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Hotation,l

Suppose that n is an integral variable which tends to
infinity, x 8 continuous variable which tends to a limit-
ing value; that g(n) or g{x) is a positive functiom of n
or x; and that f(n) or £f(x) is any other function of n or
x. Then

(1) £ = 0(g) means thatIfI(Ag where A is independent
of n or x for all values of m or x in question,

(2) £ = o(g) means that £/g->0. This is sironger than
and implies (1).

(3) f~~g means thet f/g->1. In these circumstances we
say f is asymptotie to g.

(4) £3¢ g means that Ag{ £4 Ag where the two A's (whioh
are not the same) are both positive and independent of n
or x. Thus fx’g asserts that fvis of the same order of
maganitude as g.

(5) (n,m) = 1 means that one is the only diwisor of
both n and m.

(6) Suppose P is a possible property of a positive
integer; and P(x) the number of numbers less than x whieh
possess the property P. If P{x)}~x , ise. , if the number
of numbers less than x which do not possess this property
is o(x) , then we say that almost all numbers possess
this property.

l. This notation is due to Hardy and Wright, page 7
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The Prime Number Theorem

One of the most famous problems in arithmetic is the
prime number theorem which can be stated as follows:
The number N{(x) of primes less than or equal %o x
is asymptotically equal to x/ log x, that is, the
linit of N(x) log x/x as x goes to infinity is one.
This problem was worked or by many renowned mathematicians
including Gauss, Dirichlet, Legendre, Riemann, Tc¢hebycheff,
Wiener, and Landau. The actual formuls for the distribution
of primes was first proposed by Gauss but almost a century
elapsed before the theorem iitself was proven independently
by Hadamard and Pousgsin. Since then there have been seversal
proofs and reformulations of proofs.
¥e will first give a resume of the history of the prime
number theorems. Then we will introduce several arithmetical
functions which we will use to discuss the work of Tchebycheff
who contributed to the development of the proof of the theorem
nlthough he was unsble to prove the theorem itself. We will
demonstrate his work to show how much he was ahle to accomplish
by simple methods and without the aid of medern analysis. We
shall, employing his methods, prove his theorems that N(x)
is of the same order of magnitude as x and that the limit
of N(x) log x/x is 1, if the limit exists.
In order to prove that the limit of the above ratio
exists and hence prove the prime number theorem itself,
we will need the famous Riemann zeta-function Z(s), where
8 =1r + it. We will define Z(s) both as an infinite series
and as an infinite product and will discuss its convergence,
We will prove several theorems concerning the distribution
of the zeros of Z(s). The theorem that Z{s) has no zeros
onr = 1 has been considered a most essentisl step in any
proof of the prime number theorem. Therefore, we shall for

historical reasons, give both Hadamard's argument and Poussin's
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proof of this theorem. Each of these two men was zble to
prove the main theorem by making use of this theorem.

At this point we will be in a position to discuss proofs
of the prime number theorem. We will state,without proof,
Landau's lemmas on asymptotic expansions. Then we will indicate
his proof of the main theorem using this lemma. Finally we
will discuss Bochner's proof of the prime number theorem.

To do this we will state his theorem on asymptotic expansions.
We will outline the main steps of the proof of this pre-
liminary theorem so s to indicate the amount of mathematics
needed to prove the prime number theorem, Making use of this

theorem we will prove the prime number theorem.
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A Higtory of the Prime Number Theorem

The ancient Greeks were interested in prime numbers.
Eratosthenes (275 - 194 B.C.) invented a 'sieve' for
finding primes., All composite numbers were sifted out as
follows., Write down the number two followed by all odd
numbers from three up in succession. Remove all multiples
of three by crossing out every third number after the three.
By canceling every fifth number afier the five we remove
all multiples of five. In this fashion, after crossing out
gll multiples of 7, 11, 13, etc.,we have left only prime
numbers, The most interesting thing about this simple
method of finding primes was that no better way of finding
the number of primes in the series 1, 2, 3, +...n was found
until the nineteanth century.

A question that attracted the attention of many mathema-
ticians was that of finding a formula giving all the primes
or the exact number of primes less than an indefinite integer n.
Since this search met with no success, attempts were made
to find simple formulas that would give only primes even
though they might not give all the primes. Fermat, for example,
claimed that all numbers of the form F(n) = 22n + 1 were
primes. But in 1732, Euler showed that F(5) is not a prime,l
Similar formulas met the same fate. Finally this futile
approach was put aside and mathematicians began instead
to seek for informeation concerning the average distribution
of primes among the integers.

This problem was known to Gauss, He stated that x/logx
would approximate N(x) and the larger the value of x the
better the approximation. It is not known if he ever proved

this statement. His answer was found on the back of a copy

l. What is Mathematics, page 482,
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of Schulze's Table of Logarithms.2 Such a book seems a sirange
place to find the answer to the distribution of primes.

Other emp;rical formulas were suggested. Gauss later
condidered i: (log x)-l dx of which x/log x is the leading
term. Legendre, unaware of this, svgegested the formula
x (4 log x + B)"l . Dirichlet showed that this formula,
which Abel quotes as " the most marvelous in mathematics,"
was correct only to the leading 'berm.3

In 1859 the great Russian mathematician P.Tchebycheff
made the first great advance in the theory of prime numbers.
His work was the first attempt at & rigorous study of the
problem. He did not prove the prime number theorem as the
tools of modern analysis were not then available. However,
by elementary methods, he was able to prove rigorously
that the number of primes not greater than x is between
0.921Q and 1.,106Q where @ = x/ log x. Later J.J.Sylvester
obtained by the same methods the limits 0.95Q and 1.05Q.4
Tchebycheff's limits provided a proof for the famous Berirand
postulate that there is at least one prime between x and
2x - 2. He proved that the limit, if existent, of N(x) log x/x
iz one.

All that remained o prove the prime number theorem
was to prove the existence of this limit. The famous Riemann
zeta -~ funetion Z(s) was needed for this. Riemann set forth
8ix properties of the gzeta « function, none of which he
was able to prove. Five have since been proven. The remain-
ing one, that all the zeros in the sirip 0<r<%1 have real
part %, remains unproved. Riemann conjectured that this

property was true. This is the famous Riemann hypothesis.

2+ The World of Mathematies, page 157

3. A Bource Book in Mathematics, page 128

4. The Development of Mathematics, page 314
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Attempts to prove or disprove this have resulted in a great
deal of mathematical activity. This has increased since
Hardy was able to prove in 1914 that Z(s) has an infinity
of zerog onr = %.5 The zets - function which was first
studied only hecause of its importance in prime number
theory has since become important alsoc in the theory of
anglytic functions in general.

The prime number theorem was proven independently in 1896
by J.Hadamard and de la Vallee Poussin. The methods used
depended on a knowledge of the zeta - function in a region
of the ¢omplex s-plane.

The theorem was also proven in 1901 by von Koch of Stock-
holm , in 1903 by E.Landau, and in 1915 by Hardy and Little-
wood.6 Their proofs are for the most part refinements of the
Poussin - Hadamard proof.

N.Wiener, in 1930, deduced the proof of the prime number
theorem almost as & corcllary from his work on Tauberian
theorems. The theorems were so0 named by Hardy after the
German analyst Tauber. They evolved from the converse of

7

Abel's theorem on convergent power series.’ His proof in-
volved the behaviour of the zets -« function merely on the
linre » = 1. S.Bochner, Landau, and T.Estermann have refined
Wiener's proof. In this paper we shall discuss the proofs

due to the first two of these.

5« The Development of Mathematics, page 315

6. A History of Mathematics, page 439

T The Development of listhematics, page 315
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Arithmetical Functions and Elementary Theorems

In this section we will introduce several arithmetical
functions which have long been associated with the prime
number theorem. We will also prove a few elementary theorems
concerning these funetions. Our aim here is to provide for
future needs. The material presented now will be needed in
later sections when we will discuss the work of Techebycheff,

Landau, and Bochner.

Definition 1. Euler's Function

Wo denote by E(m) the number of integers not
greater than and prime to m, that is, the number of values
of n such that 04 n<&< m and {n,n) = 1

-1
. B =M (1-
Theorem 1 (n) np|n( P )

Proof - Let p,p'y se.s be the different prime factors of n.
Then the number of integers not greater than n and divisible
by p ie n/p. The number not greater than n and divisible

by p and p' is n/pp'; and so on. Hence the number of integers

not greater than n and prime to m is

E(r) = n -3_n/p +:n/pp' - ...sn;fn(l-p_l)
E(60) = 60 (1-1/2) (1-1/3) (1-1/5) = 16

Making use of the general principle used in the proof

of the above theorem we shall prove

Theorem 2. Almost all numbers are composite ; N(x) = o(x).8

Proof - Denote [x) by F(x). If H(x,r) is the number of numbers
which do not exceed x and are not divisible by any of the

firset r primes Pys Ppy eceee Ppy then

8+ This proof follows closely the proof on page 341 in
Hardy and %right.
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(1) H(x,r) =Fx) S5 K x) +ZF( X ) = eeey
i b; U 2 P, P

where i, j, «.. are unequal and range from 1 to r.
It is plain that
(2) N(x)< H(x,r) +r

The number of brackets in (1) is 1 + (i) + oeees u 28
and hence the error involved in removing the brackets will
be less than 2°, Hence (2) becomes

N(x)f_lx-z§+ — X B
1 B

?'—-pf Py
= xpj'[;,v( l-p'l)' v+ 27 x;!_:';.,r(_ l-p"l} + 2711,
Nowﬂ(l-p"l)'l is divergent. This can be seen by noting

that ) N
TI,}(l-p-l)-l =Pz7(:4( 1+ p-l + p-z + .--Bi n-l>log N
el 10 '
Hence[{( l-p ~) diverges to zero and there exists an r(e)
such that

1

N(x)< ox + 2T+,
-2

We can also find ean x'(e) such that N(x) £ ex for all x>x'.

Another arithmetical funciion associated with prime
number theory is
Definition 2., +the Mobius function which is defined as follows:
(1) ©o(1) =1
(2) U(n) = 0 if n has & squared factor
(3) Uu( Pys Poo ...pr) = (-1)F if all the primes 1
Ppy eseesp,, aTre different.

U(2) =1 W6 =1 T(4) =0

The following three arithmetical functions have %o do
with logarithms.
Definition 3« The function A(n) is defined by
A(n) = log p if (n = pm)
A(n) =0 (n#p")
i.e., as being log p when n is & prime p or one of its
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powera and zero otherwise
A(l) = A(14) = O
A(3) = A(27) = log 3

Definition 4. The function W(x) is defined by
(3) W(x) =2 _logp =}_A(n)

W(1) = 0 W(2) = log 2° W(8) = log (2°°3.5.7)

Definition 5. The function L{x) is defined by
= T =
(4) L(x) = °-log P log [T »
and is the sum of the logs of all of the primes which do
not exceed x.
L{1) =0 L(2) = log 2 L(8) = log ( 2+3.5.7)

Since png x ia eqguivalent to p< x—i”', equation (3) can
also be wriiten as
(5) W({x) = L(x) + L(x’é) S =Zh(x‘}h) where the
series breaks off when x'X 2 or n > logx/ log 2.

Before turaing our attention to the work of Tchebycheff
we shall derive the following useful inequality
(6) L(x)< N(x) log x

We can express N(x) in series form as follows : N(x) =P§‘-_7\1
where the notation means that the number of units to be
sdded together iz the number of primes less than x.

Hence using this form and definition 4 we have

L(xx2_ logp<logx 2 1 = N(x) logx
PLX X
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The Work of Tchebycheff

OQur aim in this section is to demonstrate the mathematics
used by Tchebyeheff in proving two important theorems. The
firgt is that N{x) is of order x and the second is that the
limit, if existent, of N(x) log x/x is one. Before we can
prove these two theorems of Tchebycheff we will have to
prove two auxiliary theorems. Namely that W{x) = L(x)+0<x%(log x)%&
and that both L{x) and %(x) are of order x. OQur proof of these
last two theorems will parallel the work on pages 345 - 346
in Hardy and Wright.

Theorem 3. W(x) = L(x) + O-{x% (log x)2>-

Proof - From the definition of L{x) we see that
L{x)< x log x for x.2 2. Hence

(1) L™ g Plog x & <

log x for m2> 2.

We know from (5) that the series W(x) =2_ L(xl/m) ends
when m exceeds log x/log 2 and hence the series has at
most log x/log 2 terms.

Summing both sides of (7) we obtain

z:L(xl/m log x ( <k
log 2

W(x) = L(x) +2_ L(xl/'“)f_- L(x) + o<x7'5 (log x)z}

log x), and edding L(x) to both sides

Theorem 4 The functions L(x) and ¥W(x) are of order x:

(8) Ax { L(x) <€ Ax and Ax< W(x)< Ax

Due to the results of theorem 3 it is sufficient to prove

(9) L(x)< ax and

(10) W(x)y ax

Proof of (9) - If n is an integer the binomisl coefficient
(n+l) (N+2) sevsee2n = (2n)!

n! n! n!

is an integer less than (l+l)2n. It is divisible by all

the primes beiween n+l and 2n.
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Thus TT p ¢ (2n)! <(1+1)2n =222
7\LP:E-JY\ nl n!

and taking the log of both sides

10%‘1'\' P<2nlog2 or

L(2n) = L(n)<_ 2n log 2
Suppose X = 2m, then

L(x) = L2 - 12®1) « 121 - 1(2™?) 4.,

<(2®+ 2%t 4. +2) log2< 2% 10g 2

= 2x log 2.

On the other hand if 2% % x< 2%, then

L(x) < L(2™) < 2®* 1og 2 < 4x 1log 2.

Hence in either case (9) is true with A = 4 log 2.

Proof of (10) = The proof of this inequality is so similar
o the proof of (9) that we will omit it.°

We will now prove the first of Techebycheff's theorems.
Tchebycheff's Theorems

Theorem 5 N(x).X'x/ log x or Ax/ log x< N(x)<_ Ax/ log x
Proof - From (6) we have
N(x) log x>L(x). Hence using (9) we have

N(x)y L(x} > A(x)
0 lo;x?lo;x

On the other hand
L(x)> Z:-logp> %log x xEI: 1 N
% 1og x {N(x) - N(x )}-‘)‘}é log x [ N(x) - xéj.
Hence N(x) < 2L(x) / log x + x* and
N(x) < Ax/ log x

9. For a proof see Hardy and Viright, page 345
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By using Tchebycheff's methods we can prove that if
N{x) log x/x approaches a limit as x approaches infinity,
then thig limit is one. This will, of course, not prove
that the limit is one since N{x) log x/x could oscillsate
without approaching a limit, This is as far as Tchebycheff
was able to go in his attempi to prove the prime number
theorem. ¥e can prove that as x approaches infinity the
limit, if existent, of each of the three ratios
w(x)/x, L(x)/x, and N{(x) log x/x will be one. We will
omit the proof of the second of these since it is so similar
to that of the first. Our proofs of the first and third

of these will depend largely on that given by Mathews.lo

Theorem 6. If the limit, as x approaches infinity, of
W(x)}/x exists, this limit is one.
Proof = Our proof will consist of three parts. First we
will prove that‘%ggﬂv(x)/x log x = 1. Then, using this
property , we shall prove by means of contradiction that
given any a1 there exists an infinite number of positive
integers x such that W(x) £ ax; and also given any b<1
there exists an infinite number of positive integers x such
that W(x) > bx.

Part 1.  Proof thatxl_.;.i.énoV(x)/x log x =1
Let F(x) be used instead of [x] . Define €(x) to be 0 or 1
according as x is less than or greater than one.‘Eg have
(11) P(x) = C(x) + C(2/2) + eeee.C(x/n) + ooo = 2~ C(x/n)
The series is just 1+4l+ .... to P(x) terms, i.e., it is ¥(x).
(12) Let s, =1 +%+ .c...1/n, and
(13) V(xyn) = F(x) + F(x/2) + «..F(x/n); Now for p> 1

P(x)/p - 1 £ F(x/p) € F(x)/p » hence

(14) SnF(x) -n+ 14 Vx,n) <L SnF(x)

10. Theory of Numbers, page 347
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Now log <(p+l)/P> {1/ & log(p/(p-l)} and so
log (n+l) - log 28, -1 < logn
and log (n+l)Z .41 + logn
From this and (14) we have
(15) F(x) log (n+l) = n+)l £ V(x,n)<F(x) {1 + ‘]:.’%g n>
Let V{x) = F(x) + F(x/2) + «eu.F(x/n) + ... =1FZF(x/n);
Since F(x/n) = 0 if n> F(x) we have:
V(x) = V{ x, F(x)} ; hence from 15 we obtain
F(x) log{F(x) + L» - F(x) + 1 &£ V(x) £ F(x) {1+ log F(x)y
Dividing by x log x we have

lim V(x) =1
XI0d x log x

_Part 2. We assume that given any a greater than one,
there exists only a finite number of positive integers x
for which W(x)< ax. We will show this assumption leads
to a contradiction and hence that there exisis an infinite
number of such x.

Let y be the greatest value of x for which this is so,
then for all values of x greater than ¥, ¥(x)> ax.

We can find a finite number d such that for all integral values
of x
(16) W(x)> a(x+l) - 4
If x exceeds 1, F(x) is less than x+1 and C(x) equals 1.
If x is less than one, W(x) = F(x)}) = C(x) = 0.
From this and (16} we have
(17)  W(x)>> aF(x) - 4C(x)
Now change x successively into x/2, x/3, x/4, ... and add;
then since the inequality only fails when W(x), F(x) and
C(x) all va&ish, we ha.vebo oo
(18) T(ﬂ:?w(:d:;)) agF(x/n) -d :‘ C(x) and
(19) T(x) > a V(x) - d F(x)

x log x x log x x log x

The limit of V(x)/ ( x log x) is 1; the limit of F(x)/x is 0;
and the limit of T(x)/(x log x) is 1.
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Thus (19) implies that 1 exceeds & which is our contra-
diction. Hence W(x){ ax for an infinite number of positive
integersa.

Part 3 By this method we can also show that given any
b less than 1, there exists an infinite number of x such

that W(x)) bx. We omit the proof since it would be repetitious.

Theorem T. If the limit, as x approaches infinity, of

L{x)/x exists, this limit is one.

Theorem 8., If the limit, as x approaches infinity, of
N(x) log x/x exists, this limit is one.

Proof - From (6) we have N(x) log x) L(x), hence when
L(x)> ax we have

(20) N(x)> _ex_
log x

Using the results of theorem 7 we see that whenever a
is less than 1, there is an infinity of integers for which
N(xl) ax ;1 also when & exceeds 1, there is an infinity
log x
of integers for which N(x) 4 _ax .
log x
Hence if N(x) log x/x converges to a limit when x beconmes

infinite, that limit must be one,



Page 12

The Zeta- Punction

Certain properties of the Riemann zeta-function are
needed to prove the prime number theorem. The importance
of this funetion in the theory of primes is that it come
bines two expressions, one containing the primes explicitly
while the other does not. In this section we will define
the zeta- functiom. Then we will show its reletion to A(n) .
We will state a property of Dirichlet series and use this
property to prove that Z(g) is analytic on the line r = 1.
Finally we will prove several theorems conceraning the dis-
tribution of the zeros of the zeta-funcition. The results
obtained here will be used in proving ithe prime number theorem

in the next section.

Definition 6 The Riemann zeta-function Z(s) can be expressed
by the two formulas

(20) z(s) =°2'°;;a"‘3 where n=l, 2, 3, sess, and

(21) Z(s) = I'T]" (1-p-s)-1 where p runs through all the

primes., S is a cgmplex variable 8 = r + it. Either of these

can be taken as the definition of Z(s). The infinite series

(20) is convergent for r>1l, and uniformly convergent in

any finite region for which r > 1 + e; where e exceeds zero.
It therefore defines an analytic function Z(s) regular for r
greater than one.

The infinite product (21) is absolutely convergent for
r>1. Expand each of the factors, (1-p °) = 1 + P~ ° + p'25+ cees o
Now%%[ p's‘ = lé; p * is sbsolutely convergent for r” 1,
since it is merely some of the terms from the series Z n~*
which we know converges for r > 1. Since we have absolute
convergence we can multiply the series together. Zach term
in the resulting series will be n"® where n is some integer.
Each integer will appear once and only once since each integer

is uniquely factorable into prime factors. Thus (20)=(21) .
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The convergence is uniform for r2> r'> 1. The identity of
(20) and (21) is an anslytic equivalent of the theorem

that the expression of an integer in prime factors ie unique.ll

One of the propertiss of the zeta-function is that it
hgs no zeros for r greater than one. This can be argued as
follows. Equatingo(ZO) and (21) we have
Z(s) =$n-s = TI"— (l-pqs)“l .
We know that Z(s) is convergent for r greater than one.
Since none of the factors of the convergent infinite product
is zero the product itself cannot be zero. Thus for r greater

than one, Z(s) has no zeros.12

Theorem 9. -2'58) =}::A(x1)n-s
Z(s

Proof - Taking the logarithms of both sides of (21) we obtain
(22) - log Z(s) =X log (1-p”®) where the convergence
is also uniform for r> 1 + e, ed> O.

We can differentiate (22) since the derived series is
uniformly convergent for r2 1 + e since the nth prime

exceeds n and the series is majorized bylt- n~8 log n. Ve obtain

-_Z%S_% ZP.__§_P.
-Z logp (1L +p -8 L p'?‘s * eese)
-Zlogptp

Since the double serlesz_ ;:_‘ P log p is absoluiely

convergent for r > 1, it can be written as
(23) -Z'f ! = i:: p-ms log p + Now consider the series

!

(24) 33— A(n)n which equals

3= log p/n~S for n = pm and is zero otherwise,
Hence 5 A(n)n™®% =Y_ p™™° 10g p and from (2%)
(25) -2'(8)/2(s) = 3o A(n)n"®

11, Hardy and Wright, page 245

12. For a formal proof of this property see Theory of the
Riemann Zeta-Function, page 2
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At this point we wish to prove that Z(s) is analytic
for r>» O except for e simple pole at s = 1. ¥We will need
& property of Dirichlet series.

Definition 7. A Dirichlet series is a series of the form
Zane'jﬂ\s where ji{ yessesd > o0 . The jls are real
numbers and s is a complex variable.

The Riemann zeta-function is defined by a Dirichlet

series where &, = 1l and jn = log n.

The property we need is as follows. If the Dirichlet
series converges for any point s8' then it converges uniformly
throughout the sector for which we have arg(s - 8')& W/2 - ¢
where gq is any positive number less than W/2; and therefore
defines an analytie function at any point in the half plane
to the right of s°'. 13

Theorem 10. 2(s8) is analytic for r» 0 except for a simple

pole at 8 = l.14

Proof - Consider the function

g(s) = (1 - 217%) z(s)
=2 2% - 2 _2/(em)?
= 1l - 2-5 + 3-8 -4-3 + seces o

This series converges for any r» 0. Hence by the property

of Dirichlet series, g(s) is analytic for »» O and Z(s)= g(s) s

1.2%
is analytic in the right half plane except where the denominator
equals zerc. The denominator vanishes for 23-1 =1, or

(s-1) log 2 = 27tki (k = O, fi, 12,...} or s =1 + 2TMki/log 2

In a similar manner it can be shown that s second funcition
h(s) = ( 1-31‘5) Z(s) is analytic for any r » 0. Hence Z(s)

13. For a proof of this property see Titchmarsh, Theory of
Functions, pages 288 -~ 289
l4es Our proof follows closely that due to Bochner, pages 93-94
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is analytic except where 1_31-5 = 0, i.e., where 5 = 1+2 ki
log 3
The only point common to these two sets of points is the

b
point s = 1, or else log 3/ log 2 = a/b, i.e., 3 = 2% where
a and b are integers; but thie is impossible since any integer
has a unique factorization into primes, Thus Z(s) is analytic for

r> 0 except for a simple pole at s = 1.

It was proved independently by Hadamard and Poussin in
1896 that Z(s) has no zeros on the line r = 1. They were
able to prove the prime number theorem by showing that it
was & consequence of this theorem. We will present, for
historical reasons, both Hadamard's argument and Poussin's

proof of this property of the zets - function.l5

Theorem I Z ( 1 +it) # O for all values of t.
A, Hadamard's argument.
If we integrate (2°g we have for r> 1
log Z(8) =p_ E;_p-ms/m .
This can dbe wrltten aa equal toz——p S + f(8) where
f(s) is regular for r > %. Since Z(s) has & simple pole
at 8 = 1, then as r =1
(26))_p T~ - log (r-1). This is because
(1-227%) 2(8) = (1% + 27% 4 37% & L...0) -2( 27%+475%4675.0)
= 17% 2%® 437% _ ,,..., and this series

converges to log 2 for 8 = l. Hence

1l-8
{(8=1) Z(8) = (1-2 ) Z(s) gs-l! log 2 =1 and
1-2' _>log 2

Z(s)~1/8-1
Now let us assume that s = 1 + it' is a zero of Z(s) and
hope for a contradiction. If 8 = 1 + it', then as ra1
(21) T cos (v' log p)/p7 = log |z(s)| - R (£(s)~ log(r-1)

135. Both will be similar to those in The Pheory of the

Riemann Zeta-Function, pages 39 - 41
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This is because}t_p‘rp'lt = p~F (e71% 108 7y,

Comparing (26) azd (27) we see that cos{t' log p) must be
approximately -1 for most values of p. But then cos(2t'log p)
is approximately 1 for most values of p, and

log ]Z(r + 2it! )"\-5— coa(2t' log p)/ P ‘\-Zp ~ =log (r=l}.
Thus 1 + 2it!' is e pole of Z(s) which is our contradlctlon.

B. Poussin's Proof that Z (1l+it) # O
His proof also makes use of a relation between Z(r+it)
and Z(r+ 2it). The following identity is also used:
(28) 3 + 4cos t + cos 2t = 2{1+ cos t)ZEfO for all wvalues
of t.
Proof - Integratlng (25) we have

log Z(s) =) 3 p "*/m
7oy
Hop-mre-it log p/h.

(29) 2(s) = exp:E?_é?

M=o
(30) lZ(s)l = exp ;; i;_ n " p Feos (mtlog p).
Now let B = |2( l+e) | o | 2(1+e+it) |4 |z(1ves2it)
and using (30) we have

= expj;Zji 3 + 4cos ( mt log p) + cos (2mt log p)
P om mpvnt\*ﬁi

Hence

—mre-it log P/, thus

Since each term in this sum is positive or zero we obtain
(31) B =1 forr> l.
From part A we have Z(s)~~1/s~1, thus
7(s) = O( 1/s-1) end Z(l+e) = O(e™l)
Let us assume that Z(s) does have a zero at the point
=1 + it. Then we will hsave
Z)( 1+e)| 2 = o(e™?)
Z)( l+e+it)] = 0(e?)
Zf( l+e+2it )} = 0(1) . Hence B = O{e) which is &
contradiction of (31) if e is sufficiently small. Thus

]

Z{ 1+it ) vanishes for no value of t.
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Landsu's Proof of the Prime Number Theorem

In thig section we will demonstrate Landau's proof of
the prime number theorem assuming the validity of his lemma
on asymptotic expansions. Before we state Landau's Lenmna
we will prove that W(x)~~x is equivalent to the prime
number theorem. Proving this theorem is the starting point
for several other proofs of the prime number theorem as

well as for Landau's,

Theorem 12, W(x)r~x is egquivalent to N(x)~~ x/log x,
i.e., to prove the prime number theorem it is sufficient
to prove that W(x)~~ x.ld
Proof = From definition 4 we have
L(x) -Z log p. Now this can be writien as
(32) L(x) : EI(n) - N(n-—l-] log n since the value within
‘the bracket :l.s l or O depending on whether n is prime.

Now adding and subtracting N(n-1) log(n-1) in (32) we
have
(33) u(x) ;‘)_—.x)\ﬂ(n) logn - N(n-1)log (n-1)>

N(n—l) log n - loe;(n-lj

Hence seﬂung R(m) -}:: N(n-1) logl1l + - 1 )} and noting that
n-1

-g(n) log n - N(n-1) log (n-1) = N(m) log m, where m = [x]
then (33) becomes
(34) L(x) = N(m) logm - R(m). Thus
(35) L(m)/m = N(m) log m/m - R{m)/m and if we can show that
as L(m)/m—>1 and
be R(mn)/m—>»0 we will have proved the prime number
theoren,

First consider proving a. Rewrite
R(m) = : N(v) log (1 * 1/v)
Since for v> O Iog (1 + 1/v) & 1/v we have
14+ Our proof will follow closely that in Fourier Analysis,90-92
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(36) R(m)/m £ 1/m 3 ___ K(v)/v { 1/(w-1) 5= N(v)/v

O v x| OV = X-\
From theorem 2 we know that as v-—2o0 , N(v)/v — 0. The
last term in (36) is an arithmetic mean. We know that if
& sequence of real numbers converges to a limit, then the
sequence of arithmetic means converges to the same limit.
Hence R{m)/m = 0 as m > =D,

To prove b let us rewrite (5) as

W(n) =:log k + ; 102 K + 4vses, Where
Fen P é“i/m

the series breaks off for x*' <& 2 orn > logn / log 2.
The number of primes such that pk_{. n is N{ W) which
is less than -Jo. Thus
W(n)/n - L{n)/n = 1/n} _ logp (k > 2)

PEam

Hence W(n)/n - L(n)/ng }_E{ﬁ' log n +\3} n log n + ..r‘&n/log zﬂ
n .
4_;1; log nt\{'ﬁ + {0 + ees {E‘]
< llognlognJn =_1 105211 .
n log 2 log 2 N3
Now 1052n9 0 as n—>o0. Thus if W(n)/n-=2 1 so will L(n)/n

{n

and the proof of the prime number theorem will be completed.
Hence proving W(n)~—~n is equivalent to proving the prime
number theorem.
W = . H £
Note that from (3) W(x) ,EXA(n) ence T?‘E)‘A(n) x

is also equivalent to the prime number theorem.

Landan's lLemma 15 e
(37) Let F(s) = ;.‘_E‘ann's for r > 1. Suppose
(l) &né_o forn= 1,2,00000

{2) P(s) is analytically continuable on to r = 1

and has no singularities there except for a pole of order omne

15. The work of the remainder of this section will closely
parallel the work of Wiener in Fourier Integral, pg.125
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at r = 1, with principal part A/(x-1)}
(3) There exists & finite ¢ for which
(38) F(s) = 0Of |s\c ) for r'> 1. Then
\
(39) A= lim 1 .
"o T 5 %k

Landau's Proof of the Prime Number Theorem

Proof - PFrom {25) we hggP
-~ 2%(s)/ 2(s) = Zl_A(n)n-s . We wish to show that

-%'(8)/Z(8) satisfies the conditions of the previous lemms.
Pirst of all A{n)} is by definition not less than zero.
From theorem 10 we know that Z(s) is analytic for r > 0

except for a simple pole at s = 1. Hence a constant k exists

such that

(40) Z(s) = k/(s=1) is analytic at s = 1. ( the actual

value of k turns out to be one )

Z'(s) + k/(s-l)2 is also analytic at s = 1.
Hence =~ Z'(s) / 2Z(8) = 1/(s-1) is analytic at s = 1 so that
- 2'(s) / Z(s) has a pole of order one at 8 = 1 with
principal part 1/ (s-1). In applying (39) to - 2'(8)/Z(s)

we have A = 1,

The final condition is that (38) be satisfied. We can

show that 2'(s)/Z(s) = o (log9t) .16

Since the hypothesis of the Lemma is satisfied the con-
¢lugion is that

1 = 11!!1 1 Aln)e.
A= o0 Ef‘ ()

But this is merely 2_ A(n)~— n which we have shown is

equivalent to the prime number theorem.

16. See Titchmarsh, The Theory of the Riemann Zeta-Function,pg.44
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Bochner's Proof of the Prime Number Theorenm

We will now present, in much greater detail, another

proof of the prime number theorem. This section will follow

closely the work on pages 84 - 94 of Bochner's Fourier Analysis.

Ve will state a theorem of Bochner's concerning asymptotic
expansions which is essential to his proof of the main theorem.
Since the proof of this auxiliary theorem is rather lengthy

we will just outline its main points so as to indicate the
level of mathematies needed to prove the prime number theorem.
Finally, making use of the theorem on asympiotic expansions
and the property of Dirichlet series stated after definition

T, we will prove the prime number theorem.

Theorem 13. Bochner's Theorem on the asympiotic behavior
of the partial sums of the coefficients of a
Dirichlet series.
Let F(s) = 3 _ B, e”Inse Suppose
(1) jn is not less than zero for n

Ly 25 «epd5< ji+l,jn—9°° .
(2) &, is not less than zero for n = 1,2, eees
(3) The series converges to F(as) for r> 1 and F(8) is
analytic for r 2 1, except at the point s = 1.
{4) At the point s = 1, F(s) has a simple pole with
residue A,
Then, as n—)ga, ia NAe‘]’n y lees,
¥§’A e lﬂ A
Proof - Denote by/\ the sector for which we have arg(s-a')éer = g,
2

where g is any positive number less than M /2,
The partial sums of F(s) at_point s in A are

(41) Sn(s) :éa e jvs = (Av - l) e Jy B

y V L E
Z:fA (79 8 . 7Y :3 + Ae Jhs.
(42) F(s) can be wrltten as F(s) = E A (e n°® _e”Ine By jp
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,Ane'jns '—) o as n — o0 . To show this consider
|A o7 | = > & o~InT ' gmdnlr-r’)
n v
vz
- L B -y ¥
P T S
- vz .
= Sn(r') e-‘jﬂ(r-r') which goes to zero as
n goes to infinity. Jl‘l\
- -3 .
Substituting e In® -e"dw1® = aj, e gu
in (42) we have !

_ = 3

(43) ¥F(s) = A s 5_““ e ® gu.
0 g
n
Now introduce the step funetion
A(n) = An . oin& u < jn+l and {43) becomes
(44) F(s) = 2 sﬁm‘ Alw) " %Pqu
M=o ,J.“
= 8 S"D A(u) e %Squ .

o

We will prove that A(u) e""—> A as u-doOwhich is at

least as gtrong a statement as the statement of the theorem.

By definition F(s) is analytiec except for a simple pole
with residue A at s = 1. We may choose A = 1 and then write

F(s) = 1/(s-1) + H(s) , where H(8s) is analytic for r> 1.
We now need the identity 1/(s-1) = 5’:°e-(s-l)u .
Combining the last two equations we have

F(s) - 8/(s=1) = s Sf[;(u) -.e"u e%¥du = s g(s).

This function is analytic for r> 1.

Let e "A(u) = B(u). (Note, now all we have to prove
ig that B(u)-> 1l.)

(45) tow g(s) =50 [Blw - 1] o™= 1)u

It can be shown that
gl + e + it) = g (t) = S?a [?(u) - i] e"eU"1tu converges

uniformly to g(l+it) in any finite interval -2k & t 42k,
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We now introduce the Fejer liezl:'ra.ell7 and form the transform

L QM L)) g () at
2k

2 4k
(46) =1 §3% X1 - hyat TR - P o % e yu.
3 2% 2% S:E —"|

Now for a fixed y and & finite t-interval and an infinite
u-interval we wish %o change the order of integration. This

can be done since we can show that

Jbo l__li(u) - ﬂ L LR L LI converges uniformly in t.
o

Interchanging the order of integration we have

DK <
(47) 1 2 eVt (1 - (£ ) g, (t) dt =
2 2K 2k

wau S (y-u)t
%f I:B(u) I_l e duim‘ e ( 1 %]4‘: ) at

It can be shown that
2

1 (2% 730t (g It} )t = gin‘ke
2k 2

2 =2X ke+=

Thus we may write (47) as

2K iyt - - _ -eu ., 2 -
%S e (1 l%}: ) ge(t)dt SZDEB(u) ﬂe s;nylfl(g u)dv

¥

Now let k(y~-u) = v, with k fixed. Then by theorems con-

cerning monotone convergence we may obtain the result

vy
(48) ‘)(].__,.3.3(J y_wB(y ~-v/k) sinzv/v2 =W for every k.
We will make use of this result to prove that &%mwB(u) =1

and hence prove theorem 1l3.

We will use two steps and show

(1) u];;.ga ()& 1 and (2) &__;%o Blu)> 1

17. For a disecussion of the Fejer kernel (1 - Ij! ) see Bochner,

pages 36-37 2k
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For (1) we choose a fixed a such that 0 £ a £ ky. Then
— a
(49)T> .)ixgo ia B(y-v/k) gin® v/v2 dv.
By definition B(u) = A(u)e™ ¥, since A(u) is monotonically

inecreasing
J-e/k B(y-a/k) < J-V/k B(y-v/k) . Then

B(y-v/k) 2. e(v-a)/k B{y-a/k). Substituting this
in (49) we have

n = 3@5& S_aa o V-2)/E 52 v/v°dv. B(y-a/k) and

'IT% Saa e"2a'/ksinzv/v2 dv.\}g.noxoB(y-a/k)
2a/k (3 _ 2 ,2 = w=—
{50) = e « 8in“v/vTdv.lim B(y) .
5 55 30
Now let a-YofQand k-> 04 in such a way that a/k — 0.
Then from (50) we have

Iim B(y) or 1lim B(y)4& 1 which is (1)
W 2§35 B o WP
By means of similar inequalities we can show that (2)
holds, i.e. i B 2 1.
y y il (y)

Hence from (1) and (2) we have J%;%DB(u) = 1. This is
u&;ﬂo A(u) e % =1 and our proof of theorem 13 is complete.

Theorem l4 Bochner's Proof of the Prime Number Theoren

We will now use the preceding theorem together with the
zeta-function, the arithmetical function A(n), and the con-
vergence property of Dirichlet seriss to prove the prime
number theorem,

Proof - Form the Dirichlet series
(51) F(s) =X A(n)n"®

Suppose F(s) satisfies the conditions of theorem 13 with

A = 1. The conclusion of that theorem will then be

A(n)aArn which we have proven is equivalent to

the prime number theorem. Hence to prove theorem 14 we only
have to show that F(s) satisfies the hypothesis of theorem 13.
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Conditions 1 and 2 are clsarly satisfied. We have only
t0 prove that the series converges to F(s) for r> 1, and
that F(8) is analytic for r.2 1 except at the point s = 1
where F(s) has a simple pole with residue 1.

From theorem 9 we have =Z'(s)/Z(s) = S A(n)n~®  and
the series converges for r = 1. Hence by the convergence
property of Dirichlet series it defines an analytic function
for r2 1. We proved, while demonstrating Landau's proof
of the prime number theepem,that -Z'(s)/Z(s) has & simple
pole with residue 1 at s = 1. Also, from theorem 1l we know
that Z(s) vanishes at no point on the line s = 1. Hence
F(s) satisfies all the conditions of theorem 13 and our

proof is complete.
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