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I Introduction
let us conelder the partial dilfferential equation

(1.1) %+_32“7=0

which is defined at the region R with boundary S.

This equation ie alsc called as Laplace's Eguation which
ia veloelty potential and streem function of an ideal
incompressible in two dimentions.

In order to get thegnumsrical sclutlon of the equation

(1.1), we will 3iscuss the convergence rate of the several
such lterative methods. We divide the methods into two
groups: ‘ !
4)  group one method
Richardson Method
Liebmanm Method
Extrapolated Liebmann llethod
Second~onder Richardson Method
B)  group two method :
Jacobl Mathod
Gauss-3eidel Method
Successive Overprelexaiion Msthod

where group one and group two method are defined at the

{



recitangular region R" and at the sauare region R
respectively.

We now from the proof of the exlistance of sonvergence,
discuss the rate of convergence of the above methods.
Cne of the important contributlion to the rate of conver-
gonce is made by the convergence factor & in the group
one and w In the group two. The value < is depend
on the srectrum elgenvalue I, and the value w is depend

on the aspactral norm of A,

From the comparison of the rate of convergence in
those various methods., we wlll predlct the best methods

for the mumerical solution of the equatlion (1.1).



Iz Difference BEqguation

For the discussion of finite difference methods,
we let the % y plane be divided Into squares of side h
by drawing the two families of perallel lines.

(Eﬂ'l} X = fh f = G, 1, 2, " 2 & & =
? = kh k = Uj. 1-, E’ * = & ® W

Here h 1s a fixed number. ofiten known as mssh slize.
and Iintersectlion of ihsae two familles of linese are
ealled mesh pointe, and two such points (x, y) and

(z;, % ) are sald to be adjacent if

2 2

(2:.2) X = 1 I e s | = 1
(E h - (-_TT'"_)

Let us consider a class of reglons, each member of
which bas & commected interlor, and a boundary which may
be. treced on the net by an unbroken segmental path
Joining certein adjscent polnis. We zssume this region
R llss entirely in the first quadrant, including axles,
and denote R, to be interlor peints of R and 8, be
bounidary points of H.

In order to get the difference equation which

satipefy the equetion (1.1), we replace the second partisl
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derivatlives by thelr corresponding differsnce equations

(2.3) AU __Ulx 4 hay) = 20(x.y) & U(x = h,y)
ax° e

9% Uy i B) = 2U(xy) 4 Ulxay = B)
ay° ®

We oblein fellowing dilference equaillian.

({2.4) 10 = ;%;U(x + h,y) + U(x =~ h,y) + U(x,¥ + h)
- 4+ U{x,y -~ h) -~ 4U0(x,y) =0

The solution o

(2.5) W = U({x + h,y) + Ul{x = h,y) + Ulx,y + h)

satiseflies equation (2.4), wvhen 0 < h< i,

The difference formula (2.5)

is the difference expression /,{x,y*h}
corresponding to squation (1.1)
which involves values of U : h
corresponding to the five

fo h_, *_'_V} -
points shown in Figure 1l. (x=h,y) (X4re,7)

Figure 1

-(x,y=h)



Clearly, other more accurste difference expressions
could be found if one conslders addlticnal points, but
&t a cost in simplicity.

auaﬂﬁﬂx
We now consider the truncaticon error betwesn the

difference equation (2.4) and the differential equation
(1.1). Assuming that U(x,y) has continuous partial
deri';rat.ives of the fourth or:i;ar throughout the closed
region R, we have by Taylcr's theoren

(2.6) U(x+h,y) = U{x,y) + hal + f U + _tf"ig_ + &
ox

U(x=h,y) = U(x,y) - npl + h' 323U - " U + h 23U
ex 4

UCx,y+h) = U(x,y) + WU 4 boAU + hoZU + b o
ay 2iy? 31> 4l
U{x,y=h) = U(x.y) - hal < E_%J_ - E‘?’ U <+ 4_@?9_

By substituting these expression into difference
equation (2.4), we obtain

e

L] ':'"_aE b -t 2 Qz} II.
o e Bt e By

e

—
e

0
na
2]
D=1
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Substracting differential equation (1.1) from equation
(2.7), we find the difference to be the order he,
This implies that the difference equation (2.4)
approximate differential equation (l.l) with an accuracy
of h?. Since regicn Rh is regular the truncation error

(maximum error) does not exceed in the absolute value

(2.8) Bpn= 1 M r"‘ h:’:
T = v5 4y

vhere r is the radius of any nircléa which contains the

region and

(2.9) M, = Max ‘{‘";c';?x'i &8 '%q'% : t::,;% RES ‘g%UEJ

D-ﬁ-jf-x 04743

In the next we will reduce the difference equation
to the convinient form for each method. We discusas the
difference equation in the two different reglons, one to
be irn the rectagular region, and the other to be in the
square reglon.

Difference formuls for rectanpular reglon

e now consider polintse which mentlonsd

(2.1) x =Th

]



i
of & wectangular lattlee which lles wilithin the region I

Rﬁnf:;l,ﬁ,.------p
k:].’ggtlniuﬁiq

We denote U(fh, kn) by Up e+ On the boundary of this
region is assigned by the Tixed values of Uf,k by hf,k‘

Then difference equation (2.5) can be shown as

f:l,E,;----;-p"l
Ewml, 25 ¢ = 5 s+ s +6b@Q=1

b

=Up x = Pp x

f=0 or D

k =zo or

Thia difference formuls will be used in the iterative
methods of the Gxoup one, Richardson, Liebmenn, Extrapolated
Liebmann and Second-order Richardson MHethods.
RDifference formuls for the aguare n

let us ordsr the N interior mesh points by an
arbitrary, but fixed ordering (z1,¥3) (%5,¥,) « « « . .

(%p,¥p) in the square region R. If we write the difference
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equation (2.5) for each of these N interior mesh points,

we obtain linear systems of N linear equations

-
(2.11) % 8y, qu5 £ d3 =

1=1,2,.---¢4ﬂ

o

Jﬂl’E"li"IN

whsra:aiia % be ithe real number eoeffi&ient end dy

to be the linear combination of boundary values are
Imown and Uq, Ugs « = <5 Uy 8re unimown. These linear
gyetems are used for the Group two iteraticn methods,

Jacobl, Causs~Seidal Method and,ﬂuccesﬂive Overrelaxation

Hethod.
In 2ll methods Ug .. end “3 is the first epproximation
L
to U and u, respectively. Zach of the succeeding

.k j
approximations, Ul, UE, = = » 3 18 caleculated on the

bagis of 1lte predecessors by some process which

pguarantees the convergence of i and v to U, , and
s X J Pk

uj reapectively. Ve now define the lteratlve formuls

for each methods.



II1 Iterative Hethod
| A) Group one method

We have ssen that 1little 1s known about the
accuracy of zoluticone of difference equatlona. DBecause
of this uncertsinty it would appear degirabls to use an
extremely fine mesh size in order to obtain a desired
accuracy. On the other hand, since the numbsr of
points of R; increeses rapldly as the mesh size is
decreased, the number of linsar algebric equaetions
whiech must be esolved also incresses rapidly. However,
Wwe are concernsd only with the rate of convergence ito
the solution of this set of the algebric squations in
each method and not with closenesas of that approximation
to the solutlion of the differential equatlon. In the
follovwing we will determine the itevative equation from
the difference equation (2.10) where each method are
conoerned.

Richardson hod ™
The nost elementary of the familiar iterative
procedure ls termed as the Richardson method. In this
method the correction procese applied to each UT consists

of the addition of & positive multiple of i (for each

point). Thus [1]

nel gt L it
(3-1)  Upy =Up y vy p

- o il A n " ¥l e
=Us x? d[”r-rl,k PUsi, ket Uz ier Vs e
- 4”?,k] (in R;J

(3.2) U?:i = hf,k (in 3{;)
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The moat Tamiliapr form of the Richardson Method is that

obtained by setting <= { which is optimum value of .
Then the equation (3.1) bscome

n+l n n n Y
(3.3) 2%} = [ufﬂ,k *UR 3 x T B ki1 T U pn (in R})
- bf,k ) {11‘1 Sh;l

This form 1s not only numerically more convinlent by the
raason of disappearance of L‘? &® but also in one =zensas
-
the most offective form. If we consider U? x 0 be the
2

trus solution of (2.10) then we have

(3.4) Up i = %[ufrl,lc T Uf«rl,k tUp kg1 t Uf#k"‘l]

In order to get error formula, we will get the
difference betwesn approximated value ﬂ?ﬁé of sguation
(3.3) and true velue Up  of equarion (3.4) will be

4l nil
(3.5) ep x =Up = Us &

n 3 il
= Gp y T alep i
n n n n
" =3*‘[:E'fv;u1.,.,a.@: teeak ter gt 9f,1:~1]

Slince the boundary value is fixed, the error at boundary
oguals to zero. The ecquation (2.10), Ws 4 = 0, then
| -]

we also can write (3.5) as



(3-6) ™" = (1 4 £L)e" (in Ef)
= O (11’1 SL]

Now we may reduce erwor formula (3.6) with operational

form

(3.7) aPtl . xo®

where K is linear operator.
Lieb Me

This method le also one of the successive dlaplaceg=
ment method, because of the sense of which the new wvalus
nd1
of Uf,k

applied tw the laplsce equation and boundary conditions

is used as soon &8 it is computed. Thua, =8

described above, the Liebmann lieration process may be

writien,

nfl n n n¥l n iy
(3.8)  Up y =Up g tol [Uf-rl,k tUsar,i * Uz pen * Up i
-au;,k (in R;}

= hf,k (in 5;;}

The cazse of the using optimum value o= %2 reduces the
equation (3.8) to

ot n+l n+l n n+l R
(3.80 Ug q = *[U?-rl,k tUe3,x ¥ Up, ppa * Hf,k-—lJ (in &)

= by g {in 8,)
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In this Llebmamm iterative formula may be regarded as
very mechanical applicatlon of the relaxation method.
The error formuls of iterative method (3.9) 1s
obtained by the U?ji of approzimated velue end U
of true value as following formula
(3100 otk = UFHE - Uy

o aln n4l n apl 4
=3 Eﬂ’f«?l,k + e T,k t Or wpl * Of, k-1 | (iR By)

and since the boundaryy value ia fixed. error formuls
at boundary condition will be zero. This ervor formulse
(3.10) can be again written as

(3.11)

= Ko

¥ is denoted as a linear transformation operator. This
K is not simply wreleted to the Laplace’s operator L.
8ince K is the eigenvalue of the (3.11), then its
eigenfuncilon ef,k
obteined by substituting (3.11) in (3.10)

mst satisfy the followlng équation,

n n . n P A ¢ i
(3:12)  Bop y = %[afvl,k t Kepuyx ¥ of ki1 T Kef,k-‘-l] (in B )

ank = Ep’m = E'i‘,a - ﬂf'q = 0

This equation is the reduced error formule.
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Extrapolated Liebmann Method
Thie method has &siplim to improve the efficlency by

the increasing ¢ velue. This iterstion method is
same 28 equation (3.8) in Liebmann Method

n+l n ?‘n n+l n
(3:8)  Uzx = Uz + dlVei ik # Vear x * Yz xn
n+l §
t Vg gy imf.’k] (in R,)
¥
o bf,k {1“ Bh]

Riley [5] mentions that the terms are collscted as

follows

n41 n n+l n n+l
(3.13)  Ug x gd{Uf-e-l,k *Upa1,e * Uryn ! Hfslf*lj

~(4h~ 1) H;fl,k. (in af;)

= bf,k (in 3;}

veduce the mean time required for each arithmatié
operations for the evaluatlon of one q:lﬁ ( 7F to
6T » where J is moan time for one operation).

The error formula of (3.13) between approximate

value U?ti and true value Uf,k will be

n+1 ndl
(3.14) ep y = Up i = Up
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n el R | . n+l
r‘“'l[af-rl,k T ®2=l,k ™ 2,51 7 “f,k-l]

- (i -1)e] . (in &)

and zero in boundary point Sy. The formula (3.13) also

can be writien as
(3-15) "™ = k(d)eP

where operstor K(el) depending on perameterd, , and this
operator K(ol) 1s not simply Laplace’s operator L.

Hence K ig the eigenvalue of the (3.15) , then its
eigenfunction ef,k must satisfy the following equation,
obtained by substitution (3.15) in (3.1%)

(3.16) Kep x =°’\[ef1'1,k t Kepq,1x 1t Op 141 ¢ Kﬂf,k-l]-
- {'ﬂ-OL" I}Gf,k

This is the reduced error formls.
Sec ey Ric ois]

Second-order Richardson Hethod ls a wmethod to
improve the convergonce rate of Richardson Method by
ugling not only u?,k ., but also U?fi- This modification
1= suggeated by the formula equivalence betwesn the
Richardeson Method and the solution of the tims-dependant
equation %ii_ = W. In Frankel [1] the modification
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method of Second-order Hichardson Mesthod is written as

(3.0 URly = UR , +ol107 y 14 (U7, - U2, x (in Ry)
= Dp 3 (in 8,)

The srror formula wiil be

+1 n n=1
(3.18)  of*L = o +dLe} y 44 (R - ef,k) (in R))

and zero in boundary condlfion we again can write (3.16)

with an operator notation

(3.19) o7 = K(dyp)e"

where K(d .4 ) is the operator depending on parameterd ands .
In equation (3.15), it appears that two lines of
starting values are neccessary. It is not clear what
relation they musi bear to one another or how this relation
will effect later iteration. From Riley [5] paper, the
disadvantages of the Second-order Richardson procedure
a8 comparad to the Extrapolated Liebmann procedure are
removed for the czasze of the Iaplaae’s difference equation.
One of the formules defining the optimumdand 4 in
Frankel [1]

(3.20) AL + Ly) == 2(2 +4)
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and

{3'!21) LU " L!ll = =8

where L, ¢ L, cre the eigenvalue of the smalleet and
largest megnitude of the eigenfunction L (This will be
dlacussed at section IV). Then equation (3.20) and (3.21)
are plmplified as

(3.22) A= hd -1

By substituting (3.22) to (3.17) we obtain

5 +1 n=1
(3.23) UP'E = UR .+ WG .+ (A~ )(UR uf'g)

14} 11
*""J\Elf 1,6 7 Vea1,x t Uz xen T Uf,kwl]

+ (1= WU (in Hy)
= bfgk (j-n dg}

This formuls has already slmplified considersbly. The
complicated operational disadvantage in the Second-order
Richardson iterative process ig disappeared by that Uf i
hes dropes out. As simple Richardson Hsthod. 1t iz not
necegsary to compute it at all. That is, 1f one has
values a2t alternate points, sald where £ - k is odd, and
values in the next lteration at points where I~k is even,

agein. The missing wvalues ars independent of the values
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compuied, and Tice versa. Thus only half of the compu~-
tatlion is necessary, therefore, the improved Sscond=-
order Richardson Method requires fewer operationa for
esach steps than the Richardson llethod, and reguires
egual, number of cperation as the Extrapolated Lisbmann
Method.

We now consider the error formile for the equation

(3.23) as other methods, and we get

n<l n n a “ oo
(3.24) Bf,k = O{[Bf-ﬁrl,k i Hf-l,k * Efj-k"rl Efsk"lJ

+ (1~ Ad.}ag'j{ (in Rp)

and zero at the boundary pelints. Thiszs egquation is
presented as same coenvergent rate [5] ag the Extrapolated
Liebmann Method. Hence (3.24) squation implies (3.16) and

(3.25) o™ = k(W)™

where K(DU is the operation depending onol.

B) Group two method
@Given the value of the funcition U(x,y) at the
boundary points of the reglon R: iet us assign arbltrary
initial walues to the function at each of the in%srior
points of the region R. We caloulate at each interior

point a sequence of "improved” values converging to
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exact solution of the difference equaition (2.5) at that
point. In sach mmthods an improved velue is computed
at every interlcy point in soms ssitsablished order, and
then the process ip rapeaied many tlmas wlth e aysteuaiic
manner keeping the same order. We now ﬁsa&riba the
- iterative method to determine the solution of {E.il) -
The methods of Jacobi, Gauasﬂsa!.chjﬂ, and Successive
Overrelexation are applicable if |a] £ 03 for when Bhis
eon&i‘bian holds, a solution of {2.;?.]__axi:at§ and 1s
unique. Therefore, in thls section we shall assume that
|a| £ o.

Jacobl Method (simultaneous displecement)

In this method one siaris with the iﬁit.ial
approximation U° end computes the sequence of improved
wvalves U” using the following formula which reduced
from (2.11)

i .
(3.26) -ﬂnﬂ ':Szlbisjug T ey
- n O

J.Liﬂ :L, 2, & = w @ M

whera
a

(3.27) by g= - Ei—:-i- for i £ 3
0 for i = j
gy
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Gy is linesr combination of ths lmown boundary values.

In this method the improved waluss are not used until
the entlre process ia through; l.e. the values of all
U? sre modified "similtensously". This is similer to
ths Richerdson’s elemontery iterative process which is
mentioned above seotlon III (4) .

If we consider the WL = (Uj, Ugs « « « «, Uy) to Dbe
the tirue solution of (2.11). then we heve

(3.272) Ay = i‘r byl + ey
é_E‘iE'.l,E, LI v,ﬂ

If weo aseume U = U; = (U3, + » « =5 Uy)s the error
between the true solution of (3.27a) and approzximated
value by tho lterative method (3.26) will be

(3.28) sy,

&

s n
nzo
é,,sfi &= 1: 2;, = » * &3 H

Since the boundaxy values are known constent, the error
is zero. The equivalent form of (3.28) is

(3.29) S



Cen

wWhnare

n
en = (all ? = & W= ® ag eﬁ)

and K ie & linear transformation whose matrix ig (b
Gausgg~-Seidel Meihod (successive dieplacement)
In this method one modifies the valuss of the U

1,30"

n
i

gyclically in an arbitrary, but fixed., order, which we
denote byo ., and the values H?"’l instead of U?, are used
when avallable. Thie processe ig same as the Liebmann
iterative procese. If we aseume that the rows and
corresponding columns of {1:5" j) bhave been arranged to
conform with this ordering., the sequence ig given by

g1 3= n4l

-

N
e B e N Y g By, g% + oy
N 2o

iﬂlgﬂpv-hi,m-

Equation (3.30) may be written in the form of

nel i
(330w e Jfu']4e
where

i i n ]
U. s {ulg I.].E,. = ® * = g U.HJ

f = {fls fE’ & = & = fm}n f iﬂ fix&d; R‘nﬂ. L El dﬂnﬂte
8 linear operator (or transformation) avth erder o.

If we assume ageln U =T, to be the true solutlon
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of {2.11), then we obtain in tho same manner that we have
obtained in the eguation of (%.28), and ths esrror function
at {nfl}at gtep la determined &8

(3.32) o0l o™

=iy =U3

= n+l N n
= %biﬁjej + J%‘l bi_—,«Jej

J=1

wa can rewrite thic as
- n+l 11
(3.33) e = thie _}

where o = {5111, 3121, . e aﬂ] and Lg-,l ig the linear

trangformation for the order o.

Succeagive O laxation Met

Thls method consiste in the form of successive
corractlons as the Gauss-Seidel Method in the definitely
fixed order¢. Assuming that the rows and corresponding
columns of {b:l., j) have been arranged %o conform with the

ordeving o—; the iterstive sequence les given by
(3.38) w7 e[St p, WMy = b W0
’ e R T 1% T 9

> E# “« & & =g H-

The fector w apoearing in this expression is called &
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"relaxation factor". The equation of (3.34) may be
written in the form

n+l n
(3.35) v ar, [u")er

nz 0

where U = (U3, UDs + » = s Ug)s £ = (f3, fos o = 5 fy)s
£ is fixed, and L, ,» denotes the linear operazior.

Hence ¢~ denotes the ordering of the esquations and w
denotes ths relaxation Tactor. We again assuning u = vy
to be the true solution of the equaiion of {2.11), then
the error formula will be same as the srror formils of

the Gauss~Seldel lterative process wlith the relaxation

factorw . Therefore the error Tormila is

nyl nel _
(3.36) €'~ =u, uy
- N
. nel = n
-m&—t“hfﬂ Fore *’M‘“-‘]

ne 0O

i - 15 2! * & & =3 H
The equivalent form of (3.36) is

(3.37) o™ a1, [0"]

n Ii

wners & = (eg, S eﬂ) end Lo . ie the lineax

transformation for the orvdesrg and the relaxastion factor w .
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Now we will discuss the convergence aboutl these
methods aend thelr conditiona for convergence in next

gection.



IV Convergence
A) CGroup one method
We will discuss the convergence in the reci-
é.ngular region. In oxder to examine the convergence,
we now consider the error which is defined as eguation
(3.5) The error cigenfunciicn of operator L for a
P X q rectangle are [1],

(4.1) aﬂ“’ = gin (vr£/p) sin (rek/p)

21,2 o o a « o s P=1 !
8 = 1; Ey *+ % ¥ € % 3 q,"""l
The correosponding eigenvelus is L we denote by L{r,s)
(r,as) {r,e) (r,8) {r,s} {r,a}

{#.2) L(r,sjﬂf,k = @+l ke T @1, T f L1t Of kel

(r,a)
- & ai.’._f’:
Substitue (%.1) into (4.2) we ret :
(res) [, wr({i-1) vre(f4l) ey
(4.3)  L(p g) of,k = |5in ~gp==" § 8in m==g=<s = 2 gin ?)‘

e (Ig&)_.f. Es-in 'E&%‘F.‘;Q i o T&%:..l.; - 2 gin &ﬁfﬂ
Biﬁ@)
- [ 2 sin %g)ms L )- 2 3:1(’”?)] sln(m)

-;-[‘ ain “ER)GOﬂ(%E)- 2 Eﬂh(%}} Biﬂ(‘““‘%t)
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- {E aas coa(‘%-) ] nin( ﬂnfﬁ)

Since ai,rf:ﬁ} ig the equation {(4.1).
-

(4.4) L{r,s} - 2 ens{-‘ﬁx:)-li 2 cos('%&]- .1

and the egquivalont form of (4.4) is

(4.5) L(r,g) = -4 ]-_s‘ina (w2/2p) + sin® {'ns/'ﬂqu

All of these sigenvalucs are negative.

The amallest in megnitude is dencted by Lo, and
the lnrpest in pagnitude is dencted by la which belong
tor=g=landtor=p~1, 8 =q -~ 1, respectively,

Thua,

i

(4.6) Lo = -4 [ewn® @-ﬁ) - 8in® (5‘!‘;‘”

T o-f (2R 4q2)
(47) Io = =4 Lﬂin E%—A - gin® ﬂ%gﬂl.l }
= el [2 - gin? (Eﬂf) - 5in® (E'qu) ]

=844 |otn(gh) - etn® () |
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F8e-qFf (P°4a2) y

The eigenfumetions of L are alsc eigenfumctions of
the iteration operator K £ ( 1 4oL )s correspending

to the eigenvalues

{4#.8) E{p,g) = 1 4% L{p,s)

Each error-~eigenfunction componsnt is multiplied by
3ts E(r,s) 8% sach iteration, Thus it

n n
(#.9)  @p y = E(n o) ®2.1

n {r,s)
= E(n o) ®f,%
With Inoreasing n those componoents, e‘r'ayg for which

(4.10) [K{r,ﬂj l < |

This lteration converpge if amd only 1T eguation (£4.10)
satiefied for a2ll rys, and the more rapidly the smalilew

,K{l‘s 8) , o

Since equation (4.10) condition hold

(4.11) %;% agikﬂa
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Hence this equation of (&4,11) proves the nscessery

and sufficlent conditlion for the convergence.

From the above consequence we can be able to dig-

differencs equation (2.10). Since ite error formula
{3.7) of the Richardson iterative foroml is

(4,12} 311:?_’?; a?!k = lim i Ef: ]j.riﬂne
if and only if condition |K|<|. lence under this
condltlon Richardson Mebthod converges to the solubicon
of the equaticn (2.10).

cuseged under theo game condition. The error formuis is
dsfined g8 the eguation of (3.12).

(#.13) X 9?’1; - % [ei':-rl,k s eg-l;k ¥ a?;le v e?sk‘jj
whare
an+1 = K On

In the Richardson Method the error feormula has sinply
{n) power of elgenvalue K, however, this ILiobmamm le-
thod's error formuln has not only (n) power of K, buk
also combines with (ny+l) and (n) powors of eigenwaluo
., ©Since tho oonditlon is glven that [I‘{ |<. | » the error
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formula (4.12) npproaches the 1imit zero then equat-~
jon (4,13) aprrocches the 1imlt much fester than the
equation (%4.12), Therclfors we cen conclude that if
Richardson Hethod converges thsn Liebmann Method glgo

GOLVerEZet .

The Extrapoleicd Iiobmaon Vethodls error formula
1 _ +1 1.
(3.16)  of’y =q| [e§+1,k R R ‘3111',1:—]
- - n
(4A ~ 1) 6.1
can be raduccd as

Since | X [<| iz the conditlon, we can apsume that

IK (o{}]di‘ ,' and so the convergence ie determined.

maintalned with the converpgence condition of Richard-
son lioethod ond also the convergence of the Inproved
Second=order Richandaon Vebhod 18 maintaeined with the
convergence of the Extrapolnted Liebmann Method.

Now we will discuss convergence in the slightly
different wey. The rectanrulsr veglon R? has
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|Er2i2 ¢ svvosnvs@md
then, we can disousc the following wey to prove the
existence of converrence. According to Young J11] the

51 ali (3;15) is written as

1 W 1 3.
(438) Vgl o & [Ufa,x + Uk + g, b Uxfltk-l]
i l,iu}— 1) Urfl,k (in R'nh )
= bpx ' (in 8 )

with relazation factor v which is the same sence as
the Succesclve Over-relexation Methed's relsxation

factorw « We ghall denote this equation (4.14) as
I (W)e VWhenw = 1 equation (4.13) becomes I (1) se

"

1 1 n . nyl
(%.15) U?‘,k = [U:['-rl,k U?‘-l,it * U?*.;;-pl + “f,k-:tj {(in R%,)

. L

= be, e (in 5'p)

hence thie 12 the Licbponn Iterative formula with
:;(ﬁ% « {optimum balue A ). Alsc we con dorive the
Richaxdscn Iterative formmls from the eguation (4,14)

by romoving that continuous substitution. This formuls
will be
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41 1 n n
(#.16) "?',Ia: e F [Uf.rlﬂk + U?-l,k + Uz, iq1 ¢ U?,k-l] (in R% )
=Y P,k (in 5%,

We may reduce the eguation (4.16), (4.15), (£.16) into
the linear systems of F linear equation by constructing
square region viiers N are the intorior mesh points. Thus,

the syotens for (4,16) beconmes

‘.4'!19) ulfl:.% _: %[%aigj uzjl o ﬁi] ie= 1! 2 o « 3 N
: J=1l 21! . 8 5 N

vhere d3 is M€ poundary value and ai, 3 is the renl
goefficicnt of unlmowvn uj,

the syoten for (4.15) becomes

n+l 1 |&= nel |, L n
(%4,18) uf,k‘. " [%ﬂirjuj ki =11 e 5 uj " dg'

1 = 1, En & & 3 H
. 3 = 1: E’ * o m
where d1, 81,3 and un heve sanme prcpérty and tho system

for (#.15) becomes

ks i-
(%4.19) “?.1% = ”Ev [% a4, 4 u’g*-'-'- ""1%:11-1 81, u? P dlj

-
i

_1| E’-'i}.ﬁ
J2ly 2 6 0 3 N

~ (W ~1) uj
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vhere 41, ai,] and un have same properiy, anéd . is
rolaxdtion factor which vary each iterstion.

Heneca there exisls . the relationship betweon equab~
jon (4,15) and Gauss+Seidel Method, which has same rew
inzation factorw/= 1, Same time, a2z we asecirned the
Richnrdson Method as above, the Jacobl Method has the
relationship with Richardson Method., Therefore, acw
gording to the Young [i2] , corollary 2.1 if under the
glven ocondition, Gause=Seldsl Iterative lMethod convserge
then Jacobi Iterative Method convergs to the difference
equatlon, hence the convergence of Liebmann lethod
implica the convergence of Richardson Method., The
next; case is that the I (W) 1e squivelent with the
Succassive Over-relaxstion Method. Therefore, the
proof of the Successive Over-relaxation listhod's cone
vermence ilmplies that Extropoloted Liebmamnm Method.
Honce we now willl prove the existence of the convere
genos of the Gauss=Seldol Method and the Sutcessive-
over«relaxatlion lMethed.

B) Group two method
cAn dterative nethod which compulics g ge-
auence ol wvalues “in} at each intsrior mesh point
of the region R is sald to converge when

1am ul® = 1wy or equiwmlently. when
neh *
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1im .Eén) =0 . Ue now 1nvﬂﬂtigates'the convergence
n-sé . :

of the lterebive metods desoribed above, and in the
next we dlescuss the rate g% which such convergence
talke place.

Firstly we oxemine the mabtrix of coefficiente

A = (8i,)) obtained from equation (2.11) which is

i_ﬂi,j Wyt dy =0
J=1
iB1,2gq:lgH

Yow 1yBs o o5 0 B
From the equation of (2.5} we have
P

& for § = §
-1 for xj=x3 +h
{(4.20)
yy=¥yi 2h
lo otherwise

The Tollowing three conditions on motrixz (ai, ) will

ke important to this discusrion

- M
(a) Iﬂ1:3| éj :é ;;ﬁ ,31,.‘]' » L & 1,2 » o » 5 13
=Llg

and for some i the striet lneguality holds.
(4.22XDb) Given any two nonenpty, diejoint svbsets
5 and T of W, the set of the first N poei-~

tive inbegers; such that S U T = W, There

| existo 23,) £ O such thot les and jJeT,
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{e} There existiwo disjolint zubsets S ond T

of ¥, as defined in (b), such that if

ai, ) # 0, then elther i = }, or 1€S and

JeT, or iel and J=G,
Conditions (4.25 a) and (4,25 b) were formulated by
Golringerd and condition (4.21 o) was formulanted by
Young [12]. @Gelringer [2] proved in (379 -~ 381)
that if the @oefflclent watrix A = (ai,}) of (2.11)
satlefy condition {il-.él n) and (4.21 b), then
1) 211 20 (L =23, 2, o« « « 5 M)
1) A £ 0, which implies the existence and unique-
nees of the solution of (2,11). Also Geiringer [2] show
that i;.ha under thie conditlon Jocoblan Hethod and Gauss-
Selidel lethod converge to the solution of (2,11) for
any staréting point and any oxrderlng of the equations,
In Young [12] shows thet if the matrix A satisfies
the conditions (4.2, and if the eipgenvalue of A are
real, then theprs exiet connistent cyderinge ¢~ . such
that Tor all real w in the intervnl 0< w2y Succegw
sive cver~relexation converges. As we shall esee later,
for certain value of W (orwi) in the interval O< wed ,
8. 0. Methedwlll converges much more then Gausc~Seidel
Method.

It ie proved by Young [12] Theorem 2.1 thnt
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metrix A sabtiefics ocondition (4.2) o) if and only if
there exiets a veator (= (&7, 4 « » « (H ) with ine
tegral componcents such that 4f a1, # O and 1 # J then
]ﬁ'j_ - :‘r:j ]= 1. According bo the Young[izp 107] we ghall
ghow such a ordering vector ¢ cxist by exhiblting two
ordering vectors in order to obtain two constant order=-
inge & and ¢ denotes the distance of the bowmdary

from the X axis and y axis, respectlvely. We now write
the coordinates of the point (x4, y1) in the fomm

X3 =a +p;h
Yg = ¢+ a4 h

{4;22} iﬂlpgpiiinn

We define two ordering vectors ‘}-{3-] and b’(EJ by

: (1) ¢ 1 4T pg + qy igeven
(4.23) &3 ) 0 if pi 4 g is odd

J(‘q]'.* Py ¢ 43

Mow 1f 81,3 # O then (x1,y1) and (x3, yj) are odlacent
and consequently, either |x; = x jf = h or '31 “ ¥j|= he
Hence cither [p; ~pjfs 1l and g3 =qj or [4g ~qy/=1
Bl 2 P§ e In either cage we have

[Cortas) =Cpy+ag)f o5 =& l=]0= 57 s
hence it follows thé A setisflcs condition (4.21 z).
The ordering vestor j of the rows and colurme of A

withe the above propertlces describes o consietent
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ordering if, whonover ai,j £ O avd J; > the ith
row follows the jth row under the ordering.

Ve now wish to ghow that eigonvaluss of A are
real, It I8 stated in Werlick [9] that 47 P is &
renl but not symmetric nxn motrix, and if there exish
real woight factors 8420 i =1, 2, 3, « » » » N, such
that
(.22} B3 p3g = 8] P3,1
then the n eigenvaluee of P are real. To sce this,

aonsider the diagonal matrix
24

WEE
(4.25) D = ~ = dis {fﬁ—ia JB2s & » /By )
. [en
Since 83 > 0 wehe.veﬂ"l:(sl,ﬁ'ﬁ, i 'J-%n}

This dlagonallzetion methed as equivalcont with Shmidit
rrocess of orthoronalization. Consider now tho matrix
{1“126} G Y D F D-l

The gencral elements ¢4 3 end ¢j,4 are respootively,

(2.27) o3,y =j§:§ P1,3 e5,1 ={ = 23,1

From (4.17) and (4.26) it follcws that

°1,] = 03,1
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thercfore the matrix C is recl and symmetrice, and it
hes n real eigenveluezs, Bince D is noneingular, it
follows from (&#.26) that p and ¢ are similar; hence
the elgenvalues of p ave real.

From tho equation of {(2.11) we can see thabt A
13 real, nonsympetrle matrix, We now exhiblt Wariick
[9] the weight factors s3. In detsrmining the o5, we
need to be oonoerned only with the elements ey £ 0
as plven in the equation of (4.14). From section II
we see that we may sot y3 = f h, whore f takes on po-
sitive integral values. If g3,j = ~1
|4 = %xj|rhand y4 ey3 =1 h.
It follows Immediately that a;,j = ~1 in that ecass,
hence g3 = 835 = Gp. Ib is algo cleayr thot Tor all
points ( xj, y5 7 such thad ¥yj=mh, vo have 8 = Q.
If ue set dno = 1, where ne = _Q__H, » Tthen the factors

83 aro dofined such that 890 for 1 = 1, 2; « « » N
We showed that the matriz A = ( a3, ) satisfies con=
ditlon {4.20), ané posscoses real eipenvalues; hence
we may conclude thaf Succossive Over-relaxation Method
converge for consgistent oxdeowinge and furfa].l w such
thot O<w<«2, Thie exietence of the c_ni{;ﬁfarganca in

gach iterative metlod under the given condition, we
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nov diocuss the convergence vate of those iterntive

method mentioned above.



V  Convergence Raie

&) Group one method

Vle now exzamine the spectrum of eigenvalue of

the transformetion T to be the maximum megnitude of the
absolute values of the eigenveluss of T. VWe denote the
specirum aigenvalue of transformation T as K*.

Now we consider the spectrum sigenvalue i
which is

(5-3) = ?ﬁfs,!“tr,s}

Since by the equation of (3.8) the eigenvalues of K{r &) is
3 &a

{II--B] KEI‘,E} = 1 +GI‘L(I‘,E}

be in the raenge

(5+2) El’ﬂ =1 i‘akl-mé K{I‘,B} <1 +Q{'~Lﬂ = KD

and the equality sign holds for (r,s) = (1,1) and
(p -1, g = 1), K¥ ig determined by

(5.3) K# = Max§|1~:m| IKolj)

Ag ¢\ increases from zexro, X, drope alowly from unlty,

Em drops repidly from unity. Thus K¥ = K, > O so long as
K, 2 = K;o For the greater values of o, K* = = K _,
hence X¥ rises with increasing o¢l. The most rapid
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convergence ls occurying where
(5.4a) E, =1l edly, ==K == (14dL)

and so
2

(5e4b) ol= = g o
O

From the equation for L (4.6) and LEII#.?J ve obtein

(5:5) Ly tLl,=~-T1(0024q2) -84 ApC+q2) =-8
Hence for

{5*&6} 0!\2%

To substitute o= 4 to the equation (4.8)

{5.?] K(I‘}E} =1 T i-lt(r':s)

The eigenvelues IL(pn g) OF laplace's operator L, and the
funcitlon

(5.8) t = cos {7r/p) ¢ cos (%s/q)

which is defined in the equatlion (2.7) of Frankel [1],

gatiefies the relation

(5.9) L(I‘_-,s} -4 ¢+ 26



Henoe the equetion (5.7) becomss

(5:10)  K(y,q) = &%

Now we denote © is the epecirum eigenvelue of K,

transeformation of the Richardson Methed at the optimum

d= 4, so that the spectrum eigenvalue © in optimum value
d= % is defined as

(5.11) Emﬁﬁzétmx

= ¢ | cos(m/p) = eos(ﬂ‘/*?.}]

22 . ™2
g'l-m-_rn;ﬂw.l

Richardson Meihod explains the rate of convergence in
tores of the spectrum elgenvelue. We will discuss the
rate of comvergencz a8 the form of the rate of convergence
of 2 convergent transform. Since we mentioned the
condition for convergence &3 I‘E‘. | < 1l at section IV (A),

K is convergence transformation within I :Ei{-l. According
to Geliringer LE] we can define the rate of convergence

of a convergent transformatlon asa
(5.12) R[K] =~ log %

In the nexi we can consider the Lisbmann Method.

This method decreases the number of Lteration by using
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new value whenever it is ready for use. Therefore, this
method converges faster than Simultansous Substitution
Mothod which is the Richaxrdson Method. We now denote
.'5"{&} to be the spectrum eigenvalue of k(). the
tranaformation of the Liebmann Method at optimum value
J= %. If T is spectrum eigenvalue of K, then T° 18 the
spectrun eigenvalue of K(%); if j'(i} is spectrum
eigenvalue of X(3), them T is spectrum eigenvalue of

X [12] . Therefove, 7 1o obteined in torms of 2, end

the relation bescomes

o]
3 [cna(?b’p} + una("?fqﬂ
LB a®) |

£

(5.13) ;?#

i1

i

Since K(2) is convergent transformation within H:." o
the rate of convergence of Liebumamn Hethod will be

(5.14) R[I{{-&}] = - lagj'(i} = - 2logt

Thias formula in form iz that the yatse of convergence
of K(%) is twice the raie of comvergence of K in
Hichardason Methed. TFurther more we can find an sdvantage

in number of ltsratlon required to schieve e pglven accuracy.
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Warlick [9] mentioned that the number of ilterations is
approximated by inversely proporiional to the rate of
ecmvergance. Therefore, Lisbmonn Method requires half
of the numbsy of iterations than using Liebmamm Method
in order to get the specifled accuracy.

In Frenkel [1] it 1s shown that the optimum o\ is
dotermined by the equation (35)[1]

2.2
(5.15) oLt ~4d+ 120

for the rectangular vegion, %, = cos(T/p) ~ cos(7/q).

In Young [12] it is better %o overestimate the optimum A

than to underestimate it. Therefore, by calculating

proper value of ¢l from (5.15) we cen see the gair the

rate of ceonvergence and the decreasing number of iteration.
In order to get an optimm convergence factor

(relaxation factor)ol we will conmider the following.

From Young [11] equation (29) shows that relationship

betweeng! in Extrapolated Liebmann Method and relaxetion

facotrw) is thatb

(5.16) U} e -ﬁ-d\

We denote the opitimum value of el by o{h. Then we can
conatruct cptimumd,b from equation (5.15) and Young
[12 sectianlla.a
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?
7 ; e A ’ t o ’

where © is the spectrum eigenvelus which defined sbove(5.11).
Now we wlll denote 3() to be the spectrum eigenvalue

of the transformation K(d) of
HMethod where ¢ ig the relexatlon factor. Since K{l) is
the convergence transformation ]:E' <1, we can define ths

gpectrum elgenvalue as
(5.18) '5'(&) = (ol = %)

17 o, ¢ d€ % by Young [12], Theorem (3.2

(5.19) R[I{{ak}] < R[K{db}]

for all real dl such that o 2ol . Hemce the rete of

convergence of K(d,) is given ae

(5.20) R[K(céba] = - 10g3(dy) = - logldl, - 1)

= «~ 2logm

+
[4 (1= %5)8

where spectral norm

2

o

«21 3 - -3) = -
(5.21) jfn{h] = (@Jb ) [H‘ g ﬁ%:]
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With this procedurs and with this‘ optimm valuas of of
(relaxation factor) the number of iterations require
W produce a subgtential improwement in a tirial solution.
The convergence rate of KGl) ie asympiotiecslly equel to
twice of ths square mpot of the rate of convergence of
E(4). 8ince the number of iteratlons is inversely
proportional to the rate of convergence, the number of
iteration of the Extrapolated lLiebmarnn Method is less
than the number of iterations in the Liebmann Method.
Young [10]}19.3 mentioned that the number of lterations
required to eolve the laplace equation which is
asymptotleally proportional to h‘l while Liebmamm Method
require h° number of iterations.

The Bscond-order Richardson Mathod which has
iteration formule (3.17) sppears that two lines of
starting values are nocesesary. It 1ls not clear what
relation they mst bear to one another or how this
relation will affect later iterations. Therefors, this
is not very applicable. HNow we will denote the f" {r,{,(g]
to be the spectrum eigenvalue of Kyl ,‘4}, the transformation
of the Second-order Richardson Method. 8ince o, in the
optimum value ofr|, in the same sense as above, we can

deseribe the j""tdb,/gj as



45

2 § o = i o
) J) = b

Since the transformation K(dl.4) is convergent (section IV,A)

it can defins the rate of convergence as

(5423) R[K(og,f!}] = = 1055'{&7&1
[

= -~ log

l.=+ {iuiﬂf’?

vhere ¥ hos mentioned above.

Now let us consider the convergence rate of this
method and the EXirapolated Liebmann Method. We denote
the _'?- {-375) to be the spectrum eigenvalue of E{ul,'b}.,
the transformatlon of the Second~order Rlichardeon Msethod.
Then we have the convergence rate relationship between

thisd method and the Eibrapolated Iiebmann Method [[17

(5.2%) R[K(Jv?ﬂ.}] = %R[ﬁb{bil-

We now consider the convergence raite ln the Improved
Second-prder Richardsoun Method. Since this iterative
method's error formuls is resemble to the Extrapolated
Liebmann Method, the rate of convergence of this method
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is equal to the Extrapolated liebmann Method. This was the
purpose to consizxuct the iterative formule of the Improved
Second-order Richardeon from the Second-order Ricardson
Method [5]. In The next we will discuss the rate of con-

vergence for the second group method.

B) Group one method
We define the apectral norm of a transformation
T to be the maximum of the absclute values of elgenvalues
of T, we denote the spectral norm of T as A » The nate

of convergence of a conveigent transform ies defined by

(5.25) R(T) = = log A
It is well known that T is & convergent trasformetion if
and only if the characteristic circle of T lies within
the unit cilrele, i.e. if and only if o<p<l. This is proved
by Oldenburger. . The relationship between the iate of
convergence and number oi iteration is approximately in-
versely proportional to rate of converfence. Therefors
inereass in the rate of convergence cause to reduce the
number of iterations.

Lot &1 denote the spectral norm of K, the transform-
ation of Jagobi Methos. In the equation (4.25) we al=
ready know about that X 1s a linear transformation

whose matriz 1s ( bi,j]. Geiringer [2] showed that
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1f the matrix A satisfies condition (4.21 a) and (4.21b),
then & ¢1., thevefore, reduced matrix B from matrix A
also satisfies the condition (4.21 a) and (4.21b). A4Ac=
cording to Geiringer K converges within.a < L, so that
the rete of convergence of Jacobl HMHethod ls given by
(5.26) R (K) = =log.a
In the next to conaslider the Gaugs+Seldel Method we
may realize large gains in the convergence rate with
a proporilonal decrease in the mumbexr of iterations
required to achieve & given accuracy. In Young [12]
it ie shown thalt consistent ordering of the yrowas and
columne of A, and if a 1s an elgenvalue of K, them X\
=u° ig the eigenvalue of L,,1 In ths equation (3.31)
Lo—s2 1is a linear transformation for the order ¢ .
The spectral normA(1l) of Le,1l is thus gilven by
(1) 24 whove & is Gefined above. Hemoe the rate
of comnvergence of L 1 1la given by
(5.27) R (Lp1) = ~log X(1) = <2 loga
We can be able to notlice that the rate of convergence
of Lyl is twice the rate of convergence of K. This
relationship is also defined in Young. [ﬁﬁl corollary
(2.1} p 100 . In this method another adventage is that
the half of the number of literations ls required to
achieve a specified accuracy using this method instead

of Jacobl Hethod. From the srror Tformula of Successive
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over=relaxation Iterative Mathod 1s defined in section
I1I of equation (3.37), and Ls,p is & lineer trans-
formation of consistent order¢-and relaxation factor
we In the Young [12] theorem 3.3, it is shown thet
a gain is reallised by using in Successive over reolaza-
tion method the proper choice of the relaxation factor
w « As showvn in Young [12] the optimum cholce of W is

given by

o 2
(5:28) wye 14 | ]

whers_a is the spectral norm of K.
The apectral norm of I,y 1= A () and from Young EI.E,
theorem 3.2, p 102] we pee that the 8ll 0 ¢ w<az pguch
thatuf w, , we have

R Ly <R ( L,,:ujb )
If Wy« uk2, then
(5.29) NW) = w=1
Now we denote )\ (W) ) to be the apectral norm of L,, hs
then the rate of comvergence in Successive over relaxa-
tion method is given Dby
(5.30) R [Lm, 'b] = ~log Afub)

= ~log (Wp =~ 1)

A
“clog 14(1wu=)




where (Wyp) =uy - 1.

In Young [12] theorem 3.3. it is shmm ihat

(5.31) R (Lgwwp) ~ 2 [H tL.r,li]

as R (L;,1) tends asymtoticelly to zero. Evidently,

& large gain in the vate of convergence and & conse=
quent decrease in iteratlone is to be realized vhen

R (Lg1) ie smell. The required number of iteration

ie the order of h™% using L,,1 and only of the order

of h~* using L;, WOpe Successlive over-relaxation method
proves to be the most rapidly convergent of the methods

we are considering 1n this paper. As we have seen, the
most rapid convergence of thias method is cbtained when

W= wy, Wwherewy ie the function of a .axpmseacl in (5.27).
It is interestlng to note hers that as shown in Young[)p
theorem 3.4 ], 1f,0y andd satisfy

(5.32) wbgﬂa -4 (~1)=o0 W 2.

with i =41 end & = u  respectively where

(5.33) (1=A') =6(1-4) (0< & & 1)

then ss u = 1 = we have

(5.34) R (L,,y) ~—~—6R (Lrswp)

Thus & relative decrease in R (Lg,.w ). corresponding
%o an overestimation ufﬁ ie noit very ssrious. On the
other hand, an underestimation of Al causes & much
larger relative decrezsze in the rate of convergence.
in the next we will discuss the _n velue which ean be
obtained by the oversstimetion, and relationship with
% in the part (A).
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VI Eigonvaluc u and &

If we enclose a glven rectangle, then spectral
norm of i for the region will be less than or aqusl
to the epectral norm for the rectanzle, Henee, when
we reploce a given region by a2 clrcumseribving rectangle
and compute A for the rectangle. The eligh® overestie-
metion of m for the given region does not ssriouvsly
affect the convergence vate R ( Ly, Wile

Warileck [9] considers the compubation of A fur the
rochangular region. In his gpecinl aage { Kk = 0, or
Laplaoe equation ) expression for a is given as:

the exact value of .

(6.1) By = % [ aﬂs(%:hg) ¥ CO8 (g::&g}] [P: ',';{b-?&,'l
F=%(d-¢c)

and approximated valuo of i

. he VTR - Pat(b-2)
(6.2) Jp =1~g [(%':5) - (m) ] [?"ﬁ{ci*t.}
In this equetion, wvhen h is smnll tb.e,gpproximated value
of A equals %o the exaobt valuc of 44 . This formuls has
tho complete aproement with tho spectrum eilgenvalue ©

in section V (4) which form is

the exaet value
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(6,3} T = i [cue {v/p) ~ cos {‘qu}J
and the approximated value

- a - -s)
(6.4) Tz1e <

flence, we con eosune thab spoctral novm of Al and spect~
run eigonveliue © hes equsl velus. |

liow we will sompaire the convergence rate of group
one methed and group 2 method accordlng to the above

ascumption, -



Vi1 Compavison of ths rate of convergence

We now know how mach the rete of convergence varies
smong the methnds whiech vwe have desoribed. Also notive=
able difference in the number of literationa has caused
by the rate of convergence, bscause of the relationship
between the rate of convergence and the number of
lterations ie inversely proportional tc each other. Thus
the total calculation time is conslderably affected by
the rate of convergence and the number of lterations.

In the consideratlon of elementary methods, the
Ricardeon Method in the group one and Jaccbli Method in
the group iwo have greate similarity. When the Richardson
Method with opbimum velue &= %, the rate of convergence
is same ss the Jscobl Method since % =41 showed in section
VI« The formala of the rate of convergence definsd as

(7s1) RIKje®log &l = =1log X

where 21 1s spociral norm of the convergence tremceformaiion
K. Therefore the number of iteration and totsl calculation
time is same.

The slight difference in the iteratlve process caueea
the gaein of the gate of convergenue. The  lebmenn Method
et the optimlum value o = 4 and Geuss-Seidel Method are
constructed by the seme lterative formula of Richardson
Method and Jﬁcobi Method with ths successlive dleplacement.
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Trewn uging this succesalive dispiacement technique there
ie a}grea.ta gain in the rate of convergence which is twice as
more than the rate of Richardson and Jacobi methode.
gince © =41 , the rate of convergence of L of the equation
(5.14) and the rate of convergence of Gauﬁamﬁeidal Method
of the equation (&:27) are equal, and we could define

( 7.2 ) R[X(2)] = R[Lﬁ..,_] = =2log A1

where A is the spectral norm of the convergence trans-
formation Lgyi. From this gain of convergence rate

the number of iterstione decrease the half of the number
of the iterations requlred in the Richardson and Jacobi
methods, and also the total calculation tlme 1is reduced
half in order to get the specified accuracy.

In the next the most recomendable mesthods which
ara the Extrapolated Liebmann lMethod and Succaselve
Cverrelaxation Hethed.ars introduced by the usling of
convergence facltor. This iterstive method is based on
the Lliebmann and Geuss—Seldel Methods and multiple of
A& W) respectively , whered, and ) are relaxation factor
From the choosing of sptimlum veluew of w),and « of J‘L v
we can gain the twice -~ the square rooi of the rate
of convergence of Liebmenn and fauss-Seidel melhods as

the latter tend to zerc. Since the eguatlon (5.20)
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gree @lth the equation (5.30) we could have the relation-
ghip

( 7.3 ) RIK()] = R [Lpsw,]= =2 log U
s 14 (1528

Young 110] the required number of iteration is of the
order of h™? in liebmenn and Geuss-Seidel methods and

the only of the order of n~t

using the Extrapolated
Liebmenn and Successive Overrelaxation Methode ., and
the time also diminisghes inversely proportional to
the rate of convergsnce.

We Mow will discuss the inprovement in the rate
of convergence of Second~order Rlchardson from the
Aichadeon Method. The improvement lg made from the mul-
tiple of & a:rid{,& of convergence factor and is twice of
the rate of convergence of Richardson Method. Difficulty
here is the Felaxation factor to be different in each
iterations Young 7137 . Therefors from using this
method there are the complication in computatlion, and
the required time is relatively more tham the mecessayy
1a that convergence rate.

The Improved Scond-ordser relaxation method which
is defined at the equation (3.23) has incrsased twice

of the rate of convergence of the Secomd~order Richardson
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Method and ne computational difficulty is there.

This has the same rate of convergence as Extrapolated

Liebmann Method or Successive Overrslaxation Methoé.
Therefore, when we apply the Extrapolated

Liebmann kethod , Improved Second-ordéer Richardson

dethod and Successive Overyelazation iHethod for solving

Laplace’s Equation, there exist the gpreat advantage

in the total caleulating time.
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