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Abstract

We present novel information-theoretic limits on detecting sparse changes in Ising
models, a problem that arises in many applications where network changes can occur
due to some external stimuli. We show that the sample complexity for detecting sparse
changes, in a minimax sense, is no better than learning the entire model even in settings
with local sparsity. This is a surprising fact in light of prior work rooted in sparse
recovery methods, which suggest that sample complexity in this context scales only with
the number of network changes. To shed light on when change detection is easier than
structured learning, we consider testing of edge deletion in forest-structured graphs,
and high-temperature ferromagnets as case studies. We show for these that testing
of small changes is similarly hard, but testing of large changes is well-separated from
structure learning. These results imply that testing of graphical models may not be
amenable to concepts such as restricted strong convexity leveraged for sparsity pattern
recovery, and algorithm development instead should be directed towards detection of
large changes.

1 Introduction

Recent technological advances have lead to the emergence of high-dimensional datasets in a
wide range of scientific disciplines [YY17; Cos+10; PF95; Brelbs; Lok+18; WSD19; Ban18|,
where the observations are modeled as arising from a probabilistic graphical model (GM),
and the goal is to recover the network [Orl+15]. While full network recovery is sometimes
useful, and there has been a flurry of activity [DM17; SW12| in this context, we are often
interested in changes in network structure in response to external stimuli, such as changes
in protein-protein interactions across different disease states [IK12| or changes in neuronal
connectivity as a subject learns a task [Moh+16].

A baseline approach is to estimate the network at each stage, and then compare the dif-
ferences. However, such observations exhibit significant variability, and the amount of data
available may be too small for this approach to yield meaningful results. On the other hand,
reliably recovering network changes should be easier than full reconstruction. While prior
works have proposed inference algorithms to explore this possibility [ZCL14; XCC15; FB16;
BVBI16; BZN18; Zha+19; Cai+19], we do not have a good mathematical understanding of
when this is indeed easier.

To shed light on this question, we propose to derive information-theoretic limits for two
structural inference problems over degree-bounded Ising models. The first is goodness-of-fit
testing (GOF). Let G(P) be the network structure (see §2) of an Ising model P. GOF is
posed as follows.

GQOF : Given an Ising model P and i.i.d. samples from another Ising model Q,
determine if P = Q or if G(P) and G(Q) differ in at least s edges.

The second is a related estimation problem, termed error-of-fit (EOQF), that demands local-
ising differences in G(P) and G(Q) (if distinct).
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EQF: Given an Ising model P and i.i.d. samples from another Ising model Q

that is either equal to P, or has a network structure that differs from that of P

in s edges or more, determine the edges where G(P) and G(Q) differ.
Notice that the above problems are restricted to models that are either identical, or sig-
nificantly different. ‘Tolerant’ versions (separating small changes from large) are not the
focus for us (although we discuss this setting for a special case in §4). The main question of
interest is: For what classes of Ising models is the sample complexity of the above inference
problems significantly smaller than that of recovering the underlying graph directly?

Contribution. We prove the following surprising fact: up to relatively large values of s, the
sample complexities of GOF and EQF are not appreciably separated from that of structure
learning (SIL). Our bound is surprising in light of the fact that prior works [Liu+14; Liu+17;
FB16; KLK19; Cai+19] propose algorithms for GOF and EOQF, and claim recovery of sparse
changes is possible with sample complexity much smaller than SL. Concretely, for models
with p nodes, degrees bounded by d, and non-zero edge weights satistying a < |6;;] < 3 (see
§2), the sample complexity of SL is bounded as O(e?’?a~21ogp). We show that if s < N2
then the sample complexity of GOF is at least e2#4—000g(d)) =2 og p, and that if s < p, then
the sample complexity of EQF has the same lower bound. We further show that the same
effect occurs in the restricted setting of detecting edge deletions in forest-structured Ising
models, and, to some extent, in detecting edge deletions in high-temperature ferromagnets.
In the case of forests, we tightly characterise this behaviour of GOF, showing that for
s < /p, GOF has sample complexity comparable to SL of forests, while for s > /p, it is
vanishingly small relative to SIL. For high-temperature ferromagnets, we show that detecting
changes is easier than SL if s > /pd, while this does not occur if s < /pd. These are the
first structural testing results for edge edits in natural classes of Ising models that show a
clear separation from SL in sample complexity.

Technical Novelty. The lower bounds are shown by constructing explicit and flexible obstruc-
tions, utilising Le Cam’s method and y2?-based Fano bounds. The combinatorial challenges
arising in directly showing obstructions on large graphs are avoided by constructing ob-
structions with well-controlled x2-divergence on small graphs, and then lifting these to p
nodes via tensorisation in a process that efficiently deals with combinatorial terms. The
main challenge is obtaining precise control on the y2-divergence between graphs based on
cliques, which is attained by an elementary but careful analysis that exploits the symmetries
inherent in Ising models on cliques. The most striking instance of this is the ‘Emmentaler
clique’ (Fig. 2), which is constructed by removing ©(d?) edges from a d-clique in a structured
way. Despite this large edit, we show that it is exponentially hard (in low temperatures) to
distinguish this clique with large holes from a full clique.

1.1 Related Work

Statistical Divergence Based Testing. Related to our problem, but different from our
setup, GOF of Ising models has been studied under various statistical metrics such as the
symmetrised KL divergence [DDK19] and total variation [Bez+19]. More refined results
and extensions have appeared in [GLP18; DDK17; Can+17; Ach+18|. These are tests that
certify whether or not a particular statistical distance between two distribution is larger
than some threshold. In contrast, our focus is on structural testing and estimation, namely,
whether or not the change in the network is a result of edge-deletions or edge-additions.
As such, statistically-based GOF tests do not have a direct bearing on structural testing.
Divergences can be large in structurally irrelevant ways, e.g., if a few isolated nodes in a
large graph become strongly interacting, a large KL divergence is induced, but this is not
a significant change in the network on the whole (Also see §E.1). In light of applications
which demand structure testing as a means to interpret phenomena, and this misalignment
of goals, testing in the parameter space is compelling, and testing the network is the simplest
instance of this.



Sparse-Recovery-Based Structural Testing Methods. More directly related to our
work, are those that are based on direct change estimation (DCE) [FB16; Liu+14; Liu+17;
LFS17; KLK19], which attempt to directly characterize the difference of parameters 6* =
0p — 0¢g by leveraging sparsity of §*. These works leverage the ‘KL Importance Estimation
Procedure’ (KLIEP), the key insight of which is that the log-likelihood ratios can be written
in a form that is suggestive of expressions from sparse-pattern recovery methods, to define
the empirical loss function

L(3) = —(6,Eq[X XT]) +logEplexp (X6 X)],

where E denotes an empirical mean, and § is sparse. The second term, which is the only non-
linear term, is reminiscent of normalization factors in graphical models. In this context, it is
useful to recall the key ideas from high-dimensional sparse estimation theory (see [Neg+12]),
which has served as a powerful generic tool. At a high-level, these results show that for a
loss function £(d) paired with a decomposable regulariser (such as an ¢; norm on ¢), if the
loss function satisfies restricted strong convexity, namely, strong convexity only in a suitable
descent error set, as characterised by the regulariser and the optimal value §*, minimising
the penalised empirical loss leads to a non-trivial estimation error bound. Leveraging these
concepts of high-dimensional estimation, and exploiting sparsity, the sparse DCE works
show that testing can be done in O(poly(s)log p) samples (for any P, Q!), which is further
much smaller than the number needed for SL, a result which contradicts bounds we derive
in this paper. The situation warrants further discussion.

From a technical perspective, the sample complexity gains of these methods arise from
assuming law-dependent quantities to be constants. For example, [Liu+14; Liu+17] require
that for ||ul| < [|6*|, VEL(6* + u) < A1, and that for S the support of §*, the submatrix
(V2L(6%))s.s = A2l, where A1, Ay are constants independent of P, Q. [FB16] removes the
second condition, and shows that £ has the A\o-RSC property, where )y is claimed to be
independent of P, (. In each case, sample costs increase with A\; and A\ ! However, the
assertion that A1, Ay are independent of (P, Q) cannot hold in general — the only non-linear
part in L is log Ep [exp (X TsX )], which clearly depends on P! This dependence also occurs
if P is known. Thus, the ‘constants’ A1, Ao are affected by the properties of P. More
generically, the efficacy of sparse recovery techniques is questionable in this scenario. Since
the data is essentially distinct across samples, and internally dependent, and since the sparse
changes, §*, and the underlying distributions interact, it is unclear if meaningful notions of
design matrix that allow testing with sub-recovery sample costs can be developed.

Nevertheless, it is an interesting question to understand what additional assumptions on
P, @ or topological restrictions are useful in terms of benefiting from sparsity. Our results
suggest that these conditions are stronger than typical incoherence conditions such as high
temperatures, and further that the topological restrictions demand more than just ‘simplic-
ity’ of the graphs.

Other Methods.[Cai+19] propose a method, whereby the parameters 8p and ¢ are only
crudely estimated, and then tests using the biggest (normalised) deviations in the estimates
as a statistic. The claims made in this paper are more modest, and do not show sample
complexity below ngr,. We point out, however, that d-dependent terms are treated as
constants in this as well.

Much of the structural testing work studies Gaussian GMs instead of Ising (see the recent
survey [Sho20]). We do not discuss these, but encourage the same careful examination of
their assumptions.

Other Information-Theoretic Approaches. We adopted a similar information-theoretic
viewpoint in our earlier work [GNS17; GNS18]. Of these, the former only considers the re-
stricted case of s = 1 (very sparse changes), and the bounds in the latter are very inefficient.
As such, the present paper is a significant extension and generalization of this perspective.
Our bounds further improve the approximate recovery lower bounds of [SC16].



Structural Testing Extensions. A number of structural testing problems other than
GOF have been pursued. For instance, [BN18| tests if the model is mean field or supported
on a structured graph (sparse, etc.), [BN19] tests mean-field models against those on an
expander, [CNL18] tests independence against presence of structure in high temperatures,
[NL19] tests combinatorial properties of the underlying graph such as whether it has cycles,
or the largest clique it contains (also see §E.2).

2 Problem Definitions and Notation

The zero external field Ising Model specifies a law on a p-dimensional random vector X =
(X1,...,Xp) € {£1}, parametrised by a symmetric matrix § with 0 diagonal, of the form

exp (Ei<j Gijxixj)
Z(0) ’

Pg(X = I) =

where Z(6) is called the partition function. Notice that given X; for all j € 0i := {j :
0:; # 0}, X; is conditionally independent of X[y.,_{i}—g;. Thus, the 6 determine the local
interactions of the model. With this intuition, one defines a simple, undirected graph
G(Pp) = ([1 : p], E(Pg)) with E(Py) = {(¢,7) : 6;5 # 0}. This graph is called the Markov
network structure of the Ising model, and 6 can serves as a weighted adjacency matrix of
G(Py). We often describe models by an unweighted graph, keeping weights implicit until
required.

The model above can display very rich behaviour as 6 changes, and this strongly affects all
inference problems on Ising models. With this in mind, we make two explicit parametrisa-
tions to help us track how 6 affects the sample complexity of various inference problems.
The first of these is degree control - we assume that the degree of every node is G(P), G(Q)
is at most d. The second is weight control - we assume that if 6;; # 0, then o < |0, < B.

These are natural conditions: small weights are naturally difficult to detect, while large
weights mask the nearby small-weight edges; degree control further sets up a local sparsity
that tempers network effects in the models. The class of laws so obtained is denoted Zy(«, 3).
We will usually work with a subclass Z C Z; which has unique network structures (i.e., for
P,Q € Z,G(P) # G(Q)). Note that we do not restrict a, 8, d to have a particular behaviour
- these are instead used as parametrisation to study how weights and degree affects sample
complexity. In particular, they may vary with p and each other. We do demand that
d < p'~¢ for some constant ¢ > 0, and that p is large (> 1).

We let G be the set of all graphs on p nodes, and G C G be those with degree at most d.
The symmetric difference of two graphs G, H is denoted GAH, which is a graph with edge
set consisting of those edges that appear in exactly one of G and H.

Lastly, we say that two Ising models are s-separated if their networks differ in at least s
edges. The ‘anti-ball’ A;(P) :={Q € Z: |G(Q)AG(P)| > s} is the set of @ € T s-separated
from P.

2.1 Problem Definitions

Below we define three structural inference problems: goodness-of-fit testing, error-of-fit
identification, and approximate structure learning.

Goodness-of-Fit Testing Given P and the dataset X™ ~ Q®™ where Q € {P} U A4(P),
we wish to distinguish between the case where the model is unchanged, @ = P, and the
case where the network structure of the model differs in at least s edges, @ € As(P). A



goodness-of-fit test is a map WE°F : 7 x x™ — {0,1}. The n-sample risk is defined as

REF(n,s,T) := inf sup{ PO (TEF (P X") =1)+ sup QO (TEF(P,X")=0);.
YGoF peT QEAL(P)

Error-of-Fit Recovery Given P and the dataset X™ ~ Q®" where Q € {P} U As(P) we

wish to identify where the structures of P and @ differ, if they do. The error-of-fit learner

is a graph-valued map WP°F : 7 x X" — G. The n-sample risk is defined as

RE¥(n,s,7) ;= inf sup sup Q%" (’\IIEOF(P, XA (G(P)AG(Q))| = (s —1)/2).
WEF PeT Qe{P}UA,(P)

In words, WF°F attempts to recover G(P)AG(Q), and the risk penalises answers that get

more than (s — 1)/2 of the edges of this difference wrong. This problem is very similar to
the following.

s-Approximate Structure Learning Given the dataset X" ~ Q®" we wish to determine
the network structure of ), with at most s errors in the recovered structure. A structure
learner is a graph-valued map ¥SY : X" — G, and the risk of structure learning is

R%(n,s,T) := inf sup Q¥ (| (X™")AG(P)| > s).
wSLk QeT

The sample complexity of the above problems is defined as the smallest n necessary for the
corresponding risk to be bounded above by 1/4, i.e.

naor(s,Z) := inf{n : RE°F(n,s,7) < 1/4},
and similarly ngor and ngr, but with the risk lower bound of 1/ 8.1

The above problems are listed in increasing order of difficulty, in that methods for SL yield
methods for EOF, which in turn solve GOF. This is captured by the following statement,
proved in §A.1.

Proposition 1. ng,((s — 1)/2,Z) > ngor(s,Z) > ngor (s, Z).

Our main point of comparison with the literature on SL is the following result, which (mildly)
extends [SW12, Thm 3a)] due to Santhanam & Wainwright. We leave the proof of this to
Appx. A.2.

Theorem 2. If T C Zy(«, B) has unique network structures, then for s < pd/2,3C < 64
such that
deQﬁd

I <o
nsu(s, D) < O iz a/D)

(1162 o1/

3 Lower Bounds for GOF and EOF over Z,(«, 3)

This section states our results, and discusses our proof strategy, but proofs for all statements
are left to §B. The bound are generally stated in a weaker form to ease presentation, but
the complete results are described in §B. We begin by stating lower bounds for the case of
s = O(p). Throughout 500 > K > 1 is a constant independent of all parameters.

Theorem 3. If 20 < d < s < p/k, then there exists a C > 0 independent of (s,p,d, a, 3)
such that
0268 026(d—3)

(
p
o ;I Z C 9 . 1 1 O—
nGor(s, ) max{tanhza d2m1n(1,a2d4)} og( + 52)
(

. 62’8 62’8 d—3) 1 Cp
o (5,7) > e (c?)
neor (s, I) > max{tanhQQ d2 mln(l,a2d4)} AT

11/4 is convenient for bounds for GOF, but any risk smaller than 1 is of interest, and can be boosted to
arbitrary accuracy by repeating trials and majority. For EOF, SL we use 1/8 for ease of showing Prop. 1.




This statement is enough to make our generic point - for small s (i.e., if s < p"/>~¢ in GOF
and if s < p!=¢ in EOF), the above bounds are uniformly within a O(poly(d)) factor of the
the upper bound on ngr, in Theorem 2. Notice also that the max-terms are uniformly Q(d?)
in the above - if fd > 2logd, then the second term in the max is 2(d?), while if smaller, the
first term is Q((4/1ogd)?) because oo < 3. Thus, over Z,, the best possible sample complexity
of GOF and EQF scales as Q(d2 log p), and in particular cannot be generally d-independent.

Of course, graphs in G4 have upto ~ pd edges, and so many more changes can be made.
Towards this, we provide the following bound for GOF. A similar result for EOF is discussed
in §B.

Theorem 4. If for some ¢ > 0,5 < pd'~¢/K, and d > 10, then there exists a constant
C > 0 independent of (s,p,d,a, ) such that

log (1+ Opdz;gg).

e28d(1—d™°)

d? min(1, a?2d*)

1
1. If Oéd17< S 1/32 then NGoF Z Cm

log (1+ cpdz;gc ).

2. If Bd > 4log(d — 4) then ngor > C

Thm. 4 leaves a (small) gap, since as ¢ — 0, ad'~¢ < 1 and d > 4log(d) do not completely
cover all possibilities. Barring this gap, we again notice that for s < \/pd!=¢, ngor is
separated from ngj, by at most a poly(d) factor. The first part of the above statement is
derived using results of [CNL18]. For the limiting case of ( = 0, i.e. when s is linear in pd,
we recover similar bounds, but with the distinction that the 25d in the exponent is replaced
by a Gd. See §B.

Finally, since often the interest in DCE lies in very sparse changes, we present the following

Theorem 5. If s < d, then there exists a C > 0 independent of (s,p,d,«, ) such that

028 o2B(d—1-2/5) p p
n s,7) > Cma , log(1+C (=5 A=
Gor(,2) * { tanh? o d° sinh?(a\/5) 8 ( (82 d) )

c o2 e2B(d—1-2./5) P
n s,7) > Cma , lo =
or (5, 1) ) tanh® o’ d6 sinh® (a/s) s ( d)

Structure of the Bounds Each of the bounds above can be viewed as of the form
(SNR)tlog(1+ f(p, s,d)), where we call the premultiplying terms SNR since they naturally
capture how much signal about the network structure of a law relative to its fluctuations is
present in the samples. This SNR term in Thms. 3 and 5 is developed as a max of two terms.
The first of these is effective in the high temperature regime (where §d is small), while the
second takes over in the low temperature regime of large 3d. Similarly, the first and second
parts of Thm. 4 are high and low temperature settings, respectively, and have different SNR,
terms. The SNR in all of the above is within a poly(d) factor of the corresponding term in
the upper bound for ngr..

The term f(p,d, s) thus captures the hardness of testing/error localisation. For EOF, as
long as s is small, this term takes the form p® for some c. Thus, generically, localising sparse
changes is nearly as hard as approximate recovery. This is to be expected from the form
of the EOQF problem itself. More interestingly, for GOF, these take the form pd¢/s?>. When
s < +/pde¢, this continues to look polynomial in p, and thus GOF is as hard as recovery. On
the other hand, for s much larger than this, f becomes o(1) as p grows, and so log(1+ f) =~ f
itself and the resulting bounds look like (SNR)~!pd¢/s?. In the setting of low temperatures
with non-trivially large degree, these can still be super-polynomial in p, but relative to n
they are essentially vanishing.



Notice that in high temperatures (8d < 1), the bounds of Thms. 3 and 5 are only O(d)
away from ngy, for small s, fortifying our claim that GOF and EQOF are not separated from
SL in this setting.

Counterpoint to Sparse DCE efforts The above bounds, especially Thm. 5, show that
for small s GOF and EQF are as hard as recovery of G(Q) itself. A possible critique of
these bounds when considering DCE is that the DCE schemes demand that the changes are
smaller than s, while our formulations only require the changes to have size at least s. To
counter this, we point out that the constructions for Thms. 3, 4, and 5 make at most 2s
changes when computing bounds for any s (in fact, smaller edits lead to stronger bounds).
Thus, the above results catergorically contradict the claim that a generic O(poly(s)logp)
bound that is d independent and much smaller than ngr, can hold for DCE methods on
Tq. Since «, 3,d are only parameters, and are not restricted in any way, this shows that
the assumptions made for DCE cannot be reduced to some conditions on only «, 8, d, and
further topological conditions must be implicit. In particular, these are stronger than typical
incoherence conditions such as Dobrushin/high-temperature (8d < 1;e.g.,[DDK17; GLP18]).

3.1 Proof Technique

The above bounds are shown via Le Cam’s method with control on the x2-divergence of a
mixture of alternatives for GOF, and via a Fano-type inequality for the y2-divergence, due
to Guntuboyina [Gunll] for EOF. These methods allow us to argue the bounds above by
explicit construction of distributions that are hard to distinguish. We briefly describe the
technique used for GOF below.

Definition A s-change ensemble in I is a distribution P and a set of distributions Q,
denoted (P, Q), such that P € T,Q C I, and for every Q € Q, it holds that |G(P)AG(Q)| >

S.

Each of the testing bounds we show will involve a mixture of n-fold distributions over a class
of distributions. For succinctness, we define the following symbol for a set of distibutions Q

1
(Q¥") = %] Z Q¥".
QeQ

Le Cam’s method (see e.g. [Yu97; IS12]) shows that if (P, Q) is a s-change ensemble in Z,
then

RO (n,5,7) > 1 S log(1 + 2 ((@em) o).

As a consequence, if we find a change ensemble and an n such that 1+ x2((Q®") ||P®") < 3,
then we would have established that ngor(s,Z) > n. So, our task is set up as constructing
appropriate change ensembles for which the y?-divergence is controllable.

Directly constructing such ensembles is difficult, essentially due to the combinatorial ath-
letics involved in controlling the divergence. We instead proceed by constructing a pair of
separated distributions (Pp, Qo) on a small number of nodes, and then ‘lifting’ the resulting
bounds to the p nodes via tensorisation - P is contructed by collecting disconnected copies
of Py, while Q is constructed by changing some of the Py copies to Qg. The process is
summarised as follows.

Lemma 6. (Lifting) Let Py and Qo be Ising models with degree < d on v < p/2 nodes such
that |G(Py) AG(Qo)| = o, and x\*(Q§™|PE™) < ayn. Let m == |p/v|. For t < m/16e, there

exists a to-change ensemble (P, Q) over p nodes such that |Q| = (}') and

2
1+ x2((Q5™) | PP") < exp (%) .



A similar argument is used for the EOF bounds, along with a similar lifting trick, discussed
in §B. Due to the tensorisation of the y2-divergence, we obtain results of the form a, <
(14 k)™ — 1, where k depends on (Py, Qo) but not n. Plugging this into the above with
t = [s/o] yields

1 po?
)y> ——1 1+—=.
naor(s,7) 2 log(1 + k) ©8 ( + 81/52>

Notice that this # is an SNR term, while log(1 + po?/8vs?) captures combinatorial effects.

The procedure thus calls for strong x? bounds for
various choices of small graphs, or ‘widgets’. We
use two varieties of these - the first, ‘star-type’
widgets, are variations on a star graph. These
allow direct calculations in general, and pro-
vide bounds that extend to the high-temperature
regime. The second variety is the ‘clique-type’
widgets, that are variations on a clique, and temperature obstructions. Labels indi-
provide low-temperature obstructions. Classi- 10 edge-weight, and the red edge is
cal Curie-Weiss analysis shows that cliques tend , j4ed in Qo.

to ‘freeze’ - for Ising models on a k-clique with
uniform weight A, the probability mass concen-
trates on the set {(1)®* (—1)®¥} w.p. roughly
1 —e~©A%) The clique-type obstructions implic-
itly argue that this effect is very robust.

Py

Figure 1: Graphs used to construct high-

1

The particular graphs used to argue the high tem-
perature bounds in Thms. 3,5 are a ‘V’ versus a \}
triangle as seen in Fig. 1, while in Thm. 4 the

empty graph is compared to a d'~¢-clique. The Figure 2: Two views of Emmentaler
low temperature obstructions of Thms. 3,4 com- cliques. Left: the base clique is the
pare a full d + 1-clique as Py to an ‘Emmentaler’ large grey circle, uncoloured circles rep-
clique (Fig. 2). These are constructed by divid- |egent the groups with no edges within
ing the d + 1 nodes into groups of size £+ 1, and (this is d,¢ > 1,d+1/i41 = 10); Right:
removing the ¢ + 1-subclique within each group. Emmentaler as the graph Ky 1001, 001
The graph can thus be seen either as a clique with (d=7,0=1).

many large ‘holes’ - corresponding to the deleted

subcliques - which inspires the name, or as the complete d+1/¢+1-partite graph on d + 1
nodes. Notice that in the Emmentaler clique we have deleted ~ d¢/2 edges. We will show
in §D that this is still hard to distinguish from the full clique for £ ~ d/10 - a deletion of
Q(d?) edges!

On Tightness Prima facie the above bounds suggest that one may find sample efficient
schemes in, say, GOF for s > /pd. However, it is our opinion that these bounds are actually
loose. Particularly, while the SNR terms are relatively tight, the behaviour of f(p,d,s) is
not. To justify this opinion, consider the setting of forest-structured graphs. By the same
techniques, we show a similar bound with f = p/s? for GOF in forests in §4.1 - this is the
best possible by the methods employed. For s > ,/p, the resulting overall lower bound is the
trivial n > 1 unless < (p/s?)'/2. On the other hand, [DDK19, Thm. 14] can be adapted
to show a lower bound for forests of Q(a™2 A a=*/p) for the particular case of s = p/2,
which is non-trivial for all @ < p~'/%. Our results trivialise for o« > p~1/2 for this case,
demonstrating looseness.

The reason for this gap lies in the lifting trick used to show these bounds. The tensorisation
step involved in this constricts the set of ‘alternates’ one can consider, thus diminishing
f. More concretely - there are about »*~pd/2 potential ways to add an edge (and O(pd)
to delete an edge), while the lifting process as implemented here restricts these to at most
O(pd). Tt is important to recognize this lossiness, particularly since most lower bounds, for



both testing and recovery, proceed via a similar trick, e.g. [SW12; Tan+14; SC16; GNS17;
NL19; CNL18§|. [DDK19, Thm. 14] is the only exception we know of. We conjecture that for
GQOF in Zy, f should behave like p?/s2, while for EQF, it should behave like p?/s. Note that
for GOF, since s can be as big as pd, this indicates that one should look for sample-efficient
achievability schema in the setting of s > pd°.

However, for simpler settings this technique can recover tight bounds. For instance, §4.1
presents a matching upper bound for testing of edge-deletion in a forest. Notice that in this
case there are only O(p) possible ways to edit. This raises the further question of if the same
effect extends to Zy, i.e., can deletion of edges in Zy be tested with O(1 V e2#?a=2(pd/s?))
samples when s > v/pd? §4.2 offers initial results in this direction in the high temperature
regime.

4 Testing Edge Deletions

Continuing on the theme that concluded our discussion of the tightness of our lower bounds,
we study the testing of edge deletions in two classes of Ising models - forests, and high-
temperature ferromagnets - with the aim demonstrating natural settings in which the sample
complexity of GOF testing of Ising models is provably separated from that of the correspond-
ing recovery problem.

In the deletion setting, we consider the same problems as in §2, but with the additional
constraint that if @Q # P, then G(Q) C G(P), that is, the network structures of alternates
can be obtained by dropping some edges in that of the null. For a class of Ising models 7,
we thus define

REoFdel(yy s F) = inf sup P (U(P,X")=1)+ sup Q%"(¥(P,X")=1),
v PeJ QEA(P)NT
G(Q)CG(P)

and, analogously define Rporde;, and the sample complexities ngor,del(s,J) and
NEoF,del (8, J).
We will look at testing deletions for two choices of J which both have uniform edge weights

o Forest-Structured Models (F(«)) are Ising models with uniform weight o such that
their network structure is a forest (i.e., has no cycles).

e High-Temperature Ferromagnets (% («)) are models with max degree at most d,
uniform positive edge weights «, and further such that there is an n < 1 such that ad <.

We note that while our motivation for the study of the above is technical, both of these
subclasses of models have been utilised in practice, and indeed are the subclasses of Z; that
are best understood.

4.1 Testing Deletions in Forests

Forest-structured Ising models are known to be tractable, and have thus long served as
the first setting to explore when trying to establish achievability statements. We show
a tight characterisation of the sample complexity of testing deletions in forests for large
changes, and also demonstrate the separation from the corresponding EOF (and thus also
SL) problem. In addition, we also show that for the restricted subclass of trees, essentially
the same characterisation follows for arbitrary changes (i.e., not just deletions), and that
the methods support some amount of tolerance directly. We begin with the main result for
testing deletions in forests (all proofs are in §C.1).

It is worth noting that degrees are not assumed to be explicitly bounded in this section -
i.e. the results hold even if the max degree is p — 1 (a star graph).



Theorem 7. There exists a constant C independent of (s,p,«) such that the sample com-
plexity of GOF testing of forest-structured Ising models against deletions is bounded as

1 p
oF (s, (o)) < Cmax ) 1, 20 5 ¢
nGoF del(s, F(a)) mx{ sinh2(0)52}

Conversely, for s < p/32e, there exists a constant C' independent of (s,p, «), such that

1 1 p
NGoF,del (8, F(a)) > max {1, O iniZa log (1 + ol )} ;

1
nEor aa (5, F(@) = = log ().
The upper bound is constructed by using the simple global statistic Tp = Z(i,j)eG(P) XX,
averaged across the samples. Again, the behaviour of the lower bound shifts as s crosses /p
- for larger s, it scales as 1V sinh~?(a)?/s2, while for much smaller s it is 1V sinh () log p.
Further, for large changes, the lower bound is matched, up to constants, by the achievability
statement above. For the smaller case, the same holds in the restricted setting of a < 1,
since exact recovery in F(a) only needs tanh™?(a)logp samples (Chow-Liu algorithm, as
analysed in [BK16]).? Finally, the EOF lower bound (which is also tight for o < 1, show

that the sample complexity of GOF is separated from error of fit (and thus SL) for large
changes.

Fig. 3 illustrates Thm. 7 via a simulation for testing deletions in a binary tree (for p =
127, = 0.1), showing excellent agreement. In particular, observe the sharp drop in samples
needed at s = 21 ~ 2,/p versus at s < ,/p ~ 11. We note that SLL-based testing fails for

all s < 60 for this setting even with 1500 samples (Fig. 4 in §C.3), which is far beyond the
scale of Fig. 3. See §C.3 for details.

Performance of our GoF test

&
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Size of changes (s)

Figure 3: Testing deletions in binary trees for p = 127, @ = 0.1. Entries are coloured black if risk
is > 0.35, white if < 0.15, and orange otherwise.

Testing arbitrary changes in trees The statistic .7 is good at detecting deletions in
edges, but is insensitive to edge additions, which prevents it from being effective in general
for forests. However, if the forest-models P and @) are restricted to have the same number
of edges, then J should retain power, since any change of s edges must delete s/2 edges.

This, of course, naturally occurs for trees! Let T (o) C F(«) denote tree-structured Ising
models.

2While the o < 1 regime is certainly more relevant in practice, it is an open question whether for larger
a, and for small s, the correct SNR behaviour is sinh™2 or tanh~2 in testing.
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Theorem 8. There exists a C independent of (p, s, a) s.t.

1 P
ncor(s, T(@) < Cmax (17 (1 — tanh(«))? sinh2(a) S_2> '

Conversely, there exists a ¢ independent of (p, s, ) such that

ngor (s, T(a)) > log (1 + g) :

¢ 2
tanh*(«)

Tolerant Testing The achievability results of Thm.s 7,8 can be made ‘tolerant’ without
much effort (see §C.1.3). ‘Tolerance’ here refers to updating the task to separate models
that are es-close to P from those that are s-far from it.

Concretely, let J be a class of Ising models, s, p,n as before, and let € € (0,1) be a tolerance
parameter. We set up the following risks of tolerant testing of s changes at tolerance ¢, and
of tolerant testing of deletion at the same levels, as

RE9F (n,s,e,J) = inf sup _sup 16®"(\If =)+ sup Q%(¥=0),,
U PeJ | PeA.,(P)enT QEA(P)NT

R (n,5,¢, 7) = inf sup sup PEM(U=1)+ sup  Q¥(¥ =0)
¥ PeJ | PeA.(P)°NT QEAL(P)NT
G(P)CG(P) G(Q)CG(P)

Analogously to §2, the sample complexities nté’(l)p (s,e,J) and nE’éF qe1(8, €, J) are the small-

est n required to drive the above risks below 1/4. Our claim in the above may be summarised
as follows.

Theorem 9. There exists a constant C independent of (s, p, a,€) such that

1 p 1

tol

e, F < Cmax<1, ) .
NGor, del (5 (a)) m X{ sinhZ(a) (1 — )25’ (1 — 5)25}

Further, if e < 1—-tanh(a)/2 then

tol 1 b 1
ridor(3,¢, T(0)) < Croax {1’ sinh®(a) (1 — 2¢ — tanh(a))?s?’ (1 — 2z - tanh(a))zs} |

The key point for showing the above is that the mean of the statistic .7 doesn’t move too
much under small changes - for 7 = tanh(«), changing s edges reduces the mean of Jp
by at most es7 in both cases, while changing > s edges reduces it by at least s7 for forest
deletion, and s7(1-7)/2 for arbitrary changes in trees. Comparing this upper bound in the
drop in the mean against the lower bound when > s changes are made (along with the
common noise scale of the problem) directly gives the above blowups in the costs of tolerant
testing. This should be contrasted with statistical distance based formulations of testing, for
which tolerant testing is a subtle question, and, at least in unstructured settings, requires
using different divergences to define closeness and farness in order to show gains beyond
learning [DKW18].

4.2 Testing Deletions in High-Temperature Ferromagnets

Testing deletions in ferromagnets is amenable due to two technical properties of the statistic
Ip = Z(i fHeap) X;X;. The first of these is that due to the ferromagneticity, deleting an
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edge can only reduce the correlations between the values that the variables take. Coupling
this fact with a structural result that is derived using [SW12, Lemma 6] yields that if
G(Q) C G(P) and |G(P)AG(Q)| > s, then Ep[Tp] — Eq[Tp]| 2 sa. The second technical
property is that bilinear functions of the variables, such as Jp, exhibit concentration in
high-temperature Ising models. In particular, using the Hoeffding-type concentration of
[Ada+19, Ex. 2.5], Zp concentrates at the scale O(y/pd) around its mean for all high-
temperature ferromagnets. With means separated, and variances controlled, we can offer
the following upper bound on the sample complexity, while the converse is derived using
techniques of previous sections. See §C.2 for proofs.

Theorem 10. There exists a constant C,, depending only on n and not on (s,p,d, a) such
that

d
nGor,del(sH ) () < G,y (0282 Vv 1> :

Conversely, there exists a ¢ < 1 independent of (s,p,d,a) such that if n < 1/16,s < cpd
then

c cpd® c cpd
(5, HJ(0) = 108 (14 L ) 6 (s, ) = o (14 27

Unlike in Thm. 7, the lower bounds above are not very clean, and so our characterisation of
the sample complexity is not tight. Nevertheless, we once again observe a clear separation
between sample complexities of GOF and of EOF and a fortiori that of SL. Concretely, our
achievability upper bound and the EOF lower bound show that for s > \/ﬁ , the sample
complexity of testing deletions is far below that of structure learning in this class. Further,
our testing lower bound tightly characterises the sample complexity for s > \/]ﬁ .

As an aside, note that unlike in the forest setting, it is not clear if 7 is generically sensitive
to edge deletions, since network effects due to cycles in a graph can bump up correlation
even for deleted edges. However, we strongly suspect that a similar effect does hold in this
setting, raising another open question - can testing of changes in the subclass of H!} with a
fixed number of edges be performed with O(a~2pd/s?) samples for large s? A similar open
question arises for tolerant testing, which requires us to show that small changes do not
alter the mean of Z too much.

5 Discussion

The paper was concerned with the structural goodness-of-fit testing problem for Ising mod-
els. We first argued that this is instrinsically motivated, and we distinguished this for-
mulation from GoF testing under statistical measures that has been pursued in the recent
literature. The main problem we studied was that of the sample complexity of GoF testing,
with a refined question asking when this was significantly separated from that of structure
learning. Alternatively, we can view this question as asking when testing via structure learn-
ing is suboptimal in sample costs. In addition, we considered the EoF estimation problem,
which serves as a proxy for approximate structure recovery, and also aligns with the focus
of the sparse DCE literature. We showed that quite generically, if the number of edge edits
being tested are small, then the GoF testing and EoF testing problems are not separated
from structure learning in sample complexity. This concretely rebuts the approach taken by
the sparse DCE methods, and instead suggests that algorithmic work on structural testing
should concentrate on large changes. In addition, we identified inefficiencies in our lower
bound technique, namely that the number of changes the constructions allow is too small,
which reduces the effectiveness of the lower bounds below the level we believe them to hold
(in that the bounds trivialise for too small an s, in our opinion). In order to demonstrate
that this is the only source of looseness, we demonstrated upper bounds for GoF testing in
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the deletion setting. This was helped by the fact that the deletion problem is much simpler
than full testing, because the relevant test statistic is pretty obvious for this case, while it is
unclear what statistic is appropriate to construct general tests. Along the way we controlled
the sample costs of generic testing in tree structured models, and showed that the same
tests easily admit some level of tolerance around the null model.

A number of questions are left open, and we point out a few here. From the perspective
of lower bounds, the chief is to remove the inefficiencies in our lower bound technique. As
a beginning towards this, it may be worth exploring if the methods used to show [DDK19,
Thm. 14] can be extended to deal with s < p changes. In addition, we note that while
the SNR terms in the lower bounds are relatively tight, there are still extraneous factors
that need to be addressed. Coming around to upper bounds, the main open problem is
that of constructing tests for degree bounded Ising models in the setting s = pd® for some
¢ > 0. Further, we ask if our bounds on testing deletions in high-temperature ferromagnets
can be extended to generic ferromagnets (which would require replacing the concentration
argument), or to generic changes in high-temperature ferromagnets (which would require
development of new statistics that are sensitive to edge additions et c.). In addition, can the
deletion result be extended to testing under the constraint the the null and alternate models
have the same number of edges (analogously to how the forest deletion results extend to
changes in trees), and can the deletion result be made tolerant?
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Appendices

A Appendix to §2

A.1 Proof of Ordering of Sample Complexities

The proposition is argued by direct reductions showing how a solver of a harder problem
can be used to solve a simpler problem. The main feature of the definitions that allows this
is that the risks of SIL and EOF are defined in terms of a probability of error.

Proof of Proposition 1.

Reducing EoF to SL: Suppose we have a (s — 1/2)-approximate structure learner with risk
0 that uses n samples. Then we can construct the following EOF estimator with the same
sample costs. Take a dataset from Q®"/,\ and pass it to the structure learner. With proba-
bility at least 1 — 4, this gives a graph G that is at most |s/2]-separated from G(Q). Now
compute G(P)AG (G(P) is determined because P is given to the EOF tester). By the tri-
angle inequality applied to the adjacency matrices of the graphs under the Hamming metric,
this identifies G(P)AG(Q) up to an error of (s —1)/2, and so, the EoF risk incurred is also

d. Taking 6 = 1/8 concludes the argument.

Reducing GoF to FEoF: Suppose we have a s-EoF solver that uses n samples with risk
J. Again, take a dataset from Q®", and pass it to the EoF solver, along with P. With
probability at least 1 — 4, this yields a graph G such that |GA(G(P)AG(Q)| < (s —1)/2.
But then, if G(Q) = G(P), G can have at most (s — 1)/2 edges, while if |G(P)AG(Q)| > s,
then G must have at least (s + 1)/2 edges. Thus, thresholding on the basis of the number
of edges in G produces a GoF tester with both null and alternate risk controlled by d, or

total risk 20. Taking 6 = 1/8 then finishes the argument. O
A.2 Proof of Upper Bound on ng;,

This proof is essentially constructed by slightly improving upon the proof of [SW12, Thm
3a)] due to Santhanam & Wainwright, which analyses the maximum likelihood scheme. We
use notation from that paper below.

Proof of Theorem 2. [SW12] shows, in Lemmas 3 and 4, that if the data is drawn from an
Ising model P € Z;4, and @ € Zy is such that G(P)AG(Q) = ¢, then

PON(Z(P) < 2(Q)) < exp (—nbr/8d),

where .Z(P) denotes the likelihood of P, i.e. if the samples are denoted {X(k)}ke[l:n]a then
ZL(P) =i, P(X®), and

sinh?(a/2)

_ (9,28d 112
k= (3e*"*+ 1) " sinh“(«/4) > 1028

Now, for the max-likelihood scheme to make an error in approximate recovery, it must
make an error of at least s - i.e., an error occurs only if .Z(Q) > .Z(P) for some @ with
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G(Q)AG(P) > s. Union bounding this as Pg. 4129 of [SW12], we may control this as
P(err) < i ((g)> exp (—nlk/8d)
- l=s ¢
pd €p2
< ; exp (f (10g 57 " nm/Sd))
pd €p2
< ;exp (f (logg - nm/Sd)) .

Now, if nk/8d > 2loger’/2s = 2log»/s +2(1 — log(2)), and if exp (—nsk/8d) < 1/2 then the
above is bounded as 2 exp (—nsk/8d), which can be driven lower than any 0 by increasing
n by an O(s™1log(2/4)) additive factor. It follows that

16d 2
nsi(s,2) < —— <1og% to4 0(1/5)) :

and the claim follows by expanding out the value of . O

B Appendix to §3

B.1 Expanded Proof Technique

This section expands upon §3.1 in the main text, including a treatment of the method used
for EOF lower bounds, giving an expanded version of Lemma 6, and a theorem collating the
resulting method to construct bounds. Some of the text from §3.1 is repeated for the sake
of flow of the presentation.

As discussed previously, the proofs proceed by explicitly constructing distributions with
differing network structures that are statistically hard to distinguish. In particular, we
measure hardness by the y2-divergence. We begin with some notation.

Definition A s-change ensemble in T is a distribution P and a set of distributions Q,
denoted (P, Q), such that P € T,Q C I, and for every Q € Q, it holds that |G(P)AG(Q)| >
s.

Each of the testing bounds we show will involve a mixture of n-fold distributions over a
class of distributions. For succinctness, we define the following symbol.

Definition For a set of distributions Q and a natural number n, we define the mixture

n _i N
@)= LS gon

QeQ

Consider the case of GOF testing, with the known distribution P. Suppose we provide the
tester with the additional information that the dataset is drawn either from P, or from a
distribution picked uniformly at random from Q, where (P, Q) for a s-change ensemble.
Clearly, the Bayes risk suffered by any tester with this side information must be lower than
the minimax risk of GOF testing. The advantage of this formulation is that the risks of
these tests with the side information can be lower bounded by standard techniques - basically
the Neyman-Pearson Lemma. The following generic bound, which is Le Cam’s two point
method [Yu97; IS12] captures this.
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Lemma 11. (Le Cam’s Method)

1
REF(n,5,7) > sup 1 - dry (@), P2") > sup 1~/ L log(1 + x2((@=m)[Por),
(P,Q) (P,Q) 2

where the supremum is over s-change ensembles in I.

Above, x2(||-) is the x2-divergence, which is defined for distributions P, Q as follows

dQ\?
(&)
00 ifQ &P

Note that generally the method is only stated as the first bound, and the second is a generic
bound on the total variation divergence which follows from Pinsker’s inequality and the
monotonicity of Rényi divergences. The y2-divergence is invoked becuase it yields a twofold
advantage in that it both tensorises well, and behaves well under mixtures such as (Q®")
above.

Ep -1 ifQkP

X (Q|P) =

For the EQOF bounds, more care is needed. Recall that the EOF problem only requires errors
smaller than s/2. To address this, we introduce the following.

Definition An (s', s)-packing change ensemble is an s-change ensemble (P, Q) such that
Q is an s'-packing under the Hamming metric on network structures, that is, for every

Q,Q' € Q,|GQ)AGQ")| > 5.

Clearly, if one can solve the EQF problem, one can exactly recover the structures in a (s/2, s)-
packing change ensemble. Thus, the following lower bound of Guntuboyina is applicable.

Lemma 12. [Gunll, Ezample I1.5]

! > gea X2 (Q|P)
RPF(n,s,T) > sup 1 — — — | =L 20 7
o 19 107

where the supremum is taken over (s/2,s)-packing change ensembles in T.

Note that |[Gunll] shows a number of lower bounds of the above form. We use the x?2-
divergence here primarily for parsimony of effort, in that the bounds on y?-divergences we
construct for the GOF setting can easily extended to the EQF case via the above.

Our task is now greatly simplified - we merely have to construct change ensembles such
that |Q| is large, and x?(Q|P) is small for every Q € P. Since it is difficult to directly
construct large degree bounded graphs with tractable distributions, we will instead provide
constructions on a small number of nodes, and lift these up to the whole p nodes by the
following lemma.

Lemma 13. (Lifting) Let Py and Qg be Ising models with degree < d on v < p nodes such
that |G(Py) AG(Qo)| = o, and x*(QF"||PS™) < an. Let m = |p/v]. For 1 <t < m/16e,

there exists a to-change ensemble (P, Q) over p nodes such that |Q| = () and

1 - (1) (m—t 2
2(QOMIPP") < )t a)t -1 <exp(—a, ) - 1.
YE((Q5™) | Pm) < (T)Z<k)<t—k)(( ra) -1 <exp (a
k=0

Further, there exists a (to/2,to)-packing change ensemble (P, Q) over p nodes such that
~ 2/ m\t/?
>Z2 (2

Q= t (Set)

and

VQ € QX3 (Q"|PP") < (1 +an)t — 1.
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We note that the proof of the above lemma constructs explicit change ensembles. We will
abuse terminology and refer to the change ensemble or the packing change ensemble of
Lemma 13.

The above Lemma requires control on n-fold products of two distributions. However, since
the y2-divergence is conducive to tensorisation, control for n = 1 is usually sufficient. The
statement below captures this fact and gives an end to end lower bound on this basis. The
statement amounts to collating the various facts described in this section.

Theorem 14. Let Py and Qg be as in Lemma 15. Suppose further that x%(Qol|P) < k.
Then for 1 <t < m/16e, where m = |p/v],

1 m
to.T) > — ] (1 —),
naor (t;Za) 2 2log(1 + k) og {1+ t2

1 m

op(to, Iy) > 1 ( ) .
neor(t0,2a) 2 53005108 Tz

The 4000 in the above can be improved under mild assumptions, such as if ¢ > 8, but we

do not pursue this further. We conclude this section with proofs of the main claims above.

B.1.1 Proof of Lifting Lemma

Proof of Lemma 13. Let Go, Hy be the network structures underlying Py, Qo, and Ag, By
be the weight matrices of Go, Hp. Recall that these are graphs on v nodes. Partition [1 : p]
into m + 1 pieces (mw1,m2,...,7m) = ([1 : v, [v+1: 2v],...[(m —1)v+ 1 : mv]) and
Tm+1 = [mv + 1 : p], the last one being possibly empty. We may place a copy of Gy on
each of the first m parts, and leave the final graph disconnected to obtain a graph G with
the block diagonal weight matrix diag(Ay, Ao, - .., Ao, 0). We let P be the Ising model on G.
For any vector v € {0,1}™ of weight ¢, let @ be the graph which places a copy of By on
m; for all i : v; = 1, and Ag as before otherwise. Note the block independence across parts
of 7 induced by this. Concretely, we have

P(X =) = [[ Po(n, = ) 2717000,
i=1

QX =2)=P(X =n)- ]] %

:vi=1

Now, let V, be the t-weighted section of the cube {0,1}™, and V] be a maximal ¢/2 packing
of Vt.

We let Q :={Qv,v € V;} and Q" :={Qv,Vv € V;}. Since (Fy, Qo) had symmetric difference
o, and since we introduce t differences of this form in Q, (P, Q) forms a to-change ensemble.
Further, Q' inherits the packing structure of V;, (P, Q') forms a (to/2,t0)-packing change
ensemble. Next note that Q| = (7}') trivially. Further, since |Q|' = V|, it suffices to lower
bound the latter to show that Q is as big as claimed. Since V} is maximal, its cardinality
must exceed the ¢/2-covering number of the t-section of the cube. But then, by a volume

argument,

i 't m\t __, [ 2em —t/2 mo /2
m e = gy 2 () 16

t/2

Vil >

where we have used ¢t < m/4.

Next, note that for any Qv € Q, and hence any Qv € Q', we have
Q"

P (X5 = (L x%(@5"1PE™)

L4+ Q| P5") = Epen [

Vi:1
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Finally,

n ny __ Q®"Q n
L+ X2((Q87)[Pe™) ZEP [anHX )
Q5™ 1
e 2, I e o)
< 1 Z (1+an)\{i:vi:v;:1}\

(T)2 v,v/ €V

Sl L

Finally, note that the final expression can be written as E[(1 + a,)”] where ¢ ~
Hyp(m,t,t). Since hypergeometric random variables are stochastically dominated by the
corresponding binomial random variables, we may upper bound the above by the moment
generating function of a Bin(¢,¢/m) random variable at (1 + a,) to yield that

LR (QIPO) < (14 (/m)(1-+a,) = 1)) < exp (). 0

B.1.2 Proof of Theorem 14

Proof. Tt is a classical fact that the y2-divergence tensorises as

Q" IPF™) = (1+Xx*(Qol| Po))" — 1
The reason for this is that due to independence, 1 + x2(Q"||P$™) amounts to a product
of second moments of relative likelihoods (Q/P) of iid samples.

Thus, since x?(Qol|Py) < K, we may set a, = (1 + )" — 1 in Lemma 13. Now, by LeCam’s
method (Lemma 11), we know that if Rgor(to) < 1/4 for a given n, then using ensemble
from Lemma 13, it must hold that

1 1 12
121—\/510g(1+exp<gan> —1)

= n>¥10 (1+T)
~ log(1+ k) & 2

Thus, the smallest n for which we can test to-changes in 7y must exceed the above lower
bound, giving the stated claim.

The EOQF claim follows similarly. Using the packing change ensemble from Lemma 13, and
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the lower bound Lemma 12, if the risk is at most 1/4 for some 7, then we find that

1 1 (1+a,)t—1
4 9] 18]

2
= (1+r)">1+|Q| <Z—|—$|>

2

1 ~ (3 1
> s 72 . - T =
on= tlog(l+ k) log | 19l (4 |Q|>

Now, since 1 <t < m/16e, we observe that

0> 2

t/2
- (ﬁ) > % 9t/2 > 95,

8et -

Thus, (3/4—1/13])2 > 1/9, and the term in the final log above is at least log |Q|/9, which in
turn is lower bounded by Lemma 13. Thus continuing the above chain of inequalities, we

observe that
= 10g(11+ k) % (% (k’g (51) - (210g(t/2)t+410g(3))>)

Finally, since log(z)/(x/2) < 1/e, we may —2(log(t/2) + 41log(3))/t > —5. Folding this —5
into the log gives 8e® < 4000 in the denominator. Finally, again, this tells us that the
infimum of the n for which the EOF risk is small is at least the above lower bound, yielding
the claim. O

B.2 Expanded Lower Bound Theorem Statements and Proofs

We give slightly stronger theorem statements than those in the main text, and give the
proofs of the claimed bounds. In all cases the proofs involve the use of Lemma 13 - we
describe which widgets are used, and what values of o, ¢ are needed. Then we simply invoke
Theorem 14 repeatedly to derive the results.

B.3 Thecased <s<cp

Proof of Theorem 3.

High Temperature Bound This is shown by using the Triangle construction of §D.1.1.
This construction amounts to ¢ = 1 and m = [p/3]|. Thus taking t = s, p = o, A =
and invoking both Proposition 21 and Theorem 14, we find that so long as p/6 > 16es, the

bounds .
p
(. T) > g (14 2.
Gor (5, Za) C tanh?(a)e—28 8 Cs?
and similarly

1 P
ngor(8,Z4) > ————5———log (= ) .
o (8, 7) C tanh?(a)e—28 5 (CS)

Low Temperature Bound Let Sd > logd. We show this for even d - odd d follows by
reducing d by one. We use the Emmentaler clique versus the full clique of §D.2.3 with ¢ = 1.
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This corresponds to o = d/2 and m = |p/d+ 1] > p/2d. Now take t = [2s/d] < 4s/d. Note
that the total number of changes is at least s and at most d/2[2s/d] < 2s. Notice that
t < m holds so long as s < p/K for some K > 400. Invoking Proposition 36 in the case of
w=a,\ = [, and then Theorem 14 with the stated m, o, t, gives us the bound

I 1 (p/2d)
o > log (14 —
MGoF = G2 min(1, pi2d*)e—2Pd—3) °g< T Usiay

e28(d—3) | ) 1 pd
> 5
~ C'd? min(1, p2d*) °8 ( to 32> ’

where the (d — 3) in the exponent arises as (d — 1) — 1 — ¢, and d — 1 occurs since we may
reduce d by 1 to make it even. Similarly

> e log (1 Lp
Mol = G g2 min(1, p2d?*) ©8 ( + 55) '

Integrating the bounds. We now note that if 8d < 3logd, then
e2B(d—3) 26

< .
d?min(1, 42d*) = tanh?(a)

Indeed, in this case, €2#(4=3) is bounded as d®, and so the left hand size is at most
d*min(1,a?d*)~! < a2, which is dominated by the right hand side.

On the other hand even if Sd > 3logd, we may still use the high temperature bound since
this is shown unconditionally. Thus, at least so long as we replace the pd/s? in the low
temperature bound by p/s?, we may take the maximum of the expressions in the above
bounds to get a concise lower bound - the low temperature term itself only becomes active
when fd < 3logd, in which case it is known to be true. The claim thus follows. O

B.4 The case cp < s < cpd'—¢

We first state the commensurate EOF bound -

Theorem 15. In the setting of Theorem /, we further have that

log (1 +de1_c).

S

1. If Oédl_c S 1/32 then NEOF 2 Cm

£2Bd(1—d™°)
2. If Bd > 4log(d — 4) then ngor > C

pd'—¢
d? min(1, o2d?) log (1 +c s )
Proofs of Thms. 4 and 15.
High Temperature Bounds Suppose s = pd' =% /K for any (, € (0,1]. We invoke the
widget of a full d'~<-clique as Qo versus an empty graph as Py, i.e. the construction
of §D.1.2. This corresponds to taking o = d?~2%° /2 4+ O(d), m > pd~(1=%)/2 and t =
|2sd~(272C0) || with the total edit made being at most 2s. Invoking Proposition 22 with
u = a, and then Theorem 14 gives the bounds on noting that

—(1—=Co) 3—3(
m > C pd ° = pd ’
t2 - (Sd—(2—2C0))2 52 ’
—(1—<o) 1—Co
P 2y~ O

and then finally setting (o > ¢ to derive the claim.
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Low Temperature Bounds Again fix a (5. We invoke the Emmentaler clique v/s full
clique widget of D.2.3, but this time with ¢ = d'~¢. This gives ¢ ~ d>~% /2, m = |p/d|
and t = [2sd~27%]. The bound now follows similarly to the above section upon invoking
Propositions 36 with A = 3, 4 = « and then Theorem 14 with the stated m,t,o. We only
track the terms in the log, which are

m pd_1 B pd3_240

22 = a

m pd =t _ pdlfc“

7= C(sd—(z—m) = s2 =

B.5 Proofs in the setting s < d

The catch in this section is that the Emmentaler clique construction of the proofs above can
no longer be employed, since setting even £ =1 in these induces Q(d) changes. We instead
turn to the clique with a large hole construction of §D.2.2.

Proof of Theorem 5.
High Temperature Bound This is the same as the high temperature bound of Thm. 3,
and that proof may be repeated.

Low Temperature Bound Suppose 8d > 3logd. We use the clique with a large hole
construction of §D.2.2 with the choice of £ = [y/2s]. This amounts to s < 0 = s+ O(y/s) <
2s, and m = |p/d|. We then simply set ¢ = 1 in Theorem 14. Now invoking Proposition
28, we find that

1 2B(d—1-2v/5)
1+£) e—)log(l—l-i)

oF 2 lo >
Gk = C\/ssinh?(a/5)e—28(d—1-2v/5) g( Cd/ = Cdb sinh® (/s Cd

and the same lower bound for nger since in this case m/t? = m/t = 1 (the d° is introduced
to make the following easy).

Integrating the bounds Similarly to the proof of Thm. 3, note that for fd <
3logd, e*#4d=6 < 1, allowing us to rewrite the low-temperature bound as the max ex-
pression in the theorem statement. Giving up space in the logarithm to p/s? A p/d then
yields the stated claim for GOF. For EQF, we follow the same procedure, but note that
since s < d, (p/s Ap/d) = p/d. O

C Appendix to §4

C.1 Testing Deletions in Forests, and Changes in Trees
C.1.1 Proofs of Lower Bounds

Proof of Lower bounds from Theorem 7. First note that n > 1 is necessary, since test-
ing/estimation with no samples is impossible. To derive the second term in the converse
for GOF and the converse for EOF, we plug in the single-edge widget of §D.1.4 with y = «
into Theorem 14. The widget corresponds to v = 2 and ¢ = 1. Thus, setting ¢ = s and
m = |p/2] > p/3, we obtain both the claimed bounds. O

C.1.2 Proof of Upper Bound of Theorem 7, and of Theorem 8

We give the proof for a > 0. The proof for o < 0 follows identically.
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We use u as a short hand for a pair (4,j) with ¢ < j, and set Z, = X;X;. We exploit two
key properties of forest structured graphs

1. For any u = (i,j), if nodes i and j are connected via the graph, then E[Z,] =
[Toepatn(u) tanh(0y), where for u = (i,j) path(u) is the unique path connecting i
and j. If ¢ and j are not connected, then E[Z,] = 0.

2. For any u # v, E[Z,Z,] = E[Z,]E[Z,], that is, the Z,s are pairwise uncorrelated.

The above are standard properties, and are shown by exploiting the fact that conditioning
on any node in the forest breaks it into two uncorrelated forests. See, e.g. [BK16] for proofs.

Proof of Upper Bound in Theorem 7. Recall the statistic 7 =3_,_, ZueG(P) Z! In, where

the outer sum is over samples. Suppose G(P) has k edges. Let 7 := tanh(a). We propose

the test
Null

T z (k—s/2)r.
Alt
Since the sum is over all edges in p, and since all edges have the same weight «, we note
that
Ep[g] = k.

Now consider an alternate Qa that deletes some A > s of these edges. Since a deletion of
an edge in the forest disconnects the nodes at the end of the edges (the path connecting two
nodes in a forest is unique, if it exists, and we’ve just removed that unique path by deleting
the edge),

Eg,[7] = (k—A)T.

Next, we consider the variance of the statistic. Due to uncorrelation of Z,s, under any forest
structured Ising model we have in the case of n =1

Var| 7] = Z (1 - (E[Z.))?,

uweG(P)

where we have used that Z2 = (+1)? = 1 always. Using the standard behaviour of variances
under averaging of independent samples,

1— 72 k(1 — 72
VarP@,n[y] = Z - — ( ~ )7
ueG(P)
1— 72 k(1 —7%) + Ar?
Va,rQ%n[y]: Z n + Z 1/n: 7
weG(P)NG(QA) ueG(P)\G(Qa)

Using Tchebycheft’s inequality, we then observe that for a given constant C' > 1, the follow-
ing hold with probability at least 7/8:

— 2
Under P®™: T >kr-C M,
n

k(1 —72)+ Ar?
= }

Under any QX": 7 < (k— A)7 + C\/

Thus, the test has false alarm and size both at most 1/8, irrespective of P and Qa, so long
as

_ 2 2 _ 2
MU= HAT oy < hr— oy FEZT)

n n

@—Aﬁ+c¢

25



Solving out the upper bound on (k — s/2)7 yields
s? X2
n > 5_2 (T - ),

while for the lower bound, since A > s, the same must hold if

E(1—72)+ A7
_— <

(k—A)7 + C\/ . (k—A/2)r,

which may be rearranged to

which in turn must hold if

n>402<1+ k(7’2—1)>,

52
where the final inequality again utilises A > s.

Thus, forests with k edges can be tested with risk at most 1/4 as long as we have at least

ko k, _
407 <1+S—2(T 2—1)> +1 < ' max <1,S—2(T 2—1)>

samples, where ¢’ < 8C? + 1 is a constant. Since forests on p nodes have at most p — 1
edges, replacing k by p yields an upper bound on the sample complexity of testing deletions
in forests.

Finally, since 7 = tanh(c), we note that 7=2 — 1 = sinh™?(«), concluding the proof. O

Some Observations

e While the above proof is for uniform edge weights, this can be relaxed with little change.
However, the above proof does strongly rely on the edge weights all having the same sign.
If this is not the case, then we may encounter edit the same number of positively and
negatively weighted edges, and the statistic 7 becomes uninformative.

e The statistic .7 similarly loses power in the general setting of testing both additions and
deletions in forests. This is because while the variance remains controlled as k(1—72), the
means under the alternates may not move if the only changes being made are additions.

e On the other hand, if we consider testing only of full trees, i.e. P such that G(P) has
the full (p — 1) edges, and further the altered @ are also trees, then something interesting
emerges - at least in the setting of uniform weights. Since at least s edges were changed
from G(P) to G(Q), and one cannot add an edge to G(P) without introducing a cycle,
it must be the case that G(Q) effects at least one edge-deletion for every edge it adds,
and so it must make at least > s/2 deletions. In this case, the statistic discussed above
is powerful. This, of course, was the point of Theorem 8 in the main text, which we are
now ready to prove

Proof of Upper Bound from Theorem 8. Assume that o > 0. The proof proceeds simi-
larly for o < 0. We use the statistic .7 from the proof of the upper bound of Thm. 7
above, and also reuse the notation of 7, A and Qa from the above. The claim relies on
the above observation that if A edges are changed, then at least A/2 > s/2 edges must
be deleted.

26



In this case, the mean and the variance of .7 under P remain unchanged. On the other
hand, under Qa, for any edge u € G(P) that was deleted in G(Qa), we must have
|Eqa [Zu]] < 72, since the distance between the end points of these edges is now at least
2. Further, since G(Q) is a tree, the variance of the statistic under Qa (for n = 1) is

VarQA[ﬂ] = Z (1_EQA[ZU]2)
uweG(P)
p—1-A)1-71H+A
— (p= 11— %) + A2,

IN

At this point the argument from the earlier proof of Thm. 7 can be used. The test needs
to be updated to declaring for the null only when 7 > (p — 1)7 — s7(1 — 7) /4. O

We conclude by showing the lower bound in Theorem 8. This requires a mild departure
from the previously discussed lower bounds, in that the lifting trick is not applicable
- this fundamentally constructs disconnected graphs, while trees need to be connected.
However, pretty much the same approach is used.

Proof of the Lower Bound from Theorem 8. We use Le Cam’s method, as before. The
construction is as follows: Let p be odd, and let m = (p — 1)/2. Take P to be the Ising
model with uniform weights « on the graph with the edge set

G(P)={(p,i):i€[l:m]}U{(i,m+i):i€[l:m]}.
This is a ‘two-layer star’ - one node is singled out as central. Half the remaining nodes

are incident on it, and the other half are each incident on one of these ‘inner’ nodes.

Let t = [s/2], assumed smaller than m. For each S C [1 : m] such that |S| = ¢, we define
Qs to be the Ising model with uniform weights « on the following graph

GQs)={(p,i):ie[l:m]\StU{(p,m+1)::€ SU{(i,m+1i):i€[l:m]}.

In words, Qg detaches node 4 from node p and attaches node (m + ) to node p for i € S,
thus switching some of the inner nodes to being outer and vice versa. Notice that in
total, 2|S| = 2t € {s, s + 1} edges have been changed.

We directly argue that for P as defined above, and Q@ = {Qgs : S C [1: m],|S| = t}, it
holds that

t2
x> ((Q®™), Pe") < exp (— (14 2tanh® )™ — 1)) —1.
m
This, along with Le Cam’s method implies the claim upon noting that m/t?> > 2(p —
1)/(s + 1)? which is in turn larger than p/s? for s > 4,p > 9.
Let us proceed to show the above claim. By direct computation,

1+ x> ((Q®™), Po™) = |Q1|e szs: (EP [%])n

We invoke the following calculation

Lemma 16.
Qs(X)Qs(X)

2 _\[SnS
EP{ PX)? ] < (1 + 2tanh? o)5751,
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Let ¢ := (1 4 2tanh?(a))”. Plugging the above result into the expression for the -
divergence, we find that

1+X2 (<Q®">,P®" S e Z<P|SHS|

3 (k) (T_‘k) K

_ (1+ (o~ 1)>t < exp (gw— 1)> ,

where we have used the fact that Q is parametrised by all subsets of size ¢ of a set of
size m, and then proceeded similarly to the proof of the first part in Lemma 13, with
S being a (m,t,t)-hypergeometric random variable, and % being a (t,t/m)-binomial
random variable. It remains to show the above Lemma, which is argued below. O

Proof of Lemma 16. Notice that

1
P(z) = 57 cosh?~ 1( ) exp <a (xp sz + szme))

i€Se €S

Where the partition functions are directly calculated. As a consequence,

P cosh?™ Qs(X)Qs(X)] _ op  qr- Qs()Qg(x)

= Z exp | a | zp Z x; + Z TiTm+i
xr

i€(SuS)e e(suf)e

xexp | a |z, E Tm4i + E TiTom+i
i€eSnS i€SAS

xexp |a|z Z (2%mti — i) + Z TiTmi

iesns iesns

Observe that upon fixing a value of z,, the product above completely decouples into m
groups over (Z;, Tm;), which can then be summed separately. Indeed,

2P cosh? ! (a)Ep [C)?S(Xi] Z H Z exp ((@p®i + TiTmi))

P
( Zp ze(SUS)C Li,Tm+i

X H Z exp ((TpTmti + TiTm+i)

i€SAS \TiTm+i

X H Z exp ((Tp(2Tm—+i — i) + TiTm—ti)

i€SNS \TirTm+i
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There are three types of i - those that lie in neither of S, S, those that lie in only one of
these, and those that lie in both, which is how the above has been separated. We will
explicitly compute the sum over (x;, ,,+;) for each type separately.

1.ie(SuS)-:

Z exp ((@p@; + TiTmei)) = e elep=l) 4 galmmp=l) 4 pal=eptl)

Ti,Tm+i
= 2e“ cosh(ax,) + 2™ cosh(azx,)

= 4 cosh?(a),

where we have utilised the fact that x, € &1, and that cosh is an even function.

2. i € SAS: This case is very similar to the above:

S exp(a(@pTmti + Timsi)) = 2@t 4 cal-a=D) 4 aler=1) 4 pal=ept1)

Ty Tm+1
= 4 cosh?(a)
3. Finally, fori e SN S,
> exp (@ 2rmii — i) + Tim i) = e 4TI 4 golBrpm) p pamap D)
Ty Tm+i

= 2(e” cosh(a) + e~* cosh(3a)),

Plugging the above calculations in, we find that

QS(X)Qg(X)] -y (4 cosh? @) (SUS“IHISASI (2(e cosh(ar) + e cosh(3a)))ISS]

er { P(X)? 27 cosh? ™! (av)

(2 cosh(a))2(m= 15081 (2(e* cosh(a) + e~ cosh(3a))) 157
2v cosh? ! (a)
B (eo‘ cosh(a) 4+ e~ * cosh(3a) ) IS0
B 2 cosh?(a) ’

where we have used the fact that (S U S)¢, SAS, SN S form a partition of [1 : m], and
that 2m =p — 1.

To finish, we observe that
Q20 4 o—dr _ =20 _
2
o e(Bx) +e73% — (e 4 e77)
2
= e~ *(cosh(3z) — cosh(x))

= e %(4 cosh®(z) — 3 cosh(z) — cosh(z))
= 4e~% cosh(z)(cosh?(x) — 1)
< 4sinh®(z),

e® cosh(z) + e % cosh(3z) — 2 cosh? () =

where the final relation uses z > 0. O
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C.1.3 Tolerant Testing of Forest Deletions, and of Trees

Proof of Theorem 9. We repeatedly reuse the notation from the proof of Theorem 7 above.

For the forest deletion setting, suppose |G(P)| = k, and let Pa, be such that it’s network
structure is a deletion of most Ay < es edges from G(P). It follows from the mean and
variance calculations before, that, for any A > s,

Elgggn [T] = (k— Ag)T > (k—es)T,

> (k
_ 72 2 _ 2 2
Var~®n[9]=k(1 7°) + AT <k(1 ) + AT .
PAO n

n
Consider the test which rejects the null hypothesis when 7 < (k — 1—?5)7’ Comparing the
above to a Qa as in the proof of Theorem 7, and proceeding as in it, we find that the risk
is appropriately controlled so long as the following relations hold for every Ag < es, and
A > s, where C is an absolute constant:

n>C 5
(4555 — Ao)

. Ck(7'72 -1+ A
- 1)

The right hand sides of the first and second equations above respectively increase and
decrease with Ay and A. Thus, setting Ayg = s and A = s, and taking the maximum
possible k£ = p tells us that the conditions will be met so long as

(p —1)sinh2(a) + s
(1—¢e)2s?

n > 4C

For the tree case, the same argument follows but with a small change - in the null case, a
change of Ay edges can reduce the mean of .7 by Ag7, but in the alternate, there may exist
changes of A edges which only drop the mean of .7 by A/2(7 — 72). Thus, we use the test

Null 142
Tz -1 —- + Ssrt o2
AlL. 4 4

Continuing similarly, and keeping in mind that the variance of 7 after A changes is at most
(p—1)(1 — 7%) + A72, we find that risk of the above test is controlled so long as for every
Ag < es, and for every A > s, the following relations hold

% p(r 2 1)+ A

52 (1426 — 7 — 40y /s))?

C p(r72—1)+A

s2 (2A/s(1 —7) — (1426 — 7))°

3
v

It is a matter of straightforward computation that if ¢ < 17777 then the right hand sides
of the first and second inequality above respectively increase and decrease with Ay and A.
Thus, setting Ag = es and A = s, the above holds if

. c - (p(T‘z—l)Jr})' -

“(1l-2—71 s2 s
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C.2 Testing Deletions in High-Temperature Ferromagnets

C.2.1 Proof of achievability

Proof of the upper bound of Theorem 10. We follow the strategy laid out in the main text.
The proposed test statistic is 7 ({X®}; P) := E[Z(z,;)eG(P) X, X;], where the {X®} are

the samples, and E indicates the empirical mean over this data. Concretely, the test is to

threshold 7 as
Null

T 2z EplT] - Csa,
Alt.

where C' the constant left implicit in Lemma 17.

The analysis relies on two facts:

Lemma 17. Let P,Q € H}(«), and G(Q) C G(P), with |G(P)AG(Q)| > s. For every
n < 1, there exists a constant C > 0 that does not depend on (p, s, «) such that

Ep[7] —Eql7] > 2Csa.
Lemma 18. For any P,Q € H)(«), which may be equal,

Varg | Y XiX;| < Cypd,
(i.5)€G(P)

where Cy, may depend on 1, but not otherwise on (p,d, s, ).
Applying the variance contraction over n independent samples, we find via a use of Tcheby-

cheff’s inequality that the following event have probability at least 1/8 for the respective
hypotheses:

8pd
Null: 7 >Ep|T] - Oy 22,
n
8 d
Alt: T <Ep|T] - Csa+ O,y 22
n
Thus, taking n so large that C'sac > (), Sp 4 the false alarm and missed detection proba-
bilities are both controlled below 1/8, yieldmg the claimed result. O

It of course remains to argue the above lemmata. These are both essentially utilisations of
existing results.

Proof of Lemma 17. We use the fact that in ferromagnetic models, the correlations be-
tween any pair of nodes increases as the weights increase (or contrapositively, if weights
are deleted, then correlations must decrease). This is classically shown via (a special case
of) Griffith’s inequality [Gri69], which claims that for any w, v, 4, j, in a ferromagnetic Ising
model, E[X, X, X;X;] > E[X,X,]E[X;X;]. This is relevant here due to the fact that

09, Ep, [XuXy] = 0,; — Z quxv exp <Z ¢ Xt>

s<t
A 7 quxvxlxj exp <Sz<t 05t X s Xt>
<Z Ty Ly EXP <Z 04t X Xt>> (Z Ty Ty €XP <Z 05 X Xt>>
s<t s<t
=E[X, X, X;X;] - E[X, X, ]E ;1 >0
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Above, equality (a) is a consequence of the quotient rule, and the fact that Z, =
Soexp (X oy Oswsmy).

Next, we utilise the following structural lemma, due to Santhanam and Wainwright. While
we cite it as a variation on their Lemma 6 below, more accurately this arises via a correction
of a subsidiary part of the proof of the same lemma. In particular, we are utilising a corrected
version of the unlabelled inequality on Page 4131 that follows the inequality (51), with
further specialisation to the high-temperature deletion with a uniform edge weight context.

Lemma 19. (A variation of Lemma 6 of [SW12|) Let P € H/(c), and Q be obtained by
removing the edge (a,b) from P. Then
o

Ep[XoXp] — Eq[XX3] > 100°

With this in hand, we develop our result by arguing over each deleted edge in a sequence.
For a given P and @, such that @ occurs by deleting A > s edges from P, take a chain
of laws P = Qo,Q1,Q2,...,QA = @, where each Q¢4 is obtained by deleting one edge
from Q. Let (i¢4+1,Ji4+1) be the edge deleted in going from Q; to Q41 Since each model is
ferromagnetic, and each Q41 deletes an edge from @, we find that

EQt Z X X - EQt+1 Z XlXJ > EQt [Xlt+1XJr+1] - EQt+1 I:XZP+1'X]t+1}
(5,)EG(P (4,)EG(P)
@
> —.
— 400
Summing up the left hand side over t = 0 to A — 1 leads to a telescoping sum, while A > s
copies of the right hand side get added, directly leading to our conclusion

Ep| >, XX;j|- Eo| Y XX,
(1.5)€G(P) (i.1)€G(P)

=Eq, | Y, XiX;|-Eq. > XX

(i.5)€G(P) (i,J)€G(P)
A—1
=> Eo | > XiX;| —Eq,, XX
t=0 (i,5)€G(P) (1,5)€G(P)
. o o
>V oA > O
= 22400 400 ~ 400

To complete the proof, we prove the key lemma used in the above argument.

Proof of Lemma 19. We note that this proof assumes familiarity with the proof of Lemma 6
of [SW12|. The main reason is that the proof really consists of fixing an equation in the proof
of this result, and then utilising the ferromagnetic properties a little. As a result, there is
no neat way to make this proof self contained (reproducing the proof of the aforementioned
lemma is out of the question, since this is a long and technical argument in the original
paper). With this warning out of the way, let us embark.

Let da and 9b be the neighbours of, respectively, ¢ and b in G(P) (which, since G(Q) only
deletes (a,b) from G(P), contain all the neighbours of a and b in G(Q) as well).

Before proceeding, we must first point out a (small) error in the proof of Lemma 6 in [SW12].
The clearest way to see this error is to note the inequality following equation (51) in the
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text, which claims that if (a,b) € G(P)AG(Q), then some quantity (J in the paper) known
to be positive is upper bounded by

J< Y ({Ep—Eg}XuXa)(0F, —02)+ > ({Ep—Eq}XuXu))(0F, — 03).
ueda\{b} vedb\{a}

Note that we have specialised the above to the case where G(Q) C G(P). Now, observe than
when the only change made is in the edge (a,b), then the above upper bound is 0. Indeed,
0F = 02, for every u € 9a \ {b}, since none of these edges have been altered, making
the first sum 0, and similarly the second, contradicting the claim that the sum is bigger
than J (which is positive). The error actually lies a few lines up, in the decomposition
for the term A(6,6’), which along with the claimed terms, should also include the term
({Ep — Eq}[Xa X)) (05, — Hab) which is missing from the text of [SW12]. This term is
present since the Py, and Py[,] are, of course, laws on X, and Xp, and thus have 95b33a:1:b

and 9(%:6(1:61, in the Ising potentials.? Putting this term back in, the correct equation is that

k< ({Ep - EQ}XXGDO5 - 03) + D ({Ep —EQ}XuXu])(0), - 63,)
u€da\{b}

+ Y. ({Ep —EQ}X, X)) (0, — 05,),
vedb\{a}

where k is the lower bound on J, that is (specialised to our case of uniform weights),

_ sinh*(a/4)
1+ 3exp(ad)’

We note that the conclusion of Lemma 6 of [SW12] is not affected by the above error®.

With this out of the way, we may now argue our point. In our case, we know that since
only the edge (a,b) has been altered, the second and third terms in the updated sum are 0.
Further, we know that 9ab =a >0, and 9(% = 0. Thus, we conclude that

Ko sinh? ov/4
a — a(l+3exp(2ad))

Ep[XoXp] — EqQ[XoXp] >

Finally, we use our high temperature condition. Firstly, note that ad < n < 1, and thus
(1 4 3exp (2ad)) < 1+ 3e? < 24. Next, since sinh(z) > x, sinh®(a/4) > o?/16. Putting
these together, we find that

2
0?16 _ a  a R

>
Ep[XoXs] =EolXaXol 2 757 = 357 2 700

Proof of Lemma 18. We directly utilise the concentration result [Ada+19, Ex. 2.5], which
shows that for bilinear forms f(X) = (A, XX "), where the inner product is the Frobenius
dot product, and for a high temperature Ising model P, there exists a C,, depending only
on 71 such that®
t
P(If ~E[f]| > 1) < 2exp <——> .
CollAllr

Via the standard integral representation E[(f — E[f fo (|f = E[f]|*> > r)dr and

the above upper bound, we directly obtain that the variance of any f such as the above is
bounded by 3| A||%C?.

3note however that exactly one of GP and GQb is zero, since (a, b) lies in one but not the other graph.
4The expression 2ad maXye{a,b},veV |Huv — u,.| already accounts for the extra term we add, since it
allows us to take u = a,v =b.
5Instead of the Frobenius norm ||A||r, the bound of [Ada+19] features the Hilbert-Schmidt norm of A.
These are the same thing for finite dimensional operators.
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Now, out statistic is a bilinear function of the above form. Indeed,

> XiX;=(G(P)/2,XX "),
(1,4)€G(P)

where we treat G(P) as it’s adjacency matrix, and thus we immediately obtain that the
variance is bounded by 1.5C7||G(P)||%. Notice that |G(P)||% is merely twice the number of
edges in G(P), and since this has degree at most d, this number is at most 2pd. The claim
follows. O

C.2.2 Proof of Lower Bounds

The lower bounds are argued using Thm. 14, with the widget(s) that consist of comparing
a full clique to an empty graph, which of course satisfy the constraint that the alternate
models are derived by deleting edges from the null graph. Concretely, we use the bound of
Proposition 23, to show the following result

Proposition 20. Suppose s < pd/K for large enough K and ad < n < 1/32. Then there
exists a C' independent of all parameters such that

1 pk3
neor (8, Ha(a) 2 o/ Kpek<d Ch2a? log (1 * @) ’

1 pk
JH! > ——1 14+ =,
nGordel(s; () = o/ Kpek<d Ch2a? Og( + Os)
where the maximisation is over integers k > 2 in the stated ranges. In particular, the bounds
in the main text correspond to taking k = d.

Proof. The proof relies on the fact that if ad < 1/32, then ok < 1/32 for any k < d as well,
which allows us to utilise Prop. 23 for each k. For each valid choice of k, we take Py to be
the Ising model on the complete graph on k nodes with uniform edge weight «, and Qo to
be the Ising model on the empty graph on k nodes. The relevant quantities are ¢ = (g),
m = |p/k], and t = [s/ (g)], with the total number of changes lying between s and 2s.
Repeated use of Thm.14 concludes the argument. O

C.3 Simulation Details

Details about the generation of Figure 3 are as follows:

e Sampling from Ising Models Samples from Ising models were generated by running
Glauber dynamics for 1600 steps. This number is chosen to be four times the ‘autocorrela-
tion time’, which is the time at which the autocorrelation of the test statistic (X X', G)/2
drops to near 0, and serves as a proxy for the mixing time of the dynamics (at least for
the relevant statistics). Note that raw samples were outputted from the dynamics (i.e.,
we did not take ergodic averages).

e Constructing Ps and (s Throughout, P was the Ising model on a complete binary
tree on 127 nodes. For each value of s and each experiment, s random edges from this
tree were deleted.

e Experiment Structure For each value of s € {3,6,...,60} and n € {20,40,...,480},
we carried out a simulation of the GoF testing risk of our statistic for s deletions using
n samples. We refer to each of these as an experiment. Each experiment was carried
out by running 100 independent tests (on independent data), which each consisted of two
parts - first we generated samples from P, and declared a false alarm if .7 fell below
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Reconstruction Error (|G(P)AG|) for the Chow-Liu Tree
for the Ising model on a binary tree (p = 127,a = 0.1)

0 w0 w0 100 10 1w 200 2a0 200 3000
Number of Samples (n)

Figure 4: Reconstruction Error of the Chow-Liu Tree for the Ising model on a complete
Binary Tree with p = 127, = 0.1.

(p — 1 — s/2)tanh(a) for this. Next, we generated a @ by deleting s edges, and then
generated samples from @, and finally declared a missed detection if .7 was above the
same threshold. Risks were computed by adding up the total number of false alarm and
missed detection events in these 100 runs, and dividing them by 100.

e Structure of Figure 3 Each box in the figure corresponds to a simulation for s changes
and n nodes, where (s,n) are the coordinates of the upper right corner of the box. The
boxes are coloured according to their empirical risk - if this was greater than 0.35, then
the box was coloured black; if smaller than 0.15, then coloured white, while if it was
between these values, the box was coloured orange.

Additionally, we note that structure learning performs very poorly for this setup. This is best
illustrated by the Figure 4, which shows the number of edge-errors (i.e. |G(P)AG|) versus
the sample size when the Chow-Liu algorithm was run on data generated by the null model
(i.e., the full binary tree). The Chow-Liu algorithm was run by computing the covariance
matrix, and computing the weighted maximum spanning tree for it via the library methods
in MATLAB. The number of errors is again averaged over 100 trials. This demonstrates
that the naive scheme of recovering the graph and testing against it is infeasible for s < 60 if
n < 1500, empirically demonstrating the separation between structure learning and testing.

D Widgets

As discussed in the previous section, we will utilise Lemma 6, in order to do which we
need to provide specific instances of (Py, Qo) that are close in x2-divergence. We will abuse
terminology and call this pair an ensemble. This section lists a few such pairs of graphical
models, along with the y2-divergence control we offer for the same, proofs for which are left
to §F. Throughout, we will use A and p as weights of edges, with A > |u| > 0. I the proofs
of the theorems, we will generally set A = 8 and p = «a, but retaining these labels aids in
the proofs of y2-divergence control offered for these widgets.

D.1 High-Temperature Obstructions
The following graphs are used to construct obstructions in high temperature regimes. The

first is the triangle graph, as described in §3.1. The second is a full clique in high tempera-
tures. The latter section is derived from the bounds of [CNL18].
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D.1.1 The Triangle

We start simple. Let Pryjangle be the Ising model on 3 nodes with edges (1,2) and (2, 3),
each with weight A, and Qrriangle be the same with the edge (1,3) of weight p appended
(see Figure 5). The bound below follows from an explicit calculation, which is tractable in
this small case.

2 2

GU Gl

Figure 5: Ensemble used for Proposition 21

Proposition 21. For A > |u| > 0,

X2(QTrianglc||PTrianglc) S 8672>\tanh2 M.

D.1.2 Full Clique versus Empty Graph

[CNL18] shows the remarkable fact that high-temperature cliques are difficult to separate
from the empty graph. We present this result below.

Proposition 22. Let P be the Ising model on the empty graph with k nodes, and let QQ be
the Ising model on the k-clique, with uniform edge weights . If 32uk < 1, then

V(QIIP) < 3k*p?.

In the notation of [CNL18], this is the bound at the bottom of page 22, instantiated with
G = G’ and the R, B, T values as determined in the proof of Example 2.7.

We will also utilise the following reversed y2-divergence bound. This is not formally shown
in [CNL18], and thus, we include a proof of the same, using the techniques of the cited
paper, in §F.2.5.

Proposition 23. Let P be the Ising model on a cliqgue on m nodes with uniform edge weights
wu, and let Q be the Ising model on the empty graph on m nodes. If 32um < 1, then

X*(QIIP) < 8(um)*.

D.1.3 Fan Graph

This widget is not required for the main text, although it may serve as a more involved
construction to show the bounds of Thms. 3 and 5. Its main use is in Appendix E.2, where
it is used to show an obstruction to testing of maximum degree in a graph.

Generalising the triangle of the previous section, we may hang many triangles from a single
vertex, getting a graph that resembles an axial fan with many blades. Using such a graph,
we may demonstrate high-temperature obstructions to determining the maximum degree of
a graph.

Concretely, for a natural B we define a fan with B blades to be the graph on 2B + 1
nodes where, nodes [1 : 2B] are each connected to the central node 2B + 1, and further, for
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i € [1: B], nodes 2i and 2i — 1 are connected. We call the edges incident on the central
node (B + 1) axial, and the remaining edges peripheral.

Treating ¢ as a parameter, the Ising models Py ran and Q¢ ran are determined as followed:

® (Q¢.ran Places a weight A on each peripheral edge, and a weight of 1z on each axial edge.

® P pan ‘breaks in half’ ¢ of the blades in the graph - concretely, for i € [1 : £], we delete
the edges {2i — 1,2B + 1}.

Axial Edges
wlphoml EdU
Figure 6: The Fan graphs for P pan (left) and Qg pan (right) in the setting B =4, ¢ = 2.

Viewing P as the null graph, note that in @ we have added an excess of ¢ edges, and
increased the degree of the central node from 2B — ¢ to 2B. The fan graph serves as a
high-temperature obstruction to determining the maximum degree of the graph underlying
an Ising model via the following claim.

Proposition 24. For { < B, if A\u > 0, then

_ ¢
X2 (Qe pan || Peran) < (14 162  tanh® p) — 1.

D.1.4 Single Edge

This construction is possibly the simplest, and is used to show the lower bound in Thm. 7.
We consider the two possible Ising models on two nodes - P is the one with an edge, of
weight p, while @ has no edges. The characterisation is trivial, and we omit the proof.

Proposition 25. x%(Q|P) = sinh?(y).

D.2 Low-Temperature Obstructions via Clique-Based Graphs

The computations in this and the subsequent cases are rather more complicated that in the
previous case, and will intimately rely on a ‘low temprature’ assumption. The basic unit is
that of a clique on some d + 1 > 1 nodes, in the setting of temperature Ad > logd.

The intuition behind these is rather simple - Ising models on cliques tend to ‘freeze’ in
low temprature regimes, i.e. the distribution concentrates to the states +(1,1,...,1) with
probability 1 — exp (—(3d))) for Sd > 1. This effect is fairly robust, and dropping or
adding even a large number of edges does not alter it significantly. Thus, one has to collect
an exponential in Sd number of samples merely to obtain some diversity in the samples,
which will be necessary to distinguish any of these variations of a clique from the full thing.

While generic arguments can be offered for each of the settings below on the basis of the
above intuition, these tend to be lossy in how they handle the effect of very low edge
weights. To counteract this, we individually analyse each setting, and while the arguments
have structural similarities, the particulars vary.
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It is worth noting that our bounds rely on below diverge from the classical literature in
the low temperature condition we impose. We generally demand conditions like 8d > logd,
while most other lower bounds demand that Sd > 1. This extra room allows us to tighten
the exponents in the sample complexity bounds as opposed to previous work, but has the
obvious disadvantage of reduced applicability. We note, however, that in most settings,
this only yields a lost factor of d in the resulting bounds, and frequently not even that.
Functionally, thus, there is little to no loss in the use of this stronger low-temperature
condition.® A similar notion of low temperature has appeared in e.g. [Bez+19].

D.2.1 Clique with a deleted edge

This calculation is the simplest demonstration of our bounding technique, and all following
settings are analysed in a similar way. While it is superseded by the section immediately
following it, the bound is thus important for the reasons of comprehension if nothing else.

We consider graphs on d+1 nodes, and let Pciique be the Ising model on the complete graph
on d + 1 nodes, with edge (1,2) of weight p, and every other edge of weight A. Qciique is
formed by deleting the edge (1,2) in Pciique Note that such underlying constructions feature

Figure 7: The clique with uniform weight A barring one edge, and the same edge deleted.
Here d = 4.
in nearly every lower bound on structural inference on degree bounded Ising models.

With the exposition out of the way, we state the bound below.

Proposition 26. Suppose A\d > logd. Then

XQ(QCquuc”PCliquc) < 16e~22Md=1) ginh? 73

D.2.2 The clique with a large hole

To allow for a greater number of changes, we modify the previous construction by removing
a large subclique from the K441 used above, instead of just one edge. More formally, for
some ¢ < d/8, let K, be the complete graph on nodes [1 : £]. We set Py clique to the the Ising
model on K441 such that the edges in K, have weight u, and all other edges have weight
A, while Q¢ ciique instead deletes the edges in K,;. Note that as a conseuquence, we have
effected a deletion of ~ ¢2/2 edges from the original model.

Proposition 27. If{+1<d/8, A > |u| and Ad > 3logd, then

XQ(QK,Clique”PZ,Clique) S 32[6725(d+17€) Slnh2(ﬂ(€ - 1))

6This effect is linked to the concentration of the Ising model on the clique we mentioned before. Notice
that the probability of a uniform state is as 1 — exp (—Q2(8d)). For this to be appreciable, i.e., at least
polynomially close to 1, a condition like Sd = Q(logd) is in fact necessary.
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Note that the bound of the previous subsection (up to some factors) can be recovered by
setting £ = 2 in the above.

Control on the y2-divergence with P and @ exchanged is also useful.
Proposition 28. If{+1<d/12, A > |u| and A\d > 3logd, then
X2 (Pr,clique| Qe,clique) < 64Le ™2 1=0ginh?(2u(¢ — 1)).

D.2.3 Emmentaler Clique

As a development of the Clique with a large hole, we may in fact put in many large holes,
leading to a pockmarked clique reminiscent of a Swiss cheese. Concretely, let £ be a number
such that B :=d/(¢{ + 1) is an integer. We define a graph on d nodes in the following way:
Divide the nodes into B groups of equal size, V1,...,Vp. Form the complete graph on d
nodes, and then delete the £+ 1-sublique on V; for each . Note that equivalently, the graph
above is the complete symmetric B-partite graph on d nodes. The graph effects a deletion
of ~ dl/2 edges from a clique.

Q A D
@
90 L

Figure 8: Two views of the Emmentaler cliques. The left represents the base clique as the
large grey circle, while the uncoloured circles within represent the groups V; with no edges
within (this should be viewed as ¢ > 1, B = 10). This view is inspiration for the name. On

the right, we represent the Emmentaler as the graph Kyy1 ¢41,..¢+1 - hered=8 and £ =1
is shown.

The key property of the Emmentaler is that it still freezes at a exponential rate, and it has
sufficient ‘space’ in it to accommodate significantly more edges. In particular, the graph is
regular and the degrees of each node are uniformly d — ¢ — 1. We use this in two ways:

Emmentaler with one extra node We show that determining the degree of a node
connected to many of the nodes of an Emmentaler is hard. Concretely, we construct the
following two graphs on d + 1 nodes:

Construct an Emmentaler Clique on the first d nodes. Next, connect the node d + 1 to
each node in Uf:ll V;. Notice that node d + 1 is not connected to one of the parts of the
Emmentaler. We choose Py to be the Ising model with uniform weight A on the this graph.
For @y, we additionally add edges between node d + 1 and each node in Vp with weight p.

The following result holds.
Proposition 29. If2</+1<d/4 and A(d —4) > 3logd, and |u| < A, then
X (Qe| Pr) < 32de™Md7170),
Notice that the above proposition does not show a u dependence. This is due to inefficiencies

in our proof technique. We strongly conjecture that a bound of the form (1+Cd tanh? (pu(¢+
1))e=2Md==1)n holds.
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Emmentaler v/s Full Clique We show that it is difficult to distinguish between an
Emmentaler and a full clique. Concretely, we let P, be an Emmentaler as above, and in @y,
we add back the deleted subcliques to each V;, but with weight u.

Proposition 30. If {4+ 1 < d/4 and A(d —4) > 3logd, then

X2(Qe|| Pr) < d® min(1, p2d*)e=2MA=1=0),

E Miscellaneous

E.1 Using statistical formulations to test structural changes

The main text makes the case that statistical formulations of GOF do not give us the whole
story when one is interested in structural changes. Concretely, though, this only directly
affects the lower bounds. On the other hand, when we restrict alternate hypotheses in the
GQOF problem to make a lot of changes, then one may expect that tests under statistical
formulations are powerful.

Intuitively, this expectation is rendered plausible by the fact that the notion of being close to
a given model is similar under the statistical and the structural formulations - equality under
one is also equality under the second, at least in the setting of unique network structures,
and mere continuity suggests that, at least locally, setting some value of s(P,¢) or &(s, P)
should allow one to translate tests from the statistical to the structural notions of changes
and vice versa.” However, this strategy does not work too well, at least with our current
understanding of Ising models. More concretely - utilising statistical tests for structural
testing in a sample efficient way requires a local understanding of the distortion of the edge-
Hamming distance of the graph under the map (6,6") — SKL(6||#"), which is not available
as of now. Global constraints on the same are available, and are unhappily both rather
pessimistic, and essentially tight. This means that using the methods developed for testing
for statistical divergences in the setting of structural identity testing is problematic.

Some details - the best available results that translate edge-differences to symmetrised KL
divergence is via Lemma 4 of [SW12|. The Bhattacharya coefficient of two distributions is

BC(P,Q) =), v/ P(x)Q(z). The cited lemma argues that under s changes,
BC < exp (—C's sinhz(a)efmd/d) .

Let —¢ denote the exponent in the above, for conciseness. Since —2log BC < KL, this
induces Dsk1, 2 ¢, and similarly, since 1 — BC < TV, this tells us also that TV > 1 —
exp (—¢) . Since 1 — e™# < z, this means that the best lower bound we can possibly derive
this way is TV > ¢.

Now, the best known upper bounds for statistical testing under SKL is (8pd/e)? up to log
factors [DDK16], and under TV for ferromagnets this may be improved to (pd/e)? [Bez+19).
Plugging in the values of € implicit in the above, the first of these then requires about

Bpd\* et (Bpd*)’
© at s ’
which is worse than the testing by first recovering the underlying network. Similarly, under
TV, a similar number is required, but without an extra [-factor, which has little effect in

"It should be noted that this analogy is flawed - while the notions of being close are indeed similar,
the notion of being far from a model is significantly different under the two formulations. The main text
mentions an example illustrating this - if a small group of disconnected nodes is bunched into a clique, a
large statistical change is induced due to the marked difference in the marginal law of this group, but the
structural change is tiny. Of course, being close and far are ultimately related concepts, and some shadow
of this effect must be cast on the closeness argument we have just presented.
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light of terms like e’¢ showing up. So, naively using this structural characterisation does
not give promising results.

Further, unfortunately, the characterisation of BC, and indeed of KL and TV divergences
offered through this is essentially tight. This essentially follows from our results provid-
ing control on the y2-divergences in various construction, and the control this imposes on
KL, TV via the monotonicity of Rényi divergences and Pinsker’s inequality. It may be the
case that in some special cases, tight bounds for structural testing may be derived via the
statistical testing approach above. We have not explored this possibility in detail.

E.2 Lower Bounds on Property Testing

In passing, we mention that our constructions improve upon lower bounds for some of
the property tests studied in [NL19]. For instance, the triangle construction provides an
obstruction to cycle testing that does not require explicit control on « as in [NL19]. Similarly,
the Clique with a hole, and the Emmentaler clique with an extra node constructions may
serve as obstructions to testing the size of the largest clique, and to testing the value of the
maximum degree of the network structures in low temperatures. In high temperatures, the
Fan graph construction shows that testing maximum degree is hard. In each case this either
improves upon the lower bounds of [NL19] by either improving the exponent from 8d/4 to
28d(1 — 04(1)), or by removing an explicit high-temperature condition that is enforced in
the lower bound.

F Proofs of Widget Bounds

An Observation For Ising models P, @,

Q(x)? Zp ZpZs0—p
1+ %(Q|IP) = Z PG = Z Z_é exp (27 20z — 27 Opz) = +§,

where Zyg_p =) exp (xT (20 — 0 p):v) is yet another partition function. We will repeat-
edly use this form of the y2-divergence, without further comment, in the following.

F.1 Star-Based Widgets

F.1.1 Triangle

Proof of Proposition 21. Let P = Pryiangle; @ = @Triangle- Note that

1
R

Q(;U) = Am(zmitws) prias
Zq (1)

Where the partition functions may simply be computed to obtain the expressions below:

Zp = 23 cosh? X\ = 4(cosh 2\ 4 1)
Zo(p) = 4(e* cosh2X +e™#).

Further, we have that

. 21 ZP ? . i . Azo(z14x3) 2pT103 ZPZQ(2/1’)
wo=sel@/P = (7o) 7 = e
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Inserting the previous computed values of these partition functions, we have

(cosh 2X + 1)(e?* cosh 2\ + e~ 2#)
(et cosh 2\ + e—#)?2

2 cosh? 2\ + e~ 2 4 cosh 2\ (e + e~ 2+)
(et cosh 2\ + e—#)2

cosh 2\ (e# — e™#)?2

(et cosh 2\ + e=#)2

(er — 2

<t ooy

4 sinh? W
cosh? ju cosh 2
< 1+ 8¢ ?* tanh?

W =

<1+

where the second and third inequalities both use that e® > coshx > e¢* /2, for x > 0. O

F.1.2 Fan with deletions

In keeping with the rest of the text, these proofs will set 2B = d. Note that the value of B
does not enter the resulting bounds.

Proof of Proposition 24. Let

/2 /2
/2

< eXp | NTd+1 ZIm 1) + A( ZI2ZI2Z 1)
=1 =1

Then PE,Fan = PZ,O,,u,)\v Qf,Fan = PE,,u”u,)\- Further; ZZQ7P = Z(ga 2,“7 s A)

Here again the partition function is simple to compute. In essence, the groups (z2;—1,22;)
across ¢ are independent given x4y1, and the expressions, unsurprisingly, are invariant to
value of xg41.

Unfortunately the calculations get a little messy. If one is not interested in the results on
property testing in §E.2, then the following may be safely skipped. We do note that the
steps below are elementary, it is just the form of the expressions that is long.

Z(l,m, 1, N)
/2 /2 /2

= Z ZGXP AZ a1 ( szz )+ bxat( Z T2i-1) + NTat1( szz 1) + A( szzwzz 1)

Td+41 i=0+1

/2

— Z H Z Id+1 NT2i—1+AT2i)+AT2iT2i—1 | H Z €1d+1(M$2i—1+>\$2i)+>\$2i12i—1

Ta41 1=1 T2i—1,%24 i=0+1 T2;—1,T2i

14

= Z (2¢* cosh((X + n)zat1) + 2¢~* cosh((A — 1) zat1))

Td+1

A Y d/2—¢
- (2¢* cosh((A + p)zd41) + 2~ cosh((A — p)zd11))

= 2% (e* cosh(\ +7) + e~ * cosh(A — n))e (e* cosh(A + ) + e * cosh(A — u))d/%l
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Thus,
Z(€,0, 1, \)Z (€, 24, i, \)
Z(, i, 1, A)?
¢
B (e* cosh(A) 4+ e~ cosh(A)) (e* cosh(A + 2u) + e~ cosh(A — 2u))
(e* cosh(A + p) + e~ cosh(A — p))*

1+ x*(QIIP) =

= U~
We proceed to estimate U.
(e* cosh(A) 4+ e cosh(A)) (e cosh(X + 2p) 4+ e~ cosh(A — 2p))
(e* cosh( + ) + e cosh(A — p))”

e cosh A cosh(\ + 21) + e 2* cosh A cosh(A — 2p1) + cosh(X) cosh(A 4 21) + cosh(A) cosh(A — 2p)
B e2X cosh?(\ + p1) + e=2> cosh?(\ — p) + 2 cosh(\ + p) cosh(\ — 1)

By eliminating one factor of the denominator from the numerator above, we obtain the
sequence of relations that follows below.

0@ (e® 4+ e M) sinh? p + sinh(p) (sinh(2\ 4 1) — sinh(2X — p))
e2X cosh?(\ + ) 4+ e=2A cosh? (A — ) + 2 cosh(\ + p) cosh(\ — p)
®, 2 cosh(2)) sinh? i + 2 cosh(2)) sinh?
(e* cosh(A + p) + e~ cosh(A — p))*

B 4 sinh? (1) cosh(2))
e2X cosh?(\ + p) + e=2* cosh?(\ — ) + 2 cosh(\ 4 ) cosh(\ — p)
(©) sinh? p sinh? p

P <4 R
cosh*( A+ ) ~ cosh? X cosh? i1
<1+ 16e~* tanh® 1,

where (a) follows by the identities

cosh(u) cosh(u + 2v) — cosh?(u + v) = sinh® v
cosh(u) cosh(u + 2v) — cosh(u + v) cosh(u — v) = sinh(v) sinh(2u + v),

(b) uses
sinh(2u + v) — sinh(2u — v) = 2 cosh(2u) sinh u,

and (c¢) follows by dropping all terms but the first in the denominator, and observing that
e?* > cosh(2)). Finally, the inequality cosh(\ 4 p) > cosh A cosh i holds because A, 1 > 0.

O

F.2 Clique-based Widgets

The method for showing the bounds is developed in the case of the Clique with a single
edge deleted. While there are variations in the proofs of the following two cases, the basic
recipe remains the same.

We begin with a technical lemma that is repeatedly used in the following.

Lemma 31. Let 7 : [a,b] — R be a function differentiable on (a,b) such that 7" is strictly
concave. If 7(a) <0 and 7(b) > 0, then T has exactly one root in (a,b)
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Proof. Since 7' is concave, it can have at most two roots in (a,b). Indeed, if there were
three roots a < 21 < 22 < 3 < b, then 3t € (0,1) : 22 = tx1 + (1 — t)z3, and 0 = f(x2) =
tf(z1)+(1—t)f(z3) violates strict concavity. Further, between its roots, 7/ must be positive,
again by concavity.

Thus, we can break [a,b] into three intervals (I, Iz, I3), some of them possibly trivial®, of
the from ([a, z1), [z1, z2], (z2,b]), such that 7 is monotone decreasing on the interiors of Iy, I3
and monotone increasing on the interior of I.

Note that 7 has at least one root by the intermediate value theorem. We now argue that it
cannot have more than one. Since 7 is falling on Iy, it follows that sup,.;, 7(z) = 7(a) <0,
and there is no root in I;. Similarly, since 7 is falling on I3, 7(b) = infgzey, 7(z) > 0, and
there is no root in I3. This leaves I5, and since 7 is monotone on I5, it has at most one root
on the same. O

F.2.1 Clique with a single edge deleted

Proof of Proposition 26. Let P = Pciique and @ = Qcilique as defined in the main text. For
given A, 7, let

Py y(x) == 70 n)e%((in)L(dﬂ))e_Wﬂz

Note that P = Py x_,, and @ = Py . Further,

()‘a A— M)Z()‘a A+ :u)
Z(\ N2

W= Ep[(Q/P)) = Z

We begin by writing Z in a convenient form, derived by breaking the configurations into
bins depending on the number of x;s that take the value —1:

d—1
ZOn) = (d B 1) {e—n (e%<d+1—2j>2—<d+1> + e%(d—3—2j>2—<d+1>) + QGWe%((d—l—2j)2—(d+1))} ,
J

Jj=0

Notice above that since (d —3 —2(d — 1 —j))? = (d + 1 — 2j)?, and (dgl) = (dfzij), it
follows that the sums over the first two terms above are identical. Thus,

d—1 . .
Z(A,n)—22< j )eneéwﬂw<d+1>+2Zene%<<dwa>2<d+1>>

Z(A\m) Ad— d—=1\ _oxnjd+1-4) , —(rd—n) d=1\ _oxjd-1-y)
= son@a = ¢ > i )¢ T e "y i )¢ e
| —

=:Z(A\n) =:51(\) =:Sa(\)
= Z(\n) = TG (N) + e MG, (N).

8i.e. of cardinality 0 or 1. More precise characterisation can be obtained by casework on the number of

roots of 7/.
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Since the term appears often, we set d = d — 1. As a consequence of the above, we have

LV:ZQJ—MZQJ+MLZKNAZMZ®A+M
Z(\A)? ACWNE:
(MG (A) + e M =Gy (W) (M 1S (A) + e M TSy (N))
(A S1(A) 4+ e S5(N))2
$15,
(A S) + e=2d'S,)2
e—2>\d/52()\)
Si(A)

=1+ 4sinh?
< 1+4sinh2u

The bounds are now forthcoming by controlling S7,S3 as in the following
Lemma 32. Ifd > 5 and \(d — 4) > log(d), then

Si1(A) >1

Sy(N) < 2+ 3de”M4=2) <24 3/d.

The bound follows directly from the control offered above. O

This proof describes closely the structure of the forthcoming proofs

e Begin by introducing one free parameter, n varying which yields Ising models that
interpolate between P and Q.

e Express the x? divergence as a ratio of partition functions.

e Exploit the symetries of the mean field Ising model to more conveniently write these
partition functions.

e Control the terms arising via a ‘ratio trick’ as in the proof of Lemma 32. At time this
is used more than once, or a more direct form of this trick is used instead.

We conclude by showing Lemma 32.

Proof of Lemma 32. S; > 1 follows trivially, since all terms in the sum are non-negative
and the first term is (dgl) el =

Concentrating on Sy, let T := (d]fl)e’z)‘j(dfl’j). Note that So = YT}, and that T} =
Tq—1—j for every j. Further, for j € [0:d — 2],

Tivn _d—1-J _ox@-2-2))
T, JT1

Treating j as a real number in [0,d — 2], define

7(j) =log(d — 1 —j) —log(j + 1) — 2\(d — 2 — 2j).

We have

1 1

!

- _ 4

2 s wr Rl S
1 1

"o

(S e v s R P
2 2

() = — - <0.




We may now note that 7’ is a strictly concave function on the relevant domain. Further,
note that since log(d — 1) < 2A(d — 2) follows from our conditions, 7(0) < 0, and similarly,
7(d —2) > 0. By Lemma F.2, 7 has exactly one root in [0,d — 2] - in particular, this lies at
j =d/2— 1. But since Tj41/T; = 79, we obtain that for j < d/2 — 1,Tj41 < Tj, and for
§>dj2—1,Tj > T;.

Since T's are decreasing until d/2 — 1 and increasing after d/2, it follows that for all j € [2:
d— 3], T; < max(Ts,T4—3) = T». Now, under the conditions of the theorem,

— =exp(7(1)) = exp (log(d — 2) — log2 — 2A(d — 4))
< exp (log(d — 2) —log2 — 2log(d)) < 1/d,
where we have used the assumption A(d — 4) > logd. Thus,

d—3
So=To+Th +ZT]‘ +Tg—o+Tqg
j=2
d
<2+ 3dexp (—2\(d —2)) <2+ 3/d. O

<1471+

v +T+1

We call this method of estimating sums such as S the ratio trick, since they control the
values of the sums by controlling the ratios of subsequent terms.

F.2.2 Clique with Large Hole

The computations of this section are in essence a deepening of the previous section, and we
will frequently make references to the same.

Proof of Proposition 27. Once again condensing notation, let P := P clique, @ := Q¢,Clique-
Further, let

1

76% (El§i§d+1 wi)z—(d‘f‘l)e_g (Elgigl Ii)z_é
Z@(Av 77)

ng)\m(ilf) =

Again, P = Py »—u, Q = Py » » holds. Z, is the central object for this section, and has the
following expression. This is derived by tracking the number of negative x;s in both the
bulk of the clique and the single ‘hole’ separately.

Ze(A,m) = Z 3 (Cisicarr #) —(@+1) o= F(Sicice 1) ¢

{£1}d+1

= Z <€) (d + 1 o g)e%(dﬂzizj)?(d+1)67”(52i)2£
— \ 1 J
i,

We normalise Z; by e/ 2((d+1)°=(d+1)g=n/2(®~0 and put a ~ over the normalised version’

9Unlike in §F.2.1, we include the factor due to 7 in the normalisation. This does not affect the further
calculations since these factors cancel in the expression for W below. More importantly, the normalisation
includes a factor of ¢*/2((d+1)?=(d+1)) ingtead of */2(d°—d) While the latter lent the formulae in the £ = 2
case of the previous section a pleasant symmetry, the former yields more convenient expressions when dealing
with ¢ abstractly. Due to this, the terms are further reduced by a common factor of e*®. We highlight this
here because of the cosmetic differences arising from these changes—for instance, the leading term in Z, is
just Sy instead of e*4~"8S; as in the §F.2.1—which may irk the careful reader at first glance.
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to get

Zg(/\, 77) = Z ( ) ( +j )6—2)\](d+1—21—])e2nz(€—z)e—2)\z(d+l—z)

e
—. Z <')€2m’(li)e2>\i(d+1i)si()\)

where
sy (1 e
; J
J

Notice that S; > 0 for every i.
As before, we are interested in controlling
ZZ(/\7)\_M)ZK(/\7)\+N) ZZ()\,/\_M)ZZ(/\7)\+M)

W .= = — .
Ze(AN)? Zy(\,\)2

To this end, note first that 2X\i(¢ — i) — 2Xi(d+ 1 —14) = —2A(d + 1 — ), and so, for instance,

Z(}\, Atp) = Z (f) e2ui(€—i)e—2>\i(d+1—€)5i(/\)'

Collecting like terms in expressions of the above form, we obtain that

Zf;ll (6) (672;”'(271') _ 1) 672)\i(d+17£)51_(/\)

3

Zd A= _
ZZ()\a /\) ZE(Av)\)

and

ZoO, A + 1) 14 Zf;ll (f) (e2mil=i) 1) e=2Nild+1-0) G (\)

Zo(\ ) Zo(\ )

)

where the terms involving i = 0 and i = £ in the numerator drop out because e2#(~%) = ]
in these cases.

Now, if ¢ > 0 the second terms in the above two expressions are respectively negative and
positive, while if 4 < 0, they are respectively positive and negative. It is a triviality that
for A<0< B,(14+ A)(1+ B) <1+ A+ B. We thus have the upper bound

Soim1 ()2 (cosh2ui(¢ — i) — 1) e 2MH170.5,())

W <1+ L =
Zy(\N)
g im () s’ (il — D)e” 05,00 Q)
- Zo(\N)

While we will provide full proofs in the sequel, it may help to see where we are going first.
Roughly, we argue via the ratio trick in the proof of Lemma 32 in the previous section, that .S;
is bounded by 2(1 4 e~ 22(=20(d+1=0)) "ynder conditions such as A(d+1—2¢) > logd+1—2¢.
Plugging in this upper bound, and noting that after multiplication with e~2X#(d+1-0)
a sum that is completely symmetric under ¢ — ¢ — i, we can bound W as

we have

W< 1y 16 2imt (5) sinh® (ui(e — ))em (170
- Zi(A ) '
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We then show that under the conditions of the proposition, the first term in the above sum
dominates all the remaining terms, in the process utilising the condition || < A. Finally,
using the trivial bound Zy(\, ) > 1, we get the claied upper bound.

Let us then proceed. The control on the S;s is offered below.

Lemma 33. If A(d+1—2¢) > log(d+1—2¢) and d > 4¢, then for everyi € [1: £ —1],

SZ(A) <2+ 26—2)\(f—2i)(d+1—€).

Incorporating the above lemma into (1), we have

Zf;ll (f) sinhQ(ui(é _ i))e—2,\i(d+1—é) (1 + e—2>\(é—2i)(d+1—€))
Zo(\\)
Zf;ll (f) sinhQ(;n'(K — ) (e—2>\i(d+l—é) + e—2>\(é—i)(d+1—é))
Zo(A )
Soica (§) sinh® (ui(¢ — i))em X0
Zo(\\)

—1
=1+ % (sinhz(u(é —1))e2MdH1=0 4 <f) sinh? (i (¢ — i))e”i(d“@)

=2

W<1+8

<1+8

®) 16 ) Gy o
<14 — sinh (/L(é _ 1))672>\(d+17£) + Z <) 62|,u|1272)\z(d+17£)
Zo(A\,N) [

(2) 16 - (€> e—2>\i(d+1—2€)> 2)
1
=2

+ = sinh?(u(f — 1))e~2Md+1=0 4
Zy(AA) < e =)

where the equality (a) follows since each term in the sum is invariant under the map i — ¢—i,
(b) follows since sinhz < e®, and (c¢) used A > |pu]. .

For i € [2: (], let V; denote the term corresponding to ¢ in the summation above, and let
Vi = sinh?(u(f — 1)e=2M@+1-0  We will argue that Vi dominates V; for every i by using a
weakened ratio trick.

Note that
Vi > e 2AdH1-0-20u|(6=1) > o=2d,

Further,
% < exp (ilog £ + 20d — 2Xi(d + 1 — 20)) .
1

This is smaller than 1/¢ so long as for every ¢,
1(2A(d 4+ 1 —20) —logt) > 2X\d + log(¥),
which hold if the following conditions are true:
2M(d+1—2¢) > logt
ANd+1—20) > 3logl + 2Xd.

The above hold if A(d + 2 — 4¢) > 3/2log¥¢, which is true under the conditions of the
proposition since ¢ < d/8, and since A\(d +2 — 4£) > A\d/2 > 3/2logd.

Finally, it remains to show that Zg()\,)\) is non-trivially large. But note that Zg()\,)\) >
So(A) > 1.
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Thus, we have shown that

W < 14 320sinh?(pu(f — 1))e2Md+1-0),

Proof of Lemma 33. For j € [0:d+1—/], let
T — <d +1- €> o~ 2N (d+1-2i—j)
J
Recall that S; = > T;. We will use the ratio trick again. To this end, observe that

Tiyp d+1-0—3
T; j+1

exp (—2A(d — 2i — 2j) .

Again treating j as a real number in [0 : d — /], let
7(j) :=log(d+1— £ —j) —log(l + j) — 2A(d — 2i — 2j).

By considerations similar to the previous section, 7 is strictly concave, and by Lemma F.2,
7 has exactly one root so long as 7(0) < 0 and 7(d — ¢) > 0. In this setting these conditions
translate to

log(d+1—¢) < 2X(d — 29)
log(d +1 — €) < —2X\(d — 2i — 2(d — £)) = 2\(d — 2(£ — 7).

The above hold for every i so long as log(d + 1 — ¢) < 2X(d + 2 — 2¢).

Since 7 has a single root and is initially negative, we again find that for all j € [2: d—1—/],
T; < max(T», Ty—1—¢). Further,

% _d g ¢ exp (—2M\(d — 2 — 2i)) < d g ¢ exp (—2\(d — 20)) < ﬁ
T;;Zl _4d - £ exp (“2M\(d — 2(0 — ) < dL_é.
Further,
max (%, Tjjfl) <(d+1- é)e_”‘(d_%) <1/2.
Thus,

Sl S T() + Td+17£ + (1 + (d —f— 2)/(d - 6)) maX(Tl, Td,[)
<To+ Tagr1—¢ + 2max(Ty, Tg—p)
<2(To + Tay1—0)-

Now notice that

To=1
Tyg—vs1=exp(—2Ad+1—-0)(d+1-2i —d—1+¥{)) =exp (—2A\({ — 2i)(d+1 1)),

and thus the claim follows. O

We now prove the reverse direction, i.e. control on x?(P||Q). This is essentially a small
variation on the previous setting.
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Proof of Proposition 28. Referring to the previous proof, we instead need to control

wr — ZOANZiAA+20)
Zo(M A + )2

Proceeding in the same way, we may conntrol

St () (cosh(4pi(€ — 1)) — 2cosh(2u(i(€ — i) + 1) e 2X(@+1=0,8,())
Ze()\, A+ u)

W' <1+

For succinctness, let f(z) := cosh(4uz) —2 cosh(2ux) + 1. Note that 1 < f(z) < e*l#*. Since
the S; are identical to the previous case, Lemma 33 applies, and
Zf;ll (f)f(z(ﬁ _ Z-))efZ)\i(dJrlfl) (1 + 672)\(272i)(d+176))
ZoO A+ 1)
Zf;ll (f)f(i(f —i))e —2Xi(d+1-20)
ZZ()\a A+ IUJ)

-1
<14 16 : <f(f— e —2X(d+1— e)+z ( ) 4|,u|i£2)\i(d+ll)>

W'<1+8

<1416

Zg(/\, A+ H

l—1
Sl‘f’* f(g ) —2X\(d+1— E)+Z<> —2Xi(d+1-3¢)
Z[(A,)\"’,U)

Notice the distinction that the exponent in the second sum contains a —3/ instead of a —2¢.
Using f(x) > 1, the same control on the relative values of S; and the summation holds as

long as
ANd+1—30) > 3logl +2Xd.

This translates to demanding that 2A(d — 6¢) > 3/2Ad, which holds for ¢ < d/12. Finally,
Zo(AM A+ 1) > 1 as well, and thus,

W’ <1+ 320224170 (cosh(4pu(f — 1)) — 2 cosh(2u(f — 1)) +1).

Finally, we note that for any =,

cosh(4x) — 2 cosh(2z) 4 1 = sinh?(2z) + (cosh(2z) — 1)2
= 4sinh® z cosh? x + 4sinh? 2 = 4 sinh? x cosh® z(1 + tanh® z)

< 2sinh®(2z). O

F.2.3 Emmentaler Cliques

Proof of Proposition 29. Recall the setup - d+ 1 nodes are divided into B = d/(¢+1) groups
of £+ 1 nodes each, denoted Vi, ..., Vg, and the final node d + 1 is kept separate. Recall

that for a set S, x5 := ), Ty Define
1 B 2 B B
Py = mexp A/2 <Z$%> —/\/QZ(x%,i)—i-/\:z:vaVi + NTyTy,
’ i=1 i=1 i=2

Then P = PE,Emmcntalcr = PZ,A,OvQ = Ql,Emmcntalcr = PZ,)\”u and Z2Q7P = ZZ(A72,UJ)
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Marginalising over x,,, we get

B 2 B B
Zo(\ ) = 2Zexp /2 <Z ww) -2 Z(x%/) cosh ()\wa + 77xv1>
T i=1

=1 =2

< 2cosh(A(d—€—1)+n(l+1)) > exp | A/2 (Z:w) —A2> (%) |,

i=1 i=1
while dropping all terms for which |}~ zv,| < d, we get

Zi(\,n) > dcosh(A(d — £ — 1) + (€ + 1)) 2B =B+

— dcosh(A(d' — € — 1) + p(f + 1)) 2@ —d(E+1),
To control Z, from above, it is necessary to control the partition function of the Emmentaler
graph on d nodes (i.e., with only the groups Vi,...Vp, and without the extra node from

above. We set this equal to Y;(A). Then, similarly tracking configurations by the number
of negative z;s in each part,

B

Yy :=Zexp A/2 (Zx%> - )\/22(:6%/1)

i=1

- 3 T( ) e (2 (-2 S0t S 1 20))

J1s--JB

—M2d*—d(+1)) | Z (6; 1) - exp (_2,\ ((d -0 - 1)(2]1) + Z]? - (2]1)2))

Jis--JB

For succinctness, let d’ := d — ¢ — 1. We establish the following lemma after concluding this
argument

Lemma 34. If{ < d/4 and A\(d —4) > 3log(d), then

Y, < 9N/ 2(d?—d(¢+1)) (1 4 2d672)\d’)

Invoking the above lemma and the previously argued control on Z,, we get that

_ ZiX0)Ze(), 2p)

W =Ep[(Q/P)*

Zy(A p)?
< cosh(Ad’) cosh(Ad' +2u(f + 1)) 2Y, 2
cosh®(Ad’ + p(0 + 1)) 4e/2(d—d(E+1)

IN

(1 * Cosfj;(};;lﬂifu—:;—)’_) 1))> (1 + 2de‘2>\d’)2

’ ! 2
< (1 + 4 tanh?(u(f + 1))e =M ) (1 + 2de=2M )
Under the conditions of the theorem, both 4 tanh®(u(f+1))e~ 24" and 2de~2*%" are smaller

than 1/4. But for z,y, it holds that (1 +)? <143z and (1 +32)(1+y) <1+4(z+y) <
1 4+ 8 max(z,y). Lastly, 4 tanh? 2 < 4 < d, and thus, we have shown the bound

W < 1+ 32de2Md—t=1), 0

Proof of Lemma 34. Fix a vector (j1,...,7p) and let k := 3" j;. We will argue the claim by
controlling the terms in Yy with a given value of k.
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Lemma 35. If > ji=ke€[2:d—2], {+1<d/4 and \(d —4) > 3log(d), then

H (g;t 1) -exp (—2)\ (dl(zji) +Zjl Zjl )) < m —2xd’

Thus, we have the bound

IS8
[

Y,
oN/2(2—d(f+1))

N, —2)d’

—2xd’
<2 (14 B+ D)+ e

)

el
U
o

where
Nk:}{]e 0:¢+1)7 Z;Z_k} }

Notice that Ny = Ny_j. Further, for k < d/2, by stars and bars,

Ni < (k‘Lf_l) <A+ (B-1)/k)1<BF<dr

dmln(k d— k)

Consequently, Ni < and we have established the upper bound

Y, —2xd’
SRy < L+ 2de -

Proof of Lemma 35. Note that (:fl) < pmin(m.n=m) Therefore,
41
H ( + ) < exp (min(k,d — k) log(£ +1)).
Ji

Next, by Cauchy-Schwarz,

R ]

Let LHS,RHS be the left and right hand sides of the inequality claimed in the Lemma.
Using the above,

LHS
RHS

< min(k,d — k)log(d({ + 1)) — 2 (d'k + k*d’ /d — d')
U

= min(k,d — k) log(d(£ + 1)) — 2)\% (k(d—k) —d).

log

Let f(k) be the upper bound above. Notice that f(k) = f(d — k). Thus, it suffices to show
that f(u) <0 for every real number u € [2,d/2].

For a real number u € [2,d/2), it holds that f”(u) = 4\ > 0. It follows that f attains its
maxima on {2,d/2}. Since £+ 1 < d/4, we have d'/d > 3/4, and thus

£(2) = 2log(d(¢ + 1)) - 2L (d 4) < 41og(d) — g)\(d —4) <0

F(d)2) = g (log(d(€+ 1) - 2Ai/ (d - 4)) - gf(z) <. o

F.2.4 Emmentaler v/s Full Clique

Proof of Proposition 30. Let
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B

B 2
zg&,n)e)‘p A2 (Z””W) —d) = =m/2) (#h - ((+1)

i=1

Pg7)\)77($) =

Then Py = Py x0,Q¢ = Poapu- Let d =d —1— £, Developing this a little, one can write

.....

where
Conn =exp (A/2(d* —d(€+1)) +nd(¢+1)/2).

Notice that

CoroCexon ]
—m et =
O&A,u
and thus _ _
ZZ()‘u O)Zé()‘u 2/1') Zf()‘v O)Zf()‘v 2”)
W :=Ep[(Q/P)? = = ~ ,
P[( / ) ] ZZ()\a,u)Q Zf()\aﬂ)2
where
d
~ Zo(A {+1 .
e S D S | { (M R
EAn k=0 Ji,--JB
> gi=k

Let Tk be the & term in the above. It holds that Ty = Ty_g. Indeed, the original terms
are invariant under the map z — —z, and for j = (j1,...,5p), this maps to (¢ + 1)1 —
which has the sum d — k.

Further, since
D _df <max(j) Y g < (C+1)) i

it holds that each term, which depends on 7 as e~ 27((¢+1) X 3i=%37 decreases as 7 increases
(or equivalently, a%Zg(z\, n) <0)

Due to the above, for p > 0,

ZiA0) = Zi(Ohp)

p1 = >0
Z(\, ~)
Zo(\,2
py (A, M) Zg(A, H) <0,
Ze(A )
yielding, N N
Zo(N,0)Zg(N, 2
w = 26X 0Z( u)§1+p1+p2'
ZZ(AMUJ)2

(For u < 0, the signs of both p; and po are flipped, giving the same bound.)

We now offer control on p; + p2, to complete the argument. To this end, note that

1= 2e (DR )y o i(EFDR8) (1 = oD ))
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and thus

£+ 1 Iy . _ _ > 2
Zo(\ 1) (o1 + p2) = Z Z H( ) IN(d k—k2+3 52) (1 _ e 2n((e+D)k zﬁ))
k=134:>" j:=k
Ld/2]

§2Z Z H<£+1> TR YD) ( e—2u((f+1)k—2jf))2

k=1 j:3" ji=k

where we have used the symmetry of the Tjs above.

We argue below that the first term in the above strongly dominates all subsequent terms.

Lemma 36. If Y ji=ke[2:|d/2]],{+1<d/4 and N(d —4) > 3log(d), then

H C4+ 1\ o Rars?) < 1 L —axa
Ji d* '

Using the above, along with > jZ > 3" j; and the fact that the number of B-tuples of whole

numbers that sum up to k is at most (k+f_1) < (eB)* < d*, we immediately have
/2
~ , 2
Zo(A, 1) (p1 + p2) < 2de” M Z (1— e 2mk)",
k=1

We bound the sum above in two ways - firstly, each term is < 1, and so the sum is at most
d/2. Further, using 1 — e™® < z, the sum is at most 4 Y u?¢?k? < p?d®. This gives ,

Zo(\ 1) (p1 + pa) < 2d” min(1, pPd*)e 2170
The bound on W now follows since Zy(\, p) > 2 trivially. O

Proof of Lemma 36. This is essentially the same as Lemma 34, and may be proved similarly.
O

F.2.5 The Clique versus the Empty Graph in High Temperatures

Proof of Proposition 23. This proof heavily relies on techniques we encountered in [CNL18].
The principal idea is via the following representation of the law of an Ising model with
uniform edge weights, and the subsequent expression (and upper bound) for its partition
function, both of which we encountered in the cited paper.

Let 7 = tanh(p). Then the law of the Ising model on a m-vertex graph G with uniform
weights « is

H(i,j)EG(l + TXin)
2mE0[H(i,j)€G(1 + TXZ'X]‘) ’

PX=zx)=

where Ey denotes expectation with respect to the uniform law on {—1,1}™. This is shown
by noticing that exp () = cosh(z)(1 + tanh(z)), and then observing that for x = pX;X;,
since X;X; = =£1, the same is equal to cosh(p)(1 + tanh(u)X;X;). The cosh(u) term is
fixed for all entries, and thus vanishes under the normalisation. The denominator is simply
a restatement of -, 1 1y [1(; jyeq(l +7X:X;).

Let the denominator of the above be denoted 2™®(7; G). We further have the expansion

G)=> &u,G)r

u>0
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where &(j,G) denotes the number of ‘Eulerian subgraphs of G’, where we call a graph
Eulerian if each of its connected components is Eulerian (and recall that a connected graph
is Eulerian if and only if each of its nodes has even degree). This arises by expanding the
above product out to get

(I)(TyG) = ZTu : Z EO[Xhle .. -Xiquu]-

u>0 choices of u edges (i1,j1), (42, J2)s - - - (dus Ju)

Now, due to the independence, if any node of the X;s or the X;s appears an odd number
of times in the product, the expectation of that term under Eg is zero. If they all appear
an even number of times, the value is of course 1. Thus the inner sum, after expectation,
amounts to the number of groups of u edges such that each node occurs an even number
of times in this set of edges, which corresponds to the number of Eulerian subgraphs of G,
defined in the above way.

A further subsidiary lemma controls the size of & (u, G) as follows, where we abuse notation
and use G to denote the adjacency matrix of the graph G.

&(u, G) < (2|Gllr)"

The idea behind this is to first control the number of length-v closed walks in a graph, by
noticing that the total number of length v walks from ¢ to ¢ is (GV);;, summing which up
gives an upper bound on the number of closed length v walks of Tr(G") < |G||%. Next, we
note that to get an Eulerian subgraph of G with u edges, we can either take a closed walk
of length u in G, or we can add a closed walk of length v < u — 2 to an Eulerian subgraph
with v — v edges. This yields a Gronwall-style inequality that the authors solve inductively.
Please see [CNL18, Lemma A.1].

Now, let P be the Ising model K,, with uniform weight «, and let @) be the Ising model on
the empty graph on m nodes. Using the above expression for the law of an Ising model, we
have
1+ x*(QP) = Eq[Q/P] = Eo[[ J(1 + Xi X)IEo [ [ (1 + 7X:.X;) 1],
i<j 1<y
which, by multiplying and dividing each term in the second expression by 1 — 7.X;X;, and
noting that X2 X J2 = 1, may further be written as

L+ x*(QIIP) = E[E(l +7X: X;)|E 02 ()

= (s Kon) (73 o) (1 = 72) 7 (2).

Hi<j (1- TXin)]

Since the above expression is invariant under a sign flip of 7, we may assume, without loss
of generality, that 7 > 0. Next, notice, due to the expansion in terms of & of ®, that
O(—7; Kp) < ®(7; Ky, for 7 > 0. Further, for 7 > 0, using the bound on &(u, G),

O(1; Kp) < E0; Ky) +t8(1; K,y + 128(2; Ky + Z(2t||KmHF)“.

u>3

Now notice that &(0; K,,) = 1, and &(1; K,,) = &(2; K,,) = 0. The first of these is because
there is only a single empty graph, while the other two follow since K, is a simple graph.
Further, || K| r = v/m(m — 1) < m. Thus, we have

O(r; Kp) <14 ) (2tm)".
u>3

Now, since 2 tanh(a)m < 2am < 1/16 < 1/2, we sum up and bound the geometric series to
conclude that ®(7; K,,) <1+ 16(tm)® <1+ (tm)?, and as a consequence,

(13 Kin)? < (14 (tm)*)? < 1+ 3(tm)* < exp (3(tm)?) .
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Further, since 7m < 1/32, and m > 1, we have 7 < 1/32, which in turn implies that
(1 —72)71 <exp(27%). Thus, we find that

1+ %(P||Q) < exp (3(7m)2) - (exp (272))’"2/2 < exp (4(Tm)2) <14 8(tm)?,

where the final inequality uses the fact that for x < In(2), e* < 1 4 2z, which applies since
4(tm)? < 4/(32)? < In(2). O

It is worth noting that Proposition 22 is also shown in the above framework by [CNL18§].
The main difference, however, is that in the x? computations, the square of [](1 4+ 7X;X})
appears. The technique the authors use is to extend the notion of & to multigraphs, and
show the same expansion for these, along with the same upper bound for & (u, G), this time
with the entries of G denoting the number of edges between the corresponding nodes.
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