A, =k, (G')°). (A.9)

Now, the last term in (A.9) is easily controlled - indeed, P(4, = k, (G/"F)) =
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P(A; = k, fi¥ > u) is exponentially small if N} is large. In fact, mirroring the approach
of the proof of Lemma A.2.1, we find that:

S OUA =k >ul =) Y WA =k N} =s,f >u}

t<T t<T s<t

=S 1{@k(s) > u} Y 1{A, =k, N} = s}

t>s

<1 (s) > ul,

s<T

where we set (i*(s) to be the value of i at the first ¢ such that NF = s. By Chernoff’s
bound, P(ji*(s) > u) < exp(—sd(ul|*)), yielding the bound:

S B = K. (GF4)) € g (A.10)

The second term in (A.9) is also amenable to control, particularly when observing
the highly concentrated nature of the posterior Beta distribution around ¥ with a
variance scale of 1/NF. To elucidate this point further, (Agrawal and Goyal, 2013)
leverage the following insight: If F'(x; Beta(a, b)) represents the cumulative distribution
function (CDF) of a Beta(a, b) random variable, and G(k; Bin(n, p)) denotes the CDF
of a Binomial random variable, then for natural n > k, the relation holds:

1 — F(x;Beta(k+1,n —k+1)) = G(k; Bin(n + 1, x)).

This relation is most easily derived from the fact that Beta(k + 1,n — k + 1) is the
distribution of the k+ 1-th order statistic of n+1 samples from the uniform distribution.
The probability of this exceeding x is precisely the probability that the k& smaller
ones are at most z, and the rest are at least x, which is expressed by the Binomial
distribution. Consequently, we infer that for any Ny, the probability that pf assumes
a large value can be bounded akin to a Binomial tail. For any v, this leads us to the

conclusion:
P(Pf > U|Ntk7ﬂf) < exp(—Ntkd>(U||ﬂf)),

which follows straightforwardly from Chernoft’s bound. Using a similar reasoning, we
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can deduce that for any Ny and u < v:
P(pf > v|NF > Ny, ilf < u) < e Nodllw),

Opting for Ny = log(T")/d(v||u), we can derive the bound as follows:

T T
S P(A =k, pf >0, <u) <Y P(A =k, NE,, < No)
t=1 t=1
T
+ > P(NEey > No,gf > v,y < u)
t=1
< N0+T6—N0d(v||“)
log T’ log T’ 1
< +1< + : (A.11)
d(v[lu) d(vllu) 1A d(ulpF)

This leaves us with the first term of (A.9), which is the most challenging to control
and ultimately relies on a rigorous analysis of Binomial tails. The general strategy
involves employing v as a lower index for p;. Specifically, let P, := P(p} > v|H;—1) =
P:_1(p; > v). Observe that

Pi1(A; = k, G GPF k* e I1) = 1{G!"" k* € IL}P,_1 (A, = k, pf <)
< LG,k € )P,y (Vk € 1T, pf < v)
- ]l{g#k?k* € IL}(1 —Py)P,_ (Vk # k" € Ht,pf <)
1-P,
P,
X Pt—l(Vk +k* e Ht,pf <v< p:)
1-P,

t

1{G"" k* e II,}

<

]P)tfl (At = k*)a

where we have utilized the fact that G!' = ‘H;_1 and II; is predictable. The key is to
exploit the fact that P; exponentially approaches 1 as N/ increases. By expressing
this probability in terms of the size of N} and analyzing it, (Agrawal and Goyal, 2013)
show in their Lemma 2 that
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T

> E[(1=P)P, (A = k*)/P)]

t=1

<20 Z B T S
= A2 2 A1 T (s )AL

where A, := (p* —v), and C’ is a constant. Notably, each term in the sum is
monotonically decreasing. Therefore, upper bounds can be derived by comparison to

an integral, yielding for the first and second terms that

T-1 o0 9
Z e—A%s/Q < /e—A%s/QdS _ P?
s=[8/Ay] 0 v
and
T
T-1 1 ; 1
> oAZs/a _ ] = TR
s=[8/Ay] e
A2T/4
4 1
= — d
A2 / v 1"
T[4y
4 1
< Az log 1 ~iA
4 2 4 1
< ——log—-+— < —(log-—+0O(1
S A2BTATIA, S A2 (OgAv +0( ))’
where we have employed the previously established fact that —= < zil

For the final term, we can bound it in two ways - firstly, by observmg that e < 1,
we obtain the bound Zs - +1 <log(T'A/8). Additionally, we derive a T-independent
bound as follows, wherein we abbreviate d, = d(v||p*).



99

T-1 —sdy r—1 e~ (s+1)dy

e
> mrom— X o

v s=[8/Av]

T—-1 o0

5= ’—S/Av-‘u:dv

oo
o
<ct [ Yoot
s=1

u=dy

1 2
< — < — .
_logl_e_dv _logd + O(1)

(Y

By taking the smaller of these two bounds, the final term is controlled by
AN Plog(TA, A dyt) + O(1)], and we obtain

T
C 1
> P(A =k, G GPE R € TL) < ~ (1 +1log = +log (AT A —d(wnﬂ*)—l)) .
t=1 v v
(A.12)
The asserted bound is then realized by adding up (A.10, A.11, A.12). O

A.4 Proofs for Thompson Sampling with BAYESUCB

As the procedure for selecting arms given II; remains unchanged from the previous
case, our focus is on demonstrating that II; is effective, specifically, that the lower
bound index L¥ performs well. This essentially leverages the fact that the argument
from the previous section only relies on II; being a predictable process, along with

details of the Thompson scores pf. Therefore, the second term of the decomposition

S P(A=k) <Y P ¢IL)+ Y Pk eI, A =k)
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can be handled similarly to control the actions of inefficient arms on rounds where
k* € 11,, yielding (A.8).

We establish the following bound, utilizing the techniques of (Kaufmann et al..
2012a) as described in §A.1.
Lemma A.4.1. In the setting of Theorem 5.3.2, the following hold:

o IfT* >0, then for any x € (a, V¥),

3/2log T + 3loglog T + 3/21og 2 2

Pl = ZE ey

(A.13)

e The mean number of times the optimal arm is treated as impermissible is bounded

as

T
ZIP)(k* ¢ I1;) < eloglog T + 4e.

t=3
The claimed bound is readily obtained by combining the relevant components of
the proofs of Theorems 3.2.1 and 3.3.1.

Proof of Theorem 3.3.2. For inefficient arms, combining the second part of Lemma
A.4.1 and (A.8), we conclude that if A* > 0, then

log T’ 3 C

PV S Gy TR G o

(1+(d(v||p*) "t Alog T')) +elog log T+ 4e.

Similarly, for infeasible arms, by using (A.13), we have the control

E[Nfur] < log'T' + 3loglogT' + log 2 2 .
2/3d(yl| ) LAad(yl[v*)

Now choosing u, v,y as in the proof of Theorem 3.3.1 and proceeding along the
same lines gives the claim. O]

The same strategy also yields the following gap-independent result. The proof is

identical and therefore omitted.
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Proposition A.4.2. Algorithm 3 instantiated with BAYESUCB using 6F =
1/\/8N}tlogt also satisfies the bound

E[Rr] = O(\/KTlogT + K loglogT).

We now proceed to demonstrate the main lemma.

Proof of Lemma A.J.1. The argument relies on the following estimate, essentially
serving as a reduction to the analysis of KL-UCB. This result is a variation of Lemma
1 of (Kaufmann et al., 2012a).

Lemma A.4.3. Define the quantities

Sk Sk
gp:ngﬁ>wnmm{qu§:Mm(R%q)ﬁh%«%béww%}
t ¢
—k k . Sf k Sf 3
oy = 1{S; >0} min{ ¢ < NF N;d N || < log(tlog”(t)) ¢ -
t ¢

Then for all t,
of < Ly <.

Proof. Firstly, since L¥ = 0 whenever SF = 0, this case is trivial. So assume S¥ > 1.

The idea behind the bounds is to exploit the relationship between the CDFs of
Beta and Binomial random variables to reduce the quantile estimation to that of
a Binomial. Then, we use Chernoft’s bound for the Binomial to control where the
quantile can be. Let Z ~ Beta(SF, NF — S¥ +1). Then, we know that

P(Z < q) = P(Bin(N}, q) > S¢).

Further, by Chernoft’s upper bound and by estimating the sth term in the Binomial
series using Stirling’s approximation, we may show the following result (where the

lower bound holds generally, and the upper bound holds for any s > nq).

\/;—n exp(—nd((s/n)l[q)) < P(Bin(n,q) = s) < exp(—nd((s/n)llq)).

Now, recall that L¥ is the drth quantile of the law of Z, so that P(Z < LF) = 6F.
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Lower bound Suppose q < SF/NF is such that
exp(—N{d(Sy/Ny)llq)) < o

Then it follows that ¢ < L¥. Therefore,

Lt 2 max<§qg > < = Nk N d Ntqu Z log(l/ét)
. Sk Sk
:mln{q< Nk de (Nf”q) Slog(l/éf)},

where the final equality is due to the continuity of d(a|-).
Now observe that
log(1/0%) < (2(t +1))**1log™t.

Therefore, replacing log(1/6F) by the larger log(2(t + 1)*/?log®t in the lower bound
can only decrease it.
Upper bound Suppose that ¢ < S¥/NF is such that the lower bound on the Binomial

tail exceeds 6F. Then L¥ must be smaller than this ¢, and so

LF < mi <Sk de(sf||)<lg =
<min« ¢ < g | <log | ———— )
' Nf T ANE /SNFsE
But, by definition,
1 3
—— =tlog’t. O
/BNFSF

Note that the bounds p and ¢ exactly follow the KL-UCB bounds’ structure,
with a distinct value for yr. Thus, the same proofs can be replicated.

To establish (A.13), for an arm with a safety gap, {LF < a} C {gf < a, }, and
we can then employ the proof of Lemma A.2.1 to control this identically— the only
change being the replacement of log(yr) in S(y) with log((2tlog?t)3/?).

Moreover, the upper bound aligns precisely with the KL-UCBbound, and hence

without modification, we can immediately conclude that

Y P(L;>a) <> P(@ >a) < eloglogt + de. O

>3 >3

It’s worth noting that the final property in the proof of Lemma A.4.3 is the

motivation for selecting d; as we did. Essentially, this choice corresponds to the 1/7;
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from KL-UCB, scaled down to ensure that the BAYESUCB bound is at least as
optimistic as that of KL-UCB. In principle, this offers the potential for a more refined
analysis by choosing a more nuanced J; through exploiting stronger bounds for the

Binomial tails.

For instance, it is known (Jerabek, 2004, Prop A.4, A.2) that there exists a constant
C' such that for s > ng + /ng(1 — q),
1 qan — gqs n —nd(s/nl|q) . qn —gs n —nd
- nd(s/n < P(B > < (C nd(s/nllq)
C s—qn s(n—s)e < P(Bin(n,q) 2 ) < s—qn s(n—s)e ’

while for s < ng + y/nq(1 — q it is bounded below by another constant C’. This
Nk

 T10g%% * \/ SFONF=SF)

the (gn — ¢s)/(s — gn) term properly. Assuming this is indeed handled, this should

suggests using J; ~ min <C” > , although it is unclear how to handle
result in an improvement to @, replacing ¢*? by something O(t), while the lower
bound should remain unchanged. Of course, this does not quite explain the success
of §; = 1/t in the experiments, and it is possible that this approach simply serves to
make BAYESUCB look more like KL-UCB, which defeats the purpose somewhat.

A.5 Lower Bound

We start by presenting the main Lemma.

Proof of Lemma 3.4.1. Consider a (potentially randomized) algorithm. Let {PP*} and
{P*} be two safe bandit instances, and let H, := {(As, Ry, S,) : s < t} denote the
history of play. We use P to represent laws in the first instance and P for laws in the
second. Similarly, [E and E denote expectations under the two laws.

Take any function Z measurable with respect to o(Hr), bounded in [0, 1]. From Hr,
a random bit can be generated by computing Z(Hy) and then sampling B ~ Bern(Z).
The mean of B equals that of Z. Using the data processing inequality, we have

D(Py, |[Ps,) > D(Pg|Pg) = d(E[Z]|E[Z)).
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Applying the chain rule of KL divergence for t > 1, we get

D (P, [Pr,) = D(Py,_, |Pr,_,)
+ ]E[D(]P)At‘Htfl HPAtl’Htfl ‘,Ht—l)]
+ E[‘D(]P)(Rust)'At,Ht—l ||P(Rt75t)|At,Ht_1 |At7 Ht—l)]'

The second term on the right is 0 due to causality, and the feedback (R;, S;) is
independent of history given A, distributed according to P4: and P4 in the two

instances. This leads to the recurrence

D(PHtHﬁﬁ)Ht) - D(PHt—IHIF)Ht 1 Z]P ]P)kH]P)k>

Summing this up and noting that H, is trivial, and recalling >, P(4;, = k) =
E[Nf_,], it follows that

]P)HTHPHT ZE NT+1 PkHPk)

The conclusion follows by taking Z = N%il/ T, which trivially lies in [0, 1]. O

Next, we present the proof of Theorem 3.4.2.

Proof of Theorem 3.4.2. Select PI = P4 for j # k, and let P* be any law on {0, 1}2
with means (u* V p* +¢,v% A ). In the P-instance, arm k is optimal.
As the algorithm ensures that suboptimal arms are not played more than C,T*
times, we have E[Nf_,/T] < C,7-17%) and INE[N%H/T] > 1 — C, 7~ for any
€ (0,1). Therefore,

d(E[N.,/T)|E[N%.,,/T))

E[NE
> (1—@> log L —log 2
T 1 —E[Nf,,/T]

> (1—o0(1))(1 — ) log 01 Clog2 = (1— o(1))(1 — 2)log T

T

Since we are working with independent means and safety rewards, taking Pt to
also have independent rewards, we get D(P*||P*) = d_(u*||u* + ¢) + ds (V¥ ).
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Therefore, for any z,e € (0, 1),

ENf] . (L-2)(1—o(1)
logT = de(uHlu + ) + ds (¥ ][a)

and the claim follows by taking lim, oo and then taking limits as v — 0,e — 0,
exploiting the continuity of d_(a||b). O
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Appendix B

Supplement for § 4

B.1 Quantitative Bounds from the Theory of Online Linear

Regression

We conclude the preliminaries with the following generic statement, which holds due to
a couple of applications of the matrix-determinant lemma. The result is standard - see

the discussions of (Abbasi-Yadkori et al., 2011, Lemma 11) for historical discussions.

Lemma B.1.1. Let {z;} be the actions of DOSLB. Suppose that for all t, ||z:|| <1,
and let X\ > 1. Then for any T,

_3,, (et 3 T
2_ = < —dlog {1+ —|.
Z Iy y < 5to (det()\])) =3 Og( * Ad)

Proof of Lemma B.1.1. First notice that since V; = V,_; + a:t:v;r, by the matrix-

determinant lemma,

det(V;) = det(Vi-y) det(! + V, 2y (V") T = det(Viea) (1 + [l ).
and induction yields
det(Vr) = det(AI) [ J(1 + ]l -1 ).

where we have used that Vo = Al
Now, notice that since V;_; = Al for each ¢, it follows that [|l,[|? ., < [lz,[*/A < 1.
t—1

But for z € [0,1], 2 < 3log(1 + z), which implies that

det(V )
2 _
Z ”xtHV_l < Zlog 1 + ||xt|| - ) - d t()\])
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Finally, note that since Vr is positive definite, by an application of the AM-GM
inequality, det(Vz) < (trace(Vr)/d)?, and further, trace(Vy) = dA+>", |23 < dA+T.
Further observing that det(A) = A%, we conclude that

det(Vr) (d\+T)/d T
< AL 7 A - .
det(V) = dlog 3 dlog | 1+ 5\

]

An immediate consequence of the above is the following pair of observations which

we shall use frequently.

Lemma B.1.2. Let {x;} be the actions of DOSLB run with the parameters \,§. For
every T' > 0,

T T U+1
512 < 2721002 '
E pi(xy;0)° < 3d° log (1 + Ad) + 6dlog ( )\d> (log 5 + 2)\) : (B.1)
t<T
log T’ T 1
g pi(x;0) < dvV3 lg(l—l—i)—l— SdTlog(l—I——) V2 + lgU; .
= dA Ad J
(B.2)

These bounds supply the core bounds needed to convert the control we develop on
pr in §4.5 and §4.6 into control on & and 7. Observe that the main terms in the

above results do not show dependence on the failure probability parameter 4.

Proof of Lemma B.1.2. Recall that p(2;0) = 2y/w;(0) - ||2¢]ly,-1. Further observe

that w; is an increasing function of ¢. Immediately by Lemma B.1.1,

T
ZP? < dwr(9) Z ||xtH%,t:1l < 6dwr(0) log <1 + ﬁ) ,

Further, once again applying Lemma B.1.1, and noting that (v/u++/v)? < 2u+2v,

det(VT)
& Jet(M)

Ver(®) = f+\/ W;”

1
"1
— wr(d) < 2X +log w <1+ )
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Multiplying these two bounds controls > p2.
Further, by the Cauchy-Schwarz inequality,

T T
Zpt <VT- Zp?
t=1 =1

The bound (B.2) follows upon applying the bound on Y p? above, and then using the

trivial relation vu + v < /u + \/v. O

We state the consistency of confidence sets as follows, which is adopted from
(Abbasi-Yadkori et al., 2011).
Lemma B.1.3. (Abbasi-Yadkori et al., 2011, Thm.2) The confidence sets are consis-

tent, 1.e.,
VA>1,6€(0,1), P(Vt,0e€C)(5),AeC0)>1-0.

Lemma B.1.3 yields the following key bound in terms of the noise scale at x at

time t, defined as
pi(w:8) = 2/ (0)lllly1.

Finally, let us argue that the quantity p;(x; ) indeed controls the noise scale of
the problem by showing Lemma B.1.4.
Lemma B.1.4. If the confidence sets are consistent, i.e., if A € Cy(d) and 6 € CP(5),
then Vo € X,

Vie [1:U], max [(@' —d' z)| < px;6), and max (0 —0,2)] < p(x;0).
aieci(s) ey (9)

Proof of Lemma B.1.4. Let us take the case of §. The bounds for the a’s arise in

exactly the same way. Under the assumption of consistency, § € C?. Therefore
[0 —0,2)] < (6 —0,2)| + (6 - 0,2)|.

By exploiting the positive definiteness of V;_; and the Cauchy-Schwarz inequality,
we can further observe that

~

0~ 0.2)] = {0 — DVL2 V) < 10— Ollvi, - el
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Running the same calculation of 6 and adding the bounds, we conclude that
[0 = 0,2)] < (16 = Ollviy + 116 = Ollvi )]l

But both 6,6 € C?, which by definitions means that their V;_;-norm distance from
6 is bounded by v/wi—1(d). The claim is immediate upon recalling that p;(z;0) :=

2/ 1)y 0
B.2 Appendix on the Structural Behavior of DOSLB

This section aims to demonstrate the essential structural characteristics of the behavior
of DOSLB as discussed in §4.5. Specifically, we present the main outcome of §4.5,
affirming that any point played by DOSLB must activate some BIS in a noisy manner.
To achieve this, we initially define the behavior of DOSLB concerning polytopes
contained within the permissible set. Before delving into this, it is important to note
that an extreme point of a polytope (or any closed convex set) refers to a point not
situated on a line connecting two other points within the polytope. Additionally, each
extreme point of a polytope in R must satisfy at least d constraints with equality.

For a polytope P, its extreme points are denoted as Ep.

Lemma B.2.1. Assume P is a polytope such that P C S,. If DOSLB plays within P,
then xy must be an extreme point of P, implying xy € P —> x; € Ep.

Now, we can assert that Proposition 4.4.5 logically follows from the aforementioned

Lemma.

Proof of Proposition 4.4.5. Consider a chosen A € C; and define the polytope
P(A) = {z: Az < o, Bx < j3}.
Observe that

S, = U {:U:flxga,Bxgﬁ}: UP(A),

{Aec:) Aecy
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indicating that §t can be expressed as the union of polytopes. Thus, the chosen point
x; must reside in one of these polytopes, denoted as P*.

Now, as P* C SN}, and x; € P*, according to Lemma B.2.1, x; must be an extreme
point of P*. This implies the activation of at least d total constraints between Az < a
and Bx < ( by x;, meaning there exist sets U C [1 : U],R C [1 : K] such that
4| + |R| = d, and AWz, = a(8l), B(R)z, = B(R). As per the definition, =, € X/,
establishing the claim. O]

To complete the proof, we need to validate the preceding Lemma. It’s worth
noting that the statement above, while intuitively clear, seems somewhat intricate to
prove, as suggested by the following argument. Although the statement extends to
the OFUL algorithm, to the best of our knowledge, a direct argument for this has
not been presented previously. Typically, when dealing with polytopal domains, it is

directly asserted that playing on the extreme points of the polytope is sufficient.

Proof of Lemma B.2.1. Suppose x; € P. Due to the optimistic choice, there exists
0, € C? such that
(0;, ;) € arg max <§, ZL‘> :

6eCY zcP

It’s important to note that x; is also a solution to the linear program max,cp <§t, x> ,

placing it on the boundary of P. Similarly, 6, lies on the boundary of CY. Tt remains
to argue that x; must be an extreme point of P; in other words, it should not lie in
the interior of any face of dimension > 1 of P.

For this, assume for the sake of contradiction that z; lies in the interior of some
1-dimensional face of P, denoted as F. Let u represent the direction of variation
of F. Then, it must satisfy <0~t, u> =0, or else <§t,xt + 6u> would exceed <§t,azt>
for some small choice of €. Now, let’s rotate the domain such that u aligns with
one coordinate axis and project onto the 2D subspace spanned by the orthogonal
directions u and 6,. After rescaling both u and 6, to have a norm of 1, and translating
the polytope so that the uth component of x; is 0, the projection of an ellipsoid results
in an ellipsoid. Performing the same transformations to CP_; produces a 2-dimensional
convex confidence ellipsoid D.

Let’s relabel the axes as uy and uy. In this coordinate system, § = (0,1), and F is

1
a line segment of the form {u; € [p,q],us = r}, where p < 0 < ¢,r = ét,xt> /1.1,



111

and z, = (0,7). Observe that f; must lie on the boundary of D. We aim to show
that there exists another z € F and another ¢ € D such that (z, ¢) > r, leading to a
contradiction.

First, consider the case where r > 0. If any point of D has a uy coordinate greater
than 1, it leads to a contradiction. This is because for such a point ¢, (¢, z;) > <§t, :L‘t>.

As 6, = (0,1) € D, the ellipse D is tangent to uy = 1. Thus, for small &, D must
contain points ¢. = (,1 — f(g)) where 0 < f(¢) = O(¢?). However, this implies a
contradiction - for any € > 0, consider z, = (¢'/2,7). Then 2. € F for sufficiently small
g, and (z, ¢.) —r = 32 —rf(e). Since f(¢) = O(g?), this is positive for small enough
¢, demonstrating a contradiction.

If r < 0, the same argument can be applied mutatis mutandis. Now, D must lie
above the line uy = 1, and it must be tangent to it. Points of the form (e, 1+ f(¢)) for
0 < f=0(£?) in D can be obtained, and the analogous inner product (z.,¢.) —r =
e + rf(e) is again positive for small enough e. This leads to a contradiction.

Finally, the case » = 0, wherein z; lies at the origin, is considered. But in this
case, any point in D with a non-zero u; coordinate serves as a contradiction (since
either (p,0) or (0,q) will yield a positive inner product).

The combination of the preceding cases implies a crucial point: that the action x;
cannot be situated within the interior of an edge of the set P. However, this argument
extends its applicability to the interior of any non-trivial face within P. Given that 6,
must be orthogonal to the affine subspace formed by such a face, we can deduce that
there exists a point within the interior of a 1-D face, which constitutes a boundary of
the larger face. This point within the 1-D face must also achieve the optimal value for
<§, x> We can then apply the same argument as before to this point. Consequently,
we can conclude that z; cannot be located within the interior of any non-trivial face
of the set P. N

The aforementioned reasoning is not confined to confidence ellipsoids as presented
in §4.2.1; rather, it extends to any C,; featuring a smooth and convex boundary.
Furthermore, this extension applies to convex C; with continuous boundaries, except
in instances where 6, itself constitutes the extreme point of a polytope, characterized
by substantial curvature at ;. In such situations, the property f(g) = O(£2) does

not hold, necessitating a more comprehensive argument. One possible approach could
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involve employing continuous noise, wherein the confidence sets are almost surely
unlikely to generate extreme points orthogonal to the faces of a polytope. This is
because such directions lie in a union of a finite number of dimension d — 1 affine
subspaces, which, in turn, is Lebesgue null. Consequently, we can almost surely avoid
this disadvantageous scenario.

Additionally, Lemma B.2.1 leads to an intriguing observation that further charac-

terizes the behavior of doubly-optimistic play.

Lemma B.2.2. Assuming the validity of all confidence sets, there ewists at least one

BIS I = (M, R) that xy noisily activates, satisfying (égiﬁg) Ty > (ggg;) .

In essence, for at least one BIS, the action x; not only noisily activates it but also
either activates it or violates all of its true constraints. It’s worth noting that if the
identified BIS contains at least one unknown constraint, this implies that DOSLB
must potentially violate safety, as satisfying this constraint with equality would be

infrequent.

Proof of Lemma B.2.2. Consider a fixed x;. We refer to A € C, as a witness for z; if
flxt < a, signifying that A attests to the presence of z; in g‘t Since x; represents the
optimistic optimum across gt, it implies that for every witness A of z;, it maximizes
maxéecg@, z) : Az < o, Bx < .

Now, let Ly C [1 : U] denote all unknown constraints that x; noisily activates,
and Ry C [1 : K] encompass all known constraints activated by x;. Let ky = |Ry.
Additionally, define s = {i € Uy : (a’, ;) > a'}. We assert that [Us| > d — ky,
which is sufficient to establish the claim.

For the sake of contradiction, assume |[Us| < d — ko — 1. For each i € Uy \ U,
we have (a’, ;) < /. However, note that the matrix A.—formed by replacing the
a' in each row corresponding to i € { \ s with a’—remains a witness for z;. This
replacement operation is valid due to the consistency of the confidence sets, ensuring
a’ € C! for each i.

Moreover, x; lies in the interior of the polytope P. := {z : A.x < a, Bx < S}
it activates precisely ko known constraints and at most |Us| < d — kg + 1 unknown

constraints. In total, it activates at most d — 1 < d constraints of P.. Given that
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A. € €y and P. C gt, the algorithm plays z; in the interior point of a polytope
contained in the permissible set, contradicting Lemma B.2.1. Therefore, the hypothesis
is untenable, and |4 | + |Ro| > d. O

B.3 Controlling the Play of Suboptimal BISs

Here, we establish the lower bound on noise scale and subsequently demonstrate

control over the play of suboptimal BISs, as outlined in §4.6.

B.3.1 Localizing Actions when a BIS is Activated

We prove Lemma 4.5.1 as a straightforward consequence of consistency and optimism.

Proof of Lemma 4.5.1. Suppose the confidence sets are consistent, and x; noisily
activates the BIS I. Given that z; is the action of DOSLB, it is also permissible.
These properties collectively imply the existence of A € C, satisfying the following

inequalities:

Az, < a, Bz, < B,
Az, = a(), B(R)x; = B(R).

As C; is consistent, applying Lemma 4.5.2 in matrix form yields:
Az — pl < Azy < Azy + pil.
The claim follows directly:
a> Ax, > Axy — pl = Az; < a+ pid,
and
a(il) = AWz, < AWz + pd (W) = AWz, > () — p (L),

Moreover, owing to the optimism of x, it acts as a maximizer among the permissible

set in maxéecg@, z). Under consistency, 6 € Cy, and z* € g't Consequently, if 0 is the
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optimal choice in the aforementioned program, then

0,24) > (0,2%) .

Utilizing consistency and Lemma 4.5.2 once again, we have (0, z;) < (0, ;) + py, from

which the claim is derived. O

B.3.2 Proof of Noise Scale Lower Bound and the Finiteness of Spread

We start from proving Lemma 4.6.1, essentially reiterating the argument from Exam-

ple 4.5.3, accounting for the extended definition of the feasibility gap.

Proof of Lemma 4.6.1. Observe that under the consistency assumption,
(0,2:) < P(pi; 1),
since x; € T (py; 1), and that
(0, 2:) 2 (0,57) — pu,

since x; is optimistic.
Given that z; € T (pg; I), this set is nonempty, implying p; > (.(1). If {.(I) = oo,
the claim naturally follows. Moreover, if (,(I) < oo, according to the spread definition,

we have
P I) < PG 1)+ 8(I)(pr = Gu(1)) = (0, 27) — £(I) + (1) (pr — G(]))-
Consequently,
—pu € €D +s(D(p— (D) = pls(D)+1) = €0 +5(1)CAT) = po= (D).
O

Next, we establish Proposition 4.5.7 using an argument based on linear program-
ming duality.

Proof of Proposition 4.5.7. Consider the fixed index set I = (L R), and assume
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(«(I) < 0o. By expanding the definition of 7((; ), the program P becomes

P(( 1) = max 0, z)
st. Ar < a+ (1
—A()x < —a(h) + ¢1(L)
B(R)z = B(R)
B(R)x < B(RY).

Here, 8 = [1 : K]\ R, and the known constraints in K are already satisfied with
equality, hence excluded from the final line. This forms a linear program.

Since (,(I) < oo, the above program is feasible for ¢ > (,(I). Furthermore, as
X ={x: Bx < B} DT(¢I) for any (, the program is finite. Thus, strong duality
applies.

Now, introduce dual variables (A, A_, u,v) for the four block constraints. Using

standard techniques, the dual program is given by

D(GI) = min (A a4 (1) + (A, —a(Wh) + CLED) + (B(K), 1) + (F(K), v)

FA
st. AT\ —AM)TA_ + B(R) ' u+ BR) v =0,
Ay > 0,0 > 0,0 >0,
For brevity, take the following notations: f(Ay, A, u,v) = (A4, 1) + (A_, L(LD)),
9L A s v) = g a4+ D) + (A, —a(Wh) + GDLED)) +(B(K), ) + (B(R), v) ,
and h(A, A, p,v) == ATA, — AT A + B(R) "+ B(R)Tv — 6.
Define A = (A\[, A1, ", v")T. We can succinctly express the dual as

D(GT) = min(C = G())F(A) +g(A) : h(A) = 0, A4 20,4 > 0,v > 0.

Note that since the primal is bounded and feasible for ¢ > (.(I), so is the dual,
and by strong duality D((.(1);I) = P(¢.(I);I). But

D(C(D);1) = m}%ng()\) ch(A) =0,y >0,A_>0,v>0.
It follows that the set

Fi={X:g(A) < P(G.(I):; 1), h(A) =0, Ay > 0,A_>0,v >0}
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is nonempty. Observe that ¢ does not appear anywhere in the definition of F.

Let us define the two programs

DG 1) == min(¢ = G(1))f(A) +9(A) : A € T,
E(I) = m;nf()\) tAEF

Note that both of the above programs are feasible. As a feasible minimisation
program, we also have that E(I) < co. Further, since introducing extra constraints
cannot decrease the value of a program, we note that D((;I) < D'((; ). But observe
that since the constraints of D'((; I) include the requirement that g(X) < P((.(1);1),
we have for every ¢ > (,.([) that

D'(¢ 1)

IN

P(G(I); 1) +min{(¢ = G(1)) f(A) : A € F}
PG 1) + (¢ = G(])) - min{f(A) : A € F}
P(C(1); I) + (¢ = G()) E(T).

Then by strong duality,
PG 1) = D(G 1) < P(G(1); 1) + (¢ — (1) E),

and we conclude that s(7) < max(0, E([)) < oo.

Now, since s(I) is finite, in order to show that max((.(I),n.(I)) > 0, it suffices to
argue that for any suboptimal BIS, max((.(I),&(I)) > 0. But observe that if {.(I) = 0,
then lime o P((; 1) > —oo, and due to the right-continuity of P, this implies that
P(0;1) > —co = X! #10, in other words, I is a feasible BIS. But if a BIS [ is both
feasible and suboptimal, then for every x € I, it must hold that (0, z) < (0, z*), since
otherwise I would be optimal. But, since X7 = T(0; ) is a compact set, this means
that P((.(1);1) = P(0;1) < (0,2%) < &(I) > 0. O

B.3.3 Limiting the Occurrence of Suboptimal BISs

Having established the necessary components, we proceed to prove the central result

of §4.5,4.6.

Proof of Theorem 4.6.2. Let us once again denote pi(x;6) as p;.  According to
Lemma 4.6.1, playing a suboptimal BIS I ensures that p; > max(n.(I), (.(I)). Conse-
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quently, whenever a suboptimal BIS is played, we have p; > min{max(n.(/), (.(I)) :
I is a suboptimal BIS}, denoted as p; > E.

Now observe that:

T T
Z 1{3 suboptimal BIS I : 2, € X/} < Z H{p: > =}

t=1 t=1

t<T

where the second inequality is based on the fact that if p, > =, then p;/= > 1. As

long as A = ©(1), applying Lemma B.1.2 allows us to bound the above expression as
O <d2 log? T+dlog(T) 1og(U/5)) 0
=2 :

B.4 Proofs of Bounds on Efficiency Regret and Safety Viola-

tions

Before starting the proofs, it is essential to address the non-degeneracy assumption
4.6.3 initially. This assumption provides ample leeway for degeneracy, particularly at
x*, where numerous constraints might intersect, yet no other point in S does. While
such non-degeneracy conditions are common in linear programming, they can be
mitigated by slightly perturbing the constraint matrix. Similarly, the noise genericity
condition is standard and can be fulfilled by introducing a small independent noise
to the feedback. The primary utility of this assumption lies in the subsequent result,
the first part of which is elucidated in §B.4.1 through a meticulous analysis of the
optimistic selection rule (4.2). This rule characterizes the structure of the noisy matrix
A implicitly chosen by the algorithm when selecting ;.

Now, let’s proceed the proofs of the results from §4.6.
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B.4.1 The Efficiency of the Actions of DOSLB when Activating Optimal
BISs

Our initial objective is to demonstrate that exclusively playing optimal BISs results
in actions x; that are excessively efficient, satisfying (6, x;) > (6, 2*). The subsequent

fundamental result is instrumental in our argument.

Lemma B.4.1. Let I = (M, R) be any BIS such that the matriz B(RK) is full row rank.

Then under the genericity of noise, for any t > d, it holds that the matriz (%t((g‘))) I8

almost surely full rank.

Proof of Lemma B./J.1. Notice that since, for any 7, the noise in the feedback S? is
generic, it does not concentrate in any low-dimensional subspace of R%. This, in turn,
means that the probability that any ai lies in a low-dimensional subspace of R? is
exactly zero. The claim follows immediately: since |U| < d, each a! with probability
one does not lie in the span of {a’};eq (i3, and also does not lie in the span of {V'};cq.

Further, by assumption, the {0’} are linearly independent. O

With this in hand, we argue Lemma 4.6.4 by exploiting the weak-nondegeneracy

condition of Assumption 4.6.3.

Proof of Lemma 4.6.4. Proof of near-safety with small noise scale. Let us begin with
the second part, i.e., if py(x;,d) < &, then x; is at most e-unsafe. This follows directly
from the noise scale bound of Lemma 4.5.2: indeed, under consistency of the confidence
sets, we observe that for every i € [1 : U] and every @, max; maxzice; | (a', v)—(a’, ) | <
pi(x;0). But, if z; is played, then z; € §; and thus for each ¢, there exists a choice of
a’ such that (@', ;) < o' = (a', ;) < o' + p(x;9).
Proof of the ‘over-efficiency’ of x; under optimal BIS activation. We now come to
the first part, and argue that if all of the BISs z; noisily activates are optimal, then
(0, 2;) > (0,z*), which comprises the bulk of this proof. To this end, let us fix one
such BIS, I = (4, B).

By Assumption 4.6.3, we know that {z*} = X', and that I is full-rank. Notice

that as a result, we may write

(0,2") = max (0, x) : A()x = a(Ul), B(R)x = S(R).
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Indeed, due to the fact that I is full rank, the latter equality constraints already
enforce that z* is the sole feasible point. Further, by strong duality, there exists a

choice of vectors u, v such that
p A + v T B(R) =07,

Due to the optimistic selection rule and the fact that z; noisily saturates 7, it must

satisfy the following optimization problem:

" max max(d,z) : AWz = (i), B(R)x = B(R), Az < a, Bz < §.
fec), Aec, =

Now, observe that in the optimization above, we may restrict attention to A such

that M(I; A) := (gg%%) is full rank. If the optimal choice were rank-deficient, there

must exist other constraints among A, B besides those in I that are activated by
x; (violating Lemma B.2.1). By dropping some linearly dependent rows, this would
yield a different index set I’ that z; activates, which is not rank-deficient. By the
hypothesis, this index set must also be optimal, and we can run the argument for
I’ instead. Then, x; is exactly characterized by the equality conditions imposed by

noisily activating the BIS I, meaning that z; is the optimizer of:

_ max max(f, z) : A(t)z = a(), B(R)z = B(R).
fec Acc, @
M (I,A) is full-rank
Now, let us write A = A + 64,0 = 0 + 60,z = z* + dx. Further denote the
optima as 00;, 0 Ay, dx;. With this notation, our goal is to show that (0, dz;) > 0. To
this end, observe that since the program above has the constraint A(4)z = a(i) =

A()z*, B(R)x = f = B(R)x*, we find that:

Az = A(W)z™ + 0A()z + A(M)ox = o <= A()dz = —0A()z,
B(R)x = B(R)z" + B(R)dx = B(R)z* < B(&)dx = 0.

This implies:
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(0,02) = (A" p+ B'v,6x) = (u, Adz) + (v, Béz) = — (1, 0 Az) + 0
— (0,0x) = Z —u' (6A x) (B.3)

iest
Thus, we can rewrite the program as:

max max (0,2%) + (660, z) — (1, 6A(L)z) : A()z = a(Y), B(R)z = B(R).

Now, recall that the confidence sets are constructed around the RLS estimates a;

and 0;, i.e.,

={0:{0—billv <w},C = {a:lla - aillv < wi}.

To clearly express the choice of §0,0A, we define:

NGy =0, —0,Aal =a} —a',AA=A,— A
00 =0—0, da' =a' —al, 0A=A— A,

Observe then that:
80 = A0, + 00; 5a" = Aal + da'.

Further, the decision variables of the program are only the 90 and Oa's, which lie
in the set ||0 * ||y, < wy. Incorporating this structure, we can write the program as:

0,2%) + maxmax (ABy, x) Z,u Adl,x +wt||:L'||V 1 — Z,uiaiwtﬂx“?/t_l.

el el

st. {(d'+Aaj, 1) =o' —wo ||:E||V_1 Vi e U,

B(R)z = p,
(o )||x||2_1<1 Vi € sl

But now observe that the optimal choice of 00 in the above is exactly
wt/Hx“Vt—lVflx. Indeed, recall that |[ully, = Vu Viu = ||V;"%u, and sim-

ilarly |lully-+ = \|Vfl/2u“. By the Cauchy-Schwarz inequality, (00,z) =
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<th/2(‘30,vt_1/2x> < [|00l[v;[lz[ly,-1, and this is extremized when V%00

Vt_l/Qac — 00V 'z

Further notice that the optimal choice of da’ must similarly be aligned with V, '«
Write V,;20a’ = w,0'V,”/?z + 1, where o' is a scalar, and ¢ is a vector such that
<W, V;l/ 2x> = 0. Then observe that due to the orthogonality:

1013, = (V200" V200 ) = (o' V20 gV P

= w; (o")?[l2ll5 + ¥"]1%,

This means that dumping any energy into ¢ affects neither the first constraint on

(@' + Ad} + da', x), nor the objective, since:
(0a', 2y = (V0a' Vi Py = (o' VP, V7 ) 4 (08, 0) = o'l

This means that dumping any energy into 9" affects neither the constraints nor
the objective, so we can safely set it to zero in the following (in fact, as we shall see
below, it must be zero since o must saturate). This allows us to considerably simplify

the above program: introducing ¢ as above, the program can be rewritten as:

(0, ") + max max (Ab;, ) Z,u Adl, x —I—wt||x||v 1 — Z,u o wt||xHV_

v A ield St
st (0" + Adj,x) = a(¥l) —weo'||z|? 0 Vied,
B(R)x = p,
(c)?|z]]}-r <1 Vi€l

Now, observe that the first constraint can be succinctly written in terms of A, (L10),

giving us the following restatement, where o is the vector formed by stacking the o's:

0, z*) + max max (AG;, ) Zu (Aaj, ) +willzlly - = )thxH%/tfl.

xT
el

st Az = a(Y) — w3
B(R)x = B,
(0 lzll}~ <1 View

However, observe that B(R) is assumed to be full row rank. Consequently, applying
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Lemma B.4.1, it follows with probability one that (%((v%) ) is full-rank. This implies

that every value of ¢ satisfying the final constraint is feasible for the above program.
Clearly, the optimal choice for o* is —sign(u')/||z||y,-1, indicating that for each i € 4L,

the optimal da’ at time ¢ is:
0ai = —sign(u Vx|l = p (Oai, ) = wilw] - ]y

Finally, we observe that for each i € 4, and every x, wy|p’| @[y — i (Aal, x) > 0.

Given that the confidence sets are consistent (a’ € C; <= ||Ad!|ly, < wy), we have:
N i 12 A i 1r-1/2 i i i
I (Bt} = ) (V280 Vo) ) < Al < el
Using (B.3), we can now show:

0,0z) = Z — ' {0ag, z,)

1518

= Z —p' (Bay, x) — p' (Aaj, )

[1S18

=D Iwlwellilly - — i (Adf, xe) > 0.
iestl

Thus, the proof is complete. O

The non-degeneracy condition Assumption 4.6.3 plays a relatively weak role in the
above argument. Essentially, we require that x; noisily activates some index set such
that the true # can be expressed as a linear combination of the true constraint vectors
of the index set. Without this condition, the proof does not hold as stated, since it
could be the case that some constraints needed to express # are not noisily activated
by x;, even if they are activated by x*. This leads to a loss of equality among the
various programs we defined, resulting only in a lower bound. It remains an open
problem to precisely capture the freedom of optimistic play when it extends beyond
the safe set, where it can activate any noisy constraints, complicating the construction

of a 0 and dA that make the point suboptimal.
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B.4.2 Proof of the Main Theorem

With all the components in position, we now proceed to establish our main claim.

Proof of Theorem 4.6.5. Assuming that with probability at least 1 — ¢, all confidence
sets are consistent, we proceed to argue the claim under this event.
Firstly, we divide the time horizon into two categories based on whether x; noisily

activates suboptimal BISs or not, defining
Ty :={t € [d+1:T]: 3 a suboptimal BIS I such that z, € X/}.

Fort € [d+1:T]\ %y, x; exclusively activates optimal BISs. Further categorization

is done based on whether z; is overly unsafe or not, via
si={teld+1: T\ T :3i:{d" z)>a' +e},

where € > 0 is arbitrary.

By Lemma 4.6.1, for all ¢t € Ty, py(x4;0) > Z. According to the first part of
Lemma 4.6.4, for every t € [d+1:T]\ %4, it holds that (0, z* — ;) < 0. Further, by
the second part of Lemma 4.6.4, for all t € T5, p;(z4;0) > e. Finally, for t € [d+ 1 :
T)\(T,UT5), the actions z; achieve both (0, x* — z;) < 0, and max; (a’, x;) —a’—e < 0.

Now, it must hold that for all times

<67 xt> = <9,J}*> - pt(xt; 5)

This is evident since both 6 and z* are feasible choices for the actions of DOSLB. If some
0, x, are chosen instead, then (6’~, xy) > (0, 2*). By Lemma 4.5.2, under consistency,
(0,3) > (0, ;) — pi(x;6), establishing the aforementioned claim.

Hence, we have the efficiency control:
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@@T:Z<eam*_1‘t>+ :Z<9,$*—l’t>++z<9,$*—xt>+—|—z<6’x*_xt>+

t<d T g%

<d+ ) pulr0)+0

teT

<d+ Zpt($t;5)]l{0t(xté5) > =}

<d+zpt 7450
:d+EZpt($t,5)2,
-t

leading to the claimed bound through the use of Lemma B.1.2.

[I]

The argument for controlling .77 is nearly identical. We have:

S = Z mzax(<ai, Ty —a' —e)y + Z(<ai7mt> —a'—¢)y

te¥y teTs
+ Z ((a',2) — o' —€)y
t(T1UTS)
< Zﬂt T4 0 +Zpt<$t§5)+0
te¥ tes

<Y il ) 1{pr(we; 0) > E} + Zpt(fct; ) 1{pi(1; 6) > e}
t
pt [Et,d)
< )
< Zt:pt<xt7 ) - + Zﬂt 430 -
11
Y . §)2
(5+ ) > e o

and we are done again by invoking Lemma B.1.2. Note the simultaneous result over

e, which follows from the fact that € > 0 was arbitrarily chosen in the above.

[I]

m
B.4.3 Proofs of Subsidiary Claims from §4.6

Finally, we present the proof of the subsidiary observation from §4.6.
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Proof of Polynomial Bound on Violations.

It’s noteworthy that since the result of Theorem 4.6.5 holds regardless of ¢, we can
express, for any € > 0, that

2100%(T 2100%(T
et so(TREDY o (FRED)

£ =

—

where we utilize the fact that (u +v); < uy + v to infer
Sy = Zmax(<ai,xt> —a), = Zmax(<ai, xt> —a'—e+e)y <L+ eT.

The claim follows by choosing ¢ = ©(dlog(T)/v/T).
It’s worth noting that this claim can also be demonstrated directly. Indeed,
leveraging the observation that z;, is permissible, it follows that in any round ¢,

(a’, ;) — o' < py(z;6). Thus, we find that

Sr < Zﬂt(iﬁt; 9),
t
and the claim follows directly from Lemma B.1.2.

DOSLB Achieves at most Square-Root Regret in General.

This property is derived from the last observation in the previous section. Indeed,
due to the optimism, it generally holds that & < Y pi(z4;9) and S < > pe(xe; ).
Note that these bounds apply more generally than our setting: for instance, instead of
requiring the known constraints to form a finite polytope, the same result holds as long
as the known constraints form a convex set. For our particular case, the significance
of this result lies in the fact that we do not need any degeneracy condition for this to

hold, making the lower bound of Theorem 4.6.7 effective for DOSLB.
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Finite Action Setting.

A commonly assumed condition in linear bandits is that the learner is given a finite set
of actions A and must ensure z; € A (Abbasi-Yadkori et al., 2011, e.g.,). This scenario
considerably simplifies our analysis because resolving the optimal point is no longer a
concern, enabling the entire analysis to be performed in the primal space. Specifically,
let us modify DOSLB so that it makes its optimistic choice from g't N A, and define

the finite-arm efficiency gap of v € A as A, := (0,2* — z)_ and the finite-action

+
safety gap of v € A as 3, := max;({a’,x) — a'),, and the gap of the problem as
[' := minge 4 max(A,, 3,).

Proposition B.4.2. With probability at least 1 — ¢, the modified finite-action DOSLB
achieves the following bounds in the finite-armed SLB setting: max(&r, Sr) =
O(d?log® T)T).

Notice that we do not need a precision relaxation in .#7 above because the precision
issues arising from having to locate the optimal action are not present.

Let us specify the setting in a little more detail: we are supplied with a finite set
A C R? and in each round, the learner chooses one action z; € A. The linear reward
and constraint structures remain identical, and x* is updated to be the best action in
A, ie.,

¥ = argmax (0,z) : Ax < a,z € A.

Note that the known constraints are no longer necessary: if they are given, we may filter
A before play starts. The gap I' := minge4(A,, X;) is non-zero simply because each
suboptimal arm in A must have at least one of A,, Y, positive, and the minimization
is over a finite set.

The result relies on the following observation, which follows straightforwardly from

Lemma 4.5.2.

Lemma B.4.3. If the confidence sets are consistent, and the modified finite-action
version of DOSLB chooses xy # x, from A, then p; > max(A,,, X.,).
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Proof of Lemma B.4.3. Notice that the basic result Lemma 4.5.2 remains valid in this
setting. As a result, if the confidence sets are consistent, then since x; is permissible,
there exists A € C; such that flxt < a. Now suppose that (a’, z;) > o' + 3,,. Then

the condition | (@' — a’, z;) | < p; of Lemma 4.5.2 implies that for every a’ € C/,
<diaxt> > <ai,$t> —pe >+ 3, — pp

Putting the above inequalities together yields p, > X,,.

Similarly, much as in the proof of Lemma 4.5.1, since x; is optimistically selected,
and since the confidence sets are consistent, it holds that 36 : (8, z,) > (0, z*). But
due to consistency, (0, z;) < (0, ;) < (6, 2*) — A,,, and so p; > A,,.

Putting these two lower bounds together yields the result. O

Proof of Proposition B./.2. This bound follows similarly to the previous control on
é&r and 7. Indeed, using LemmaB.4.3, observe that under the consistency of the
confidence sets, if 3i : (a, ;) > o', then p;(xy;8) > T and similarly if (6, z* — x;) > 0
then py(x4;8) > I'. Exploiting this as in the proof of Theorem 4.6.5 yields the claim.

In fact, we can give a slightly more refined result. Let A := min, A,, where recall
that A, = 0 if (§,2* — x) < 0. Similarly define ¥ := min, ¥,. Then adapting the
proof of LemmaB.4.3 slightly yields that in every round where the safety is violated,
pr must exceed Y and in every round where efficiency is suboptimal, p; must exceed A.
This lets us give the separate control & = O(log? T/A) and . = O(log? /%) (this
may or may not be a better bound: if for every action but the optimal, one of A, and
Y., is very small but the other is large, then the bound in terms of min, max(A,, %,)
is better.)

Finally, also observe that adapting the proof of Theorem 4.6.2 also tells us that
the number of rounds in which an unsafe action was played in this finite-action setting
is bounded as O(I'"21log®T). O

B.5 Proofs of Lower Bounds

We will now establish the lower bounds that were asserted in the main text.
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B.5.1 Proof of Polynomial Lower Bound

We substantiate Theorem 4.3.1 by elaborating on the example introduced in § 4.3. The
proof employs techniques that are commonly used in the bandit literature (Lattimore

and Szepesvari, 2020, Ch. 24).

Proof of Theorem 4.3.1. The instance we consider is
X =1001,0"=1,a" = (1 +£)/2,0" = 1/4,w "% N(0,1),i € {0,1}

for some k € (0,1/4). Note that implicitly, the above has the known constraints
—r < 0 and x < 1. Of course, this one-dimensional construction can be embedded
into an arbitrary dimension (for instance, by taking a very skinny box domain, and
only enforcing this single unknown constraint).

In the above case, the optimal feasible solutions are z+ = m,x* = ﬁ
for these two instances respectively. In addition, both of these two instances are at
least 1/8—well separated. The key observation is the indistinguishability of these two
instances with < 1/k? actions.

Indeed, let P, P~ be the distributions induced by the two problem instances and
the learning algorithm. Since in either case, the noise distribution is a standard

Gaussian, and the reward distributions are identical, it follows that

(kz)*
2

2
_ K

D(P*(ry, 5)|[P™(re, 51wy = ) = <9

where we have used standard results about the KL-divergence between two Gaussians.
Further, since actions must be causal, and since the noise is independent, we conclude

that over the whole trajectory,

D(P* () [P~ (Hr)) < T%

Let 2® = (T +27)/2 = m Observe that

e if the ground truth is a' = (1 + x)/2 and z; > 2, then the algorithm incurs an

instantaneous safety violation of at least (1+k)/2-2? —1/4 = £ L~ — 1 =

K K.
4(1-k) = 4°
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e if the ground truth is a' = (1 — k)/2 and z; < 2*", then the algorithm incurs an

1
T 2(1—k2) 2

instantaneous efficiency regret of at least 2(12;) 5

Let A be the event {#{t : =, > «*} > T/2}. Using the Bretagnolle-Huber
inequality (Lattimore and Szepesvari, 2020, Thm. 14.2),

PH(A) + P (A) > J exp (D(F (Hr) [P (Hr)) > 5 exp(~Tr?/2).

N | —

Let &, denote the efficiency regret incurred by the learner under P~ and .7
denote the safety violation incurred by the learner under P*. Under the event A, if
the true a was (1 + k)/2, at least T'/2 rounds incurred a safety regret of at least x/4,
and so .7 > kT/8. Similarly, under A°, at least 7'/2 rounds had 2, = —1, implying
that &, > Tk/8.

This implies that

max(E~ (&), EY (7)) > % max(P*(A), P~ (A%)) > % exp(—Tk?/2).

For T > 16, we may choose x = 1/v/T < 1/4 to conclude that in at least one
instance, the safety or efficiency regret incurred must be at least v/T/(32¢/?) >

VT /64. O

B.5.2 Necessity of Dependency on Gaps.

We establish Theorem 4.6.7 through a reduction to earlier lower bounds in the safe
multi-armed bandit problem (Chen et al., 2022).

The safe MAB problem involves d arms with mean rewards p; and mean safety
risks v, each. The optimal arm, £*, has a reward of u, and a safety risk ny. < a.
The associated efficiency and safety gaps are denoted as Ay = (s — pg)4 and
I'y := (vx — ). In each round, the learner selects one arm and observes bounded
signals with the above mean for both rewards and safety. Implicitly, this can be
perceived as a linear bandit setting, with the known constraints being that x lies in a
simplex, the reward vector #, and the constraint vector a. However, it is important to

note that this reduction is not entirely accurate. In the safe MAB problem, actions are
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required to be solely on the corner points of the simplex, and playing in the interior is
not permitted. While it is common to view x as a probability of selecting each arm in
a MAB instance, this reduction fails due to the nonlinearity in our metrics. The safe

MAB problem considers the metrics

("@IMAB = Z(MAt - 9*>+7§ﬂTMAB = Z(VAt - O‘)+‘

Consequently, if the optimum of the SLB problem lies away from the corner points, the
SLB problem can incur low regret, while the corresponding MAB actions would incur
linear regret. Nonetheless, we shall argue below that for carefully designed instances,
low regret in the linear bandit problem does ensure nontrivial regret in the safe MAB

problem.

|

The primary result we leverage is a slight variation of Proposition 6 of (Chen et al.,

2022), and it can be demonstrated using their proof.

Lemma B.5.1. Let f : N — [0,00) be any fized function such that f(T) < T for
all T. If an algorithm ensures that, for every safe MAB instance, suboptimal arms
are not played more than f(T) times in expectation, then for every 0, a, there exists
a choice of arm distributions for the safe MAB instance for which the means are as
described, and the number of times each suboptimal arm k is played is lower bounded

mn expectation as

k ! T
BN 2 e g T e 7 (0 o o))

where d(ul|v) is the KL divergence between Bernoulli laws with means u and v. In
particular, these distributions are simply Bernoulli laws with the above means.

Our argument for the linear bandit proceeds as follows. We carefully design a safe
linear bandit instance to essentially provide multi-armed bandit feedback by using the
standard reduction that each coordinate of x; represents the probability of pulling
the corresponding arm. We show that, in the selected instance, achieving low linear

regret ensures that the MAB regret is controlled (though to a weaker extent). Then,
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exploiting the above lower bound, we argue that the regret of the safe linear bandit

cannot be too good, as it would violate the mentioned lower bound.

Proof of Theorem 4.6.7. We initiate our proof by meticulously elucidating our primary
constructions for the SLB and MAB, establishing a crude bound that enables us to
apply Lemma B.5.1, and subsequently refining the analysis to demonstrate effective
lower bounds on the SLB regret.

SLB Instance. We consider d = 2 with a single unknown constraint. Let 6 = (01, 65)
and a = («, as) be vectors in [0, 1)? such that 6y > 6; > 0, a9 > a > 0, and Oy < 0as.
The safe bandit instance we design is

max(f,x) :x1 > 0,29 > 0,21 + 22 < 1, {(a,2) < q,

where the last constraint is unknown and the rest are known. Let us designate the
three known constraints as b, b?, b3. There are 6 BISs, with the associated points and
gaps shown in Table B.1 below. Note that the only point meeting the constraints b?
and b® is (0,1), which is infeasible. The situation is highly degenerate as the optimal
point is z* = (1,0), and three distinct BISs activate it. Nevertheless, each of these
BISs is full rank. Furthermore, since the algorithm ensures that .7 and &7 are both

O(V/T) in general, our discussion below is effective.

Table B.1: Description of BISs in our construction.

BIS Activating Point | (. (1) N« (1)
1 s 1 (O, Oé/ag) 0 (61@2 - &02)/(@2 + 82)
1}, {2 1,0 0 0
1}, {3 1,0 0 0
11,2 0,0 0 0,
0,12,3 1,0 0 0
0,13, 0 g — Qv 0

The gap of this instance is

= := min (91, as — «,

61&2 — &62)
as + 05 '

Our construction requires that this is at least Q(min(6;, as — «)). This can always

be ensured; for example, by using the parameterization 0y = 20,1, ay = 4601, = 6,/2,
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where the expressions work out to

91@2 —ab

—a=1760,/2, 2 =30,/5,
az (6% 1/ +62 1/

giving us = > #; /2. We further impose the condition 46; < 1/4. Thus, this instance
lets us express every value of = < 1/32.

Continuation:

MAB Instance. The safe MAB instance associated with this SLB instance consists
of three arms. The arms are characterized by their mean rewards p; and mean safety
risks ;. We have arm 1 with iy = 6 and v; = 0, arm 2 with uy = 65 and v, = as — «,
and arm 3 with pu3 = 0 and v3 = 0. The optimal arm is arm 1, denoted as k* = 1,
with reward u, = 6; and safety risk ny, = 0. The efficiency gap and safety gap for
each arm k are defined as Ay := (u. — px)+ and 'y := (v — a4, respectively.

Our reduction relies on Lemma B.5.1, and we need to show that for any algorithm
ensuring that suboptimal arms are not played more than f(7") times in expectation for
all safe MAB instances, we obtain a lower bound on the number of times suboptimal
arms are played in our specific MAB instance.

For the given MAB instance, we have arms 2 and 3 with non-zero safety risks,
making them suboptimal. Applying Lemma B.5.1, we find that the expected number

of times each suboptimal arm & is played is lower bounded by

| fm T
wwmﬂﬂ%<ué+dwmaﬂh%>&}01 T8 7y 1“”)’

E[N7] >

where d(u||v) is the KL divergence between Bernoulli laws with means u and v.

Specifically, for arms 2 and 3, we have

> 1 N oo L 1o
MNﬂzdwﬂm%me_Mm)(u P/ og - 1g@Q.

Now, by choosing the parameterization 0y = 26;, as = 4601, « = 01 /2, we can further

simplify this lower bound.
This completes the construction and reduction, setting the stage for the detailed

analysis that follows.
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Safe MAB Instance. We will now detail the description of the associated MAB
instance. Consider three arms characterized by their means and risks: arm 1 with
mean reward p; = 1/2+ 6; and mean safety risk vy = /2 + o, arm 2 with ps = 1/2+ 6,
and vy = 1/2 4 ag, and arm 3 with u3 = /2 and v5 = 1/2. These arms are assumed to
follow independent Bernoulli distributions with the associated means, forming the
family of instances underlying Lemma B.5.1.

The connection between this MAB instance and the linear bandit instance is
established as follows: each time a point (x1,z9) is selected, a random variable is
sampled from {1,2, 3} according to the probability mass function (z1,x2, 1 —x1 — ).
Subsequently, the corresponding arm is pulled, and the resulting rewards and risks,
with 1/2 subtracted, are supplied to the linear bandit instance.

This process ensures unbiased measurement of the mean for the linear bandit.

Specifically,
E[R] =T (1/2 + 91) + xs - (1/2 + 92) + (1 — T — $2) . (1/2) — 1/2 = 1‘191 + 1‘292,

and similarly for the safety risk. The subtraction of 1/2 is introduced to ensure that the
KL divergences appearing in the bound of Lemma B.5.1 are of the form d(1/2]|1/2 + 6;)
and d(1/2 + as||}/2 + «). This ensures that the arguments are bounded away from 0
and 1, resulting in a quadratic behavior for small 8, as opposed to potentially worse
dependence near 0 and 1.

To guarantee this favorable behavior, the condition as < /4 is imposed, which
implies as + 1/2 < 13/14 is bounded away from 1. This condition originated from the
previous paragraph’s requirement 6; < 1/16.

The key observation is that in the safe MAB instance, the expected number of
times arm 2 is played is given by E[NZ] = > z;, and the expected number of times
arm 3 is played is given by E[N3] = Y (1 — ;1 —x;2), where ;. is the k-th component

Of Tt.

Crude Bound. Initially, we demonstrate that as long as the algorithm guarantees
max(&r, 1) = O(T°), the play of suboptimal arms in the MAB instance is at least
Q0% logT).

Suppose the safe linear bandit ensures &7 < g(7') and .7 < ¢(T') for every instance,

where g(T') < T is an arbitrary monotonic function. Let ¢ > 0 be a parameter. If the
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linear bandit instance ever plays a point (z1,x2) such that
<a»9‘5>204+f or <9?$>§61_C7

it would incur a pointwise cost of at least £ in the round for either & or .. This
implies that the number of rounds in which it plays such points is bounded as ¢(T")/(.
Therefore, in at least max(T — ¢(7")/¢, 0) rounds, the safe linear bandit instance plays

in the region
Peo={(a,0) Sa+({0.2) 2 6 — (o 2 0,2 2 0,21 + 22 < 1},

Now, notice that both x5 and x; 4+ x5 are upper bounded in this region. The corner

points of this region are calculated to be

(-0) (e as)
0, g — Q0 Gy — o
¢ 02(01 + ) 0, +a
(1 B 9_1 {1 + 91(91&2 — 0592) } ’ (91@2 — 06(92 0_1) ’<1’O)

Therefore, ensuring that ay — a, 01a9 — afly = Q(6;), we have

re P = x2§£,(1—x1—x2)20 £ )
61 81
Of course, outside of P, x5 < 1,1 — 21 — x5 < 1. This calculation holds for any ¢ as
long as ( < ;. This implies that for every ¢ = O(6),

Ewﬂ§0<é)T+

EWﬂgO(%)T+

9(T)
c
9(T)
=

Thus, the safe MAB incurs regret bounds of at most f(T) = O(CT') + g(T')0: /<.
Since g(T) < CT'~¢ for some constants C, ¢, by setting ¢ = T~/?, for sufficiently
large T, we can establish the low-regret bound max(E[&MAB] E[.ZMAB]) < CT'—¢/2,
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Consequently, according to Lemma B.5.1, it follows that as T" — oo,

1
>
—d(Y/2 4+ 460,]]Y/2+ 04/2)

- 0(1))5 log T — 0(1)) = Q072 10g T).

E[N2] (1= 0(1))5 10T = O(1)) = Q6 *1og T),

1
or E[N3] > — — (
= T \
To effectively utilize these bounds, we leverage a computer algebra system to

demonstrate that
VO, < e, d(1/2 + 40| V/2 + 6, /2) < 2767, and d(1/2]|Y/2 + 0;) < 2767

Concretely, these bounds yield
E[NZ + N3] > _° (1—0(1))logT — ! log(4)
T = 9702 c ’

where the o(1) term is C/T¢/2.
It is noteworthy that this bound is effective in our case since the method DOSLB
does achieve max(&r,.#r) = O(V/T) with high probability. In this scenario, we can

set ¢ = 1/24 ¢ for any & > 0 in the above expressions.

Lower Bounds on SLB. Now, let’s demonstrate the claims. We choose the
instance with 6y = 261, ay = 46;, a = 0, /2. In this case, the gaps are (6,,7601/2,30,/5),
ensuring = > 6,/2. Moreover, #ya; — afy = 30;, validating the claim on P, for all
¢ < #,. Consequently, against this instance, the earlier established lower bounds on
E[NZ] + E[N2] hold.

Now, observe that for any choice of x1, x5, the instantaneous efficiency regret and

safety violations are given by:

(91 — 811‘1 — 92$2)+ = 91((1 — 1 — ZEQ) — 172)+
0
—(Twy — (1 — 21 — 22))4

(xy + agxs — )y = 5

However, both quantities are zero only if zo > (1 — 21 — 23) > Toy = x5 =

1l—x;—29=0 <= x; = 1. So, in any round where z; # 1, at least one of these
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quantities is nonzero. More quantitatively, we have:

E[6r] + 4] > 6,3 DEfrea] + ZE[(1 — s — 7,0)]
c(1—o(1)

(ENF] +E[NG]) = S

log(T) — O(1),

yielding the result upon recalling that 6; > = > 6, /2.
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Appendix C

Supplement for § 5

The proof for the generalized linear setting resembles that of the SLB case. We thus

briefly present the key steps that endure quantities due to the generalized linear model.

C.1 Auxiliary Results for the Regret Bound

In this section, we revisit several crucial and frequently employed bounds from the
literature. These encompass bounds on the confidence set, self-normalized vector
series, and related concepts. This review serves to bolster our proof, enabling us to

closely follow the derivation of the regret bound.

Lemma C.1.1.
sy det Viyintt tr(Vipe1) +n
Z | X¢]|lye < 2log —————— < 2dlog (—) — 2logdet V41
it 1 t—1 det Vm+1 d

This lemma is adapted from Lemma 11 in (Abbasi-Yadkori et al., 2011) (together
with Lemma B.1.1; we pick the most suitable variate here) and has been re-stated
multiple times in the follow-ups, see (Li et al., 2017; Chen et al., 2023). Our use is to
observe that the trace of the matrix tr(V,;1) grows at most linearly in the index m,
and hence the upper bound grows logarithmically with the number of time steps.

We also re-sate the following lemma for the self-containedness of the appendix.

Lemma C.1.2. If \yin(V;) > 1, then for any t > 7 and any 6 € (0,1)

X 1 [d 2t 1
P — < —1/zlog(l4+ =) +log(<) | >1—
<|!9 Ocllviy < Cu\/Q og(l+—)+ Og(d)) >1-9
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o 1 [d 2t 1
P (na Sl < 2y Tos+ 2 +log<5>> >1-0

Lemma C.1.1 leads to the following important observation that controls the noise

scale, which shall be referred to frequently.

Lemma C.1.3. For the DOSGLB(S) algorithm, the following holds

Z p? < (2dlog(1+ 2T/d) + 4log((U 4 1)/d)) (2dlog((T + 1)/d)) = O(d?log® T)

t=d+1

> /< O(dVTlogT)

t=d+1
Proof.

T
Zm—Zwuymm_
t=d+1 t=d+1

T
< 2
<4Br(8) ) [ )

t=d+1
T

< (2dlog(1 +2T/d) + 4log((U + 1)/d)) Y [e-all} -

< (2dlog(1+ 2T/d) + 41log((U + 1)/d)) (dlog (tr(vd+1)d+ T — d)))

< (2dlog(1+2T/d) 4+ 4log((U 4+ 1)/d)) (2dlog((T + 1)/d))

where we apply the monotonicity of 3, the definition of 5, Lemma C.1.1, and the fact
that tr(Vy1) < d+ 1 sequentially.
For the second part, simply apply the Cauchy-Schwarz inequality

T T
Z pe < VT Z P
t=1 t=1

O

Next we introduce a lemma stating the fact that the instantaneous regret is upper

bounded by the noise scale. This resembles Lemma B.1.4
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Lemma C.1.4. For anyt > d, if A € C4(d) and 6 € CP(3), then Vz € X,

Vie[1:U], max |[(a'—d' z)|< (z;é)) and max |(f —0,z)| < (x;é)‘

ateCy(9) Cy 6eCo(s) Cu

Proof. Let’s consider the case of #; similar bounds apply to @’ in the same manner.

Under the consistency assumption, 6 € C?. Consequently,

(0 =0, 2)| < [{6—0,2)[ +[(0 = 0,2)|.

By leveraging the positive definiteness of V,_; and the Cauchy-Schwarz inequality,

we can further deduce that:
Atr1/2 1 ,—1/2 A
(0= 0,2)] = (O = V2 V2] < 10 = llvic, - ey

Performing the same calculation for 6 and combining these bounds, we can conclude:

[0 —0,2) < (10— 0llvi, + 10 = Ollvi_ ) lzlly—

Both # and 6 belong to C?, which, by definition, implies that their V;_;-norm
distance from 6 is bounded by aV Bi—1(6). The claim follows immediately, recalling

that py(z;d) \/ Bia( HIHV—1 0

Along with this line, we also restate the following lemma and provide the proof.

This is adapted from Lemma 4.5.1.

Lemma C.1.5. Assume the confidence sets are all valid, and the action of DOSLB
at time t, x4, noisily activates the BIS I = (3, ). Then the following holds.

Pt
Cy

AWz, > v o) — 21, B(R)z, = v (B(R)),

v

Az < v () + 1, Bz <v(B)

0,2,) > (0,27) — 2.

Cu

Proof. We first provide the proof for a’, which is a direct application of Lemma C.1.4.
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Pick any i € [1 : U], the following holds

v o) > (ay, xy)

> (a'ar) - &
and for any ¢ € 4, the following holds:
v o) = <di,xt>
< (a', ) + %

14

And the rest is immediate when the concept of "noisily activating point" is introduced.

For the proof of §, we need to observe that due to optimism

<9~t,xt> > (0, x")

Hence

0,2%) — (0, 2;) < <ét,xt> (0,1
Pt

IN

which completes the proof. O

C.2 Proofs on the Gaps

To establish the analysis based on the BIS, we (re)-state several related results from
the literature.
Firstly, we adapt Prop 4.4.5 to the generalized linear case, which enables analysis

centered on BISs.

Proposition C.2.1. Vt,3 BIS [, = (4, Ry) 1 2y € ./E[t.

The next lemma is adapted from Lemma B.2.2, which serves as the basis of the

activating polytope.
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Lemma C.2.2. Assume all of the confidence sets are valid. For any t > d there

ezists at least one BIS I = (4, R) that x; noisily activates, and such that (ég’%) Ty >

()

The following lemma guarantees the fact that for any suboptimal BIS, at least one
of the associated gaps must be positive. This is an important observation that relates
the infinite action bandits to the finite action bandits (MABs): together with the next
lemma that establishes the relationship between noise scale and the gap, it implies
that only under the case where the noise is large enough, are there the chances that

our algorithm will pick the suboptimal BISs.
Lemma C.2.3. For any suboptimal BIS I, max((.(I),n.(I)) > 0.

Proof. We follow closely to the proof of Prop 4.5.7, but replacing the essential compo-
nents by the GLB quantities.
Fix any suboptimal BIS I = (4, ), the primal program can be written as

P((;I) = maxc, (0, x)

where 8% = [1 : K]\&. If (.(I) = oo the claim naturally holds and we are done. Hence
we only need to consider the case where (, (/) < oo. In this case, for any ¢ > (.(1),
the (linear) program is feasible; also, since the activating polytope is always a subset
of the bouned domain, i.e. 7(¢;I) C X, the above program is also finite. For such a
feasible and finite linear program, strong duality applies, and it follows that the dual

is also feasible and finite, and shares the same value as the primal. We write down



142

the dual as follows:

D(¢;I) = min <)\+, v ) + £1> + <)\, —v N a(U)) + £1(11)>

/\+:)\—77777 Cy Cy

+(n, v H(B(R)) + (v, v H(B(RY))
st. ATA — AWM TA_ + B(®) '+ B(RY) Ty = .0,
Ay >0,A->0,7>0.

To study the value of this program, we define the following auxiliary quantities.
Abbreviate A = (A, A_,n,7),

) = 1)+ (A, 1Y)

o8 = (hnr )+ S0 1) 1 (0 a) +

Cy

C*CU) 1(il)> +

(n, v (BR))) + (v, v (BR))

h(A) = ATAp = A)"A- + B(&) 'n + B(R) 'y — 0
Hence the dual program can be rewritten as

D(¢; I) :minc_—wf()\)—l—g()\):h()\) =0,\+ >0,A\_>0,vr>0

A cy

It is immediate that the set
Fi={A:g(A) < P(GI); 1), h(A) =0,\y >0,A_>0,7 >0}

is non-empty. Based on the feasibility of F, we further define the following programs

14

D'(¢;1) = min fN) +gN):xeF

E(I) :mgnf()\) AEF

Note that E(I) < oo since it is a minimization problem on a feasible set, and
D(¢;I) < D'(C; I) since the program D’ is introducing extra constraints, which cannot

decrease the value of a minimization problem. In addition, we have the following: for
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any ¢ > (.(1)

D61 < Pl +min{ =Sy e 7
= P+ i ae )
- P + =Wy

Cy

Combine everything together: for any ¢ > (.(1),
P(G 1) = D(GI) < D'(¢G 1) < P(G(I): I) + ———

Hence s(I) < max{0, %VI)} < 00.

Recall the expression of the efficacy gap, we are left to show that max{(.(1),&(I)} >
0. If ¢.(I) > 0 we are done. Hence we only need to worry about the case where
¢.(I) = 0. In such case, lime o P(¢; ) > —oo, which implies X7 # ). For a feasible
suboptimal set, it must be the case that any associated point must be inefficient, i.e.
Vo e X1, (0,2*) > (0,z). Since T(0;I) is compact, P(¢.(I); 1) = P(0;1) < (0, z%)
which implies £(1) > 0. O

Finally, we present and prove the noise scale result.

Lemma C.2.4. If at time t, the confidence sets are consistent and the action of
DOSLB noisily activates the suboptimal BIS I, then py > max((.(I),n.(1)).

Proof. The following holds due to xz; € T (py; )
cu (0, 2e) < Plpi; )

and

0,2,) > (0,27 — 2
Cu

due to the optimism in x;.

By definition of the feasibility gap p; > (.(I) since z; € P(py; I).

If ¢.(I) = oo then we are done. Hence we only need to consider the case where
(«(I) < 00, and we are left to prove p, > n.(I). By the definition of the spread, we
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have

Plpi; 1) < P(G(); 1) + (1) (pe = G(1)) = ¢, (0, 27) = E(1) + s(1)(pr = G(1))

which implies that

and so

C.3 Proofs for the Regret Analysis

The following lemma is adapted from Lemma 4.6.4, showing that the play of DOSGLB

is over efficient, and the safety risk can be controlled to any desired precision &.

Lemma C.3.1. Under Assumption 5.2, if the confidence sets are consistent, t >
d+ 1, and the action x; of DOSLB()) is that x; only noisily activates the optimal
BIS, then (0, ) > (0,2*). Further, for any ¢ > 0, if pi(x;) < €, then for every i,

(a',2) < of + Bz,

With this at hand, we are ready to prove the main claim.
Theorem C.3.2. Under Assumption 5.2, V§ > 0, the actions of DOSLB(J) satisfy
with high probability

& = O(d?log?T/Z), and Fp = O(dVT).

Proof. In this whole proof, we assume that the confidence sets are all valid. Hence the
following development holds with probability at least 1 — . Firstly, ignore the first d
steps since purely random exploration is happening in this stage. We then group the
time steps into two sets: when suboptimal BISs are activated, and when the optimal

BISs are activated.

Ty :={t € [d+1:T]:3 asuboptimal BIS I such that =, € X/}.
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For t < d, we use the crude bound of k,d, for t € ¥, we apply Lemma C.3.1, for
t € T¢, we apply Lemma C.2.4. Formally,

T

Er =3 (ul(0,2) — u((8, 2))s

k -
< 2kud+ =Y 7 il 6) 1 {py(;6) > E}

“uZan

ky pe(4;0)
<2hd+ -t Y pilwd) 2

P oi=d+1

(1]

T

k
= 2k,d + —= Z pi(z456)

=
P= t=d+1

< 2k,d + k—“: (2dlog(1 +2T/d) + 4log((U + 1)/d)) (2dlog((T"+ 1)/d))

Cp=

= O(d?1og® T /=)

We introduce an intermediate metric

Fr = Zmzax(l/(@i, 1)) — o — ﬁs)Jr

Cy
for e > 0. We further split the optimal rounds into whether z; is overly unsafe or not
via I
si={teld+1:T]\ T :Fi:{a" z) zai—kc—l’e},
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Similarly to &7, we can bound .77 as follows

Yﬁszyd—}—ZmaX <a ZBt> —a——5++z <ai7ggt>)_ai_@5)+

Cy
teT teTs
+ (v({a',2)) — a' — EE)JF
Cy
1¢(T1UTS)
<2kd+—zpt$t7 +_Zpt$t7
VteT, Y teTs

k k
< 2k,d k, ;0)1 0) > =+ < :0)1 0) >~
< + . Zt:l?t(l't JL{p:(z+;0) }+ Zpt(l’t JL{pi(2+;0) o e}
k, )
< 2k,d + - Zﬂt(ﬂft; 5) = Zpt T4;0) - Eo )
14 t — -
k, (1 c, ‘
= 2%k,d + —~ (: + kyg) Zt:pt(ﬂft; 5)

¢, \ 2
cy, 2T U+1 T+1
]{31,€> (leog (1 + 7) +4log T) (2d10g T) .

Lastly, observe that .% < .72 + €T, tuning ¢ = ©(dlog T/+/T) results in

= O(dV'T)

I

[1]] —

§2k,,d+@(

Cy
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