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Mean Absolute Deviation (About
Mean) Metric for Kurtosis

Eugene Pinsky*

Department of Computer Science, Metropolitan College, Boston University, 1010 Commonwealth Avenue,
Boston, 02215, MA, USA

In this paper, we introduce a MAD (about mean) alternative metric to classical kurtosis. Using the formula for mean absolute
deviation, we identify two special points and construct the corresponding distributions with these reference points as their
means. The proposed alternative is computed from mean absolute deviations for these distributions. These measures are
bounded, require only the existence of first-order moments, and are easy to interpret. We illustrate the computation of these
measures for several well-known distributions.

Preliminaries

We start with some preliminaries. Consider a real-valued random variable X on a sample space Q0 R with density f(x) and
cumulative distribution function F (x). We require the existence of the first moment only and denote the mean of X by p = E(X).
If X is a discrete random variable, then Q) is some countable sample space, and f (x) is the probability mass function (discrete
density function). Let F' (.) be the quantile function defined by F'(t) = inf {x: F (x) > t} with t € [0, 1]. In particular, the median
M = F'(1/2) and the quartiles are Q = F'(1/4) and Q, = F"' (3/4).

We will find it convenient to use the indicator function: for any subset U S Q define

{1 if xeU

Y10 otherwise

Define the left sub-space of Q by Q, = {w€ Q | x(w) < p} and right sub- space of Q by Q, = {w € Q| x(w) > u}. Also, define
random variables X, =Xl and XR = X1 o Finally, define the following auxiliary integral

1(Z) =] xf(x)dx (1)
We can consider I(z) as a partial mean of X computed over all x < z. The mean absolute deviation (MAD) of X about p is

= f9|x—#|f(x)dx=2/1F(;1)—21(,1) 2

Defining MAD (about Mean) Alternative to Kurtosis

In this paper, we focus on introducing a MAD-based measure of kurtosis. In probability theory, the classical Pearson’s
kurtosis K is defined as Johnson & Kotz [1]: K = E (X -u)'/c*. A very useful interpretation of kurtosis has been suggested in
Moors [2]. Consider a standardized variable Z = (X- p)/o and let W = Z2 Then E (W) = 1 and Var (W) = E(W?) -EX(W) =K-1 and
therefore K = Var (W) + 1. The kurtosis K can be viewed as related to the dispersion of W = Z2 around its mean 1. Equivalently,
K is associated with the dispersion of Z around -1 and 1 [2]. This implies that kurtosis is associated with the concentration of X
around points (i - 6) and (g + o) respectively. With this analogy, an quantile alternative T , to kurtosis was suggested in Moors
[3] in terms of the inter-quartile ranges X and X around corresponding medians Q, and Q, using octiles O, = F'(i/8). In Pinsky
& Klawansky [4], the analogy to T, was pursued to define MAD-based (around median) alternative T, to kurtosis by measuring
the mean absolute deviations of X, and X, from their corresponding medians Q, and Q,, playing the role of (i + o) as in classical

statistics. The corresponding formulas for T, and T, are

_(0,-00+(0,-0) . E(X-Oteo )+ E(|X - QL) (3)

T,
e 0,-9, ) E(|x -]

Classical kurtosis K, quantile alternative T, and MAD (about median) alternative T,; can all be interpreted as measures of
dispersion around the special "reference” points like (i + o) or quartiles Q, and Q,. Note that in the case of MAD about median,

in general, we have E (X - M [1_,,) # E (|X-M| 1x>M) and we can use this as measurements for tails as suggested in Habib

x<M-
[5]. However, in the case of a mean, for any distribution, we have E (|X -u| 1) = E (X - pu 1,,), requiring us to use some other
reference point(s) rather than p. But what should be the corresponding reference points if we define an alternative to kurtosis
using mean absolute deviation around the mean? Moreover, we would like to define such points using only the first moments.
We suggest defining the left and right derived distributions for XL and X, directly from MAD (about mean) of X and using their

means i, and j as the corresponding reference points. We proceed as follows: From equation (2), we can write H = H (X, )

as follows:
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1 =1
" =F(ﬂ)[/1— F‘(i’) +<1—F<u»({’_T$—ﬂJ] )

To interpret equation (4), consider the "left” and “right” functions defined for X
and X;:
S =) F ()
F,(x)=F(x)/F(u) and
1,(Z)=1(Z)/ F(u)

Jo() =)/ (A=F (),
Fp(x) = (F )/ F () / (1= F(p)) (5)
1 (2)=I(2) [ 1(1)) | (1= F (1))

It is easy to verify that f () and F, (-) define probability densities for X, and X with
the corresponding cumulative distribution functions F, (-) and F, (-) respectively. The
functions I, (-) and I, (-) are the corresponding auxiliary integrals. The corresponding
means 1, and y, for the corresponding distributions are given by p, = I(w)/F () and p, =
(u-I(w))/ (1 -F (w). Therefore, we can express H in equation (4) as

H=FQ)(pu— )+ A=F )y — 1) (6)

The mean absolute deviation from the mean H is the weighted average of the
distances of the left and right means uL and uR from the mean p taken with weights
F () and (1 - F () respectively. Once these reference points p an y, are defined, we
suggest to define MAD-based (around mean) kurtosis to measure the concentration of X
around y, (playing the role of p-0) and around y, (playing the role of j1 + o) as in classical
statistics. Specifically, we suggest to define MAD-based kurtosis T, by computing the total
of mean absolute deviations of points in QL and QR around these reference points y, and

j, respectively, and then normalizing this by total H:

1
Ty:gu

The above expression for T, can be interpreted as the ratio of two distances:

x4

f(x)dx+ J. |x—,uR |f(x)dx (7)
R

the numerator is the average of distances from values in Q and Q, from p, and p,
respectively, whereas the denominator H is the average distance of values of Q) to its mean
p. To provide further interpretation for T, let H, denote the mean absolute deviation of

X, from its mean y, and let H, denote the mean absolute deviation of X, from its mean y:

Hy = [ |y=p,| £, () s and Hy= [ s = phe| o) dx
QL QR

Then using equation (5) we can rewrite Tv in equation (7) as

Ul +(-Fu)H,
7, = LU+ TGO, ®)

We can interpret MAD-based kurtosis from equation (8) as the following ratio: the
numerator is the weighted sum of mean absolute deviations of random variables X, and
X, from their respective means p and . The denominator H is the average absolute
distance of X from its mean p. It is more difficult to provide an intuitive explanation
of the classical kurtosis K. The computation of MAD (around mean) kurtosis Tu can be

summarized in the following steps:

compute MAD H for An :l*’ﬁ(#)_u(ﬂ)‘
compute MAD H, for X iH =2, Fi(u) =21, ()
compute MAD Hy, for) X Hy =25 Fy(pag) =21, (1)

compute MAD-based kurtosis T, =FGoH, + A= F(upH )/ H

It can be shown that for some distributions such as log-normal, both classical
kurtosis K and quantile kurtosis T, can be unbounded [4]. By contrast, Tv is bounded
and satisfies 0 < Tp < 2. This is easily established by applying Cauchy-Schwartz inequality

as follows:

1
7,= ﬁu\(x—u>+<u—uL)\;/<x>dx+r£(\<;z—.v>+(ux —;:)uw}

< % U‘Xﬁ 4l f(x)de+<;1—#1>F(/1)+<;1Rw)(lfmz» -
2

For MAD (around median) kurtosis T, introduced in Pinsky & Klawansky [4], we
have an even sharper bound 0 < T,s1 Finally, we note that we only insist on the existence
of the first-order moment to compute T, by contrast to classical kurtosis K that requires

the existence of higher order moments.

Examples
We illustrate the computation of MAD-based kurtosis for the uniform, normal,
exponential, and Laplace distributions. Since mean absolute deviations are shift-invariant

and ratios are scale-invariant, we can consider standardized distributions.

Standard uniform distribution

Suppose X is distributed according to a uniform distribution in [0,1]. Its probability
density function f (x) = 1 and its cumulative distribution function F (x) = x. For this
distribution, mean u = 1/2, ¢* = 1/12 and kurtosis K = 1.8. The auxiliary integral I(z) is
easily computed:

z
12)=[xf(x)dx =212
0

We now compute MAD-based kurtosis as follows:

compute H:#=1/2 F(u)=1/2, I(1)=1/8

= H=2uF(u)-2I(n)=1/4

compute Hy:py, =1/4, F(u,)=1/2, I,(#)=1/16
= H, =2uLFL(u,)-21,(1;)=1/8

compute o 45 =374 Fy(uty) =112, I () = 5/16
= Hy = 20 Fy () 20 (1) = 1/8

compute T+ = FUOH, + (= F(u)H,) H =1/2

For this distribution, the left and right means y, and p, coincide with the quartiles Q,

= 1/4 and Q, = 3/4. The MAD (around median) kurtosis is T = Tu’ whereas the quantile
kurtosis is T,=1 [2,4].

Standard normal distribution
Suppose X is distributed according to the standard normal distribution with density

f (x) and cumulative distribution function F (x):

1

J(x)= wirs e, and  F()=4(0)= % I o

where © (.) denotes the cumulative distribution of the standard normal. The classical
kurtosis for normal distribution K = 3.

We compute the auxiliary integral
1 ¢ e _ e i _ e =
I(z)= J‘xf(x)dx:ﬁlxe dx—fﬁ4 =T

xsz

and now compute MAD-based kurtosis as follows:

1.compute H:p=0,F(u)=1/2, I(,U)=—1/\/2ﬂ

= H(u)=2pF (1)~ 20 () =217

2. compute Hypy = _\/T”) FL(/IL)=2(1—¢(\/TU)),

L) =-(2/m) "

= H, =2p,F ()~ 2, () = N2 7 (@ =24 262/ m)),
3.compute Hy:py = \/ﬁ Fr(z) :2¢(M)—1

L(u) =2/ z(1-&"7)

= Hy = 201 Fg (1) = 2L (1) = 22/ (" =2+ 29(N2/ 7))

7 2 FGOH, +A-FQH,

P =2(e" = 24+24(j2/ 7)) ~ 0.60
4. compute H
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The quantile kurtosis T~1.23 and the MAD (around median) TM=0.59 [2,4]. For
this distribution, the mad (about mean) and mad (about median) metrics for kurtosis are
very close. For this distribution, the means W M = £ 2 = + 0.80 do not coincide with
quartiles and are further away from p = 0 than the quartiles. This results in larger values
for mean absolute deviations for X, and X whereas the denominator is the same for X
since p = M. Note that for this distribution, we could compute T, differently: the random
right” variable X follows half-normal distribution, and its mean absolute deviation H,
is known [6]. The left” variable X| ~~X_ and by symmetry has the same MAD H,_ = H,.
The mean absolute deviation for normal distribution is well-known [6]. This gives us an

alternative approach to compute T,.

Exponential distribution
Suppose X is distributed according to an exponential distribution with rate X > 0 [7].

Its density f (x) and its cumulative distribution function F (x) are given by

f@ =2 andF(x)=1-e™, xe[0,0)

We compute the auxiliary integral (integral #2.322 in Gradshteyn & Ryzhik [8])

I(z)= J-xle’;“‘dx =—e M (x+1/AD)[=1/A-e ¥ (z+1/ 2)

0
We can now compute MAD-based kurtosis T,

compute H:H: pu=1/2F(u)=(e-/e, I(u)=(e-2)/ de
=H=2uF(u)-21(u)=2/Ae
compute ;i 14 = (€21 2=, Fy () = (=) /e,
I, () = (€ —(1+2"“ e +3e"“ ™Dy / Ae 1),
H, = 20,8, () ~21, (1) = 2P e - -e)/ Ae—1)°
compute Hy:p, =2/, Fpup)=1-1/e, I(uy)=(2e~3)/ e
= Hy = 20, F (1) = 2 (1) = 2/ 2e

7 o FUH, +(A-Fu)H,

" =e"“Dyl/e—e/(e-1)~058
compute H

The means , = 0.42/A and p, = 2/\ are not equal to quartiles Q, =log(4/3)/A = 0.29/A
and Q, = log(4)/\ = 1.39 [1]. The quantile kurtosis T,= 131 and MAD (about median)
kurtosis T, = 0.62 [2,4].

F(x)= {%+%sgn(x)} e

f(x)= zl—be"“ b and

Laplace Distribution
Suppose X is distributed according to Laplace (double exponential) distribution
with location p = 0 and scale b = 1/A. Its density f (x) and cumulative distribution function

F (x) are given by Feller, et al. [1,7]

For this distribution, we can easily compute T, as follows. The MAD H for Laplace is
well-known and is H = b = 1/A [6]. The right” random variable X, follows an exponential
distribution with rate \. Its MAD is H, = 2/\e. By symmetry, for “left” variable X, we
have the same value for H, = 2/Ae. Since F (i) = 1 - F () = 1/2, for this distribution, we
immediately compute the MAD metric for kurtosis Ty = 2/e = 0.80. Note that this is
larger than Ty = 0.60 for normal distribution, reflecting that tails are fatter for the Laplace

than for normal distribution.

Conclusion

In this paper, we introduced a MAD (about mean) alternative metric to kurtosis.
The new formula requires the computation of two special points and the construction
of the corresponding distributions with these reference points as their means. The
proposed alternative metric is computed by con- structing two derived distributions and
computing their mean absolute deviations around their corresponding means. The new
metric is simple to compute and requires the existence of the first-order moment. It is
bounded and simple to interpret. Future work will focus on defining other MAD-based

alternatives to other classical probability measures.
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