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TOPICS IN SPARSE BAYESIAN MACHINE LEARNING

QIUYUN ZHU

Boston University, Graduate School of Arts and Sciences, 2023

Major Professor: Yves Atchadé, PhD
Professor of Mathematics and Statistics

ABSTRACT

This dissertation is devoted to addressing several challenging problems in machine

learning via the Bayesian approach. These problems frequently arise in diverse fields,

such as epidemiology, biomedicine, robust statistics and imaging science, and are

usually high-dimensional and have certain sparsity assumptions. In this dissertation,

we will focus on three important problems, which are sparse canonical correlation

analysis, minimum distance estimation and inverse problems. For each problem, we

will develop a new method from the Bayesian perspective to solve it effectively and

efficiently, with statistical guarantees and numerical evidence.
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Chapter 1

Introduction

In the era of big data, where technological advancements have led to the collection

and storage of vast amounts of information, traditional statistical methods face sig-

nificant challenges when applied to high-dimensional datasets, where the number of

parameters can greatly exceed the sample size, leading to issues of overfitting, model

selection, and variable selection (Wainwright (2019)). The field of high-dimensional

statistics addresses these challenges by developing novel methodologies capable of

effectively analyzing complex datasets with a large number of variables or features.

In the frequentist paradigm, estimation methods incorporating sparsity constraints

are proposed, such as LASSO (Tibshirani (1996)) and Elastic Net (Zou and Hastie

(2005a)). Those methods are based on optimization algorithms to solve the problems.

However, when the problem is complicated (usually non-convex or non-concave), op-

timization algorithms may fail to find the optimal solution.

Bayesian statistics, rooted in the principles of probability theory and inference,

offers a powerful framework for tackling high-dimensional statistical problems. Un-

like classical frequentist approaches, Bayesian methods treat unknown parameters

as random variables and provide a probabilistic interpretation of uncertainty. In

high-dimensional settings, one can use prior knowledge that contains sparsity infor-

mation, such as spike-and-slab prior (George and McCulloch (1993)) and horseshoe

prior (Carvalho et al. (2009)).

This thesis aims to explore the power and applicability of Bayesian statistics in
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high-dimensional statistical analysis, where the likelihood of data is very complicated.

By delving into the underlying principles and methodologies of Bayesian inference, we

will investigate how these techniques can effectively address the challenges posed by

high-dimensional datasets. Throughout this thesis, we will discuss both theoretical

foundations and practical implementations of Bayesian methods in high-dimensional

statistics. The thesis is organized as follows.

In the second chapter, we propose a minimax quasi-Bayesian estimator for sparse

canonical correlation analysis (CCA). For a long time, CCA has been a popular sta-

tistical technique for exploring relationships between datasets. In recent years, the

estimation of sparse canonical vectors has emerged as an important but challenging

variant of the CCA problem, with widespread applications. Unfortunately, existing

rate-optimal estimators for sparse canonical vectors have high computational cost.

We propose a quasi-Bayesian estimation procedure that not only achieves the min-

imax estimation rate, but also is easy to compute by Markov Chain Monte Carlo

(MCMC). The method builds on (Tan et al. (2018)) and uses a re-scaled Rayleigh

quotient function as the quasi-log-likelihood. However, unlike (Tan et al. (2018)),

we adopt a Bayesian framework that combines this quasi-log-likelihood with a spike-

and-slab prior to regularize the inference and promote sparsity. We investigate the

empirical behavior of the proposed method on both continuous and truncated data,

and we demonstrate that it outperforms several state-of-the-art methods. As an ap-

plication, we use the proposed methodology to maximally correlate clinical variables

and proteomic data for better understanding the Covid-19 disease.

The third chapter is on the Bayesian perspective of the minimum distance estima-

tion (MDE). MDE is a classical statistical method for fitting a parametric model to

data, by seeking to minimize the distance between the distribution of statistical model

and the (empirical) distribution of data. We focus on the probability distance (e.g.,
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the integral probability metric) that allows re-formulating the MDE problem into a

minimax form. By placing priors on the problem parameters, we propose a Bayesian

formulation of this minimax problem, and show the existence and robustness of its

solution. In addition, we propose a scalable algorithm to approximate the solution.

We also investigate the performance of the algorithm for data that are generated from

distributions with no analytic form.

In the fourth chapter, we consider inverse problems where the conditional distri-

bution of the observation y given the latent variable of interest x (also known as

the forward model) is known, and we have access to a data set in which multiple

instances of x and y are both observed. In this context, algorithm unrolling has

become a very popular approach for designing state-of-the-art deep neural network

architectures that effectively exploits the forward model. We analyze the statistical

complexity of gradient descent network (GDN), an algorithm unrolling architecture

driven by proximal gradient descent. We show that the unrolling depth needed for

the optimal statistical performance of GDN is of order log(n)/ log(ρ−1), where n is

the sample size, and ρ is the convergence rate of the corresponding gradient descent

algorithm. We also show that when the negative log-density of the latent variable

x has a simple proximal operator, then GDN can solve the inverse problem at the

parametric rate 1/
√
n.



Chapter 2

Minimax quasi-Bayesian estimation in

sparse canonical correlation analysis via a

Rayleigh quotient function

2.1 Introduction

Canonical correlation analysis (CCA) is a statistical technique –dating back at least

to Hotelling (1936) – that is used to maximally correlate multiple datasets for joint

analysis. The technique has become a fundamental tool in biomedical research where

technological advances have made it possible to observe fundamental biological phe-

nomena from multiple viewpoints — the so-called multi-omic datasets (Witten and

Tibshirani (2009); Mo et al. (2017); Rappoport and Shamir (2018)). Over the past

two decades, limited sample size and growing dimensionality in these datasets, and

the search for meaningful biological interpretations, have led to the development of

sparse CCA (Wiesel et al. (2008); Witten and Tibshirani (2009); Parkhomenko et al.

(2009); Waaijenborg and Zwinderman (2009); Hardoon and Shawe-Taylor (2011)),

where a sparsity assumption is imposed on the canonical vectors.

Statistically optimal estimation of sparse CCA has been recently considered in

the literature. (Gao et al. (2015)) derived the minimax rate of estimation of sparse

CCA, and proposed a two-stage estimation procedure that achieves the rate. (Tan

et al. (2018)) uses a generalized Rayleigh quotient approach to propose a two-stage

estimator that also achieves the minimax rate. These two rate-optimal estimation

4
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procedures share the same limitation, that is, high computational cost. Specifically,

in both approaches, each iteration of the first-stage optimization problem has a com-

putational cost of O(p3), where p is the joint number of variables in the datasets.

Furthermore, the two-stage nature of these estimators can also be a problem in prac-

tice, since it can be hard to set the required stopping criterion of the first-stage solver

that guarantees a good behavior of the final estimator.

We address these issues by proposing a conceptually simple, yet rate-optimal

quasi-Bayesian estimator for sparse CCA. More specifically, building on (Tan et al.

(2018)), we propose a quasi-Bayesian approach that employs a re-scaled version of

the Rayleigh quotient function as the quasi-log-likelihood together with a spike and

slab prior to obtain a quasi-posterior distribution. The method is agnostic to the

covariance matrix estimators used in constructing the Rayleigh quotient function.

For example, we observe in our experiments that both the sample covariance ma-

trix estimator and the Kendall’s-tau-based covariance matrix estimator (Yoon et al.

(2018)) can be used to construct the Rayleigh quotient function, and these matrices

are allowed to be singular. Although we do not pursue this here, one can straightfor-

wardly extend our method to solve other generalized eigenvalue problems in the same

spirit as (Tan et al. (2018)). In fact, at a high level, our method can be viewed as

an improved version of simulated annealing (Kirkpatrick et al. (1983); Bertsimas and

Tsitsiklis (1993)) for minimizing the Rayleigh quotient under a sparsity constraint.

As such, it can be easily extended to tackle other similarly challenging non-convex

statistical optimization problems with sparsity constraints.

We analyze the proposed estimator and derive its convergence rate (see Theorem

1). In the particular case where sample covariance matrices are used to estimate the

Rayleigh quotient, we show that the estimator achieves the minimax rate for sparse

CCA estimation, under some modest sample size conditions.
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We propose a Markov Chain Monte Carlo algorithm based on simulated tem-

pering to sample from the quasi-posterior distribution, and compute the estimator.

At stationarity, the proposed algorithm has a per-iteration cost of O(s̄2p), where s̄

is the underlying sparsity level of the posterior distribution. In all our numerical

experiments, we have observed that s̄ is of the same order as s?, namely the true

sparsity level of the principal canonical vectors, leading to a very small percentage

of false-positives. Furthermore, we show empirically that for sufficiently large sample

size, the mixing time of the algorithm scales linearly in p. As a result, our estimator

has a much lower computational cost than the Rifle estimator in (Tan et al. (2018)).

We also compare our method with the popular mixedCCA estimator in (Yoon et al.

(2018)). The results show that although our method is computationally slower than

mixedCCA, it produces statistically better estimates. We note that the estimation

rate of mixedCCA is currently unknown.

The chapter is organized as follows. In Section 2.2 we introduce our estimation

procedure and derive its convergence rate. In Section 2.3 we detail a simulated tem-

pering algorithm to sample from the resulting quasi-posterior distribution. In Section

2.4, we study the behavior of the proposed method on both continuous and truncated

data, and compare it with other methods. In Section 2.5, we apply the method to

a case study, where one aims to correlate clinical and proteomic data from Covid-

19 patients, for a better understanding of the disease. Our analysis identifies that

Alpha-1-acid glycoprotein 1 (AGP 1) plays an important role in the progression of

Covid-19 into a severe illness.
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2.2 Quasi-Bayesian sparse CCA using a Rayleigh quotient

function

Let (X, Y ) ∈ Rpx × Rpy be a pair of high-dimensional zero-mean random vectors

with joint distribution f and covariance matrices Σx
def
= E(XXT), Σy

def
= E(Y Y T) and

Σxy
def
= E(XY T). Let (vx?, vy?) ∈ Rpx ×Rpy be a pair of principal canonical vectors of

f , that is, the vector pair that solves the following optimization problem:

max
vx∈Rpx , vy∈Rpy

vTx Σxyvy s.t. vT

xΣxvx = vT

yΣyvy = 1. (2.1)

Since we are only interested in the directions of vT
x? and vT

y?, we set θ?
def
=

(vT
x?,v

T
y?)T

‖(vT
x?,v

T
y?)T‖2 (so

that ‖θ?‖2 = 1) to be our main parameter of interest. The parameter θ? is identifiable

only up to a change of sign, and hence, we shall focus on the estimation of the related

projector θ?θ
T
? . Let us define p

def
= px + py, and the matrices

A
def
=

[
0 Σxy

ΣT
xy 0

]
, B

def
=

[
Σx 0
0 Σy

]
and Σ

def
= A+B =

[
Σx Σxy

ΣT
xy Σy

]
.

(2.2)

Using simple arguments, we notice that the problem in (2.1) is equivalent to the

following generalized eigenvalue problem (GEP):

max
θ=(vT

x ,v
T
y )T∈Rp

θTAθ s.t. θTBθ = 2. (2.3)

Clearly, finding a solution of (2.3) is equivalent to finding a solution of

max
θ=(vT

x ,v
T
y )T∈Rp

R(θ)
def
=

θTAθ

θTBθ
, (2.4)

where we convene that 0/0 = 0. The objective function R(·) in (2.4) is known as the

(generalized) Rayleigh quotient of A and B. The reformulation in (2.4) suggests a way

to estimate the sparse canonical vectors by directly targeting the Rayleigh quotient,

and this idea was first proposed in (Tan et al. (2018)). Note that solving (2.4) requires
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specifying matrices A and B, which are typically unknown in practice. Instead, given

n i.i.d. samples Z
def
= {(Xi, Yi)}ni=1 from f , one first constructs estimators of Σx, Σy

and Σxy, denoted by Σ̂x, Σ̂y and Σ̂xy, respectively, and then construct estimators of

A and B (denoted by Â and B̂, respectively) from Σ̂x, Σ̂y, and Σ̂xy in the same way

as in (2.2). (In Section 2.4, we will provide some examples of constructing Σ̂x, Σ̂y,

and Σ̂xy.) Based on Â and B̂, one then solves (2.4) with the Rayleigh quotient R(·)

replaced by its sample version Rn(·; Z), which is defined as

Rn(θ; Z)
def
=

θTÂθ

θTB̂θ
, ∀ θ ∈ Rp.

To guarantee that the Rayleigh quotient Rn(·; Z) is well-defined, we maintain the

following assumption throughout this work.

H1. For all θ ∈ Rp, |θTÂθ| ≤ θTB̂θ.

H1 implies that θTÂθ = 0 whenever θTB̂θ = 0, in which case we have Rn(θ; Z) =

0/0 = 0. We note that H1 naturally holds when Σ̂x, Σ̂y, and Σ̂xy are sample covariance

matrices.

It is worth mentioning that in high-dimensional regimes where p > n, the con-

structed estimators Σ̂x and Σ̂y (e.g., sample covariance matrices) are usually singular,

thereby making a direct maximization of Rn challenging. Similarly, other classical

CCA algorithms based on eigen-decomposition of B̂−1Â, or the singular value decom-

position of Σ̂
−1/2
x Σ̂x,yΣ̂

−1/2
y (see e.g., (Mardia et al. (1979); Andrew et al. (2013))) are

also difficult to use under these regimes. Furthermore, these classical methods do not

yield sparse estimates of the canonical correlation vectors.

(Tan et al. (2018)) addressed these issues by maximizing Rn(·; Z) under a sparsity

constraint. The authors show that this maximization problem can be solved pro-

vided that a good initial value that is sufficiently close to global maxima is provided.

However, finding such a good initial value is very costly. Furthermore, the Rayleigh
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quotient typically admits several local maxima (as well as local minima and saddle

points) that correspond to other canonical vectors, making direct maximization of Rn

very challenging.

2.2.1 A Quasi-Bayesian approach

We propose a quasi-Bayesian framework that turns maximizing the Rayleigh quotient

into a Bayesian procedure. More precisely, we propose using

θ 7→ σnRn(θ; Z) (2.5)

as the quasi-log-likelihood, where σn > 0 is a scaling parameter. We combine this

quasi-log-likelihood with a spike-and-slab prior distribution, which is a common choice

for Bayesian sparse modeling (George and McCulloch (1997)). Specifically, given a

variable selection parameter δ ∈ ∆
def
= {0, 1}p, we let the conditional distribution of θ

given δ be

π(θ|δ) =

p∏
j=1

π(θj|δ), where θj|δ = θj|δj ∼
{

N(0, ρ−1
1 ), if δj = 1

N(0, ρ−1
0 ), if δj = 0

, (2.6)

where ρ0 > ρ1 > 0 are precision parameters. Given some parameter u > 1 and integer

s ≥ 1, the prior distribution of δ is taken as the independent product of Bernoulli

distribution Ber(1/(1 + pu)) conditioned to stay in the set ∆s
def
= {δ ∈ ∆ : ‖δ‖0 ≤ s}.

More specifically,

π(δ) ∝ 1∆s(δ)

p∏
j=1

(
1

1 + pu

)δj ( pu

1 + pu

)1−δj
∝ 1∆s(δ)

(
1

pu

)‖δ‖0
, ∀ δ ∈ ∆.

(2.7)
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If we combine the spike-and-slab prior with the quasi-log-likelihood in (2.5), we then

obtain the quasi-posterior distribution

Π(δ, dθ|Z) ∝ 1∆s(δ)

(
1

pu

√
ρ1

ρ0

)‖δ‖0
exp

(
−ρ1

2
‖θδ‖2

2 −
ρ0

2
‖θ − θδ‖2

2 + σnRn(θδ; Z)
)

dθ,

(2.8)

where θδ is the component-wise product of θ and δ, ‖ · ‖2 is the Euclidean norm.

Note that in this posterior distribution, the parameter θ is typically dense. However,

since δ is sparse, so is θδ. We note that the Rayleigh quotient Rn can take value +∞

when its numerator is non-zero while its denominator is zero. If this happens over

a set with non-zero Lebesgue measure, then (2.8) is not well-defined. However, if

(Â, B̂) satisfies H1 then Rn(δ, θ) <∞ for all δ, θ, in which case (2.8) is a well-defined

probability measure.

The spike-and-slab prior shown in (2.6) and (2.7) is fairly standard, and goes

back at least to (George and McCulloch (1997)). However the way it is combined

with the pseudo-likelihood to yield (2.8) is nonstandard, and follows from (Atchadé

and Bhattacharyya (2019)). The key feature of this approach is that the parameter

θ enters the quasi-likelihood only through its sparsified form θδ (see (2.8)). This

decouples the active components (namely those corresponding to δj = 1) and the

non-active components (namely those corresponding to δj = 0), and is particularly

attractive from the computational standpoint. The approach should be viewed as

an approximation of the point-mass spike-and-slab prior (Mitchell and Beauchamp

(1988)), using the pseudo-prior device in (Carlin and Chib (1995)).

Hyper-parameter tuning

The posterior distribution Π is very robust to the choice of ρ1 and u, and we recom-

mend choosing ρ1 ≈ 1 and u ∈ (1, 2] (as suggested by Atchadé and Bhattacharyya

(2019)) for best performance. The parameter ρ0 has no effect on the statistical re-
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covery of the selected components of θ, but can adversely impact the MCMC mixing

if its value is too large. We suggest setting ρ0 ∼ n, in order to match the posterior

variance of the selected components that are actually zero (false-positives), and the

posterior variance of the true-negatives.

The sparsity level s is an upper-bound on the true sparsity of the signal, which

is typically unknown. We observe that if δ1, . . . , δp
i.i.d.∼ Ber(1/(1 + pu)), then by

Chernoff’s inequality (see e.g., (Vershynin, 2018, Theorem 2.3.1)), for any s0 ≥ exp(1),

we have P(‖δ‖0 > s0) ≤ (1/p)(u−1)s0 . This suggests simply choosing s = p in (2.6),

and the resulting prior distribution would still automatically concentrate on sets ∆s0 ,

for s0 small. We made this choice in all our numerical implementations. We found

that the resulting posterior distribution is always automatically sparse, and learns

the true sparsity of the signal. However, for the theoretical analysis of the method we

will assume that a sparsity level s is given such that n ≥ c0s log(p), for some absolute

constant c0
1. We discuss the choice of σn below after the statement of Theorem 1.

2.2.2 Connection with simulated annealing

Our methodology can be viewed as a principled version of simulated annealing algo-

rithm (Kirkpatrick et al. (1983); Bertsimas and Tsitsiklis (1993)) for computing the

Rifle estimator of (Tan et al. (2018)). Given s ≥ 1, let Θs
def
= {θ ∈ Rp : ‖θ‖0 ≤ s}.

Let σt > 0 be given such that limt→∞ σt = +∞, and define

Πt(dθ) ∝ eσtRn(θ;Z)1Θs(θ)dθ, (2.9)

where dθ denotes the extension of the Lebesgue measure to the set Θs. The maximiza-

tion problem tackled by the authors of Rifle in (Tan et al. (2018)) is maxθ∈Θs Rn(θ; Z).

A simulated annealing solution to this problem consists in simulating a non-homogeneous

1For the absolute constant in this thesis, we are referring to a constant that doesn’t depend on
parameters. For example, here we are saying that c0 doesn’t depend on parameters p, n, s.
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Markov chain with sequence of transition kernels {Mk, k ≥ 1}, such that Mk has

invariant distribution Πtk . As σtk →∞, the distribution Πtk puts most of its proba-

bility mass around the global modes of Rn, and the resulting Markov chain behaves

similarly (under appropriate conditions). There are several limitations to simulated

annealing in this particular setting. First, the set Θs is a union of a large number of

subsets with varying dimensions. Therefore, sampling from Πtk is actually non-trivial

– even using MCMC. Second, the convergence of simulated annealing is known to

be highly dependent on the choice of the sequence {σtk , k ≥ 1}. Our approach cir-

cumvents the first issue by working with a relaxation of Θs, using the spike-and-slab

prior. We circumvent the second issue by tuning σtk = σn (see details below), in such

a way that the fluctuations in the resulting distribution Πtk matches the statistical

uncertainty of the underlying CCA problem.

2.2.3 Rate of convergence

Although the Rayleigh quotient Rn(·; Z) may possess multiple local modes, we show

in this section that most of the probability mass of the quasi-posterior distribution

Π(·|Z) are located around {±θ?}. For M,N ∈ Rq×q, we define

〈M,N〉F
def
= Tr(MTN), ‖M‖F

def
=
√
〈M,M〉F, and ‖M‖op

def
= sup

u∈Rq : ‖u‖2=1

‖Mu‖2.

For J ⊆ [1 : q]
def
= {1, . . . , q}, let MJ,J denote the submatrix (Mij)i,j∈J . Given k ≥ 1,

we let

λmin(M,k)
def
= min

u∈Rq : ‖u‖2=1,‖u‖0≤k
uTMu, and λmax(M,k)

def
= max

u∈Rq : ‖u‖2=1,‖u‖0≤k
uTMu.

Given an integer α ≥ 1, we set

λ(α)
max(M, s)

def
= max

J⊆[1:q]: ‖J‖0=s
max

A∈Rs×s: ‖A‖F=1

Rank(A)≤α

|〈MJ,J , A〉| .
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We note that λ
(1)
max(M,k) = λmax(M,k). We first make the following basic assumption

without which the sparse CCA problem would not be well defined.

H 2. (XT, Y T) ∼ f with positive definite covariance matrices Σx, Σy, and Σ, and a

principal canonical vector pair θ? = (vT
x?, v

T
y?)

T, (‖θ?‖2 = 1) with density level2 s?
def
=

‖θ?‖0. Furthermore, the difference between the largest and second largest eigenvalue

of S
def
= B−1/2ΣB−1/2 (denoted by gap), is positive.

Our main assumption on the data generation process is the following.

H3. Z
def
= {(XT

1 , Y
T

1 )T, . . . , (XT
n , Y

T
n )T} is a sequence of n i.i.d. random variables from

f , and we choose the integer s ≥ s? such that:

1. for some absolute constants 0 < κ ≤ κ̄,

min
(
λmin(Σ̂x, s+ s?), λmin(Σ̂y, s+ s?), λmin(Σ̂, s+ s?)

)
≥ κ,

max
(
λmax(Σ̂x, s+ s?), λmax(Σ̂y, s+ s?), λmax(Σ̂, s+ s?)

)
≤ κ̄.

2. for some constant r1 (depending possibly on n, p),

max
(
λ(2)
max(Σ̂x − Σx, s+ s?), λ

(2)
max(Σ̂y − Σy, s+ s?), λ

(2)
max(Σ̂− Σ, s+ s?)

)
≤ r1.

Theorem 1. Assume H1-H3, and choose u > 1 such that pu−1 > 2, and pu ≥
s? exp(1). Set

ε
def
=

r1

gap
. (2.10)

There exists some absolute constant C0 that depends only on κ and κ̄, such that the

following holds. For all M > C0 such that

M2

8gap

(κ
κ̄

)2

σnr2
1 ≥ (s? + 1)(u + 1) log (p ∨ (c0σn)), (2.11)

where c0 is some absolute constant that depends only on κ and κ̄, we have

Π

(
(δ, θ) :

∥∥∥∥ θδθT
δ

‖θδ‖2
2

− θ?θT

?

∥∥∥∥
F

> Mε|Z
)
≤ 2e−

M2

8gap(
κ
κ̄)

2
σnr2

1 .

2Throughout this work, the density level of a vector refers to the proportion of its non-zero
elements.
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Proof. See Section A.1 in supplementary material.

Since the term 2e−
M2

8gap (κκ̄)
2
σnr2

1 is much smaller than p−1−s? (under (2.11)), the main

conclusion of the theorem is that the posterior Π(·|Z) contracts around θ?θ
T
? at the

rate at least Mε. Furthermore, setting

P̂ def
=

∫
∆s×Rp

θδθ
T
δ

‖θδ‖2
2

Π(dδ, dθ|Z),

the result implies that P̂ (as a frequentist estimator) estimates θ?θ
T
? at the rate Mε.

Indeed, we have

∥∥∥P̂ − θ?θT

?

∥∥∥
F
≤
∫

∆s×Rp

∥∥∥∥ θδθT
δ

‖θδ‖2
2

− θ?θT

?

∥∥∥∥
F

Π (dδ, dθ|Z) ≤Mε+ 2e−
M2

8gap (κκ̄)
2
nr2

1 . (2.12)

We note that Theorem 1 applies only to a given dataset Z that satisfies H3. In the

particular case where Σ̂x, Σ̂y and Σ̂ are covariances matrices, we show in Proposition

2 below that if Z
def
= {(XT

1 , Y
T

1 )T, . . . , (XT
n , Y

T
n )T} is a sequence of n i.i.d. random

variables from a sub-Gaussian distribution f , then H3 holds with high probability.

Furthermore r1 = C0

√
(s + s?) log(p)/n. In that case the condition in (2.11) becomes

M2

8gap

(κ
κ̄

)2

C2
0

(σn
n

)
(s+ s?) log(p) ≥ (s? + 1)(u + 1) log (p ∨ (c0σn)),

which is easily satisfied when the scaling parameter σn satisfies n = O(σn), as n→∞.

In this case the convergence rate of P̂ towards θ?θ
T
? is

ε =
1

gap

√
(s+ s?) log(p)

n
, (2.13)

which achieves the minimax rate of the CCA problem, as derived in (Gao et al.

(2015)), by taking s as some constant multiple of s?. Further increasing σn has no

impact on this rate, but of course, makes the MCMC computation more challenging.

This suggests the choice σn ∝ n.
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Remark 2.2.1. The discussion so far has focused on estimating the projector θ?θ
T
? .

If the vector θ? itself is needed, we are able to construct an estimator of θ? from the

projector estimator P̂. Specifically, let v1(P̂) denote the leading eigenvector of P̂,

then from the Davis-Kahan theorem (see e.g., (Vershynin, 2018, Theorem 4.5.5)), we

have

min
(
‖v1(P̂)− θ?‖2, ‖v1(P̂) + θ?‖2

)
≤ 23/2‖P̂ − θ?θT

?‖ ≤ 23/2‖P̂ − θ?θT

?‖F, (2.14)

and ‖P̂ − θ?θT
?‖F can be bounded as in (2.12)

On Assumption H3

It is well-known that Assumption H3-(1) holds true in the particular case of covari-

ance matrices of sub-Gaussian random vectors, provided that the sample size satisfies

n ≥ c0(s + s?) log(p), for some absolute constant c0. See for instance Raskutti et al.

(2010) Theorem 1, or Gao et al. (2017) Lemma 6.5 for the Gaussian case, and Rudel-

son and Zhou (2013) Theorem 3.2 for more general sub-Gaussian distributions. Under

roughly the same sample size conditions, H3-(2) is also known to hold as we show

below.

Proposition 2. Suppose that Zi
def
= (XT

i , Y
T
i )T are i.i.d. random vectors from a mean-

zero sub-Gaussian distribution f , with sub-Gaussian norm K
def
= sup{‖ 〈Z, u〉 ‖ψ2 , u ∈

Rp, ‖u‖2 = 1}, where ‖ · ‖ψ2 refers to the sub-Gaussian norm of a random variable.

Let Σ̂x = n−1
∑n

i=1XiX
T
i , Σ̂y = n−1

∑n
i=1 YiY

T
i , and Σ̂ = n−1

∑n
i=1 ZiZ

T
i . There exist

absolute constants c0, C > 1, such that for all 1 ≤ s ≤ p, and all n ≥ 4c0s log(p),

max
(
λ(α)
max(Σ̂x − Σx, s), λ

(α)
max(Σ̂y − Σy, s), λ

(α)
max(Σ̂− Σ, s)

)
≤ CK2λmax(Σ, s)

√
c0αs log(p)

n
,

with probability 1− 2p−(c0−1)s.

Proof. See Section A.2 in supplementary material.
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2.3 Computation using Markov Chain Monte Carlo

As shown in Section 2.2.3, by re-scaling (annealing) the Rayleigh quotient function,

we have created a posterior distribution Π(·|Z) that puts most of its probability

mass around its global mode (located near {±θ?}). However, the annealing also

significant decreases the accessibility of the global starting from the local modes. To

effectively deal with this configuration, we propose a Markov Chain Monte Carlo

sampling strategy based on simulated tempering (Geyer and Thompson (1995); Liu

(2008)). Given K temperatures 1 = t1 < t2 < . . . < tK , and K positive weights

c1, . . . , cK , we introduce an extended distribution on X
def
= ∆×Rp×{1, . . . , K}, which

is

Π̄(δ, dθ, k|Z) ∝ 1

ck
exp

(
a

tk
‖δ‖0 −

ρ1

2tk
‖θδ‖2

2 −
ρ0

2tk
‖θ − θδ‖2

2 +
σn
tk

Rn(θδ; Z)

)
dθ.

(2.15)

We recover the distribution (2.8) as the conditional distribution of (δ, θ) given k = 1

in (2.15). To sample from (2.15), we use a simulated tempering Metropolis-Hastings-

within-Gibbs strategy that is described in the supplementary material (Section A.3).

The algorithm is very fast and scales well with the dimension p, and iteration k of

the algorithm has computational cost O(p‖δ(k)‖2
0).

Algorithm 2 generates a Markov chain {X(t), t ≥ 0}, whereX(t) = (δ(t), θ(t), k(t)) ∈

X that is phi-irreducible aperiodic with invariant distribution given by (2.15). The

pairs (δ(t), θ(t)) at times t where {k(t) = 1} then give the desired approximate samples

from Π(·|Z) We investigate the mixing of the algorithm below.

2.3.1 Mixing times

At least empirically, simulated tempering is well-known to improve mixing when

dealing with multimodal distributions (Geyer and Thompson (1995); Liu (2008)).

However, rigorous results are far less well-established. Using a Markov kernel decom-
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position approach, (Woodard et al. (2009)) gives a lower bound on the spectral gap

of simulated tempering in terms of the spectral gaps of the component kernels and

the so-called projection kernel. However, applying their result to a specific problem

remains non-trivial. Furthermore, their lower bound decays exponentially fast in the

number of components in the partition, which clearly limits its relevance in our set-

ting. Using a similar Markov kernel decomposition technique, (Ge et al. (2018)) has

a more explicit upper bound on the mixing time of simulated tempering. However

their result applies to a different algorithm than the one considered here, and they

consider a specific form of the target distribution that does not include (2.15).

Given the lack of theoretical mixing time analysis of simulated tempering, we take

a more empirical approach based on the unbiased Markov Chain Monte Carlo frame-

work in (Biswas et al. (2019); Jacob et al. (2017)). Let {X(t), t ≥ 0} be the Markov

chain generated by our simulated tempering algorithm, where X(t) = (δ(t), θ(t), k(t)) ∈

X. Let P denote its transition kernel (which is described in Section A.4 in the sup-

plementary material). Following Jacob et al. (2017), we construct a coupling P̌ of P

with itself: that is, a transition kernel on X×X such that P̌ ((x, y), A×X) = P (x,A),

P̌ ((x, y),X × B) = P (y,B), for all x, y ∈ X, and all measurable sets A,B. Further-

more, P̌ ((x, x),X× X) = 1 for all x ∈ X. The construction of the Markov kernel P̌ is

described in Section A.4 in the supplementary material.

The crucial point of the method is that the coupling P̌ is not a theoretical construc-

tion: we actually implement P̌ to simulate a bivariate Markov chain {(Xt, Yt−L), t ≥

L} for some lag L ≥ 1, such that both {Xt, t ≥ 0} and {Yt, t ≥ 0} are the

same copy of our simulated tempering sampler. Specifically, given the lag L ≥ 1,

we first draw X(0) ∼ Π(0) and Y (0) ∼ Π(0), where Π(0) is the initial distribution

as given in the initialization step of Algorithm 2. Next, for 1 ≤ t ≤ L, we draw
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Xt|(X0, Y0, X1, X2, . . . , Xt−1) ∼ P (Xt−1, ·). Then for t > L, we draw

(Xt, Yt−L)| {(Xt−1, Yt−L−1), . . . , (XL, Y0), XL−1, . . . , X0} ∼ P̌ ((Xt−1, Yt−L−1), ·) .

In other words, at each time t > L we attempt to couple the two chains while

maintaining the correct marginals. We define τ (L) def
= inf {t ≥ L : Xt = Yt−L}, and

have the following:

Proposition 3. Let {X(t), t ≥ 0} be the Markov chain generated by the simulated

tempering algorithm, and let Π̄(t) denote the distribution of X(t). For all t ≥ 0, we

have

‖Π̄(t) − Π̄‖tv ≤ E
[
max

(
0,

⌈
τ (L) − L− t

L

⌉)]
. (2.16)

Proof. See Section A.4.1.

This inequality implies that by simulating multiple copies of the bivariate chain,

and approximating the expectation in (2.16) by Monte Carlo, we can actually esti-

mate the mixing time of our algorithm. This gives us the possibility to investigate

empirically the mixing time of our sampler with some theoretical guarantees.

2.4 Numerical studies

We perform extensive numerical tests on our proposed approach. First we investigate

the mixing time of the simulated tempering algorithm in connection to the CCA

computational barrier conjectured by (Gao et al. (2017)). And we take a closer look

at the mixing times as the dimension p increases. Then we perform a simulation

study that compares our approach to the frequentist methods Rifle in Tan et al.

(2018) and mixedCCA in Yoon et al. (2018). We investigate the behavior of these

methods in two settings: (i) continuous datasets, where we use sample covariance

matrix estimator and (ii) mixed datasets, where we use Kendall’s-tau-based estimator
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as proposed in Yoon et al. (2018). The Python codes for our method is available from

https://github.com/rachelwho/Sparse-CCA.

2.4.1 Simulated data generation

We simulate the datasets using the following model from Tan et al. (2018). Specif-

ically, we let px = py = p/2, and consider two (p/2)-dimensional random vectors X

and Y with joint distribution (X, Y ) ∼ N(0,Σ). Here we let

Σ =

(
Σx Σxy

ΣT
xy Σy

)
and Σxy =

λ1Σxvx?v
T
y?Σy√

vT
x?Σxvx?

√
vT
y?Σyvy?

,

where 0 < λ1 < 1 is the largest generalized eigenvalue, and vx? and vy? are the princi-

pal canonical vectors. The structures of Σx and Σy vary across different experimental

settings, and will be described in the subsequent sections. Clearly, (vx?, vy?) is the

maximizer of the Rayleigh quotient in (2.4), and λ1 is the maximum value. Then we

generate n samples Z = {(x(i), y(i))}ni=1 from N(0,Σ).

2.4.2 Empirical studies of our algorithm

On sparse CCA computational barrier

It was conjectured by (Gao et al. (2017)) that it is not possible to solve the sparse CCA

problem in polynomial time at the statistical rate ε obtained in (2.13), in the data

regime n = o(s2
? log(p)). The authors made a compelling argument for this conjecture

by showing that any such estimator for the sparse CCA can be used to solve the

planted clique problem in a regime where it is widely believed to be computationally

intractable. Since our estimator achieves the rate ε under the weaker condition n ≥

C0s? log(p), we have the opportunity to test empirically this conjecture.

In our simulation, we let Σx ∈ R(p/2)×(p/2) and Σy ∈ R(p/2)×(p/2) share the same

structure, namely, a block diagonal matrix with five blocks, each of dimension p/10×

p/10, where the (j, j′)-th element of each block takes value 0.8|j−j
′|. We let λ1 =

https://github.com/rachelwho/Sparse-CCA
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0.9, (vx?)j = (vy?)j = 1/
√

3 for j ∈ {1, 6, 11}, and (vx?)j = (vy?)j = 0 otherwise.

Therefore, the true density level s? = 6. For each p ∈ {500, 2000, 5000}, we generate

data from the model described in Section 2.4.1 with two values of the sample size

n, namely ds1.5
? log(p)e and ds2.5

? log(p)e. We use the sample covariance matrices as

estimators of Σx, Σy and Σxy, and set the scaling parameter σn = 2n to construct the

extended posterior distribution Π̄ in (2.15). We sample from Π̄ using Algorithm 3,

with the set of temperatures {1, 1/0.9, 1/0.8, 1/0.7}. Since in this particular data

model, the largest value of the (population) Rayleigh quotient is λ1 = 0.9, proximity

of the sample Rayleigh quotient Rn(·; Z) to λ1 along the MCMC iterations is a good

empirical measure of mixing.

We run each MCMC sampler for N = 10, 000 iterations, repeated 30 times (each

time with a newly generated dataset). At each iteration time, we average the values

of Rn(·; Z) across the 30 repetitions. Fig. 2·1 shows the plot of the averaged sample

Rayleigh quotient along iterations. The difference in behavior is striking. We clearly

see that for all values of p, the sample Rayleigh quotient Rn(·; Z) corresponding to

n = ds2.5
? log(p)e quickly converges to the population Rayleigh quotient λ1 = 0.9,

whereas the one corresponding to n = ds1.5
? log(p)e fails to converge even after 10,000

iterations. This suggests that the condition n ≥ C0s
2
? log(p) is indeed needed for the

simulated tempering sampler to mix well, which appears to confirm the conjecture

by (Gao et al. (2017)).

Empirical mixing time of Algorithm 2

We investigate more carefully the mixing time of Algorithm 2 as a function of the

dimension p, using the coupled chain approach of (Biswas et al. (2019); Jacob et al.

(2017)) as described in Section 2.3.1. We focus on a data-rich setting where the sam-

ple size n = p/2. Now, let us describe the implementation details. We let Σx, Σy,
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(b) p = 2000
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(c) p = 5000

Figure 2·1: Estimated canonical correlation along the MCMC itera-
tions, averaged over 30 data repetitions for different values of dimension
p and sample size n.

vx? and vy? all have the same structures as in Section 2.4.2 and set λ1 = 0.9. We

generate datasets from the model in Section 2.4.1 for each p ∈ {100, 200, . . . , 5000},

with sample size n = p/2. The extended posterior distribution Π̄ in (2.15) is con-

structed in the same way as in Section 2.4.2, except with the set of temperatures

{1, 1/0.9, 1/0.8, 1/0.7, 1/0.6}. We set the lag L = p and the maximum iterations

N = 10p + 1000. For each value of p, we repeat the simulation 50 times to estimate

the distribution of the meeting time τ (L) of the chain. More precisely, using ε = 0.1,

we estimate the mixing time of the chain as the first iteration t for which the Monte

Carlo estimate of the right hand side of (2.16) is less than ε. Fig. 2·2 below shows the

plot of the mean of meeting times and the estimated mixing times as functions of p.

The results suggest that Algorithm 3 has a mixing time that scales roughly linearly

in the dimension p.

Remark 2.4.1. As far as we know, the existing literature on simulated tempering

gives only general guidelines on choosing the temperatures (Geyer and Thompson

(1995); Atchadé et al. (2011)). The implementation of these guidelines for choosing

the temperature scaling remains non-trivial, and may require further adaptive MCMC

methods (Miasojedow et al. (2013)). In our case, the Rayleigh quotient responds

well to temperature tuning, and in particular does not require high temperatures to

mix well. As a result, we have chosen not to further explore these more complicated

scaling.
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Figure 2·2: The mean of meeting times versus the estimated mixing
times. The estimated mixing times are with respect to the total varia-
tion distance 0.1.

2.4.3 Comparison with other methods

We compare our method to two other methods, namely Rifle in Tan et al. (2018) and

mixedCCA in Yoon et al. (2018). We investigate the behaviors of these methods in two

settings. In the first setting, we use continuous datasets and compare our method

with both Rifle and mixedCCA. In the second setting, we use mixed datasets and

compare our method with mixedCCA (since Rifle is only designed for the continuous

datasets).

Description of Rifle and mixedCCA

Before presenting our experimental results, let us briefly describe the other two meth-

ods, namely Rifle and mixedCCA. Rifle is a two-stage algorithm, where in the first

stage, it (approximately) solves a convex relaxation of the problem in (2.1) in matrix

variable. Next, the leading singular vectors of the output matrix are refined in the

second stage using gradient ascent on the Rayleigh quotient Rn(·; Z), and then trun-

cated such that only the m entries with the largest absolute values are kept (and the
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remaining entries are set to zero). Here m is a user-specified parameter that indicates

the desired sparsity level of the estimated principle canonical vectors (vx, vy) – simi-

lar to s above. Note that since the first stage involves solving a matrix optimization

problem, its computational time is typically much higher than that of the second

stage. In a different approach, mixedCCA proposes a novel and robust estimator Σ̂ for

the covariance matrix Σ, namely the Kendall’s-tau-based estimator, and estimates

the canonical vectors (vx, vy) by solving the following convex problem:

max
vx,vy

vT

x Σ̂xyvy − λ1‖vx‖1 − λ2‖vy‖1, s.t. vT

x Σ̂xvx ≤ 1, vT

y Σ̂yvy ≤ 1, (2.17)

where λ1 and λ2 are positive regularization parameters that need to be selected.

Continuous datasets

We randomly generate 100 continuous datasets using the model in Section 2.4.1,

with the covariance matrices Σx and Σy constructed in a similar way to Yoon et al.

(2018). Specifically, we set the sample size n = 200 and the dimension p = 500,

and let Σx and Σy have the same structure, namely a block-diagonal matrix with five

blocks of dimensions {d1, ..., d5}, respectively, and the (j, j′)-th element of each block

takes value 0.7|j−j
′|. We set {d1, ..., d5} = {25, 50, 83, 50, 42} for Σx and {d1, ..., d5} =

{83, 50, 62, 31, 24} for Σy. In addition, we let vx? and vy? have the same structures as

in Section 2.4.2 (so that the true sparsity s? = 6), and set λ1 = 0.8. In constructing

the Rayleigh quotient Rn(·; Z), we use the sample covariance matrices as estimators

of Σx, Σy and Σxy.

In Algorithm 3, we let the set of temperatures be {1, 1/0.9, 1/0.8, 1/0.7, 1/0.6},

and only record the iterations corresponding to temperature 1. For comparison,

we use the implementation of Rifle in the R package rifle, and set the parameter

m = 2s? = 12, namely, m is twice as large as the true density level s?. Also, we
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use the implementation of mixedcca in the R package mixedCCA, where λ1 and λ2 are

selected using two criteria, namely BIC1 and BIC2. For this reason, we shall call the

resulting algorithms mixedCCA-BIC1 and mixedCCA-BIC2, respectively. All the other

parameters in Rifle and mixedCCA are set to the default values in the R packages.

Both our algorithm and mixedCCA use the starting point found in the R package of

mixedCCA. The outputs of all the algorithms are normalized to have unit Euclidean

norms. We measure the quality of the estimated principle canonical vectors vx and

vy by the squared-l2 distance to the true canonical vectors vx? and vy?, respectively.

Specifically, we have

error(vx)
def
= min

(
‖vx − vx?‖2

2 , ‖vx + vx?‖2
2

)
, (2.18)

and error(vy) is defined similarly. We also measure the quality of variable selection

by the estimated vx and vy through computing the true-positive rate (TPR) and

true-negative rate (TNR). For vx, its TPR and TNR are defined as

TPR(vx)
def
=
|{j : (vx)j 6= 0, (vx?)j 6= 0}|

|{j : (vx?)j 6= 0}|
and TNR(vx)

def
=
|{j : (vx)j = 0, (vx?)j = 0}|

|{j : (vx?)j = 0}|
,

(2.19)

respectively. For vy, TPR(vy) and TNR(vy) are defined similarly. In the following, we

will measure the quality of the estimated vx and vy using all three metrics above, i.e.,

error, TPR and TNR.

For each algorithm, we plot the quality of the estimated vx and vy averaged across

the 100 datasets generated above, and the results are shown in Figure 2·3. Note

that for Rifle, we only plot its second stage, which has a better starting point as

compared to the other two algorithms, since it makes use of the output computed

in its first stage. Our algorithm (Simulated tempering), not only outperforms Rifle

in terms of the quality of estimated vx and vy (across all the three metrics), but



25

also enjoys much shorter running time. Indeed, our algorithm takes an average of 33

seconds (amounting to 200 iterations) to converge, whereas Rifle takes 280 seconds

to complete its first stage, and about 4 seconds for running 1,000 iterations at its

second stage. mixedCCA has better computational cost than ours — it takes about

7.2 seconds (amounting to 4 iterations) to converge. However, the quality of estimated

vx and vy from our algorithm is better, and the advantage is especially significant in

terms of error and TPR.

Mixed datasets

We randomly generate 100 mixed datasets in a similar way as in Section 2.4.3, except

with an additional truncation step on the random vector Y . Specifically, we set the

sample size n = 150 and the dimension p = 200, and let Σx and Σy each have five

diagonal blocks of dimensions {d1, ..., d5}, respectively, and the (j, j′)-th element of

each block takes value 0.7|j−j
′|. We set {d1, ..., d5} = {10, 20, 33, 20, 17} for Σx and

{d1, ..., d5} = {33, 20, 25, 12, 10} for Σy. In addition, we let vx? and vy? have the

same structures as in Section 2.4.2 (so that the true density level s? = 6), and set

λ1 = 0.8. Let truc(·;C) be the (elementwise) truncation operator at level C > 0, such

that given any vector y, truc(y;C)j = yj if yj > C and truc(y;C)j = C otherwise.

Then, for each dataset, we generate n samples from (X, truc(Y ;C)), where (X, Y ) ∼

N(0,Σ). Regarding the estimators of Σx, Σy, and Σxy, we will use Kendall’s-tau-

based estimators as in Yoon et al. (2018), which are stabler than sample covariance

matrices for truncated data.

We run Algorithm 3 for N = 10, 000 iterations with the set of temperatures

{1, 1/0.9,

1/0.8, 1/0.7, 1/0.6}, and we use the output of last iteration as the estimator. We

compare our algorithm with both mixedCCA-BIC1 and mixedCCA-BIC2 in the same

fashion as in Section 2.4.3. The averaged results of these algorithms (as measured
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(a) Squared-l2 error (error)

(b) TPR

(c) TNR

Figure 2·3: Comparison of the quality of estimated vx and vy by all
the algorithms in terms of (a) squared-l2 error (error), (b) TPR and (c)
TNR. The results are averaged over 100 continuous datasets. The per-
formances of mixedCCA-BIC1 and mixedCCA-BIC2 are indistinguishable
on plots (a) and (b).
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error vx vy
C (Truncation level) -2 -1 0 -2 -1 0
Simulated tempering 0.35 (0.00) 0.39 (0.01) 0.70 (0.01) 0.41 (0.60) 0.45 (0.65) 0.78 (0.76)
MixedCCA-BIC1 0.64 (0.74) 0.57 (0.70) 0.86 (0.79) 0.66 (0.73) 0.63 (0.74) 0.97 (0.74)
MixedCCA-BIC2 0.48 (0.67) 0.48 (0.66) 0.73 (0.72) 0.48 (0.64) 0.52 (0.67) 0.83 (0.71)

(a) error

TPR vx vy
C (Truncation level) -2 -1 0 -2 -1 0
Simulated tempering 0.85 (0.30) 0.83 (0.33) 0.67 (0.39) 0.85 (0.30) 0.83 (0.33) 0.67 (0.39)
MixedCCA-BIC1 0.71 (0.41) 0.74 (0.39) 0.60 (0.43) 0.71 (0.41) 0.74 (0.39) 0.60 (0.43)
MixedCCA-BIC2 0.82 (0.37) 0.82 (0.30) 0.75 (0.38) 0.83 (0.35) 0.81 (0.36) 0.71 (0.39)

(b) TPR

TNR vx vy
C (Truncation level) -2 -1 0 -2 -1 0
Simulated tempering 0.99 (0.01) 0.99 (0.02) 0.98 (0.02) 0.99 (0.01) 0.99 (0.02) 0.98 (0.02)
MixedCCA-BIC1 0.98 (0.01) 0.98 (0.01) 0.98 (0.02) 0.98 (0.01) 0.98 (0.01) 0.98 (0.02)
MixedCCA-BIC2 0.97 (0.03) 0.97 (0.03) 0.93 (0.09) 0.97 (0.02) 0.97 (0.03) 0.93 (0.09)

(c) TNR

Table 2.1: Mean (and standard deviation) of error, TPR and TNR of
our method and mixedCCA for different values of truncation level C.

by error, TPR and TNR) over the 100 mixed datasets generated above are shown in

Table 2.1. We can see from Table 2.1 that our approach outperforms the other two

methods in terms of both error and TNR, and the advantage is particularly significant

in terms of error. In terms of TPR, our algorithm is much superior to mixedCCA-BIC1.

In addition, its performance is comparable to that of mixedCCA-BIC2 — specifically, it

has slightly better performance when the truncation level C = −2 or −1 and slightly

worse performance when C = 0.

2.5 Principal canonical correlation of clinical and proteomic

data in Covid-19 patients

Covid-19 is an infectious disease that is rapidly sweeping through the world. The

disease is caused by a severe acute respiratory syndrome coronavirus (SARS-CoV-2).

There is currently an intense global effort to better understand the virus and find

cures and vaccines. We use our methodology to re-analysis a data set produced by
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Shen et al. (2020) that aims to identify biomarkers for early detection of severely ill

Covid-19 patients3. To that end, the study enrolled 86 patients (some non-Covid-19

patients, and among the Covid-19 patients, some that developed mild symptoms,

and some that became severely ill). The exact protocol for recruiting these patients

is unclear. For each patient they measured three (3) physical characteristics (sex,

age, and body mass index), twelve (12) clinical variables as routinely measured from

blood samples (white blood cells count, lymphocytes count, C-reactive protein, etc...).

Furthermore, the serum of each patient is analyzed by liquid mass spectrometry-based

proteomics to quantify their proteome and metabolome. In Shen et al. (2020), the

data is used to build a statistical model to predict whether or not a Covid-19 patient

will progress to a severe state of illness. The dataset of Shen et al. (2020) is freely

available from the journal website.

We use canonical correlation analysis to re-analyze the data. A common working

assumption is that SARS-CoV-2 induces patterns of molecular changes that can be

detected in the sera of patients. Canonical correlation analysis may help identify these

patterns. To do this we focus on the proteomic data, and we estimate the principal

sparse canonical correlation between the physical and clinical variables on one hand

and the proteomic variables on the other. See for instance Rousu et al. (2013) for a

similar analysis on tuberculosis and malaria.

We pre-process the data by removing all the proteins for which 50% or more

values are missing, leading to a total of py = 513 proteins, and px = 16 clinical

and physical variables. The sample size n = 86. Liquid mass spectrometry-based

proteomics typically produces a large quantity of missing values (Karpievitch et al.

(2010); O’Brien et al. (2018)). We make the assumption here that the missing values

are driven mainly by detection limit truncation (Karpievitch et al. (2010)). We apply

3For reasons that are still poorly understood, about 80% of patients infected by SARS-CoV-2
experience mild to no symptoms, whereas in about 20% of the cases, patients become severely ill.
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both our algorithm and mixedCCA to this problem, with the same parameter setting as

in the simulation test on the mixed datasets (cf. Section 2.4.3). We run our algorithm

for N = 10, 000 iterations. Since we do not know the true canonical pair, we will focus

on the estimated canonical correlation to measure the performance of two algorithms.

In terms of the estimated canonical correlation, both our algorithm and mixedCCA

takes less than 1 second to converge.

Our estimate of the principal canonical vectors of first dataset (vx?) has only one

selected component (corresponding to C-reactive protein – CRP) with estimated in-

clusion probability of Π(δj = 1|Z) = 0.99. All other physical and clinical variables

have inclusion probabilities smaller than 0.1. We found also that the principal canon-

ical vectors of the proteomic data is also driven by a single protein (P02763, also

known as Alpha-1-acid glycoprotein 1 or AGP 1), with estimated inclusion probabil-

ity of Π(δj = 1|Z) = 0.89. All other proteins have inclusion probability smaller than

0.1. Fig. 2·4 shows the traceplot of the estimated canonical correlation ρ̂ between

the two data set, as well as the boxplot and autocorrelation function of the MCMC

output (after burning in 3/4 of iterations) of the coefficients of CRP and AGP 1 in

the quasi-posterior distribution. The fast decay of the autocorrelation functions show

a good mixing of the MCMC sampler.

MixedCCA also selects CRP for the clinical dataset and AGP 1 for the pro-

teomic dataset, but both BIC1 and BIC2 criterion select many other variables.

mixedCCA-BIC1 also selects glucose for clinical dataset and 3 other variables for the

proteomic dataset, with estimated canonical correlation 0.90. mixedCCA-BIC1 selects

8 other variables for clinical dataset and 3 additional variables for the proteomic

dataset with estimated canonical correlation 0.93. Although the estimated canonical

correlation of mixedCCA is larger than the estimated canonical correlation (0.80) in

our algorithm, the highly sparse nature of the estimated canonical vectors estimated
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from our method is striking.

Several studies have observed the predictive power of C-reative protein (CRP) in

the progression of Covid-19 into a severe illness (see for instance Sahu et al. (2020) for

a meta-analysis). This suggests that the correlation detected in our analysis between

the two datasets is indeed driven by the progression of Covid-19 into a severe illness.

Therefore, our analysis suggests that protein AGP 1 may also be playing an important

role in the progression of Covid-19 into a severe illness. In Fig. 2·5, we present the

boxplot of CRP and AGP 1 by group of patients. We can see that severe covid

patients will have higher value of CRP and AGP 1, compared to non-covid and non-

severe patients. We learn from Uniprot4, that AGP 1 functions as transport protein in

the blood stream, and appears to function in modulating the activity of the immune

system during the acute-phase reaction. Furthermore, AGP 1 appears on the list of

differentially expressed proteins in the sera of severely ill Covid-19 patients designed

by Shen et al. (2020), and also appeared in the literature as playing a role in the

immune system’s response to malaria (Friedman (1983)).
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Figure 2·4: From left to right: The first plot is the trace plot of esti-
mated canonical correlation; The second and third plot is the autocor-
relation and boxplot of the coefficient of CRP from MCMC output; The
fourth and fifth plot is the autocorrelation and boxplot of the coefficient
of AGP 1 from MCMC output.

4https://www.uniprot.org
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Figure 2·5: Boxplots of (a) CRP and (b) AGP 1 by group of patients.

2.6 Conclusion

In this work, we have developed a minimax optimal estimation procedure for sparse

canonical correlation analysis using a quasi-Bayesian framework. Our method can be

further extended to capture more than one canonical vector, either by deflation, or

by reformulating the problem as a higher dimensional canonical correlation analysis

estimation problem as in Tan et al. (2018). Furthermore, one can straightforwardly

extend our method to solve other generalized eigenvalue problems that arise in other

statistical problems, as for instance in Fisher discriminant analysis. At a higher level,

the method developed in this work can be viewed as a more statistical implementa-

tion of simulated annealing for optimization under sparsity constraints. As such, it

can be applied more widely to solve non-convex optimization problems with sparsity

constraints.



Chapter 3

A statistical perspective on algorithm

unrolling models for inverse problems

3.1 Introduction

Inverse problems are common problems in science and engineering where one seeks

information on a latent variable of interest, given some related observation. We

consider an inverse problem with a latent quantity of interest x ∈ Rdx that is related

to the observed variable y ∈ Rdy through the so-called forward statistical model

y | x ∼ e−f(y|x)dy, (3.1)

for some function f(·|x) : Rdy → R. Throughout this chapter, unless otherwise

stated, all model densities are defined with respect to the corresponding Lebesgue

measure. Although the function f is unknown in general, we focus in this work on

inverse problems for which the forward model is well-understood and f is known.

This is the case with many inverse problems in imaging. An important special case

in the applications is the Gaussian linear model corresponding (up to an additive

constant that we ignore) to

f(y|x) =
1

2v2
‖y − Ax‖2

2, (3.2)

with known parameters v > 0, and A ∈ Rdy×dx . When the inverse problem is ill-posed,

prior knowledge is fundamental for good recovery of x. For example in the linear

32
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regression model (3.2), it is well-known that without any additional assumption, the

minimax optimal rate in the estimation of x is of order
√
dx/dy. However this rate can

be improved if x is known to possess some additional features such as smoothness

or sparsity. A Bayesian perspective is particularly simple. If µ0 denotes a prior

distribution that encodes the prior information available on x, then x is inferred

using its posterior distribution

πµ0 (dx|y) ∝ µ0(dx)e−f(y|x). (3.3)

Inverse problems have a long history in statistics and applied mathematics, and the

posterior distribution in (3.3) as well as related penalized estimators are the backbone

of rigorous inference Bissantz et al. (2007); Stuart (2010); Knapik et al. (2011); Blan-

chard and Mücke (2018); Rastogi et al. (2020). When valid information are available

on x and appropriately encoded in µ0, the posterior distribution πµ0 can enjoy better

statistical properties than say, the minimizer of x 7→ f(y|x). However, finding such

good prior distributions is often very challenging in many applications.

3.1.1 Learning to solve inverse problems

In a growing number of settings, particular in image restoration tasks, researchers

have access to datasets in which the latent variable x and the related observation y

are both observed. Indeed such datasets can often be simulated in settings where f

is known. Hence, suppose that we have a dataset D = {(xi,yi), 1 ≤ i ≤ n} of i.i.d.

samples, such that for 1 ≤ i ≤ n,

xi ∼ µ, and yi | xi ∼ e−f(y|xi)dy, and where µ(dx) =
1

cµ
e−R(x)dx, (3.4)

for some function R : Rdx → R, and a normalizing constant cµ. Hence under (3.4),

µ is the marginal distribution of the latent variables. The conditional distribution of
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xi given yi is then given by

π(dx|yi) ∝ exp (−R(x)− f(yi|x)) dx,

and its modal value is given by the function g : Rdy → Rdx with

g(y)
def
= Argmin

x∈Rdx
[f(y|x) +R(x)] . (3.5)

We will assume below that g(y) is uniquely defined. We stress again that the distri-

bution µ in (3.4) is not a prior distribution of x as selected by the researcher, but the

actual marginal distribution of x unknown to the researcher. Hence g and π(·|y) and

typically unknown. In fact, one of the key challenges in inverse problems is building

a prior distribution µ0 that is as close as possible to µ so that the resulting poste-

rior distribution as given in (3.3) approximates well the corresponding conditional

distribution.

In keeping with the assumption that x possesses additional structures, in many

inverse problems the support of the marginal distribution µ lays in a much smaller (but

unknown) subspace of Rdx . As a result of such marginal distribution concentration,

it is often the case that the conditional distribution of x given y is also tightly

concentrated around g(y), in the sense that

xi = g(yi) + ξi, where E(ξi | yi) ≈ 0, 1 ≤ i ≤ n. (3.6)

The representation (3.6) makes clear that in such settings where we have an informa-

tive (but unknown) marginal distribution, and given a dataset D, one can learn the

function g by regressing x on y. In other words, we can learn to solve directly the

inverse problem by regression using the dataset D. The approach has become pop-

ular in computational imaging (Burger et al. (2012); Xie et al. (2012); Lucas et al.

(2018); Yang et al. (2016); Ravishankar et al. (2017); Aggarwal et al. (2017); Chun
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and Fessler (2018); Zhang et al. (2017); Liu et al. (2019); Li et al. (2020)). A re-

markable contribution of this literature is a number of specific deep neural network

architectures generally called algorithm unrolling networks that leverage the structure

of the forward model (Gregor and LeCun (2010); Sreter and Giryes (2018); Sulam

et al. (2020); Tolooshams et al. (2020)), see also the reviews (Ongie et al. (2020);

Shlezinger et al. (2021); Monga et al. (2021)).

However a fundamental question that has not been addressed in the literature

so far is how well one can estimate the function g using these unrolling-based deep

neural network architectures.

3.1.2 Main contributions

To address this problem, and assuming that the data generating process (3.6) holds,

we consider the nonparametric regression model

xi = gW (yi) + εi, i = 1, . . . , n, (3.7)

with regression errors εi
i.i.d.∼ N(0, σ2Idx), for some positive variance parameter σ2

taken as known for simplicity, and for a function class {gW , W ∈ W}, where

gW : Rdy → Rdx is a gradient descent neural network (GDN) function obtained

by unrolling D′ times a parametrized proximal gradient descent algorithm for solv-

ing (3.5). We give precise definition below. The architecture thus makes explicit

use of the forward map f . We develop a sparse Bayesian framework for estimating

(3.7) using a spike-and-slab prior distribution on the parameter W , and we analyze

the statistical performance of the resulting estimator of g. We focus on the setting

where the function R is convex, but not necessarily differentiable. Under some addi-

tional regularity conditions, and ignoring logarithmic terms, we show that GDN for
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estimating g achieves the statistical error rate

C1(D′)× n−
1

2+dx ,

for some constant C1(D′) that depends on the unrolling depth D′, but also on the in-

put dimensions dx, dy. Keeping dimensions and the number of unrolling D′ fixed, the

result implies for example that when dy ≥ dx, the GDN architecture, by making ex-

plicit use of the forward model, achieves a better rate than the minimax rate C2n
− 1

2+dy

for estimating g : Rdy → Rdx viewed as a Lipschitz function. We note however that

these constants C1(D′), C2 can depend poorly1 on the dimensions dx, dy.

The convergence rate of the estimator can be faster than the aforementioned

rate. Indeed, we also show that when the proximal map of R is simple and can be

well-approximated by a simple neural network function, then the GDN architecture

achieves a faster statistical rate. For instance, if µ is as in (3.17) below, a common

assumption in image restoration tasks, then ignoring log terms, our result shows

that GDN achieves the parametric rate C3 ×D′/
√
n, for some dimension-dependent

constant C3.

One of the practical challenges in building a GDN is the lack of theoretical guide-

lines in the choice of the depth D′. An offshoot of our theoretical analysis is the

derivation that the best performance of GDN is achieved by scaling the network

depth as D′ ∼ log(n)/ log(%−1
n ), where %n is the convergence rate of the proximal

gradient algorithm for solving (3.5). Our results also seem to suggest that the con-

vergence rates of GDN unrolled at depth D′ deteriorates as D′ increases, which would

imply an overfitting phenomenon of the model as D′ increases. Although we do not

have a matching lower bound theory to confirm this overfitting phenomenon, we have

1This potentially poor dependence on the input dimensions is not specific to our work, and is
rooted in the current state of knowledge in deep learning approximation theory (see e.g. Yarotsky
(2017))
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performed extensive numerical experiments that all show an overfitting of the model

as D′ increases.

3.1.3 Related work

Most of the existing theoretical results on algorithm unrolling have studied the ap-

proximation capability of the resulting function class in the linear case. For instance

Chen et al. (2018) studied the capability of the GDN function class to recover directly

the signal x in the linear model (3.2). Gilton et al. (2020) proposed a novel unrolling

architecture based on the Neumann series identity, and studied its approximation

capability in the noiseless version of the linear model (3.2). To the best of our knowl-

edge, our work is the first to analyze the statistical properties of algorithm unrolling

in a way that accounts for both its approximation capability and its complexity.

Several prior works have also considered the statistical complexity of other deep

learning models using a similar nonparametric regression setting where regularization

is explicitly introduced to control model complexity Barron and Klusowski (2018);

Schmidt-Hieber (2020); Taheri et al. (2021); Ee et al. (2020). Our framework is

closer to Polson and Ročková (2018) and employs a Bayesian approach. However

none of these results can be directly applied to algorithm unrolling architectures.

Another unique feature of our framework that is worth emphasizing is that it produces

posterior distributions that are both computationally and mathematically tractable.

Finally we contrast our nonparametric regression approach with the two-step ap-

proach proposed for instance by Chang et al. (2017), where the proximity operator

of R is first estimated from the dataset D, and g is then estimated by solving (3.5)

using the estimated proximal operator obtained from the first step. The strategy

seems statistically sub-optimal because the estimation of the proximal operator re-

quires estimating the density of µ in general, which is a fundamentally more difficult

statistical problem (Samworth (2018)). However it is conceivable that an adaptive
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density estimation method may exist that achieve better rates for densities with sim-

ple proximal maps, thus matching the approach developed here. More research is

needed on this topic.

3.1.4 Outline of this chapter

The remainder of the chapter is organized as follows. The main results are described

in Section 3.2. The results are obtained using a more general Bayesian posterior

contraction result of independent interest that we described in Section 3.3. Some

supporting numerical illustrations are presented in Section 3.4. All the proofs are

postponed to Appendix B.4.

3.1.5 Notations

We define the sub-Gaussian norm of a probability measure ν on Rd with expected

value m as the smallest constant c for which the following holds∫
Rd
e〈u,z−m〉ν(dz) ≤ e

c2‖u‖22
2 , for all u ∈ Rd.

If Z is a random variable with distribution ν, we write ‖Z‖ψ2 to denote the sub-

Gaussian norm of ν. We note that this definition applies also to conditional densities,

and we write ‖Z|X‖ψ2 to denote the sub-Gaussian norm of the conditional distribution

of Z given X.

Throughout the chapter the notation a . b means that a ≤ cb, for some constant

c that does not depend on the sample size n.

Vectorization

Let {hW , W ∈ W} denote a generic deep neural network class of function where

hW : Rp0 → RpD , with parameterW = (WD, . . . ,W1) ∈ W def
= RpD×pD−1×· · ·×Rp1×p0 .

By vectorization, we will view W as the Euclidean space Rq (where q
def
=
∑D

`=1 p`p`−1),
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and we will use a generic notation ‖ · ‖2 to denote its Euclidean norm. Similarly,

we will write ‖W‖0 (resp. ‖W‖∞) to denote the number of non-zeros components of

W (resp. the largest absolute value of the components of W ). For any 1 ≤ ` ≤ D,

we will similarly view W` as a vector element of Rp`p`−1 , and define similarly ‖W`‖2,

‖W`‖0 and ‖W`‖∞. Hence, in what follows, for a matrix M , ‖M‖2 will always denote

the Frobenius norm of M , not its spectral norm. We will write the spectral norm as

‖ · ‖op.

3.2 Learning to solve inverse problems

Summarizing the introductory discussion on the data generating process, we make

the following assumption.

H 4. We have a data set D = {(xi,yi), 1 ≤ i ≤ n} of i.i.d. samples generated

according to (3.4) such that for 1 ≤ i ≤ n,

xi = g(yi) + ξi, where E(ξi | yi) = 0,

for some independent error terms (ξ1, . . . , ξn). Furthermore we assume that each

ξi is a conditionally sub-Gaussian random vector given yi, with a non-random sub-

Gaussian norm σi <∞.

Remark 4. Assumption H4 formalizes the discussion in the introduction on the

concentration of the conditional distribution of xi given yi. As expanded upon in the

introduction, this assumption is conceptually justified in seetings where the latent

variable x has additional structures, and the marginal distribution of x is concentrated

on a low-dimensional subset of Rdx . Checking H4 is similar to establishing a Bernstein-

von Mises theorem for the conditional distribution of xi given yi (Vaart (1998); Bickel

and Kleijn (2012); Nickl (2017); Nickl and Sohl (2019)).

Let ςi denote the conditional sub-Gaussian norm of ‖ξi‖2 given yi. The conditional

sub-Gaussian assumption on ξi imposed in Assumption 4 implies that ςi < ∞ (see
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e.g. Theorem 3.1.1 of Vershynin (2018)). Throughout we set

σ̄
def
= max

1≤i≤n
σi, and ς̄

def
= max

1≤i≤n
ςi.

3.2.1 Gradient descent networks

We consider the nonparametric regression (3.7), where {gW , W ∈ W} is a gradient

descent network (GDN) function class that we now define. First we introduce a

generic feed-forward deep neural network function HW : Rdx → Rdx . Let D > 0 be

the depth of the network. Let (pD, . . . , p0) be a sequence of integers representing the

sizes of the layers of the network, with p0 = dx, and pD = dx. For 1 ≤ ` ≤ D, let

a` : Rp` → Rp` be activation functions that we assume Lipschitz: for all z1, z2 ∈ Rp` ,

a`(0) = 0, and ‖a`(z1)− a`(z2)‖2 ≤ ‖z1 − z2‖2. (3.8)

For B ∈ Rp`×p`−1 , we set

Ψ
(`)
B (z)

def
= a`(Bz), z ∈ Rp`−1 . (3.9)

With parameter W = (WD, . . . ,W1), where W` ∈ Rp`×p`−1 , we consider the function

HW : Rdx → Rdx defined as

HW (x) = Ψ
(D)
WD
◦ · · · ◦Ψ

(1)
W1

(x), x ∈ Rdx , (3.10)

where f ◦ g is the composition of f with g.

Remark 5. Feed-forward deep neural network models are usually written with addi-

tional bias terms (that is, by defining Ψ
(`)
B (z) as a`(Bz+b)). However our formulation

incurs no loss of generality, since these bias parameters can always be subsumed into

the matrix B, by appropriately enlarging B and adding an intercept to the input.

We use the function HW to approximate the proximal map of γR defined for some
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γ > 0 as

ProxγR(x)
def
= Argmin

u∈Rdx

[
γR(u) +

1

2
‖u− x‖2

2

]
.

Given a step-size γ > 0, W ∈ W , and y ∈ Rdy we thus define the function Fy,W :

Rdx → Rdx by

Fy,W (x)
def
= HW (x− γ∇xf(y|x)) .

Given D′ ≥ 1 (the unrolling depth of the network), we consider the function gW

defined as

gW (y)
def
= Fy,W ◦ · · · ◦ Fy,W︸ ︷︷ ︸

D′ times

(x(0)), (3.11)

for some initial value x(0) ∈ Rdx . We note that in addition to W , the function

gW depends also on the step-size γ, the unrolling depth D′, and the initial value

x(0). The network architecture in (3.11) is the so-called (proximal) gradient descent

network (GDN), and belong to the class of so-called algorithm unrolling (or unfolding)

deep learning models, where a statistical model is built by iterating an optimization

algorithm. Many variations have been proposed in the literature based on various

other optimization schemes (we refer the reader to the references in the introduction).

For x ∈ Rdx , and y ∈ Rdy , we set

Fy(x)
def
= ProxγR (x− γ∇xf(y|x)) .

Looking at the definition of (3.11), it is clear that under appropriate convexity as-

sumptions and for well-selected step size γ, the convergence of F j
y(x) toward g(y) is

guaranteed, where hj denotes the composition of h, j times. Therefore, if for some

W , HW ≈ ProxγR, then we can expect gW ≈ g for D′ sufficiently large, by standard

convex optimization theory. As a result, the function class {gW , W ∈ W} typically

has good skills in approximating g. We impose next the necessary assumptions for

the intuition above to hold.
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H5. 1. The function R : Rdx → R is convex, and there exists M such that for

all y ∈ Rdy , the function x 7→ f(y|x) is convex, differentiable, and with a M-

Lipschitz gradient. Furthermore, the step-size γ satisfies 0 < γ ≤M−1, and for

all y ∈ Rdy , g(y) is uniquely defined.

2. There exist R0 <∞, %n ∈ [0, 1) such that for all y ∈ Y, and all k ≥ 1,

max
1≤i≤n

‖F k
yi

(x(0))− g(yi)‖ ≤ R0%
k
n.

Remark 6. Assumption H5-(1) is a standard set up if one wishes to approximate the

function g by proximal gradient descent. Assumption H5-(2) is stronger and imposes a

linear convergence rate. It is well-known that this holds for strongly convex problems.

In some special cases, H5-(2) can be shown to follow from H5-(1) when x(0) is close

enough to the solution and the algorithm satisfies a local linear convergence. For

instance it is known that such local linear convergence of proximal gradient descent

holds for the lasso problem (Tao et al. (2016)). Note that in order for the proximal

gradient algorithms to have computational guarantees on the (Euclidean) distance

to the optimal solution of some convex problem (similar to the one in H5-(2)), the

problem typically needs to possess certain (local or global) growth property around

the optimal solution (see e.g., Necoara et al. (2019)), and under such a property, the

proximal gradient algorithms converge linearly — this explains why we impose H5-(2)

in terms of linear rate rather than sub-linear rate.

We also impose the following assumption that models the approximation of the

proximal map ProxγR.

H 6. There exist β1, β2 ≥ 0, such that for all ε ∈ (0, 1), and all R ≥ 1, we can

construct a feed-forward deep neural network HW , as in (3.10), with depth 1 ≤ D ≤
D0 log(

√
dx/ε), maximum layer size no larger than N0

(√
dx/ε

)β1
, maximum param-

eter absolute value ‖W‖∞ no larger than 1, and maximum sparsity ‖W‖0 no larger

than s0

(√
dx/ε

)β2
, for constants D0, N0, s0 that do not depend on ε such that

sup
x: ‖x‖2≤R

∥∥HW (x)− ProxγR(x)
∥∥

2
≤ ε.

Remark 7. Since x 7→ ProxγR(x) is a Lipschitz map, we can always invoke classical

deep learning approximation theory for smooth functions (see e.g. Schmidt-Hieber
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(2020); DeVore et al. (2021)) to conclude that Assumption 6 holds with β1 = β2 = dx.

However better approximation is possible if ProxγR is a simple map.

3.2.2 Bayesian inference using spike-and-slab priors

We consider the problem of fitting model (3.7), where {gW , W ∈ W} is the GDN

function class constructed in (3.11). The parameter space is W
def
= RpD×pD−1 × · · · ×

Rp1×p0 . As indicated at the end of the introduction, at times we shall view W as the

Euclidean space Rq, where

q
def
=

D∑
`=1

(p` × p`−1).

Our initial motivation in this work comes from inverse problems in remote sensing.

It was therefore important for us to analyze a statistical procedure that can be im-

plemented in practice. An important shortcoming of the current statistical theory

of deep learning models under sparsity constraints (Barron and Klusowski (2018);

Schmidt-Hieber (2020); Taheri et al. (2021); Ee et al. (2020)) is the lack of compu-

tational tractability of the resulting estimators. To address this issue we propose to

fit the model {gW , W ∈ W} in a Bayesian framework using a spike and slab priors

(Atchadé and Bhattacharyya (2019)). To that end, we introduce a sparsity structure

parameter Λ = (ΛD, . . . ,Λ1) ∈ S def
= {0, 1}pD×pD−1 × · · · × {0, 1}p1×p0 , with a prior

distribution given by

Π0(Λ) ∝
(

1

q

)(u+1)‖Λ‖0
, Λ ∈ S, (3.12)

for some parameter u ≥ 1. This prior corresponds to the assumption that the entries

of Λ are independent Bernoulli random variables Ber((1 + qu+1)−1). Given Λ we

assume that the entries of W are conditionally independent with joint density

Π0(W |Λ) =
D∏
`=1

∏
(i,k): Λ`,i,k=1

ρ1

2
e−ρ1|W`,ik|

∏
(i,k): Λ`,k=0

√
ρ0

2
e−

ρ0
2
W 2
`,i,k , (3.13)
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for some parameters 0 < ρ1 < ρ0. Using this prior distribution and the regression

model (3.7), we consider the posterior distribution on Θ
def
= S ×W with density given

by

Π(Λ,W | D) ∝ Π0(Λ,W ) exp

(
− 1

2σ2

n∑
i=1

‖xi − gW�Λ(yi)‖2
2

)
, (3.14)

where W � Λ denotes the component-wise product of W and Λ, whose element is

W`,i,k ·Λ`,i,k. To use this posterior distribution we draw sample (Λ,W ) ∼ Π(·|D), and

use gΛ�W as inversion map. Since Λ is typically sparse under Π, gΛ�W is a sparse

GDN. For h : Rdy → Rdx , we set

‖h‖n
def
=

√√√√ 1

n

n∑
i=1

‖h(yi)‖2
2.

Our goal is to derive a bound on ‖gΛ�W − g‖n, when (Λ,W ) ∼ Π(·|D).

Theorem 8. Assume H4-H6. Consider the nonparametric regression (3.7) for esti-

mating g, where the function class {gW , W ∈ W} is as defined in (3.11), and the

regression variance parameter σ satisfies σ ≥ σ̄. Then we can construct a function

class {HW , W ∈ W}, such that at unrolling depth D′ that satisfies

D′ &
log(n)

− log(%n)
,

the posterior distribution Π(·|D) in (3.14) satisfies

Π

(
‖gΛ�W − g‖n > Mσ̄

(D′)1+
β2
2

n
1

2+β2

| D

)
≤ 12

q
, (3.15)

with probability at least 1− e−c1n − c1
q

, for some absolute constant c1, and a constant

M . log(q) log(n)3/2.

Proof. See Section B.4.2.

We make several remarks here.

(a) In contrast to common practice where D′ is often chosen on an ad-hoc manner,
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Theorem 8 recommends carefully scaling the depth parameter D′ as

D′ ∼ − log(n)/ log(%n),

for optimal performance. The result thus suggests that GDN can easily overfit as D′

increases, a behavior that we observed in the simulations below.

(b) We can invoke classical deep learning approximation theory to conclude that

Assumption 6 holds with β1 = β2 = dx. In that case, up to log-terms, we deduce that

GDN achieves the convergence rate

C1n
− 1

2+dx .

It is interesting to note that the function g of interest is at best Lipschitz under the

conditions of Theorem 82. Therefore the minimax rate in the estimation of g is given

by

C2n
− 1

2+dy .

Hence, Theorem 8 implies that in inverse problems where dy is larger than dx, the un-

rolling framework by exploiting the forward model, achieves a better convergence rate

than the minimax rate of estimating g from the data D in a nonparametric regression.

However, it is important to nuance this conclusion. Firstly, the constants C1, C2 in

the rates posted above depend on dx and dy in ways that are poorly understood.

Another limitation of current minimax rates is the fact that deep learning models can

often adapt to additional properties of the function of interest and converge much

faster than the theoretical minimax rate. For instance Schmidt-Hieber (2020) shows

that FNN models achieves faster rate in the estimation of compositional functions.

We give a similar example below.

2Indeed, it can be easily shown that if for all y ∈ Y, x 7→ f(y|x) is strongly convex with strong
convexity parameter κ, and x 7→ ∇xf(y|x) is κ̄ Lipschitz then y 7→ g(y) is Lg-Lipschitz with
Lg ≤ 2κ̄/κ
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(c) The use of the empirical norm ‖u‖n =
√∑n

i=1 u(yi)2 instead of the L2 popu-

lation norm of y in (3.15) is a fairly common practice in nonparametric estimation,

that does not fundamentally change the resulting contraction rate. More technically,

working in the L2 norm amounts to the additional control of the term

sup
W∈W̃ (j)

∣∣∣∣∣n−1

n∑
i=1

(gW (yi)− g(yi))
2 − ‖gW − g‖2

2

∣∣∣∣∣ , (3.16)

in Lemma D.5. Because the sup in (3.16) is taken over well behaved sets W̃ (j), this

uniform deviation can be controlled using standard tools as in , but would require

additional assumptions on the marginal distribution of y that we wish to avoid mak-

ing.

Application to sparse marginal distributions

We give another application of Theorem 8 where the posterior predictive function

obtained from the GDN achieves the parametric rate. When dealing with images,

several authors such as Beck and Teboulle (2010); Dong et al. (2011) have argued that

natural image data are often sparse after linear transformation (such as a difference

operators, or wavelet transforms), and suggested modeling the marginal distribution

µ as

µ(dx) =
1

cµ
e−R0(Bx)dx, (3.17)

for some simple sparsity inducing functionR0, and a non-singular matrix B ∈ Rdx×dx .

In other words, R(x) = R0(Bx). A common choice is R0(x) = λ‖x‖1, for some

parameter λ > 0. If ProxγR0 denote the proximal operator of R0, then by proximal

calculus (see e.g. Lemma 2.8 of Combettes and Wajs (2005)), we have

ProxγR(x) = B−1 ProxγR0 (Bx) . (3.18)
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For example, given λ1 > 0, λ2 ≥ 0, suppose that R0 is the elastic-net regularization

prior of Zou and Hastie (2005b) given by

R0(x) = λ1‖x‖1 +
λ2

2
‖x‖2

2. (3.19)

Then the proximal of γR0 is ProxγR0(x) = (sγ(x1), · · · sγ(xdx))T, where

sγ(x) = ReLU

(
x− γλ1

1 + γλ2

)
− ReLU

(
−x− γλ1

1 + γλ2

)
,

and where ReLU(t)
def
= max(t, 0). Therefore, ProxγR0(x) can be represented ex-

actly using a 2-layer relu-neural network with layer sizes (dx, 2dx, dx), and ProxγR(x)

can be represented exactly using a 4-layer ReLU-neural network with layer sizes

(dx, dx, 2dx, dx, dx). Hence, H6 holds with depth D = 4, β1 = β2 = 0. Further-

more, since R is strongly convex, if we focus on the linear regression model and take

the forward model as in (3.2), then H5 holds. Hence Theorem 8 yields the following.

Corollary 9. Suppose that H4 holds where µ is as in (3.17), with R0 as in (3.19),

and f is as in (3.2). Suppose also that σ ≥ σ̄. Then we can construct a deep learning

function class {HW , W ∈ W}, with depth D = 4, such that at unrolling depth

D′ & − log(n)/ log(%n) the posterior distribution Π(·|D) in (3.14) satisfies

Π

(
‖gΛ�W − g‖n ≥

Mσ̄D′√
n
| D
)
≤ 12

q
,

with probability at least 1− c1
q
−e−c1n, for some absolute constant c1, where M depends

on some log terms that we ignore.

3.3 A general posterior contraction result

Theorem 8 is derived as special cases of a more general result that we establish in

this section. We consider again the regression model (3.7), where {gW , W ∈ W} is

some arbitrary deep neural network function class. We assume that the parameter

space is W
def
= RpD×pD−1 × · · · × Rp1×p0 , for some depth D ≥ 1, and layer dimensions
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p0, p1, . . . , pD ≥ 1. As indicated at the end of the introduction, at times we shall view

W as the Euclidean space Rq, with Euclidean norm denoted ‖ · ‖2, where

q
def
=

D∑
`=1

(p` × p`−1).

We make the following local Lipschitz assumption on the function class.

H 7. For all 0 < η < ∞, there exists L(η) ≥ 1 such that for all W,W ′ ∈ W that

satisfy max(‖W‖2, ‖W ′‖2) ≤ η, and for all y ∈ Y, we have

‖gW (y)− gW ′(y)‖2 ≤ L(η)‖W −W ′‖2. (3.20)

The constant L(η) is a local Lipschitz constant of the function W 7→ gW (y). Con-

trolling appropriately these local Lipschitz constants is a major theoretical challenges

in dealing with deep neural networks.

Theorem 10. Suppose that the dataset D is generated as in H4, and consider the

nonparametric regression (3.7) for some function class {gW , W ∈ W} that satisfies

H7. Suppose that the regression variance parameter σ satisfies σ ≥ σ̄. Let $? ≥ 0,

s? ≥ 1, β? ≥ 1 be such that

min {‖gW − g‖∞, W ∈ W s.t. ‖W‖0 ≤ s?, ‖W‖∞ ≤ β?} ≤ $?,

and set L?
def
= L(2s

1/2
? β?), where the function L is as in H7. Suppose also that q ≥

n ≥ 4, and the prior parameter ρ1 satisfies max(2, β?) ≤ ρ−1
1 ≤

√
nmin(σ,

√
n)/12.

Define

s
def
=

(
1 +

log(nL?)

u log(q)

)
s? +

4n$2
?

σ2u log(q)
, and r

def
= σ̄

√
s log(qLs)

n
,

where

Ls
def
= L(s1/2bs), with bs

def
= ρ−1

1 (u + 1)s log(q).

We can find a constant M2 ≥ u max((σ/σ̄)2, 1), and absolute constants c0, c1 such

that

Π (‖gΛ�W − g‖n > M r |D) ≤ 12

q
, (3.21)

with probability at least 1− e−c0n − c1/q.
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Proof. See Section B.4.1.

Remark 11. Theorem 10 applies well beyond the GDN of interest in this work. For

any function class {gW , W ∈ W} trained under the proposed sparse spike-and-slab

prior, one can read off the posterior contraction rate of Π(·|D) from Theorem 10.

The rate is driven by the local Lipschitz constant L(η) of the function class, and the

relationship between (s?, β?) and $?, which captures the approximation capability of

the function class.

3.3.1 Sketch of the proof of Theorem 10

We start with a high-level description of the proof. Several approaches have been

developed in the literature to study the contraction of posterior distributions. Here we

follow an approach due to Shen and Wasserman (2001). The merit of their approach is

that it makes a direct connection between the contraction properties of the posterior

distribution and the properties of the corresponding log-likelihood empirical process.

Let f, {fθ, θ ∈ Θ} be a family of densities on a measurable space Z equipped

with a reference sigma-finite measure that we write as dz. All densities considered on

the sample space Z are defined with respect to dz. The parameter space Θ is some

arbitrary measurable space. Let π be a prior probability measure on Θ. We consider

the posterior distribution of θ given by

Π(A|z) =

∫
A
fθ(z)π(dθ)∫

Θ
fθ(z)π(dθ)

, A meas., z ∈ Z.

The next lemma is a generalization of Shen and Wasserman (2001), and summarizes

the main arguments used in the proof of Theorem 10.

Lemma 12. Let S,B and {Ξk, k ≥ 1} be measurable subsets of Θ, such that S∩Bc ⊆
∪k≥1Ξk. Let β > 0, ρ ≥ 0 and {rj, j ≥ 1} a sequence of positive numbers. If E is a
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subset of Z such that

E ⊆
{
z ∈ Z :

∫
Θ

fθ(z)

f(z)
π(dθ) ≥ e−β,

∫
Sc

fθ(z)

f(z)
π(dθ) ≤ ρ

and sup
θ∈Ξj

[log fθ(z)− log f(z)] ≤ −rj for all j ≥ 1

}
, (3.22)

then

Π(Bc|Z) ≤ eβ

(
ρ+

∑
j≥1

e−rj

)
, (3.23)

with probability at least P(Z ∈ E).

Proof. Using the lower bound on the normalizing constant provided by the event

(3.22), for z ∈ E , we have

Π(Bc|z) =

∫
Bc

fθ(z)
f(z)

π(dθ)∫
Θ
fθ(z)
f(z)

π(dθ)
≤ eβ

(∫
Sc

fθ(z)

f(z)
π(dθ) +

∫
S∩Bc

fθ(z)

f(z)
π(dθ)

)
≤ eβ

(
ρ+

∫
S∩Bc

fθ(z)

f(z)
π(dθ)

)
.

Furthermore, for z ∈ E , the last integral in the last display satisfies∫
S∩Bc

fθ(z)

f(z)
π(dθ) ≤

∑
j≥1

∫
Ξj

exp (log fθ(z)− log f(z)) π(dθ) ≤
∑
j≥1

e−rjπ(Ξj).

Equation (3.23) follows by collecting the terms.

Remark 13. From the lemma we are left with the problem of finding ρ, β, {rj, j ≥ 1}
such that the right hand size of the last display is small and P(Z /∈ E) is small.

3.4 Numerical illustration

We illustrate our theoretical results with a toy example, a simulated and a real data

deblurring problem. For all examples we draw samples from the posterior distribu-

tion (3.14) using the Sparse Asynchronous Stochastic Gradient Langevin Dynamics
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(SA-SGLD) sampler of Atchadé and Wang (2021), an approximate MCMC sampler

designed for posterior distributions of the form (3.14), that employs asynchronicity

for fast sampling. The algorithm is an approximate Metropolis-Hastings-within-Gibbs

that alternates between an update of W using the Stochastic Gradient Langevin Dy-

namics of Welling and Teh (2011) while keeping Λ fixed, followed by an update of Λ

with W fixed. The update of Λ is performed using a variation of the asynchronous

Gibbs sampler of De Sa et al. (2016). For more details on the approximate correctness

of the sampler we refer the reader to Atchadé and Wang (2021). Computationally

the SA-SGLD sampler is implemented at the cost of 2 back-propagation through the

GDN per MCMC iteration.

3.4.1 Learning the Elastic Net regression map

In this section, we evaluate the performance of GDN with a toy problem: learning to

solve a linear regression model with the elastic-net regularization.

Data generation: We generate a dataset D = {(xi,yi), 1 ≤ i ≤ n} where

xi
i.i.d.∼ µ, and yi|xi ∼ N(Axi, v

2Idy). We choose µ(dx) ∝ e−R0(Bx)dx as in (3.17),

where R0 is the elastic net density as in (3.19). We consider two scenarios: B = Idx

(where the xi’s are drawn directly from the elastic net distribution), and B 6= Idx

(where the xi = B−1zi, and the zi’s are drawn from the elastic net distribution). In

both simulations, we have n = 200, dx = dy = 100, and λ1 = 1, λ2 = 1. We refer the

reader to Appendix B.1 for further details on the data generation.

Model architecture. When B = Idx we specify HW as a FNN with depth

D = 2, and layer (p0, p1, p2) = (dx, 2dx, dx). In the second simulation where B 6=

Idx , we specify HW as a FNN with depth D = 4, and layer (p0, p1, p2, p3, p4) =

(dx, dx, 2dx, dx, dx), where the first and last layers only contain weight matrices but

no bias term. In order to prevent overfitting, we specify the models to only learn

the parameters that connect the nodes between layers in each dimension of xi, which
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reduces the number of model parameters in the first simulation to be q = 7∗dx = 700

and second simulation to be q = 1002 + 7 ∗ dx + 1002 = 20700. We consider several

values of the unrolling depth D′: D′ = 1 (GDN1), D′ = 5 (GDN2), D′ = 10 (GDN3),

and D′ = 20 (GDN4) for comparison. More details on the Bayesian prior and the

MCMC parameters are provided in Section B.1.

Evaluation procedure: For the comparison, we generate 1000 test samples

and evaluate the prediction errors of the resulting estimator gΛ�W , where (Λ,W ) ∼

Π(·|D). The performance of GDN are compared to the performance of g, which in

this problem is easily calculated by proximal gradient descent. We do this comparison

by computing the error

e(Λ,W ) =
1

1000

1000∑
i=1

‖gΛ�W (yi)− g(yi)‖2,

where the average is taking over the test sample. The boxplots in Figure 3·1 show

the distributions of the errors obtained by taking 500 samples of (Λ,W ) along the

MCMC sampler. In this toy example, D′ = 10 (GDN3) in simulation 1 and D′ = 5

(GDN2) in simulation 2 yield the best results and GDN deteriorates slightly as the

unrolling depth increases, as predicted by our theory.

3.4.2 Illustration with a simulated data deblurring problem

Image deblurring is a common inverse problem in computational imaging. Here for

illustration, one can easily construct a data set D by blurring real images. In the

first experiment we generate n = 500 images of size 16 × 16 (see Appendix B.2 for

more details), that we then blurred using a Gaussian blurring convolution kernel with

variance 3 without restriction on the kernel range. We fit the nonparametric regression

model (3.7) with a GDN where HW in (3.10) is taken as 3-layer relu-convolutional

neural network. The total number of parameters is q = 18, 881. We evaluate the
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(a) Distributions of prediction errors on
test samples: GDN1 (D’=1), GDN2
(D’=5) and GDN3 (D’=10), GDN4
(D’=20).

(b) Test loss distributions between dif-
ferent depth True elastic net function g,
GDN1 (D’=1), GDN2 (D’=5) and GDN3
(D’=10).

Figure 3·1

GDN model at unrolling depth D′ = 2 (GDN1), D′ = 4 (GDN2), D′ = 12 (GDN3)

and D′ = 24 (GDN4), and we do a comparison with two feedforward convolutional

neural network (FNN) that do not make use of the forward problem. The first FNN

has the same architecture as HW (FNN1), while the second is a 6-layer FNN with

total number of parameter q = 136, 641 (FNN2). We refer to the Appendix B.2 for

more details of the architectures of the neural networks.

We generate 500 test samples to evaluate the prediction errors of the six models.

The boxplots in Figure 3·2 show the distribution of the mean square error of the last

2000 iterations of each model. Figure 3·3 shows an example of reconstruction from

FNN1, FNN2, GDN1, and GDN3. We observe that GDN outperforms FNN1, and

can achieve similar performance as FNN2 when the unrolling depth is appropriately

selected (not too small, nor too large). The experiment again confirms our theoretical

results.
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Figure 3·2: Test loss comparison between FNN1 (3 conv), FNN2 (3
conv + 1 cfc + 3 deconv), GDN1 (D′ = 2), GDN2 (D′ = 4), GDN3
(D′ = 12) and GDN4 (D′ = 24)

Figure 3·3: Reconstruction result from FNN1 (upper right), FNN2
(lower left), GDN1 D′ = 2 (lower middle) and GDN3 D′ = 12 (lower
right)

3.4.3 Illustration with CelebA dataset

We extend the comparison to the deblurring of CelebA images Liu et al. (2015). We

randomly select 20, 000 images from the celebA dataset that we resize to 64 × 64.

The blurring is performed as above. More details are given in Section B.3. We fit

the nonparametric regression model (3.7) with a GDN where HW in (3.10) is taken

as 3-layer relu-convolutional neural network (more details in Section B.3). The depth

of the GDN is either D′ = 4 (GDN1), D′ = 12 (GDN2), or D′ = 24 (GDN3). The
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total number of parameters in the same in all three cases and equal to q = 267, 777.

We compare this model with a feedforward architecture that doe not make use of the

forward model with 3 convolutional layers followed by 4 corresponding deconvolutional

layers (more details in Section B.3). The total number of parameter of the FNN is

q = 2, 271, 297. The rest of the implementation is similar to Section B.2.

Figure 3·4 shows the distributions of the test error from 500 drawn from the

MCMC sampler after burn-in. We see again that at appropriate depth GDN matches

FNN. However we see a decrease in performance at deeper depth D′ = 24, which

again suggests overfitting. Figure 3·5 shows three examples of reconstructed images.
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Figure 3·4: Test loss comparison between FNN (3 conv + 4 deconv),
GDN1 (D’=4), GDN2 (D’=12) and GDN3 (D’=24)

Figure 3·5: Some random examples of reconstructions. From left to
right: CelebA image, blurred image, GDN1, GDN2, GDN3, and FNN
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3.5 Concluding remarks

There is a need for a deeper theoretical understanding of algorithm unrolling models

for inverse problems. We have shown in this work that for convex inverse problems and

under a concentration of measure assumption, GDN can recover the inverse map at

optimal rate, provided that the unrolling depth is appropriately tuned. These findings

are confirmed in our numerical example. Our results also suggest that algorithm

unrolling models are prone to overfitting as the unrolling depth D′ increases. The

theoretical results are obtained as special cases of a more general posterior contraction

result for Bayesian deep learning.

Without the concentration of measure assumption in H4, one would need to esti-

mate the entire conditional distribution, not just its mean. Several algorithm unrolling

architectures have been proposed recently for conditional distribution estimation in

inverse problems (Ardizzone et al. (2019)). Extending our work to these conditional

density models is an important direction for future research.



Chapter 4

Minimum Distance Estimation from the

view of Game Theory

4.1 Introduction

Many machine learning problems, at a fundamental level, can be cast as the following

problem: we wish to estimate a probability distribution µ?, by minimizing certain

divergence D(·, ·) between the empirical distribution of the data and the parametric

distribution family {µθ : θ ∈ Θ}. This is called the minimum distance estimation

(MDE) problem. xA popular choice of divergence D is the Kullback-Leibler diver-

gence. In that case, the problem will be formulated as maximum likelihood estimation.

However, one drawback of using the KL-divergence is that the model density has to

exist.

Generative Adversarial Networks (GANs) in Goodfellow et al. (2014) solve this

problem by sampling from the model distribution and then minimizing the distance

between two empirical distributions. Different types of divergence are proposed to

stabilize the training process of GANs, including Wasserstein GAN in Arjovsky et al.

(2017) and f-GAN in Nowozin et al. (2016). However, there is no theoretical guaran-

tees for the existence of the equilibrium. Arora et al. (2017) proves the existence of

an approximate equilibrium by generalizing GANs using neural net distance.

In this chapter, we borrow the idea of GANs by minimizing the distance of two

empirical distributions. However, instead of specifying the divergence D, we gen-

57
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eralize the problem over a class of divergences satisfying certain conditions, which

re-formulates the minimum distance estimation into minimax problems. By allowing

both players to play mixed strategies, we proof the existence our estimator in a new

approach. A well known approach for proving the existence of mixed strategy is using

Sion’s minimax theorem. However, it requires the compactness assumption on action

spaces for both players. Our proof circumvents these conditions by applying Schauder

fixed-point theorem. We also show our estimator is an approximate mixed strategy

equilibrium, by showing the rate of convergence of our estimator.

The chapter is organized as follows. In Section 4.2, we formulate the problem

and our estimation distribution. In Section 4.3, we show the statistical properties of

our estimator. In Section 4.4, we propose an algorithm to realize our estimator. In

Section 4.5, we show the performance our algorithm by numerical experiments.

4.2 Problem formulation

We wish to estimate a probability distribution µ? supported on a set X that lies in

a space Rpx , by minimizing certain divergence D(·, ·) between µ? and the parametric

distribution family {µθ : θ ∈ Θ}, which can be written as

minθ∈Θ D(µ?, µθ).

If D(·, ·) falls under certain class such as integral probability metrics (IPMs) (Müller

(1997)), whose specific instances include the Wasserstein distance and the maximum

mean discrepancy (MMD), we can rewrite D(·, ·) into the following variational form:

for all probability distributions µ, µ′ supported on X , we have

D(µ, µ′) = sup
l∈L

∫
X

∫
X
l(x, y) µ(dx)µ′(dy),
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where the function class L depends on D(·, ·). For example, for Wasserstein distance,

L can be the class of Lipschitz functions, and for total variation, L can be all bounded

functions. For standard GAN (Goodfellow et al. (2014)), we can let L = {logD0(x)+

log(1−D0(y))}.

In this work, for computational tractability, we would like to maximize over a

parameterized function class {lφ : φ ∈ Φ} ⊂ L, which approximates the maximization

over L. Then we have D(µ, µ′) = maxφ∈Φ

∫
X lφ(x, y) µ(dx)µ′(dy) and the MDE

problem in (4.2) can be written in the following minimax form:

min
θ∈Θ

max
φ∈Φ

{
`?(θ, φ)

def
=

∫
X

∫
X
lφ(x, y) µ?(dx)µθ(dy)

}
.

And if the supremum in (4.2) can be attained at some φ ∈ Φ for all probability

distributions µ, µ′, then solving (4.2) is same as solving (4.2).

Since the definition of `?(θ, φ) involves multi-dimensional integrals with respect

to distributions µ? and µθ, it typically has no closed form. However, if we can draw

samples from µ? and µθ, then we can define the empirical version of `?(θ, φ) as

`n,m(θ, φ)
def
=

∫
X

∫
X
lφ(x, y) µn(dx)µθ,m(dy), µn

def
= 1

n

∑n
i=1 δXi , µθ,m

def
= 1

m

∑m
i=1 δVi ,

where {Xi}ni=1 and {Vi}mi=1 are i.i.d. samples drawn from µ? and µθ, respectively.

Based on `n,m(θ, φ), we can solve the following empirical version of the minimax

problem in (4.2):

min
θ∈Θ

max
φ∈Φ

`m,n(θ, φ). (4.1)

The formulation in (4.2) and (4.1) is also known as two-player zero-sum game with

reward function `? and `m,n respectively . The solution (saddle point) of minimax

problems is the same as Nash equilibrium of two-player zero-sum game. Note that

generative adversarial networks (GANs) in Goodfellow et al. (2014) is an application

for such problem, where it is minimizing the distance between the generator µθ,m,
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that is generating fake samples via trained neural network with input as Gaussian

noise, and the discriminator lφ, that is assessing the distribution distance between

µθ,m and µn.

4.2.1 A Bayesian Perspective of MDE

In most cases, the minimax problem is usually non-convex (in θ) and non-concave

(in φ). The solutions of such minimax problems may not exist. Hence we allow the

players θ and φ to play a mixed strategy in Θ and Φ respectively. Naturally we can

extend the minimax problem in (4.1) into the Bayesian framework.

As in all Bayesian analysis we start with the prior density. Let Θ be a subset of

Rpg equipped with the Euclidean norm and Lebesgue measure dθ. Let πg be the prior

density (with respect to dθ) on Θ. Similarly, let Φ be a subset of Rpd equipped with

the Euclidean norm and Lebesgue measure dφ. The only work that we are aware of on

Bayesian GAN is Saatchi and Wilson (2017) which proceeded as follows. The authors

set up a Gibbs sampler that iteratively sample θ from Π(θ|φ,X) ∝ πg(θ)e
`g(θ,φ), and

then sample φ from Π(φ|θ,X) ∝ πd(φ)e`d(θ,φ). The issue with this approach is that,

put together these two conditional distributions do not in general define a valid joint

distribution (Arnold et al. (2001)). This conceptual shortcoming of (Saatchi and

Wilson (2017)) was also noted by Christian Robert in a comment posted on his

blog1.

Here we propose a formal definition of Bayesian GAN that doesn’t have this issue,

using ideas from fictitious game theory (Perkins and Leslie (2014)).

Let P(Θ) be the space of all probability measures on Θ that are absolutely con-

tinuous with respect to πg. We convexify the target function `? by considering the

1https://xianblog.wordpress.com/2018/06/26/bayesian-gan-gan-style/
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map ¯̀
? : P(Θ)× P(Φ)→ R defined as

¯̀
?(µ, ν)

def
=

∫
`?(θ, φ)µ(dθ)ν(dφ).

Similarly we convexify `n,m to be ¯̀
n,m. Now we focus on the following minimax

problems:

min
νg∈P(Θ)

max
νd∈P(Φ)

¯̀
?(νg, νd) (4.2)

A solution to this problem is called a mixed strategy Nash equilibrium.

Similar as in the frequentist setting, `?(θ, φ) is intractable. However, if we can

draw samples from µ? and µθ, we introduce the following estimator. We define the

map M : P(Θ) × P(Φ) → P(Θ) × P(Φ) as follows. If the joint distribution Π ∈

P(Θ)×P(Φ) has θ-marginal Πg and φ-marginal Πd, then M(Π)(dθ, dφ) is defined as

Mg(Π)(dθ)Md(Π)(dφ), where Mg and Md satisfy that

Mg(Π)(dθ) ∝ πg(θ) exp

(∫
Φ

−σn`n,m(θ, v)Πd(dv)

)
dθ,

Md(Π)(dφ) ∝ πd(φ) exp

(∫
Θ

σn`n,m(u, φ)Πg(du)

)
dφ, (4.3)

and σn > 0 is a scaling parameter.

Definition 4.2.1. We define the minimum empirical distance estimator (MEDE)

posterior distribution of (θ, φ) as any fixed points of the map M .

We define a penalized version of the empirical reward function

Ln,m(µ, ν)
def
= σn ¯̀

n,m(µ, ν) + KL (µ|πg)− KL (ν|πd) , µ ∈ P(Θ), ν ∈ P(Φ), (4.4)

we will have the following property:

Proposition 4.2.1. An element Π = (Πg,Πd) is a mixed strategy Nash equilibrium

with reward function Ln,m(µ, ν) if and only if Π is a MEDE posterior distribution,

i.e. a fixed point of the map M .
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Proof. By definition Π = (Πg,Πd) is a mixed strategy Nash equilibrium, means that

Πg = Argmin
µ∈P(Θ)

Ln,m(µ,Πd) = Argmin
µ∈P(Θ)

σn ¯̀
n,m(µ,Πd) + KL (µ|πg) = Mg(Π),

and similarly for Πd.

The above proposition says that the MEDE posterior distribution is a mixed

strategy Nash equilibrium for a two-player zero-sum game with penalized reward

function. In the following section, we will show the statistical properties (existence,

rate of convergence) for our MEDE posterior distribution.

4.3 Statistical Properties

If we assume that Θ ⊆ Rpg is compact and equipped with its Lebesgue measure. Let

M(Θ) be the space of all finite signed measures on Θ. Then P(Θ) is a compact

and closed subset of M(Θ) under the weak* topology by Banach-Alaoglu. Hence,

by Sion’s minimax theorem, if Θ ⊆ Rpg is compact, the solution of problem (4.2)

exists, as well as our MEDE posterior distribution of the map M . However, in

Section 4.3.1, we show the existence of our MEDE posterior distribution without

the compactness assumptions on Θ, but instead with some mild conditions on `n,m

and prior distributions, using Schauder’s fixed-point theorem. In Section 4.3.2, we

will introduce a metric to evaluate the performance of an estimator. And we will

use this metric to show the rate of convergence for our estimator with on additional

boundedness assumption on Φ.

4.3.1 Existence

The assumptions needed for proving existence of our estimator is as follows.

H 4.3.1. We assume X is compact. We also assume that the reward function `n,m is

bounded by 1 and L-Lipschitz w.r.t. φ and θ without loss of generality.
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H 4.3.2. We put an assumption on the prior distributions πg(θ) and πd(φ) that there

exist a ≥ σnL and b ≥ 0 such that ‖∇θ log πg(θ)‖2 ≤ a+ b‖θ‖2 and ‖∇φ log πd(φ)‖2 ≤
a + b‖φ‖2. And we also assume

∫
Θ

(1 + ‖θ‖2) exp(b‖θ‖2)|πg(θ)dθ < ∞ and
∫

Φ
(1 +

‖φ‖2) exp(b‖φ‖2)|πd(φ)dφ <∞.

Remark 4.3.1. In H.4.3.2, we assume that ‖∇θ log πg(θ)‖2 ≤ a+ b‖θ‖2. This condi-

tion is more general than the Lipschitz condition on ∇θ log πg(θ). For example, when

∇θ log πg(θ) =
√
θ, θ ∈ R, it doesn’t satisfy the Lipschitz condition, but it satisfies our

assumption.

Lemma 14. Under H.4.3.1, M is Lipschitz continuous with respect to total variation

distance.

Lemma 15. Under H.4.3.1 and H.4.3.2, M(P(Θ)× P(Φ)) is totally bounded.

Theorem 16. Under H.4.3.1 and H.4.3.2, there exists at least one MEDE posterior

distribution of map M .

Proof. We apply Schauder fixed-point theorem to the map M . Clearly, P(Θ)×P(Φ)

is a closed convex subset of the Banach space equipped with TV norm. It suffices

to show that M is continuous and the M(P(Θ)×P(Φ)) is totally bounded. We can

obtain the result from Lemma 14 and 15.

4.3.2 Rate of Convergence

In this section, we introduce a metric (duality gap function) to evaluate the perfor-

mance of MEDE posterior distribution. We show that the MEDE is an approximate

mixed strategy Nash equilibrium under this metric.

Let g : X × Y → R. (x?, y?) is a Nash equilibrium for g (a zero-sum game with

reward −g for x and g for y) if for all x ∈ X , y ∈ Y, it holds

g(x?, y) ≤ g(x?, y?) ≤ g(x, y?).

Define

Gap(x, y) = max
v
g(x, v)−min

u
g(u, y).
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Proposition 17. (x?, y?) is a Nash equilibrium for g if and only if Gap(x?, y?) = 0.

In which case we have

g(x?, y?) = min
x

max
y
g(x, y) = max

y
min
x
g(x, y). (4.5)

Furthermore, if X and Y are compact sets and g is continuous in both of its arguments,

then any point (x?, y?) that satisfies (4.5) is a Nash equilibrium.

According to the above proposition, we may make use of the Gap function to

measure the distance to Nash equilibrium. To leverage this metric in our case, we

focus on Gap : P(Θ)×P(Φ)→ R+ with respect to our target function ¯̀
? and defined

as below:

Gap(µ, ν) = max
π2∈P(Φ)

¯̀
?(µ, π2)− min

π1∈P(Θ)

¯̀
?(π1, ν).

By this function, we introduce approximate mixed strategy Nash equilibrium as fol-

lows. We prove that our estimator is an approximate mixed strategy, and show the

rate of convergence of our estimator under this metric.

Definition 4.3.1 ((ε, B)-approximate mixed strategy Nash equilibrium). A proba-

bility measure Π with θ and φ marginals Πg and Πd is an (ε, B)-approximate mixed

strategy Nash equilibrium with reward function ¯̀
? if it satisfies the following condition:

G̃apB(Πg,Πd)
def
= max

π2∈P(Φ):KL(π2|πd)≤B
¯̀
?(Πg, π2)− min

π1∈P(Θ):KL(π1|πg)≤B
¯̀
?(π1,Πd) < ε.

H 4.3.3. We assume Φ is bounded. We say that for any φ ∈ Φ, ‖φ‖2 ≤ R.

Theorem 18. Without loss of generality, we assume that n = m. Under H.4.3.3

and the assumption that the MEDE posterior of map M exists, the MEDE posterior

distribution of (θ, φ) given X is an (C
√
n
−1

(
√
p2+t), Cσn

√
n
−1

(
√
p2+t))-approximate

mixed strategy Nash equilibrium for some constant C, with probability at least 1 −
2 exp(−t2), for t > 0.

The above theorem gives the rate of convergence of our MEDE posteior distribu-

tion. It also gives a suggestion on how to choose σn. If σn �
√
n, the constrained

Gap function will become unconstrained when n→∞.
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4.3.3 Sparsified version

In this section, we consider high-dimensional version of GAN. Here introduce the

sparsified version on Φ. We introduce parameter δ to denote the ‖φ‖0 and impose

prior distribution also on δ. Thus we define the prior distribution on φδ = 〈φ, δ〉 as

πd(φδ) =
∑
{φ:φδ=〈φ,δ〉} π0(δ)π1(φ). For convenience, we denote the product prior as

π̄(θ, φδ) = πg(θ)πd(φδ) =
∑
{φ:φδ=〈φ,δ〉} πg(θ)π0(δ)π1(φ).

We denote Φ∆ = {φδ : φ ∈ Φ, δ ∈ ∆}. Let P(Θ × Φ∆) denote the space of all

probability measure on Θ × Φ∆ that are absolutely continuous with respect to π̄,

equipped with the total variation metric:

‖Π1 − Π2‖TV =

∫
Θ×Φ∆

|f1(θ, φδ)− f2(θ, φδ)|π̄(dθdφδ). (4.6)

We introduce the map M : P(Θ×Φ∆)→ P(Θ×Φ∆) as follows. If Π ∈ P(Θ×Φ∆)

with θ-marginal Πg and φδ-marginal Πd, thenM(Π)(dθ, dφδ) = Mg(Π)(dθ)Md(Π)(dφδ),

where

Mg(Π)(dθ) ∝ πg(θ) exp

(∫
Φ∆

−σn`n,m(θ, v)Πd(dv)

)
dθ, (4.7)

Md(Π)(dφδ) ∝ πd(φδ) exp

(∫
Θ

σn`n,m(u, φδ)Πg(du)

)
dφδ. (4.8)

Similarly, we put exact the same hypothesis on πd for φδ instead of φ. Then we

will have the same theorem for existence.

Theorem 19. Under H.4.3.1 and H.4.3.2, there exists at least one MEDE posterior

distribution.

Next, we will introduce theorem on Nash equilibrium. We want to reduce the

bound, thus we introduce the following sparsity assumption on Φ∆,

H 4.3.4. We assume that π0(δ) choose δ such that ‖δ‖0 ≤ s.
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Theorem 20. Without loss of generality, we assume that n = m. Under H.4.3.1,

H.4.3.2, H.4.3.3 and H.4.3.4, the MEDE posterior distribution of (θ, φδ) given X is

an (C
√
n
−1

(s
√

log p2 + t), Cσn
√
n
−1

(s
√

log p2 + t))-approximate mixed strategy Nash

equilibrium for some constant C, with probability at least 1− 2 exp(−t2), for t > 0.

4.4 Algorithm

To find MEDE posterior distribution, e.g. the fixed points of the map M or the mixed

strategy Nash Equilibrium with the reward function Ln,m(µ, ν), can be a very hard

problem. Given a posterior distribution (Πg(·|Z),Πd(·|Z)), a harder question is how

to sample from it. As apparent in (4.3), the difficulty is the recursive nature of the

map M, and the intractability of the integrals involved.

Now we introduce a new approximation for the map M in (4.3) by unrolling

Md(Π). Let SGLDL
θ consists in unrolling L iterations of SGLD on the density

φ 7→ πd(φ) exp (σn`n,m(θ, φ)) , (4.9)

starting from initial distribution ν0. Here we are assuming `n,m(θ, φ) is close to

`n,m(Π?
g, φ) for θ ∼ Π?

g, where Π? = (Π?
g,Π

?
d) is our MEDE estimator. In that case, we

are saying that Md(Π
?) = Π?

d can be approximated by SGLDL
θ . Now the approximated

posterior distribution Mg(Π
?) = Π?

g for θ can be expressed as

Π̃g(dθ) ∝ πg(θ) exp

(
− σn`n,m(θ, SGLDL

θ )

)
dθ. (4.10)

4.5 Numerical Analysis

4.5.1 log-Normal random variables

In this section, we would like to estimate the parameter of the distribution of the sum

of log-Normal random variables, which doesn’t have analytical formula for probability
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Algorithm 1 Unrolling

At the k-th iteration,

1. Sample n0 initial points φ0 from ν0 and run L iterations of SGLD starting from
φ0 with invariant distribution (4.9), denoted by φL. Use φL to approximate
SGLDL

θ .

2. Sample θk ∼ Π̃g by SGLD starting from θk−1, with invariant distribution (4.10)
by substituting SGLDL

θ using φL.

density function. Let {Xi}Li=1 ∼ N(θ, 1), and Y =
∑L

i=1 exp(xi). Then Y is a sum

of log-normal random variable. We generate n samples {Yi}ni=1 from this distribution

with θ? = 1. We would like to estimate θ using our algorithm with Wasserstein-

1 metric. In that case, we can use a neural network lφ with weights φ lying in a

compact sapce Φ to approximate the maximization over Lipschitz function class as

in Arjovsky et al. (2017). For the experiment, we let L = 5, n = 5000.

To form the posterior distribution, we set σn = 2n. To generate φL, we set

n0 = 10, L = 60 and the step size of SGLD to be 2× 10−6. We use a neural network

with 2 hidden layers, whose first layer is size 5 and second layer is size 3, and tanh

as activation function. To generate θk, we use SGLD with step size 10−5. Below is

trace plot for θ when running our algorithm for 100 iterations.

4.6 Conclusion

In this chapter, we propose a new framework on minimum distance estimation from

the view of game theory. We have shown the statistical properties of our estimator

including the existence and rate of convergence. However, the optimization error of

the algorithm remains unsolved. We will explore it in the future work.
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Figure 4·1: θk sampled from posterior distribution (4.10)

4.7 Proofs

4.7.1 Proof of Existence of MEDE posterior distribution

Lemma 21 (Schauder’s fixed point theorem (Schauder (1930))). Let A be an nonempty

closed convex subset of a Banach space and assume there exists a compact map

T : A → A (i.e. T is continuous and maps bounded subsets to relatively compact

sets). Then T has fixed points.

Lemma 22 (Kolmogorov-Riesz (Hanche-Olsen and Holden (2010))). A subset F of

L1(Rn) is totally bounded if, and only if,

1. F is bounded,

2. for every ε > 0 there is some R such that, for every f ∈ F ,∫
‖x‖∞>R

|f(x)|dx < ε,

3. for every ε > 0 there is some ρ > 0 so that, for every f ∈ F , and y ∈ Rn with
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‖y‖∞ < ρ, ∫
Rn
|f(x+ y)− f(x)|dx < ε. (4.11)

Proof of Lemma 14

Proof. SinceM(Π)(dθ, dφ) = Mg(Π)(dθ)Md(Π)(dφ), it suffices to show thatMg(Π)(dθ)

is Lipschitz continuous w.r.t. TV distance.

For any Π1,Π2 ∈ P(Θ) × P(Φ), their marginal distribution Π1
d,Π

2
d on Θ should

be absolute continuous with respect to πd(θ).

Note

∆
def
=‖Mg(Π

1)−Mg(Π
2)‖TV (4.12)

=

∫
Θ

∣∣∣∣πg(θ) exp

(∫
Φ

−σn`n,m(θ, v)Π1
d(dv)

)
/z1 (4.13)

− πg(θ) exp

(∫
Φ

−σn`n,m(θ, v)Π2
d(dv)

)
/z2

∣∣∣∣dθ, (4.14)

where z1, z2 is the corresponding normalizing constant.

Define ηt(θ) = πg(θ) exp
(
t
∫

Φ
−σn`n,m(θ, v)Π1

d(dv)+(1−t)
∫

Φ
−σn`n,m(θ, v)Π2

d(dv)
)
/zt

for 0 ≤ t ≤ 1. Here zt is the corresponding normalizing constant, i.e. zt =∫
Θ
πg(θ) exp

(
t
∫

Φ
−σn`n,m(θ, v)Π1

d(dv) + (1− t)
∫

Φ
−σn`n,m(θ, v)Π2

d(dv)

)
dθ.

Thus

d log zt
dt

=
dzt
dt
/zt (4.15)

=

∫
Θ

[ ∫
Φ

−σn`n,m(θ, v)
(
Π1
d(dv)− Π2

d(dv)
)]
ηt(θ)dθ (4.16)

≤σn‖`n,m(θ, v)‖∞‖Π1
d − Π2

d‖TV (4.17)

The second equality holds by dominated convergence theorem, which assures the
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exchangeability of integral and derivative. This is true because∣∣∣∣[ ∫
Φ

−σn`n,m(θ, v)
(
Π1
d(dv)− Π2

d(dv)
)]

exp
(
t

∫
Φ

−σn`n,m(θ, v)Π1
d(dv) + (1− t)

∫
Φ

−σn`n,m(θ, v)Π2
d(dv)

)∣∣∣∣
≤
∣∣∣∣[ ∫

Φ

−σn`n,m(θ, v)
(
Π1
d(dv)− Π2

d(dv)
)]

exp
( ∫

Φ

l − σn`n,m(θ, v)Π1
d(dv)

)
+ exp

( ∫
Φ

−σn`n,m(θ, v)Π2
d(dv)

)∣∣∣∣
by Jensen’s Inequality.

Then

∆ =

∫
Θ

|η1(θ)− η0(θ)|dθ (4.18)

=

∫
Θ

|
∫ 1

0

d

dt
ηt(θ)dt|dθ (4.19)

=

∫
Θ

∣∣∣∣ ∫ 1

0

[
d

dt
log ηt(θ)

]
ηt(θ)dt

∣∣∣∣dθ (4.20)

=

∫
Θ

∣∣∣∣ ∫ 1

0

[ ∫
Φ

−σn`n,m(θ, v)
(
Π1
d(dv)− Π2

d(dv)
)
− d log zt

dt

]
ηt(θ)dt

∣∣∣∣dθ (4.21)

≤
∫

Θ

∫ 1

0

[∣∣∣∣ ∫
Φ

−σn`n,m(θ, v)
(
Π1
d(dv)− Π2

d(dv)
)∣∣∣∣+

∣∣∣∣d log zt
dt

∣∣∣∣]ηt(θ)dtdθ (4.22)

≤
∫

Θ

∫ 1

0

σn

[
‖`n,m(θ, v)‖∞‖Π1

d − Π2
d‖TV + ‖ − σn`n,m(θ, v)‖∞‖Π1

d − Π2
d‖TV

]
ηt(θ)dtdθ (4.23)

=2σn‖`n,m(θ, v)‖∞‖Π1
d − Π2

d‖TV
∫ 1

0

∫
Θ

ηt(θ)dθdt (4.24)

=2σn‖`n,m(θ, v)‖∞‖Π1
d − Π2

d‖TV (4.25)

The last second equality is due to Tonelli’s theorem. Thus Mg is Lipschitz continuous

since `n,m is bounded by 1 according to H 4.3.1.

Proof is similar for Md function. Together, we can show that M is Lipschitz

continuous w.r.t. TV distance.
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Supplemental Materials to Chapter 2

A.1 Proof of Theorem 1

Throughout the proof c0 denotes a generic absolute constant that depends only on κ

and κ̄ in H3, but whose actual value or expression may change during the text. We

recall that ∆s
def
= {δ ∈ ∆ : ‖δ‖0 ≤ s}, and for δ ∈ ∆s, we let

Bδ
def
=

{
θ ∈ Rp :

∥∥∥∥ θδθT
δ

‖θδ‖2
2

− θ?θT

?

∥∥∥∥
F

≤Mε

}
,

and Bc
δ its complement in Rp. We then set

B
def
=
⋃
δ∈∆s

{δ} × Bδ, and A
def
=
⋃
δ∈∆s

{δ} × Bc
δ.

Clearly we have ∆s × Rp = B ∪ A. Hence our objective is to establish that Π(A|Z)

is small. From the definition of Π(·|Z), for any measurable subset C of ∆s × Rp, by

integrating out the non-selected component θ − θδ, we have

Π(C|Z) (A.1)

=

∑
δ∈∆s

ea‖δ‖0
∫
Rp 1C(δ, θ) (θ) exp

(
−ρ1

2
‖θδ‖2

2 −
ρ0

2
‖θ − θδ‖2

2 + σnRn(θδ; Z)
)

dθ∑
δ∈∆s

ea‖δ‖0
∫
Rp exp

(
−ρ1

2
‖θδ‖2

2 −
ρ0

2
‖θ − θδ‖2

2 + σnRn(θδ; Z)
)

dθ
(A.2)

=

∑
δ∈∆s

(
1
pu

√
ρ1

2π

)‖δ‖0 ∫
R‖δ‖0 1C(δ, (u, 0)δ) exp

(
−ρ1

2
‖u‖2

2 + σnR̄n((u, 0)δ; Z)
)

du∑
δ∈∆s

(
1
pu

√
ρ1

2π

)‖δ‖0 ∫
R‖δ‖0 exp

(
−ρ1

2
‖u‖2

2 + σnR̄n((u, 0)δ; Z)
)

du

,

(A.3)
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where

R̄n(θ; Z)
def
= Rn(θ; Z)− Rn(θ?; Z).

Here 1C(δ, θ) denotes an indicator function of set C.

We show in Lemma 23 that the denominator on the right hand side of (A.1) is

bound from below by

$
def
= e−(s?+1)(u+1) log(p∨(c0σn)),

for some absolute constant c0. This implies that

Π(A1|Z) ≤ 1

$

×
∑
δ∈∆s

(
1

pu

√
ρ1

2π

)‖δ‖0 ∫
R‖δ‖0

1Bcδ
((u, 0)δ) exp

(
−ρ1

2
‖u‖2

2 + σnR̄n((u, 0)δ; Z)
)

du.

(A.4)

We show in Lemma 26 that any θ ∈ Rp, such that ‖θ‖0 ≤ s,

Rn(θ; Z)− Rn(θ?; Z) ≤ −gap

2

(κ
κ̄

)2

‖θθT − θ?θT

?‖2
F + c0r1‖θθT − θ?θT

?‖F,

for some absolute constant c0 that depends only on κ and κ̄. Therefore, for 4c0r1

gap

(
κ̄
κ

)2

≤

‖θθT − θ?θT
?‖F, we have

Rn(θ; Z)− Rn(θ?; Z) ≤ −gap

4

(κ
κ̄

)2

‖θθT − θ?θT

?‖2
F.
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Therefore, for M ≥ 4c0

(
κ̄
κ

)2

, (A.4) becomes

Π(A1|Z)

≤ 1

$
e−

M2gap
4 (κκ̄)

2
σnε2

∑
δ∈∆s

(
1

pu

√
ρ1

2π

)‖δ‖0 ∫
R‖δ‖0

1Bδ((u, 0)δ) exp
(
−ρ1

2
‖u‖2

2

)
du

≤ 1

$
e−

M2gap
4 (κκ̄)

2
σnε2

∑
δ∈∆s

(
1

pu

√
ρ1

2π

)‖δ‖0 (
2πρ−1

1

)‖δ‖0/2
≤ 2e(s?+1)(u+1) log(p∨(c0σn))e−

M2gap
4 (κκ̄)

2
σnε2 ≤ 2e−

M2

8gap (κκ̄)
2
σnr2

1 ,

under the sample size condition (2.11), where the third inequality follows from the

assumptions u > 1, and pu−1 > 2. This proves the theorem.

�

We derive here a lower bound on the normalizing constant of the quasi-posterior

distribution.

Lemma 23. Under Assumption H3, and assuming that pu ≥ e1s?, we have

∑
δ∈∆s

(
1

pu

√
ρ1

2π

)‖δ‖0 ∫
R‖δ‖0

exp
(
−ρ1

2
‖u‖2

2 + σnR̄n((u, 0)δ; Z)
)

du

≥ e−(s?+1)(u+1) log(p∨(c0σn)), (A.5)

for some absolute constant c0.

Proof. Clearly, the left hand side of (A.5) is bounded from below by(
1

pu

√
ρ1

2π

)s? ∫
Rs?

exp
(
−ρ1

2
‖u‖2

2 + σnR̄n((u, 0)δ? ; Z)
)

du.
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For any θ ∈ Rp that has the same support as θ?, we have

R̄n(θ; Z) =
θTÂθ

θTB̂θ
− θT

? Âθ?

θT
? B̂θ?

=
θTΣ̂θ

θTB̂θ
− θT

? Σ̂θ?

θT
? B̂θ?

=
θTΣ̂θ

(
θT
? B̂θ? − θTB̂θ

)
(θT
? B̂θ?)(θ

TB̂θ)
+

1

θT
? B̂θ?

(
θTΣ̂θ − θT

? Σ̂θ?

)
.

Since Rn(·; Z) is invariant to rescaling, we can assume without any loss of generality

that ‖θ‖2 = ‖θ?‖2 = 1. Therefore for Z satisfying H3-(1),we have from Lemma 25

∣∣R̄n(θ; Z)
∣∣ ≤ (2

(
κ̄

κ

)2

+ 2

(
κ̄

κ

))
‖θθT − θ?θT

?‖F ≤ 4

(
κ̄

κ

)2

‖θθT − θ?θT

?‖F. (A.6)

It follows from the above observations that for Z satisfying H3 the left hand side of

(A.5) is bounded from below by

(
1

pu

√
ρ1

2π

)s? ∫
Rs?

exp

(
−ρ1

2
‖u‖2

2 −
C

2
σn‖uuT − θ?θT

?‖F

)
du

≥
(

1

pu

√
ρ1

2π

)s?
e−Cη

2σn

∫
S0

e−
ρ1
2
‖u‖22du,

where C = 8(κ̄/κ)2, η ∈ (0, 1) and S0
def
= {u ∈ Rs? : ‖uuT− θ?θT

?‖F ≤ 2η2}. Note that

the integral
∫
S0
e−

ρ1
2
‖u‖22du is invariant to change of variables by orthogonal matrices.

Hence in that integral we can replace θ? by the unit vector e = (0, . . . , 0, 1) ∈ Rs? .

Using this and switching to polar coordinates, we write the integral as∫
S0

e−
ρ1
2
‖u‖22du =

∫ +∞

0

e−
ρ1
2
r2

rs?−1dr × ν
(
θ ∈ Ss?−1 : | sin(θ)| ≤ η

)
,

where ν is the surface measure on the unit sphere Ss?−1 = {u ∈ Rs? : ‖u‖2 = 1}, and

sin(θ) is the sine of the angle between θ and e. The measure ν (θ ∈ Ss?−1 : | sin(θ)| ≤ η)

is equal to twice the spherical cap around the pole e defined by η. We use the formula
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of the spherical cap from (Li (2011)) to write

ν
(
θ ∈ Ss?−1 : | sin(θ)| ≤ η

)
=

4π
s?−1

2

Γ
(
s?−1

2

) ∫ arcsin(η)

0

sins?−2(θ)dθ

=
4π

s?−1
2

Γ
(
s?−1

2

) ∫ η

0

xs?−2

√
1− x2

dx ≥ 4π
s?−1

2

Γ
(
s?−1

2

) ηs?−1

s? − 1
.

Whereas, ∫ +∞

0

e−
ρ1
2
r2

rs?−1dr =
1

2

(
2

ρ1

) s?
2

Γ
(s?

2

)
.

It follows that ∫
S0

e−
ρ1
2
‖u‖22du ≥ 2

s?
√
π

(
2π

ρ1

) s?
2

ηs?−1.

We conclude that for Z satisfying H3, and any η ∈ (0, 1), the left hand side of (A.5)

is bounded from below by

2√
πs?

(
1

pu

)s?
e−(s?−1) log(1/η)e−Cη

2σn ≥ e−(u+1)(1+s?) log(p∨Cσn),

by taking η = 1/
√
Cσn, and assuming that pu ≥ e1s?. This concludes the proof.

We make use of the following version of the Davis-Kahan sin Θ theorem taken

from Vu and Lei (2013) Lemma 4.2.

Lemma 24. Let A be a p × p symmetric semipositive definite matrix and suppose

that its eigenvalues satisfies λ1(A) > λ2(A) ≥ . . . ≥ λp(A). If a unit vector u is an

eigenvector of A associated to the largest eigenvalue λ1(A), for all v ∈ Rp, ‖v‖2 = 1

it holds

〈A, uu′ − vv′〉 ≥ 1

2
(λ1(A)− λ2(A)) ‖uu′ − vv′‖2

F.

We will need the following technical result.

Lemma 25. For any unit vectors u, v and square matrix B with matching dimensions,

we have

|〈B, uuT − vvT〉| ≤ 2‖B‖op‖uuT − vvT‖F, (A.7)

Proof. Indeed, we have

|〈B, uuT − vvT〉| = |(u− v)TBu+ vTB(u− v)| ≤ 2‖B‖op‖u− v‖2.
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Similarly, we have |〈B, uuT − vvT〉| ≤ 2‖B‖op‖u+ v‖2. Hence

|〈B, uuT − vvT〉| ≤ 2‖B‖op min (‖u− v‖2, ‖u+ v‖2) .

The result follows by noting that

‖uuT − vvT‖F ≥ min (‖u− v‖2, ‖u+ v‖2) . (A.8)

To see this, note that ‖uuT−vvT‖F = ‖u−v‖2‖u+v‖2/
√

2 = ‖u−v‖2

√
2− ‖u− v‖2

2/2.

Hence, if ‖u− v‖2
2 ≤ 2, then we have ‖uuT − vvT‖F ≥ ‖u− v‖2. But if ‖u− v‖2

2 > 2

then ‖uuT − vvT‖F > ‖u+ v‖2. Hence the result.

The next result describes the behavior of the Rayleigh quotient function that

yields the posterior contraction result.

Lemma 26. Assume H3. For any θ ∈ Rp such that ‖θ‖0 ≤ s, we have

Rn(θ; Z)− Rn(θ?; Z) ≤ −gap

2

(κ
κ̄

)2

‖θθT − θ?θT

?‖2
F + c0r1‖θθT − θ?θT

?‖F. (A.9)

Proof. Fix θ ∈ Rp such that ‖θ‖0 ≤ s. Since the Rayleigh quotient is invariant under

rescaling we can assume without any loss of generality that ‖θ‖2 = 1. We have

R̄n(θ; Z) = Rn(θ; Z)− Rn(θ?; Z) =
θTΣ̂θ

θTB̂θ
− θT

? Σ̂θ?

θT
? B̂θ?

=
θTΣθ

θTBθ
− θT

?Σθ?
θT
?Bθ?

+

〈
Σ̂− Σ,

θθT

θTBθ
− θ?θ

T
?

θT
?Bθ?

〉
+

〈
Σ̂,

[
θθT

θTB̂θ
− θθT

θTBθ

]
−

[
θ?θ

T
?

θT
? B̂θ?

− θ?θ
T
?

θT
?Bθ?

]〉
.

(A.10)

Set S
def
= B−1/2ΣB−1/2, w = B1/2θ/‖B1/2θ‖2, w? = B1/2θ?/‖B1/2θ?‖2, and note that

w? is an eigenvector of S associated to the largest eigenvalue of S. Hence by the

curvature lemma (Lemma 24) we have

θTΣθ

θTBθ
− θT

?Σθ?
θT
?Bθ?

= 〈S,wwT − w?wT

? 〉 ≤ −
gap

2
‖wwT − w?wT

?‖2
F.

Let I ⊆ {1, . . . , p} be the joint support of θ and θ? (hence ‖I‖0 ≤ s + s?). Then we
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can express

‖wwT − w?wT

?‖F =

∥∥∥∥(BI,I)
1/2

(
θIθ

T
I

θT
I (BI,I)θI

− θ?Iθ
T
?I

θT
?I(BI,I)θ?I

)
(BI,I)

1/2

∥∥∥∥
F

.

We recall that for any square matrix A and invertible matrix B,

‖A‖F = ‖B−1/2B1/2AB1/2B−1/2‖F ≤ ‖B−1/2‖2
op‖B1/2AB1/2‖F,

where ‖M‖op denotes the operator norm of M . With these observations in mind, we

get

‖wwT − w?wT

?‖F ≥
1

‖(BI,I)−1/2‖2
op

∥∥∥∥ θIθ
T
I

θT
I (BI,I)θI

− θ?Iθ
T
?I

θT
?I(BI,I)θ?I

∥∥∥∥
F

≥ κ

∥∥∥∥ θIθ
T
I

θT
I (BI,I)θI

− θ?Iθ
T
?I

θT
?I(BI,I)θ?I

∥∥∥∥
F

.

We note also that for any unit vectors u, v and symmetric invertible matrix B with

matching dimension,∥∥∥∥ uuT

uTBu
− vvT

vTBv

∥∥∥∥2

F

=
(uTBu− vTBv)2

(uTBu)2(vTBv)2
+
‖uuT − vvT‖2

F

(uTBu)(vTBv)
≥ ‖uu

T − vvT‖2
F

(uTBu)(vTBv)
. (A.11)

Hence, under H3,

‖wwT − w?wT

?‖2
F ≥

(κ
κ̄

)2

‖θIθ
T

I − θ?Iθ
T

?I‖2
F =

(κ
κ̄

)2

‖θθT − θ?θT

?‖2
F.

In conclusion we have

θTΣθ

θTBθ
− θT

?Σθ?
θT
?Bθ?

≤ −gap

2

(κ
κ̄

)2

‖θθT − θ?θT

?‖2
F. (A.12)
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The second term from (A.10) can be written as∣∣∣∣〈Σ̂− Σ,
θθT

θTBθ
− θ?θ

T
?

θT
?Bθ?

〉∣∣∣∣
=

∣∣∣∣∣∣
〈

(Σ̂)I,I − ΣI,I,

θIθ
T
I

θTBθ
− θ?Iθ

T
?I

θT
? Bθ?∥∥∥ θIθ

T
I

θTBθ
− θ?Iθ

T
?I

θT
? Bθ?

∥∥∥
F

〉∣∣∣∣∣∣
∥∥∥∥ θIθ

T
I

θTBθ
− θ?Iθ

T
?I

θT
?Bθ?

∥∥∥∥
F

≤ max
M∈RI×I: ‖M‖F=1, Rank(M)≤2

∣∣∣〈(Σ̂)I,I − ΣI,I,M
〉∣∣∣× ∥∥∥∥ θIθ

T
I

θTBθ
− θ?Iθ

T
?I

θT
?Bθ?

∥∥∥∥
F

.

And we note from (A.11) and Lemma 25 that for Z satisfying H3,

∥∥∥∥ θIθ
T
I

θTBθ
− θ?Iθ

T
?I

θT
?Bθ?

∥∥∥∥2

F

≤ 1

κ4

〈
BII, θIθ

T
I − θ?,IθT

?,I

〉2
+

1

κ2

∥∥θIθ
T
I − θ?,IθT

?,I

∥∥2

F

≤ 1

κ2

(
1 + 2

(
κ̄

κ

)2
)
‖θθT − θ?θT

?‖2
F. (A.13)

Therefore for Z satisfying H3,∣∣∣∣〈Σ̂− Σ,
θθT

θTBθ
− θ?θ

T
?

θT
?Bθ?

〉∣∣∣∣ ≤ c0r1‖θθT − θ?θT

?‖F. (A.14)

We process the last term in (A.10) as follows.〈
Σ̂,

[
θθT

θTB̂θ
− θθT

θTBθ

]
−

[
θ?θ

T
?

θT
? B̂θ?

− θ?θ
T
?

θT
?Bθ?

]〉

=
θTΣ̂θ

θTB̂θ

〈
B − B̂, θθ

T

θTBθ

〉
− θT

? Σ̂θ?

θT
? B̂θ?

〈
B − B̂, θ?θ

T
?

θT
?Bθ?

〉
=

(
θTΣ̂θ

θTB̂θ
− θT

? Σ̂θ?

θT
? B̂θ?

)〈
B − B̂, θθ

T

θTBθ

〉
+
θT
? Σ̂θ?

θT
? B̂θ?

〈
B − B̂, θθ

T

θTBθ
− θ?θ

T
?

θT
?Bθ?

〉
.

(A.15)

Hence for Z satisfying H3, the first term in the last display can be bounded, similar
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to (A.6), as∣∣∣∣∣
(
θTΣ̂θ

θTB̂θ
− θT

? Σ̂θ?

θT
? B̂θ?

)〈
B − B̂, θθ

T

θTBθ

〉∣∣∣∣∣
≤ 1

κ
λmax(B̂ −B, s)

[
4

(
κ̄

κ

)2

‖θθT − θ?θT

?‖F

]

≤ 4

κ
λmax(B̂ −B, s)

(
κ̄

κ

)2

‖θθT − θ?θT

?‖F.

The rightmost of (A.15) is similar to (A.14):∣∣∣∣∣ θT
? Σ̂θ?

θT
? B̂θ?

〈
B − B̂, θθ

T

θTBθ
− θ?θ

T
?

θT
?Bθ?

〉∣∣∣∣∣ ≤ c0r1‖θθT − θ?θT

?‖F.

In conclusion the last term in (A.10) is bounded from above by∣∣∣∣∣
〈

Σ̂,

[
θθT

θTB̂θ
− θθT

θTBθ

]
−

[
θ?θ

T
?

θT
? B̂θ?

− θ?θ
T
?

θT
?Bθ?

]〉∣∣∣∣∣ ≤ c0r1‖θθT − θ?θT

?‖F. (A.16)

We conclude from (A.12-A.16) that for Z satisfying H3

Rn(θ; Z)− Rn(θ?; Z) ≤ −gap

2

(κ
κ̄

)2

‖θθT − θ?θT

?‖2
F + c0r1‖θθT − θ?θT

?‖F.

This ends the proof.

A.2 Proof of Proposition 2

We present the details of this claim for Σ̂, the argument being similar for the other

two covariance matrices. For any J ⊂ [1 : p] of size s, we have

‖Σ̂J,J − ΣJ,J‖op = ‖Σ1/2
J,J

(
Σ
−1/2
J,J Σ̂J,JΣ

−1/2
J,J − Is

)
Σ

1/2
J,J‖op

≤ ‖Σ1/2
J,J‖

2
op × ‖

1

n

n∑
i=1

UiJU
T

iJ − Is‖op,
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where UiJ
def
= Σ

−1/2
J,J ZiJ , where ZiJ = (Zij)j∈J , is mean zero and isotropic. By Theorem

4.6.1 (Equation 4.22) of (Vershynin (2018)), provided that n ≥ 4c0s log(p) for some

absolute constant c0 > 1, we have

‖Σ̂J,J − ΣJ,J‖op ≤ CK2‖Σ1/2
J,J‖

2
op

√
c0s log(p)

n
,

with probability at least 1 − 2p−c0s. Therefore, for any matrix A ∈ Rs×s, with

‖A‖F = 1, and Rank(A) ≤ α, using the singular value decomposition of A, we have

max
A∈Rs×s: ‖A‖F=1

Rank(A)≤α

∣∣∣〈Σ̂J,J − ΣJ,J , A
〉∣∣∣ ≤ √α‖Σ̂J,J − ΣJ,J‖op ≤ CK2λmax(Σ, s)

√
c0αs log(p)

n
.

Since the number of subsets of [1 : p] of size s is smaller than ps, we conclude with a

union bound argument that

λ(α)
max(Σ̂− Σ, s) ≤ CK2λmax(Σ, s)

√
c0αs log(p)

n
,

with probability 1− 2p−(c0−1)s.

A.3 MCMC sampling

We sample from the simulated tempering distribution (2.15) using a Metropolis-

within-Gibbs strategy. We describe here one iteration of the algorithm, and its

transition kernel. Given (δ, θ, k), we perform a three-step update. First, given k

and δ, we update θ. We let [θ]δ to denote the δ-selected component of θ listed in

their original order: [θ]δ
def
= (θj : j ∈ {1 ≤ k ≤ p : δk = 1}), and [θ]δc

def
= (θj : j ∈

{1 ≤ k ≤ p : δk = 0}). We employ the fact that the selected components [θ]δ and the

un-selected components [θ]δc of θ are independent conditional on k and δ to update

θ. In addition, given k and δ, the components of [θ]δc are i.i.d. N(0, tkρ
−1
0 ) and the
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Algorithm 2 Simulated tempering for sparse canonical correlation analysis

Model Input: Matrices Â, B̂, prior parameters ρ0, ρ1, u.
MCMC Input: Number of iterations N , batch size J , temperatures 1 = t1 <
. . . < tK , weights {c1, . . . , cK}, and step-sizes {η1, . . . , ηK}.
Initialization: Set the temperature index k(0) = 1. Draw δ

(0)
j

i.i.d.∼ Ber(0.5) for

j = 1, . . . , p, and independently draw θ(0) ∼ N(0, Ip).
for t = 0 to N − 1, given (δ(t), θ(t), k(t)) = (δ, θ, k) do

1. Update θ: Draw the components of [θ̄]δ̄c independently from N(0, ρ−1
0 tk).

Draw [θ̄]δ̄ ∼ Pk,δ([θ]δ, ·), where Pk,δ denotes the transition kernel of the MALA
with step-size ηk and invariant distribution given by (A.17).

2. Update δ: Uniformly randomly select a subset J from {1, . . . , p} of size J

without replacement, and draw δ̄ ∼ Q
(J)

k,θ̄
(δ, ·), where the transition kernel

described in (A.20).

3. Update k: Draw k̄ ∼ Tδ̄,θ̄(k, ·), where Tδ,θ is the transition kernel of the
Metropolis-Hastings on {1, . . . , K} with invariant distribution given by (A.21)
and random walk proposal that has reflection at the boundaries.

4. New MCMC state: Set (δ(t+1), θ(t+1), k(t+1)) = (δ̄, θ̄, k̄).

end for
Output: {(δ(t), θ(t), k(t)) : 0 ≤ t ≤ N s.t. k(t) = 1}

distribution of [θ]δ has density on R‖δ‖0 proportional to

u 7→ exp

(
− ρ1

2tk
‖u‖2

2 +
σn
tk

Rn((u, 0)δ; Z)

)
, (A.17)

where the notation (u, 0)δ denotes the vector in Rp such that [(u, 0)δ]δ = u. Hence we

update [θ]δ using a Metropolis adjusted Langevin algorithm (MALA) on R‖δ‖0 with

target distribution (A.17), and step-size ηk (we use different step-sizes for different

temperature levels). Let Mδ,k denote the resulting transition kernel on R‖δ‖0 . For

more details on the MALA, see e.g., Roberts and Tweedie (1996). For convenience,

we write Pk,δ to denote the Markov kernel on Rp corresponding to the update of θ
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just described. Specifically,

Pδ,k(θ, dθ
′) = Mδ,k([θ]δ, d[θ′]δ)

∏
j: δj=0

N(0, ρ−1
0 )(dθ′j),

where N(µ, σ2)(dx) is a short for the Gaussian measure on R with mean µ and

variance σ2.

Secondly, we update δ by applying a Gibbs sampler to the conditional distribution

of δ given k and θ. Note that the conditional distribution of δj given k, θ and δ−j,

where δ−j
def
= (δ1, . . . , δj−1, δj+1, . . . , δp), is the Bernoulli distribution Ber(qj), with

probability of success given by

qj
def
=

{
1 + exp

(
− a

tk
+

1

2tk
(ρ1 − ρ0)θ2

j

)
exp

(
σn
tk

Rn(θδ(j,0) ; Z)− σn
tk

Rn(θδ(j,1) ; Z)

)}−1

,

(A.18)

where

δ
(j,0)
i

def
=


0 i = j

δi i 6= j

, δ
(j,1)
i

def
=


1 i = j

δi i 6= j

. (A.19)

Given k, θ and j, let Q
(j)
k,θ denote the transition kernel on ∆ which, given δ, leaves δi

unchanged for all i 6= j, and draws δj ∼ Ber(qj). We update δ as follows: randomly

draw a subset J = {J1, . . . , JJ} of size J from {1, . . . , p}, and update δ using the

transition kernel on ∆ given by

Q
(J)
k,θ

def
= Q

(J1)
k,θ Q

(J2)
k,θ · · ·Q

(JJ )
k,θ . (A.20)

The resulting overall kernel on ∆ is

Q̄k,θ =
∑

J: |J|=J

(
p

J

)−1

Q
(J)
k,θ.

Thirdly, given δ and θ, we update k using a standard Metropolis-Hastings algo-
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rithm with a random walk proposal that has reflection at the boundaries. Specifically,

at k we propose with equal probability either k − 1 or k + 1, except at 1, where we

only propose 2, and at K, where we only propose K − 1. We write Tδ,θ to denote the

transition kernel on {1, . . . , K} of this Metropolis-Hastings algorithm with invariant

distribution

i 7→ 1

ci
exp

{
a

ti
‖δ‖0 −

ρ1

2ti
‖θδ‖2

2 −
ρ0

2ti
‖θ − θδ‖2

2 +
σn
ti

Rn(θδ; Z)

}
. (A.21)

Lastly, we collect samples by retaining the values of (δ, θ) at iterations at which

k = 1. In stationarity these samples have distribution (2.8).

A.3.1 Parameter choices and adaptive tuning

Throughout the simulation, we specify the parameters of the prior distribution in the

following way. We let ρ1 = 1
2
, and ρ0 = n/10, where n is the sample size, and we set

u = 1.5.

Algorithm 2 also depends on the user-defined parameters J , K, (t1, . . . , tK),

(c1, . . . , cK), and (η1, . . . , ηK). The parameter J (the Gibbs sampling batch size) does

not greatly impact performance, and setting J = 100 works well in most settings.

Efficient selection and tuning of temperatures in simulated tempering has received

some attention (Geyer and Thompson (1995); Atchadé et al. (2011)), and despite

some progress (Miasojedow et al. (2013)), to the best of our knowledge, there is no

practical and scalable algorithm to do so. In our implementation we use variations of

the geometric scaling. We refer the reader to Section 2.4 for specific choices.

We tune the step-sizes η = (η1, . . . , ηK) of MALA and the weights (c1, . . . , cK) of

simulated tempering using adaptive MCMC methods , see e.g., Andrieu and Thoms

(2008). To tune ηk, we follow the algorithm proposed in Atchadé and Rosenthal

(2005), with a targeted acceptance probability of 30%. For simulated tempering to
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visit all temperature levels frequently, the weights (c1, . . . , cK) need to be adequately

tuned. We refer the reader to Geyer and Thompson (1995) for an extensive discussion

of the issue. This problem can be efficiently solved using the Wang-Landau algorithm

for simulated tempering as developed in Atchadé and Liu (2010). We follow this

approach here. The fully adaptive MCMC sampler is presented in Algorithm 3.

A.4 Coupled Markov chains for mixing time estimation

We describe here the specific coupled Markov chain employed to estimate the mixing

time plots presented in Section 2.4.2. We refer the reader to Biswas et al. (2019)

and Jacob et al. (2017) for more details on the construction of such coupled ker-

nels. We modify Algorithm 2 to construct the coupled kernel P̌ . It suffices here to

describe one iteration of the coupled chain. At some iteration t ≥ 1, suppose that

(δ(1,L+t), θ(1,L+t), k(1,L+t)) = (δ(1), θ(1), k(1)) and (δ(2,t), θ(2,t), k(2,t)) = (δ(2), θ(2), k(2)).

In step 1, to update θ(1) and θ(2), we partition the indices {1, . . . , p} into four

groups: Gab = {j : δ
(1)
j = a, δ

(2)
j = b} for a, b = 0, 1. To update the components

of θ
(1)
G00

and θ
(2)
G00

, for any j ∈ G00 we first draw a common standard normal random

variables Zj, and then obtain θ̄
(i)
j = tk(i)ρ−1

0 Zj for i = 1, 2. To update the components

of θ
(1)
G01

and θ
(2)
G01

, for any j ∈ G01 we again first draw a common standard normal

random variables Zj, and then obtain θ̄
(1)
j = tk(1)ρ−1

0 Zj, and simultaneously draw

θ̄
(2)
j using MALA with proposal θ

(2)
j + ηk(2)∇ log π(θ

(2)
j ) +

√
2ηk(2)Zj , where π(θ

(2)
j )

is the marginal posterior distribution of θ
(2)
j . Notice that the joint distribution of

[θ(2)]δ(2) is given by Wk(2),δ(2) , whose density is proportional to (A.17). A similar

update procedure is used for updating the components of θ
(1)
G10

and θ
(2)
G10

. To update

the components of θ
(1)
G11

and θ
(2)
G11

, we draw reflection-coupled MALA proposals in

Biswas et al. (2019), and then for the acceptation step, θ
(1)
G11

and θ
(2)
G11

share the same

uniform random variables.
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Algorithm 3 Adaptive version of simulated tempering for Canonical correlation
analysis

Model Input: Matrices Â, B̂, prior parameters ρ0, ρ1, u.
MCMC Input: Number of iterations N , Batch size J , temperatures 1 = t1 <
. . . , < tK .
Adaptive MCMC Input: a = 10 and w ∈ (0, 1).

MCMC Initialization: Set k(0) = 1. Draw δ
(0)
j

i.i.d.∼ Ber(0.5),∀j = 1, . . . , p, and

independently θ(0) ∼ N(0, Ip).
Adaptation Parameters Initialization : . Set `(0) = 0 ∈ RK , v(0) = (0, . . . , 0) ∈
RK , ν(0) = (0, . . . , 0) ∈ RK , and choose c(0) ∈ (0,∞)K .
for t = 1 to N − 1, given (δ(t), θ(t), k(t)) = (δ, θ, k), `(t) = `, c(t) = c, v(t) = v, and
ν(t) = ν do

1. Update θ and `: Draw the components of [θ̄]δ̄c independently from
N(0, ρ−1

0 tk). Draw [θ̄]δ ∼ Pk,δ([θ]δ, ·), where Pk,δ denotes the transition kernel
of the MALA with step-size e`k and invariant distribution given by (A.17).
Denote α as the acceptance probability of the MALA update. Set

¯̀
k = `k + v−0.6

k (α− 0.3) and for i 6= k, set ¯̀
i = `i.

2. Update δ: Uniformly randomly select a subset J from {1, . . . , p} of size J

without replacement, and draw δ̄ ∼ Q
(J)

k,θ̄
(δ, ·), where the transition kernel

described in (A.20).

3. Update k, c, v and ν: Draw k̄ ∼ Tδ̄,θ̄(k, ·), where Tδ,θ is the transition kernel
of the Metropolis-Hastings on {1, . . . , K} with invariant distribution given by
(A.21) and random walk proposal with reflection at the boundaries. We then
set

c̄k̄ = ck̄e
a, v̄k̄ = vk̄ + 1, ν̄k̄ = νk̄ + 1, and for i 6= k̄, c̄i = ci, v̄i = vi, ν̄i = νi.

4. Update a and ν: If ‖ν/(
∑K

k=1 νk) − 1/K‖∞ ≤ w/K, then set a = a/2, ν =
0 ∈ RK .

5. New MCMC state: Set (δ(t+1), θ(t+1), k(t+1)) = (δ̄, θ̄, k̄), `(t+1) = ¯̀, c(t+1) =
c̄, v(t+1) = v̄, and ν(t+1) = ν̄.

end for
Output: {(δ(t), θ(t), k(t)) : 0 ≤ t ≤ N s.t. k(t) = 1}
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In step 2, to update δ(1) and δ(2), we first make use of the same randomly drawn

subset J. For i = 1, 2, drawing δ̄(i) ∼ Q
(J)
k,θ(δ

(i), ·) is equivalent to let δ̄
(i)
−J = δ

(i)
−J, and for

any j ∈ J, draw δ̄
(i)
j ∼ Ber(q

(i)
j ) which we implement in the following way. We first

draw a common uniform number uj ∼ Uniform(0, 1), then we obtain δ̄
(i)
j = 1{q(i)

j ≤

uj} for i = 1, 2.

In step 3, to update k(1) and k(2), we use a common uniform random number to

make the proposal move, and a common uniform random number for the acceptation

step.

Remark 27. Note that although the empirical mixing time estimation method of

Biswas et al. (2019) described above only applies to Markov chains with fixed pa-

rameters, we have applied it here to Algorithm 3, which is an MCMC sampler with

adaptively tuned parameters. We conjecture that the unbiased MCMC methodology

remains approximately valid for well-constructed adaptive MCMC samplers. However

the question deserves more research.

A.4.1 Proof of Proposition 3

Using the notations established in Section A.3 the transition kernel of the simulated

tempering algorithm on X def
= ∆× Rp × {1, . . . , K} is given by

P ((δ, θ, k); (δ′, dθ′, k′)) = Pδ,k(θ, dθ
′)

 ∑
J: |J|=J

(
p

J

)−1

Q
(J)
k,θ′(δ, δ

′)

Tδ′,θ′(k, k
′),

and we call P̄ the transition kernel of the coupled chain on X × X as described in

Section A.4. The kernel P is a standard Metropolis-within-Gibbs kernel to sample

from the density (2.15) that is positive everywhere. Therefore, P is phi-irreducible,

aperiodic and has invariant distribution Π̄(·|Z) by construction. Furthermore, for any

nonempty compact set C of Rp, the set C̄ def
= C ×∆× {1, . . . , K} is a small set for P ,
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and it is easy to see from the construction of the coupled chain that,

min
x,y∈C̄

P̄ n0 ((x, y);D) > 0, with n0 = max
(
K,

p

J

)
.

Therefore, according to Proposition 4 of (Jacob et al. (2017)) to establish the finiteness

of the average meeting time E(τ (L)), it suffices to show that there exist a drift function

V : X → [1,∞), λ ∈ (0, 1), and b <∞ such that

PV (x) ≤ λV (x) + b1C̄(x), for all x = (δ, θ, k) ∈ X , (A.22)

for some small C̄ of the form C̄L
def
= {x ∈ X : V (x) ≤ L}. We show (A.22) in three

steps, with

V (δ, θ, k)
def
= 1 +

1

tk
‖θδ‖2

2.

Step 1: Action of the kernel Tδ,θ We first show that for all (θ, δ, k) ∈ X ,

Tδ,θV (δ, θ, k) ≤ V (δ, θ, k) + c0, (A.23)

for some constant c0. To show this, we find it easy to reason in a slightly more general

terms. Consider a discrete distribution on {1, . . . , K}, given by

π(k) ∝ 1

ck
e−U/tk ,

for some increasing sequence {ck, 1 ≤ k ≤ K}, and for some nonnegative constant

U . Consider a Metropolis-Hastings algorithm to sample from π with a proposal q

on {1, . . . , K} such that at j, we propose to move only to j − 1 or j + 1 for equal

probability (at 1 we propose to move only to 2, and at K we propose to move only

to K − 1). Call M the transition kernel of that Metropolis-Hastings, and for some
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nonnegative constant B, define

V (j) =
B

tj
, j = 1, . . . , K.

By the definition of the Metropolis-Hasting kernel, we have

MV (j) = V (j) +
K∑
j′=1

(V (j′)− V (j)) min

(
1,
π(j′)q(j′, j)

π(j)q(j, j′)

)
q(j, j′)

= V (j) +
K∑
j′=1

R(j, j′)q(j, j′),

where

R(j, j′) = (V (j′)− V (j)) min

(
1,
π(j′)q(j′, j)

π(j)q(j, j′)

)
.

Note that V (j + 1) ≤ V (j), and therefore R(j, j + 1) ≤ 0. Whereas

R(j, j − 1) = B

(
1

tj−1

− 1

tj

)
min

(
1,

cj
cj−1

q(j − 1, j)

q(j, j − 1)
e
−
(

1
tj−1

− 1
tj

)
U

)

≤
(
B

U

)
2cj
cj−1

(
1

tj−1

− 1

tj

)
Ue
−
(

1
tj−1

− 1
tj

)
U

≤ 2e−1

(
max
j

cj
cj−1

)
B

U
= C,

where we use the fact that q(j′, j)/q(j, j′) ≤ 2, and the observation that te−t ≤ e−1

for all t ≥ 0. Using these we have

MV (1) = V (1) +R(1, 2) ≤ V (1).

MV (K) = V (K) +R(K,K − 1) ≤ V (K) + C.

For 2 ≤ j ≤ K − 1,

MV (j) = V (j) +
1

2
R(j, j − 1) +

1

2
R(j, j + 1) ≤ V (j) +

C

2
.
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Hence, for all 1 ≤ j ≤ K, it holds

MV (j) ≤ V (j) + 2e−1

(
max
j

cj
cj−1

)
B

U
.

We can apply this result to the kernel Tδ,θ with U = ρ1

2
‖θδ‖2

2 + ρ0

2
‖θ − θδ‖2

2 −

σnRn(θδ; Z)− a‖δ‖0, and B = ‖θδ‖2
2. Under assumption H2, Rn(θδ; Z) ≤ 1. Hence for

ρ1‖θδ‖2
2 ≥ 4(σn + ap), the chosen U is non-negative and we get

Tδ,θV (δ, θ, k) ≤ V (δ, θ, k)

+ 2e−1

(
max
j

cj
cj−1

)
‖θδ‖2

2
ρ1

2
‖θδ‖2

2 + ρ0

2
‖θ − θδ‖2

2 − σnRn(θδ; Z)− a‖δ‖0

≤ V (δ, θ, k) +
8e−1

ρ1

(
max
j

cj
cj−1

)
,

for ‖θδ‖2 ≥ L, for L taken large enough.

Step 2: Accounting for the kernel Q̄ For consistency in the notation, we write

summations as integrals with respect to the counting measure. Using (A.23) and the

definition of Q̄, we have for all (δ, θ, k) ∈ X such that ‖θδ‖2 ≥ L for some appropriately

large L,

∫
∆

Q̄θ,k(δ, dδ
′)

∫
Tθ,δ′(k, dk

′)V (θ, δ′, k′) ≤
∫

∆

Q̄θ,k(δ, dδ
′)V (θ, δ′, k) + c0

=
∑

J: |J|=J

(
p

J

)−1 ∫
∆

Q
(J)
θ,k(δ, dδ

′)V (θ, δ′, k) + c0.

Given a selection J = {j1, . . . , jJ} ⊆ {1, . . . , p}, and ji ∈ J, we have

∫
∆

Q̃
(ji)
k,θ (δ, dδ′)V (θ, δ′, k) = V (θ, δ, k) + (qji − δji)

θ2
ji

tk
≤ V (θ, δ, k) + (1− δji)

θ2
ji

tk
,
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where qj is as given in (A.18). It follows that

∫
∆

Q
(J)
θ,k(δ, dδ

′)V (θ, δ′, k) ≤ V (θ, δ, k) +
1

tk

J∑
i=1

θ2
ji
1{δji=0}.

We conclude that for ‖θδ‖2 ≥ L,

∫
∆

Q̄θ,k(δ, dδ
′)

∫
Tθ,δ′(k, dk

′)V (θ, δ′, k′) ≤ V (θ, δ, k)

+
1

tk

∑
J: |J|=J

(
p

J

)−1
{

J∑
i=1

θ2
Ji

1{δJi
=0}

}
+ c0. (A.24)

Step 3: Drift condition for P We recall that under the kernel Pδ,k the components

{θ′j, j : δj = 0} are drawn independently from the Gaussian distribution N(0, ρ−1
0 ).

Therefore, for ‖θδ‖2 ≥ L, using (A.24), we have

∫
X
P ((θ, δ, k); (dθ′, dδ′, dk′))V (θ′, δ′, k′)

≤
∫
Rp
Pδ,k(θ, dθ

′)

V (θ′, δ, k) +
1

tk

∑
J: |J|=J

(
p

J

)−1
{

J∑
i=1

(θ′Ji)
21{δJi

=0}

}
+ c0


≤ 1 +

1

tk

∫
R‖δ‖0

Mk,δ(θδ, dv)‖v‖2
2 +

J

ρ0tk
+ c0, (A.25)

where Mk,δ is the kernel of the MALA with target distribution proportional to

u 7→ exp

(
− ρ1

2tk
‖u‖2

2 +
σn
tk

Rn((u, 0)δ; Z)

)
.

It remains to deal with the term
∫
R‖δ‖0 Mk,δ(θδ, dv)‖v‖2

2. For clarity sake let’s work is

a slightly more general setting. Suppose that we have a density on Rd, d ≥ 1, that is

proportional to e−m(u) for some function m of the form

m(u)
def
=
ρ

2
‖u‖2

2 + `(u),
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for some bounded function `. Let qη(u, ·) be the density of the proposal distribution

N
((

1− ρη2

2

)
u, η2Id

)
, and define R(u)

def
= {v ∈ Rd : α(u, v) < 1}, where

α(u, v) = min

(
1,
e−m(v)qη(v, u)

e−m(u)qη(u, v)

)
.

Let L denote the resulting transition kernel on Rp. We have∫
Rd
L(u, dv)‖v‖2

2 = ‖u‖2
2 +

∫
α(x, y)

(
‖v‖2

2 − ‖u‖2
2

)
qη(u, v)dv

= ‖u‖2
2 +

∫
R(u)

[
e−m(v)qη(v, u)

e−m(u)qη(u, v)
− 1

] (
‖v‖2

2 − ‖u‖2
2

)
qη(u, v)dv

+

∫
Rd

(
‖v‖2

2 − ‖u‖2
2

)
qη(u, v)dv.

We can write

‖v‖2
2 − ‖u‖2

2 = 2 〈u, v − u〉+ ‖v − u‖2
2.

Integrating both sides, we get

∫
Rd

(
‖v‖2

2 − ‖u‖2
2

)
qη(u, v)dv = −ρη2‖u‖2

2 +
ρ2η4

4
‖u‖2

2 + η2d ≤ −3

4
ρη2‖u‖2

2 + η2d,

(A.26)

by choosing η such that η2ρ ≤ 1/2. We also have

e−m(v)qη(v, u)

e−m(u)qη(u, v)

= exp

(
m(u)−m(v)− 1

2η2

∥∥∥∥u− v +
ρη2

2
v

∥∥∥∥2

+
1

2η2

∥∥∥∥v − u+
ρη2

2
u

∥∥∥∥2
)
.

If v ∈ R(u), we necessarily have e−m(v)qη(v,u)

e−m(u)qη(u,v)
< 1, which translates to:

m(v)−m(u) > − 1

2η2

∥∥∥∥u− v +
ρη2

2
v

∥∥∥∥2

+
1

2η2

∥∥∥∥v − u+
ρη2

2
u

∥∥∥∥2

.
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Noting that m(u) = (ρ/2)‖u‖2
2 + `(u), where ` is bounded by b0, we infer that for

v ∈ R(u),

ρ

2

(
‖u‖2

2 − ‖v‖2
2

)
≤ 2b0 +

1

2η2

∥∥∥∥u− v +
ρη2

2
v

∥∥∥∥2

− 1

2η2

∥∥∥∥v − u+
ρη2

2
u

∥∥∥∥2

= 2b0 +
ρ2η2

8

(
‖v‖2

2 − ‖u‖2
2

)
− ρ

2
〈v − u, v + u〉

= 2b0 +
ρ2η2

8

(
‖v‖2

2 − ‖u‖2
2

)
+
ρ

2

(
‖u‖2

2 − ‖v‖2
2

)
.

Hence, for v ∈ R(u),

‖u‖2
2 − ‖v‖2

2 ≤
16b0

ρ2η2
,

which we use to write

∫
R(u)

[
e−m(v)qη(v, u)

e−m(u)qη(u, v)
− 1

] (
‖v‖2

2 − ‖u‖2
2

)
qη(u, v)dv

=

∫
R(u)

[
1− e−m(v)qη(v, u)

e−m(u)qη(u, v)

] (
‖u‖2

2 − ‖v‖2
2

)
qη(u, v)dv ≤ 16b0

ρ2η2
. (A.27)

We combine (A.26)-(A.27) to conclude that∫
Rd
L(u, dv)‖v‖2

2 ≤ ‖u‖2
2 −

3

4
ρη2‖u‖2

2 + η2d+
16b0

ρ2η2
.

Hence we can find b1 (for instance b1 = 4ρ−1(d+16b0ρ
−2η−4)) such that for ‖u‖2

2 > b1,

it holds ∫
Rd
L(u, dv)‖v‖2

2 ≤
(

1− ρη2

2

)
‖u‖2

2.

This results applied to Mk,δ together with (A.25) implies that there exist λ ∈ (0, 1)

(for instance λ = ρη2

2tK
), and L <∞ such that

PV (δ, θ, k) ≤ λV (δ, θ, k), for all(δ, θ, k) /∈ C̄L.
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With similar (but simpler) calculations we check that

sup
(δ,θ,k)∈C̄L

PV (δ, θ, k) ≤ b,

for some finite constant b. This establishes the drift condition

PV (δ, θ, k) ≤ λV (δ, θ, k) + b1C̄L(δ, θ, k), for all (δ, θ, k) ∈ X .

Hence the result.



Appendix B

Supplemental Materials to Chapter 3

B.1 Additional details for the results of Section 3.4.1

Data generation: In both experiment, we generate D1 = {(xi,yi), 1 ≤ i ≤ n}

and D2 = {(Bxi,yi), 1 ≤ i ≤ n} as in (3.4), with n = 200, where f is the linear

model in (3.2), and where R is the elastic-net regularization R0 given in (3.19) with

dx = dy = 100, and λ1 = 1, λ2 = 1. The matrix A in (3.2) is generated with

i.i.d. standard normal entries, and v2 = 0.001. In the second experiment, the non-

singular matrix B is generated by computing the dot product of a full rank matrix

with entries sampled from N(0, 0.025). D2 = {(xi,yi), 1 ≤ i ≤ n} is obtained by

solving xi = B−1(Bxi).

Model details: In each experiment, we specify HW as a fully-connected FNN

of depth D1 = 2 with layer (p0, p1, p2) = (dx, 2dx, dx), and depth D2 = 4 with layer

(p0, p1, p2, p3, p4) = (dx, dx, 2dx, dx, dx), respectively. The step-size γ of GDN in each

experiment is taken as γ1 = 2v2

λmax(A′A)
and γ2 = 5v2

λmax(A′A)
, respectively, where λmax(A

′A)

is the largest eigenvalue of A′A. The unrolling depth is D′ = 1 (GDN1), D′ = 5

(GDN2), D′ = 10 (GDN3), and D′ = 20 (GDN4) (only for simulation 1). The total

number of model parameters is q = 700 and q = 20700, respectively.

Training details: In the first experiment, for the Bayesian prior we choose ρ0 =

n, ρ1 = 1, and u = 1. We choose σ = 0.001 in (3.14), and run the SA-SGLD with a

constant step-size 2 ∗ 10−6 for GDN. In the first experiment, for the Bayesian prior

we choose ρ0 = n, ρ1 = 1, and u = 1. We choose σ = 0.001 in (3.14), and run the

94
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SA-SGLD with a constant step-size 2 ∗ 10−6 for GDN. In the second experiment, we

use ρ0 = n, ρ1 = 1, and u = 800. We choose σ = 0.001 in (3.14), and we run the

SA-SGLD with a constant step-size 2 ∗ 10−14 for GDN. The mini-batch size is set to

100 in both cases. The initial value x(0) of GDN is set to 0. The MCMC samplers

are implemented on a Nvidia Tesla V100 GPU system with 384 GB GPU memory

running Pytorch. We run the sampler for 104 iterations.

B.2 Additional details for the results of Section 3.4.2

We generate 500 simulated data which are 16× 16 matrices partitioned into 4 blocks

with the upper left and lower right diagonal matrices with diagonal elements sampled

from N(20, 0.5) and N(−10, 0.1), the upper right a matrix with entries sampled from

N(10, 0.1), and the lower left a matrix with entries sampled from N(−10, 5).

The 3-layer network consists of 3 convolutional layers with respective sizes 3, 3, 1,

respective number of filters 32, 64, 1. The 6-layer network consists of 2 convolutional

layers, 1 channel-wise fully connected layer, 3 deconvolutional layers with respective

sizes 5, 3, 2, 4, 5, 3, respective number of filters 32, 64, 64, 64, 32, 1. Each layer except

the last layer in both network is followed by a LayerNorm layer and a ReLu layer. The

layers are padded to keep the image size constant.

For the Bayesian prior, we use ρ0 = n, ρ1 = 1, and u = 8000. We choose σ2 = 0.01

in (3.14), and run the SA-SAGLD with a constant step-size 2 × 10−8 for both FNN

and GDN. The mini-batch size is set to 50 in both cases. The MCMC sampler are

implemented on a Nvidia Tesla V100 GPU system with 384 GB GPU memory running

Pytorch. We run both samplers for 104 iterations.

For the comparison, we generate 1000 test samples and evaluate the prediction

errors of FNN and GDN by computing for each test sample, the squared 2-norm

between the prediction and the true value x, averaged by the dimension dx.
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B.3 Additional details for the results of Section 3.4.3

We generate the corresponding observed measurements yi through the linear forward

model (3.2), where A is a Gaussian blurring convolution matrix with variance 6.25,

and where v2 = 0.01 leading to a highly ill-conditioned inverse problem. We fit the

nonparametric regression model (3.7) with a GDN where HW in (3.10) is taken as

3-layer relu-convolutional neural network. We use the same architecture as in Section

3.4.2, except for the convolution kernel size that we take as 4, 4, 2, and the number

of filters that we take here as 256, 256, 1. The depth of the GDN is either D′ = 4

(GDN1), or D′ = 12 (GDN2). The total number of parameters in both cases is

q = 267, 777. We compare this model with a feedforward architecture that doe not

make use of the forward model, and has 3 convolutional layers (with size 4, 4, 2, filter

number 256, 256, 32, and strides 1, 2, 1) followed by 4 corresponding deconvolutional

layers (with kernel size 2, 4, 4, 2, filter number 32, 256, 256, 1, and strides 1, 2, 1, 1).

The total number of parameter of the FNN is q = 2, 271, 297. The rest of the

implementation is the same as above (see Appendix B.3), except for the step-size,

taken here as γ = 10−9 for FNN and GDN2, γ = 10−8 for GDN1, and the mini-batch

size taken as B = 164.

We run the algorithms for 80, 0000 iterations using a Nvidia Tesla V100 GPU

system with 384 GB GPU memory running Matlab 2022a.
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B.4 Proofs

B.4.1 Proof of Theorem 10

Proof. We follow the same general steps outlined above in Lemma 12. We recall that

the dataset is D def
= (x1,y1), . . . , (xn,yn). For W ∈ W , we define

fW (D)
def
= exp

(
− 1

2σ2

n∑
i=1

‖xi − gW (yi)‖2
2

)
,

and f?(D)
def
= exp

(
− 1

2σ2

n∑
i=1

‖xi − g(yi)‖2
2

)
.

We recall that Θ = W×S. For any measurable set A ⊂ Θ, we can write the posterior

probability Π(A|D) as

Π(A|D) =

∫
A

fΛ�W (D)

f?(D)
Π0(dΛ, dW )∫

Θ

fΛ�W (D)

f?(D)
Π0(dΛ, dW )

. (B.1)

We will repeatedly use the following observation. For W ∈ W, we have

log

(
fW (D)

f?(D)

)
=

1

2σ2

n∑
i=1

(
‖xi − g(yi)‖2

2 − ‖xi − gW (yi)‖2
2

)
= − n

2σ2
‖gW − g‖2

n −
1

σ2

n∑
i=1

〈xi − g(yi), g(yi)− gW (yi)〉 . (B.2)

Given s0 ≥ 1, β0 ≥ 0, we set

Θ(s0, β0)
def
= {(Λ,W ) ∈ Θ : ‖Λ‖0 ≤ s0, and ‖Λ�W‖∞ ≤ β0} ,

and

W(s0, β0)
def
= {W ∈ W : ‖W‖0 ≤ s0, ‖W‖∞ ≤ β0} .

We set

s
def
=

1

u
+

(
1 +

5

u
+

log(nL?)

u log(q)

)
s? +

4n$2
?

σ2u log(q)
, and r

def
= σ̄

√
s log(qLs)

n
,
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and

ᾱ
def
= us− 1,

where L?
def
= L(2s

1/2
? β?), Ls

def
= L(2s1/2bs), and bs

def
= ρ−1

1 (1+u)(s+1) log(q), and where

L is as in Assumption 7. Fix M ≥ 2. For j ≥ 1 we also set

Wj(s0, β0)
def
= {W ∈ W(s0, β0) : j(M r) < ‖gW − g‖n ≤ (j + 1)Mr}.

We shall apply the same idea as in Lemma 12. Specifically, let

B
def
= {(Λ,W ) ∈ Θ : ‖gΛ�W − g‖n ≤M r} ,

and consider the E

E =

{
D :

∫
Θ

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) >

1

4qᾱ
,

∫
A(s)

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) ≤ 1

qus

and sup
W∈Wj(s,bs)

[log fW (D)− log f?(D)] ≤ −n(jM r)2

8σ2
, for all j ≥ 1

}
,

where A(s) denotes the complement of Θ(s, bs). We note if (Λ,W ) ∈ Bc ∩ Θ(s, bs),

then Λ�W ∈ ∪j≥1Wj(s, bs). Let Π̌0 be the distribution of Λ�W , when (Λ,W ) ∼ Π0.

Starting from (B.1), and following the same argument leading to (3.23), for D ∈ E ,

we have

Π(Bc|D) ≤ 4qᾱ
∫
Bc

fΛ�W (D)

f?(D)
Π0(dΛ, dW )

≤ 4qᾱ
(∫
A(s)

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) +

∫
Bc∩Θ(s,bs)

fΛ�W (D)

f?(D)
Π0(dΛ, dW )

)
≤ 4eᾱ log(q)

(
1

qus
+

∫
Bc∩Θ(s,bs)

fΛ�W (D)

f?(D)
Π0(dΛ, dW )

)
≤ 4eᾱ log(q)

(
1

qus
+
∑
j≥1

∫
Wj(s,bs)

fW (D)

f?(D)
Π̌0(dW )

)

≤ 4eᾱ log(q)

(
e−us log(q) +

∑
j≥1

e−
n(jMr)2

8σ2

)

≤ 4eᾱ log(q)

(
e−us log(q) + 2e−

n(Mr)2

8σ2

)
.
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By the definition of s and r above, we have us = ᾱ + 1, and

n(M r)2 ≥ M2σ̄2s log(q) = M2σ̄2

(
1 + ᾱ

u

)
log(q) ≥ 8σ2(1 + ᾱ) log(q),

by taking M2 ≥ 8u(σ2/σ̄2). Hence for D ∈ E ,

Π(Bc|D) ≤ 12

q
.

This implies that with probability at least P(D ∈ E), we have

Π(Bc|D) ≤ 12

q
.

We show in Lemma 29 below that

P
[∫

Θ

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) ≤ 1

4qᾱ
| y1:n

]
≤ 4

qs?
,

and we show in Lemma 28 below that

P
[∫
A

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) >

1

qus
| y1:n

]
≤ 3

qu
.

It follows that

P(D /∈ E | y1:n) ≤ 4

qs?
+

3

qu

+ P

[⋃
j≥1

{
sup

W∈Wj(s,bs)

[log fW (D)− log f?(D)] > −n(jM r)2

8σ2

}
| y1:n

]
.

By Lemma 30 applied with W0 = W(s, bs), the rightmost term in the last display is

bounded from above by e−c0n+4e−n(Mr)2/(c0σ̄
2), for some absolute constant c0 provided

that the term r defined above satisfies

288√
n

∫ x

x2

32ς̄

√
logN (ε,W(x)(s, bs), ‖ · ‖n)dε ≤ x2

σ̄
, for all x ≥ r, (B.3)

where for s0 ≥ 1, x ≥ 0, β0 ≥ 0 we define

W(x)(s0, β0)
def
= {W ∈ W(s0, β0), ‖gW − g‖n ≤ x},
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and given ε > 0, and A ⊂ W , N (ε, A, ‖ · ‖n) denotes the cardinality of a smallest

ε-cover of A in the pseudo-metric ‖ · ‖n defined as ‖W −W ′‖n
def
= ‖gW − gW ′‖n. We

therefore reach the conclusion that with probability at least 1− e−c0n − c1/q,

Π(Bc|D) ≤ 12

q
.

for some absolute constants c0, c1. It remains to check (B.3). First we use the majo-

ration ∫ x

x2

32ς̄

√
logN (ε,W(x)(s, bs), ‖ · ‖n)dε ≤ x

√
logN

(
x2

32ς̄
,W(s, bs), ‖ · ‖n

)
.

We recall that our notation ‖W‖2 denotes the Euclidean norm of the vectorized

parameter W . For W ∈ W(s, bs), ‖W‖2 ≤ s1/2bs. Hence, assumption Assumption 6,

and the definition of Ls = L(s1/2bs) implies that for all W,W ′ ∈ W(s, bs), we have

‖W −W ′‖n = ‖gW − gW ′‖n ≤ Ls‖W −W ′‖2.

Therefore, we can use the metric entropy of the s-sparse ball of Rq with radius

s1/2bs/Ls with respect to the Euclidean norm to get

N (ε,W(s, bs), ‖ · ‖n) ≤ qs
(

1 +
2s1/2bsLs

ε

)s
.

Hence

288√
n

∫ x

x2

32ς̄

√
logN (ε,W(x)(s, bs), ‖ · ‖n)dε ≤ 288x

√√√√s log(q)

n
+
s log

(
1 + 64ς̄s1/2bsLs

x2

)
n

.

We can insist to search for x ≥
√

128ς̄/q, and conclude that the right hand side of

the last display is always upper bounded by

288x

√√√√s log(q)

n
+
s log

(
1 + qs1/2bsLs

2

)
n

≤ c0x

√
s log(qLs)

n
,

for some absolute constant c0. The right hand side of the last display is upper bounded
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by x2

σ̄
for all

x ≥ c0σ̄

√
s log(qLs)

n
,

hence the theorem, after moving the constant c0 into M .

Lemma 28. Assume Assumption 4, and suppose that σ2 ≥ maxi σ
2
i . For all integers

s ≥ 1, with bs
def
= ρ−1

1 (1 + u)(s+ 1) log(q), we have

P
[∫
A(s)

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) >

1

qus
| y1:n

]
≤ 3

qu
,

where A(s) denotes the complement of the set Θ(s, bs) where

Θ(s, b)
def
= {(Λ,W ) ∈ Θ : ‖Λ‖0 ≤ s, and ‖Λ�W‖∞ ≤ b} .

Proof. We first write

Π0(A(s)) = Π0(‖Λ‖0 > s) +
∑

Λ: ‖Λ‖0≤s

Π0(Λ)× Π0(‖Λ�W‖∞ > bs|Λ).

If (Λ,W ) ∼ Π0, then Λ is an ensemble of iid random variables drawn from the

Bernoulli distribution with success probability (1 + qu+1)−1. Hence

Π0(‖Λ‖0 > s) ≤
∑
k>s

(
q

k

)(
1

1 + qu+1

)k (
qu+1

1 + qu+1

)q−k
≤
∑
k>s

(
q

k

)(
1

qu+1

)k
≤ 2

(
1

qu

)s+1

,

where we use
(
q
k

)
≤ qk, and qu ≥ 2. Given Λk = 1, |Wk| ∼ Exp(ρ1). Therefore,

P(|Wk| > t) ≤ e−ρ1t for all t ≥ 0. Hence by union bound, for ‖Λ‖0 ≤ s, we obtain

Π0 (‖Λ�W‖∞ > bs | Λ) ≤ e−ρ1bs+log(s) ≤ 1

qu(1+s)
.

We conclude that

Π0(A(s)) ≤ 3

qu(1+s)
. (B.4)
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By Markov’s inequality, and Fubini’s theorem, we have

P
[∫
A(s)

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) >

1

qus
| y1:n

]
≤ qus

∫
A(s)

E
[
fΛ�W (D)

f?(D)
| y1:n

]
Π0(dΛ, dW ),

and from (B.2) we have

E
[
fΛ�W (D)

f?(D)
| y1:n

]
= e−

n
2σ2 ‖gΛ�W−g‖2nE

[
e−

1
σ2

∑n
i=1〈ξi,g(yi)−gΛ�W (yi)〉 | y1:n

]
.

We have assumed in Assumption 4 that E(ξi|yi) = 0, and ‖ξi|yi‖ψ2 ≤ σi. Therefore,

E
[
e−

1
σ2

∑n
i=1〈ξi,g(yi)−gΛ�W (yi)〉 | y1:n

]
≤ e

1
σ2

∑n
i=1

σ2
i d

2
i

2σ2 ,

where di is a short for ‖g(yi)− gΛ�W (yi)‖2. We conclude that

E
[
fΛ�W (D)

f?(D)
| y1:n

]
≤ exp

(
− 1

2σ2

n∑
i=1

[(
1− σ2

i

σ2

)
d2
i

])
.

And we easily check that for σ2 ≥ σ̄2, the right hand size of the last display is bounded

from above by 1. We conclude that

P
[∫
A(s)

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) >

1

qus
| y1:n

]
≤ qusΠ0(A) ≤ 3

qu
.

The next result lower bounds the normalizing constant of Π(·|D).

Lemma 29. Under the assumption of Theorem 10 it holds,

P
[∫

Θ

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) ≤ 1

4qᾱ
| y1:n

]
≤ 4

qs?
,

where

ᾱ
def
=

(
u + 5 +

log(nL?)

log(q)

)
s? +

4n$2
?

σ2 log(q)
.

Proof. By the assumption of Theorem 10, we can find W? such that ‖W?‖0 ≤ s?,
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‖W?‖∞ ≤ β?, and ‖gW? − g‖n ≤ $?. Let Λ? denote the sparsity structure of W?. We

set

η
def
= 1 ∧ σ

L?

√
log(q)

n
,

and

N (η)
def
= {W ∈ W : ‖W � Λ? −W?‖∞ ≤ η} .

By definition we have η ≤ 1 ≤ β?. We then have ‖W?‖2 ≤ s
1/2
? β?. Similarly, for

W ∈ N (η),

‖W � Λ?‖2 ≤ ‖W?‖2 + ‖W? −W � Λ?‖2 ≤ s1/2
? β? + s1/2

? η ≤ 2s1/2
? β?.

Therefore, by Assumption 6, and with L? = L(2s
1/2
? β?), for all W ∈ N (η), we have

max
1≤i≤n

‖gΛ?�W (yi)− gW?(yi)‖2 ≤ L?‖Λ? �W −W?‖2 ≤ L?
√
s?η ≤ σ

√
s? log(q)

n
.

Hence

max
1≤i≤n

sup
W∈N (η)

‖gΛ?�W (yi)− gW?(yi)‖2 ≤ σ

√
s? log(q)

n
. (B.5)

Switching the sign and taking the conditional expectation in (B.2) using E(xi|yi) =

g(yi), yields

E
[
log

(
f?(D)

fΛ?�W (D)

)
| y1:n

]
=

1

2σ2

n∑
i=1

‖gΛ?�W (yi)− g(yi)‖2,

and we conclude using (B.5) and the definition of $? and W? in Theorem 10 that

sup
W∈N (η)

E
[
log

(
f?(D)

fΛ?�W (D)

)
| y1:n

]
≤ n$2

?

σ2
+

1

σ2

n∑
i=1

sup
W∈N (η)

‖gΛ?�W (yi)− gW?(yi)‖2

≤ n$2
?

σ2
+ s? log(q).
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Going back to (B.2), we have

log

(
f?(D)

fΛ?�W (D)

)
− E

[
log

(
f?(D)

fΛ?�W (D)

)
| y1:n

]
=

1

σ2

n∑
i=1

〈ξi, g(yi)− gΛ?�W (yi)〉 .

(B.6)

We use the notation ‖Z‖ψ2 to denote the sub-Gaussian norm of the conditional law

of the random variable Z given y1:n. By conditional independence of the error terms

ξi, for all W ∈ N (η), we have

∥∥∥∥log

(
f?(D)

fΛ?�W (D)

)
− E

[
log

(
f?(D)

fΛ?�W (D)

)
| y1:n

]∥∥∥∥2

ψ2

≤ 1

σ4

n∑
i=1

‖〈ξi, g(yi)− gΛ?�W (yi)〉‖2
ψ2

=
1

σ4

n∑
i=1

σ2
i ‖g(yi)− gΛ?�W (yi)‖2

2 ≤
2n$2

?

σ2
+ 2s? log(q).

In the sequel, we set

a
def
= 2

(
n$2

?

σ2
+ s? log(q)

)
.

Then by Hoeffding’s inequality (see e.g. Theorem 2.2.2 of Vershynin (2018)), for all

W ∈ N (η), we have

P
[∣∣∣∣log

(
f?(D)

fΛ?�W (D)

)
− E

[
log

(
f?(D)

fΛ?�W (D)

)
| y1:n

]∣∣∣∣ > a | y1:n

]
≤ 2e−a/2 ≤ 2

qs?
.

We can rewrite this statement in the following equivalent form. For W ∈ W , define

EW
def
=

{
D :

∣∣∣∣log

(
f?(D)

fW (D)

)
− E

[
log

(
f?(D)

fW (D)

)
| y1:n

]∣∣∣∣ ≤ a

}
.

We have

sup
W∈N (η)

P (D /∈ EΛ?�W | y1:n) ≤ 2

qs?
. (B.7)
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Using these observations, we have

∫
Θ

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) ≥

∫
Λ?×N (η)

e
−E
[
log

(
f?(D)

fΛ�W (D)

)
| y1:n

]

× exp

(
−
[
log

(
f?(D)

fΛ�W (D)

)
− E

[
log

(
f?(D)

fΛ�W (D)

)
| y1:n

]])
1EΛ�W (D)Π0(dΛ, dW )

≥ e−2a

∫
Λ?×N (η)

1EΛ�W (D)Π0(dΛ, dW )

= e−2a

(
Π0(Λ? ×N (η))−

∫
Λ?×N (η)

1EcΛ�W (D)Π0(dΛ, dW )

)
.

Therefore, by Chebyshev’s inequality,

P
[∫

Θ

fΛ�W (D)

f?(D)
Π0(dΛ, dW ) ≤ e−2aΠ0(Λ? ×N (η))/2 | y1:n

]
≤ P

[∫
Λ?×N (η)

1EcΛ�W (D)Π0(dΛ, dW ) ≥ 1

2
Π0(Λ? ×N (η)) | y1:n

]
≤ 2

Π0(Λ? ×N (η))

∫
Λ?×N (η)

P (D /∈ EΛ?�W | y1:n) Π0(dΛ, dW )

≤ 2 sup
W∈N (η)

P? (D /∈ EΛ?�W | y1:n) ≤ 4

qs?
,

using (B.7). To conclude the proof we need to lower bound Π0(Λ? × N (η)). Since

log(1− x) ≥ −2x for all 0 ≤ x ≤ 1/2, for qu ≥ 2/ log(2), we have

Π0(Λ?) =

(
1

1 + qu+1

)‖Λ?‖0 (
1− 1

1 + qu+1

)q−‖Λ?‖0
=

(
1

qu+1

)‖Λ?‖0
exp

(
q log

(
1− 1

1 + qu+1

))
≥
(

1

qu+1

)‖Λ?‖0
exp

(
− 2q

1 + qu+1

)
≥ 1

2

(
1

qu+1

)‖Λ?‖0
≥ 1

2

(
1

qu+1

)s?
.

If U ∼ Laplace(ρ1), then P (|U − a| ≤ t) ≥ P (|a| ≤ U ≤ |a| + t) for all t ≥ 0. We

use this inequality to deduce that

Π0(N (η) | Λ?) ≥
(∫ β?+η

β?

ρ1

2
e−ρ1tdt

)‖Λ?‖0
≥
(
e−ρ1β?

2

(
1− e−ρ1η

))s?
≥
(

ρ1η

4 exp(1)

)s?
.
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The last inequality in the last display uses the assumption that ρ1β? ≤ 1, ρ1η ≤ ρ1 ≤
log(2), and the observation that for all 0 ≤ x ≤ log(2), 1− e−x ≥ x/2. We conclude

that

e−2aΠ0(Λ? ×N (η))

≥ 1

2
exp

(
−4n$2

?

σ2
− 4s? log(q)− (u + 1)s? log(q)− s? log

(
4e1

ρ1η

))
,

≥ 1

2
exp

(
−4n$2

?

σ2
− (u + 5)s? log(q)− s? log(nL?)

)
,

where we use the assumption that 12/ρ1 ≤
√
nmin(σ,

√
n), which yields 4e1/(ρ1η) ≤

nL?. Hence the result.

Lemma 30. Assume Assumption 4. Let W0 be some subset of W. Suppose that we

can find r > 0 such that for all x ≥ r, it holds

288√
n

∫ x

x2

16ς̄

√
logN (ε,W(x), ‖ · ‖n)dε ≤ x2

σ̄
, (B.8)

where W(x) def
= {W ∈ W0, ‖gW − g‖n ≤ x}. Then there exists an absolute constant c0

such that for all M ≥ 1, such that n(M r)2 ≥ c0σ̄
2, it holds

P

[⋃
j≥1

{
sup

W∈W̃(j)

log

(
fW (D)

f?(D)

)
> −n(jM r)2

8σ2

}
| y1:n

]
≤ e−c0n + 4e

−nM
2r2

c0σ̄
2 ,

where W̃(j) def
= {W ∈ W0 : jM r < ‖gW − g‖n ≤ (j + 1)Mr}.

Proof. We proceed as in Lemma 3.2 of Geer et al. (2000). Throughout the proof, all

expectations and probability are conditional given y1:n. However to ease notation we

omit the conditioning. Let M and r as in the statement, and for each integer j, we

set rj = Mrj. We recall the definition of the error terms ξi
def
= xi−g(yi), and we define

Zn(gW )
def
=

1

nσ2

n∑
i=1

〈ξi, g(yi)− gW (yi)〉 , W ∈ W .

Using (B.2) we can re-express the log-likelihood ratio as

log

(
fW (D)

f?(D)

)
= − n

2σ2
‖gW − g‖2

n − nZn(gW ). (B.9)
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Let ςi denote the sub-Gaussian norm of ‖ξi‖2,

ς̄
def
= max

1≤i≤n
ςi.

The sub-Gaussian assumption on ξi implies that ςi < ∞ (see e.g. Theorem 6.3.2

of Vershynin (2018)), and that ‖ξi‖2
2 is sub-exponential, with sub-exponential norm

ς2
i . We note also that E(‖ξi‖2

2) ≤ 2ς2
i . Therefore, by Bernstein inequality (see e.g.

Theorem 2.8.1 of Vershynin (2018)),

P

(
1

n

n∑
i=1

‖ξi‖2
2 > 3ς̄2

)
≤ P

(
n∑
i=1

‖ξi‖2
2 − E(‖ξi‖2

2) > nς̄2

)
≤ e−c0n,

for some absolute constant c0. To make use of this bound, we define

F0
def
=

{
D :

n∑
i=1

‖ξi‖2
2 ≤ 3nς̄2

}
.

Therefore,

P

[⋃
j≥1

{
sup

W∈W̃(j)

log

(
fW (D)

f?(D)

)
> −

nr2
j

8σ2

}]
≤ e−c0n +

∑
j≥1

P [Fj] ,

where

Fj
def
= F0

⋂{
sup

W∈W̃(j)

log

(
fW (D)

f?(D)

)
> −

nr2
j

8σ2

}
.

For each j ≥ 1, we set

W(j) def
= {W ∈ W0 : ‖gW − g‖n ≤ rj+1},

and each ι = 1, . . ., let C(ι)
j

def
= {g(ι)

j,1, . . . , g
(ι)
j,Nj,ι
} be a (rj+12−ι)-covering of W(j). For

ι = 0, we set C(0)
j = {g}. The definition implies that for any W ∈ W(j), we can find

g
(ι)
j,W ∈ C

(ι)
j such that ‖gW − g(ι)

j,W‖n ≤ rj+12−ι. Let `j ≥ 0, be the smallest integer such

that
rj+1

2`j
≤

r2
j

16ς̄
.

We consider separately the cases `j = 0 and `j > 0.
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Suppose `j = 0. In that case for any W ∈ W(j), ‖gW − g‖n ≤ rj+1 ≤ r2
j /(16ς̄).

Therefore, on the event F0, we have

sup
W∈Wj

|Zn(gW )| ≤ 1

nσ2

n∑
i=1

‖ξi‖2‖gW (yi)− g(yi)‖2 ≤
√

3ς̄2

σ2
‖gW − g‖n

≤
√

3ς̄2

σ2

r2
j

16ς̄
≤

r2
j

8σ2
.

Taking this conclusion to (B.9) implies that on F0,

sup
W∈W̃(j)

log

(
fW (D)

f?(D)

)
≤ −

nr2
j

2σ2
+ n sup

W∈Wj

|Zn(gW )| ≤ −
nr2

j

4σ2
.

Hence, when `j = 0, P(Fj) = 0.

Suppose `j > 0. Similarly, on the event F0, we have

∣∣∣Zn(gW )− Zn(g
(`j)
j,W )

∣∣∣ ≤ 1

nσ2

n∑
i=1

‖ξi‖2‖g
(`j)
j,W (yi)− gW (yi)‖2

≤
√

3ς̄2

σ2
‖g(`j)

j,W − gW‖n ≤
√

3ς̄2

σ2

rj+1

2`j
≤
√

3ς̄2

σ2

r2
j

16ς̄
≤

r2
j

8σ2
.

This implies that on F0,

sup
W∈W̃(j)

log

(
fW (D)

f?(D)

)
≤ −

nr2
j

2σ2
+n sup

W∈W(j)

∣∣∣Zn(gW )− Zn(g
(`j)
j,W )

∣∣∣+n sup
W∈W(j)

∣∣∣Zn(g
(`j)
j,W )

∣∣∣
≤ −

3nr2
j

8σ2
+ n sup

W∈W(j)

∣∣∣Zn(g
(`j)
j,W )

∣∣∣ .
Hence

P(Fj) ≤ P
[

sup
W∈W(j)

∣∣∣Zn(g
(`j)
j,W )

∣∣∣ > r2
j

4σ2

]
.
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To bound this latter term we introduce

δj
def
=

∫ rj+1

r2
j+1
64ς̄

√
logN (ε,W(j), ‖ · ‖n)dε,

and ηj,ι
def
= max

(
1

6

ι1/2

2ι
,

√
logNj,ι

4δj

rj+1

2ι

)
, ι = 1, . . . , `j.

and we write g
(`j)
j,W as a telescoping sum

g
(`j)
j,W − g =

`j∑
ι=1

g
(ι)
j,W − g

(ι−1)
j,W ,

so that

sup
W∈W(j)

∣∣∣Zn(g
(`j)
j,W )

∣∣∣ ≤ `j∑
ι=1

sup
W∈W(j)

∣∣∣∣∣ 1

nσ2

n∑
i=1

〈
ξi, g

(ι−1)
j,W (yi)− g(ι)

j,W (yi)
〉∣∣∣∣∣ .

We show below that the sequence {ηj,ι, ι = 1, . . . , `j} introduced above satisfies

`j∑
ι=1

ηj,ι ≤ 1. (B.10)

Due to (B.10), we can use the sequence {ηj,ι, ι = 1, . . . , `j} to say that

P
[

sup
W∈W(j)

∣∣∣Zn(g
(`j)
j,W )

∣∣∣ > r2
j

4σ2

]

≤
`j∑
ι=1

P

[
sup

W∈W(j)

∣∣∣∣∣ 1

nσ2

n∑
i=1

〈
ξi, g

(ι−1)
j,W (yi)− g(ι)

j,W (yi)
〉∣∣∣∣∣ > ηj,ιr

2
j

4σ2

]
.

The supremum on the right-hand side of the last display is in fact a max over a finite

set of cardinality at most Nj,ι−1 ×Nj,ι ≤ N2
j,ι, and for W ∈ W(j),

1

n2σ4

n∑
i=1

σ2
i ‖g

(ι−1)
j,W (yi)− g(ι)

j,W (yi)‖2
2

≤ 2 maxi σ
2
i

n2σ4

(
n‖gW − g(ι)

j,W‖
2
n + n‖gW − g(ι−1)

j,W ‖
2
n

)
≤ 10

n
max
i

(
σ2
i

σ4

)
r2
j+1

22ι
.
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Therefore by Hoefdding’s inequality,

P
[

sup
W∈W(j)

∣∣∣Zn(g
(`j)
j,W )

∣∣∣ > r2
j

4σ2

]
≤

`j∑
ι=1

exp

(
2 logNj,ι −

n22ιη2
j,ιr

4
j

(20× 16)σ̄2r2
j+1

)
.

By construction,
22ιη2

j,ι

r2
j+1

≥ logNjι

16δ2
j

,

which gives

n22ιη2
j,ιr

4
j

(20× 16)σ̄2r2
j+1

≥
nr4

j

(20× 322)σ̄2δ2
j

× (4 logNjι) ≥ 4 logNjι,

using (B.8). Therefore

2 logNj,ι −
n22ιη2

j,ιr
4
j

(20× 16)σ̄2r2
j+1

≤ −
n22ιη2

j,ιr
4
j

(20× 32)σ̄2r2
j+1

≤ −
nr2

j ι

(80× 36× 32)σ̄2
,

where the last inequality uses the fact that 22ιη2
j,ι ≥ ι/36. It follows that

P
[

sup
W∈W(j)

∣∣∣Zn(g
(`j)
j,W )

∣∣∣ > r2
j

4σ2

]
≤

`j∑
ι=1

exp

(
−
nr2

j ι

c0σ̄2

)
≤ 2 exp

(
−
nr2

j

c0σ̄2

)
,

since nr2
j ≥ c0σ̄

2 log(2), for some constant c0 that can be taken as c0 = 80× 36× 32.

In conclusion,

P

[⋃
j≥1

{
sup

W∈W̃(j)

log

(
fW (D)

f?(D)

)
> −

nr2
j

8σ2

}]

≤ e−c0n + 2
∑
j≥1

exp

(
−
nr2

j

c0σ̄2

)
≤ e−c0n + 4 exp

(
−nM r2

c0σ̄2

)
.

To check (B.10), we note

`j∑
ι=1

ηj,ι ≤
1

6

`j∑
ι=1

ι1/2

2ι
+

1

4δj

`j∑
ι=1

rj+1

2ι

√
logNj,ι.

The function h(x) = x1/22−x = xα−1e−βx, with α = 3/2, β = log(2) is decreasing for
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x ≥ 1. Hence

∑
ι≥1

ι1/2

2ι
=

1

2
+
∑
ι≥2

h(ι) ≤ 1

2
+
∑
k≥2

∫ k

k−1

h(x)dx ≤ 1

2
+

∫ ∞
1

xα−1eβxdx ≤ 3.

Whereas,

`j∑
ι=1

rj+1

2ι

√
logNj,ι =

`j∑
ι=1

2

∫ rj+1
2ι

rj+1

2ι+1

√
logN

( rj+1

2ι
,W(j), ‖ · ‖n

)
dε

≤ 2

∫ rj+1
2

rj+1

2
`j+1

√
logN (ε,W(j), ‖ · ‖n)dε

≤ 2

∫ rj+1

r2
j+1
64ς̄

√
logN (ε,W(j), ‖ · ‖n)dε = 2δj.

B.4.2 Proof of Theorem 8

We apply Theorem 10. The argument has two main steps. First, we show that the

function g can be well approximated by elements of the function class {gW , W ∈

W} constructed in (3.11), and secondly we show that the functions gW are locally

Lipschitz. Both steps rely on a well-known telescoping argument that we outline first

(see e.g. Proposition 6 of Taheri et al. (2021)). Given two functions f = fK ◦ · · · ◦ f1,

and g = gK ◦ · · · ◦ g1, we write f − g as a telescoping sum

f(x)−g(x) =
K∑
j=1

fK ◦· · ·◦fj (gj−1 ◦ · · · ◦ g1(x))−fK ◦· · ·◦fj+1◦gj (gj−1 ◦ · · · ◦ g1(x)) ,

(B.11)

with the convention that for j = 1, gj−1 ◦ · · · ◦ g1 is the identity map, and for j = K,

fK ◦ · · · ◦ fj+1 is the identity map. A bound on ‖f(x) − g(x)‖ can then be derived

using the Lipschitz and boundedness properties of the functions fj, gj.

Specifically, define H
(0)
W (x)

def
= x, and define H

(`)
W (x)

def
= Ψ

(`)
W`

(H
(`−1)
W (x)) for 1 ≤
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` ≤ D, so that HW (x) = H
(D)
W (x). We recall that

Ψ
(`)
M (x) = a`(Mx),

where the activation functions a` : Rp` → Rp` are Lipschitz with constant 1. Then

for 1 ≤ ` ≤ D, and all W,W ′ ∈ W , x1,x2 ∈ Rdx , by the Lipschitz property of the

activation functions a`, we have

‖H(`)
W (x1)−H(`)

W (x2)‖2 ≤ ‖W`H
(`−1)
W (x1)−W`H

(`−1)
W (x2)‖2

≤ ‖W`‖op‖H(`−1)
W (x1)−H(`−1)

W (x2)‖2,

where ‖ · ‖op denotes the operator norm. Iterating this yields,

‖H(`)
W (x1)−H(`)

W (x2)‖2 ≤
∏̀
j=1

‖Wj‖op‖x1 − x2‖2. (B.12)

Similarly, for any 1 ≤ ` ≤ D, (B.11) gives

H
(`)
W (x)−H(`)

W ′(x) =
∑̀
j=1

Ψ
(`)
W`
◦ · · · ◦Ψ

(j+1)
Wj+1

◦Ψ
(j)
Wj
◦
(

Ψ
(j−1)

W ′j−1
◦ · · · ◦Ψ

(1)

W ′1
(x)
)

−Ψ
(`)
W`
◦ · · · ◦Ψ

(j+1)
Wj+1

◦Ψ
(j)

W ′j

(
Ψ

(j−1)

W ′j−1
◦ · · · ◦Ψ

(1)

W ′1
(x)
)
.

Therefore,

∥∥∥H(`)
W (x)−H(`)

W ′(x)
∥∥∥

2

≤
∑̀
j=1

∏̀
k=j+1

‖Wk‖op

∥∥∥Ψ
(j)
Wj

(
Ψ

(j−1)

W ′j−1
◦ · · · ◦Ψ

(1)

W ′1
(x)
)
−Ψ

(j)

W ′j

(
Ψ

(j−1)

W ′j−1
◦ · · · ◦Ψ

(1)

W ′1
(x)
)∥∥∥

2

≤
∑̀
j=1

∏̀
k=j+1

‖Wk‖op‖Wj −W ′
j‖op

∥∥∥Ψ
(j−1)

W ′j−1
◦ · · · ◦Ψ

(1)

W ′1
(x)
∥∥∥

2
.
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Since Ψ
(j)
M (0) = 0, we have the bound

∥∥∥Ψ
(j−1)

W ′j−1
◦ · · · ◦Ψ

(1)

W ′1
(x)
∥∥∥

2
≤ ‖x‖2

j−1∏
k=1

‖W ′
j‖op.

In conclusion, for all 1 ≤ ` ≤ D, W,W ′ ∈ W , and for all x ∈ Rdx , we have

‖H(`)
W (x)−H(`)

W ′(x)‖2 ≤ ‖x‖2

∑̀
j=1

‖Wj −W ′
j‖op

j−1∏
k=1

‖W ′
k‖op

∏̀
k=j+1

‖Wk‖op. (B.13)

For x ∈ Rdx , y ∈ Y, we define

Fy(x)
def
= ProxγR (x− γ∇xf(y|x)) , and Fy,W (x)

def
= HW (x− γ∇xf(y|x)) .

We use the notation hk to denote the function h composed k times with the convention

that h0 is the identity map. Hence gW (y) = FD′
y,W (x(0)). Assumption 5 implies that

Fy is non-expansive.

Lemma 31. Assume H5. Let 0 ≤ ε ≤ R, and W ∈ W be such that

sup
‖x‖2≤R

∥∥ProxγR(x)−HW (x)
∥∥

2
≤ ε.

Then with gW as in (3.11) it holds,

max
1≤i≤n

‖gW (yi)− g(yi)‖2 ≤ R0ρ
D′

n +D′ sup
x∈Rdx , ‖x‖2≤R

′′
0

‖HW (x)− ProxγR(x)‖2,

for some constant R
′′
0 .

Proof. For any y ∈ Y, we can write

g(y)− gW (y) = g(y)− FD′

y,W (x(0)) = g(y)− FD′

y (x(0)) + FD′

y (x(0))− FD′

y,W (x(0)).

By Assumption 5, we have ∥∥∥g(yi)− FD′

yi
(x(0))

∥∥∥
2
≤ R0ρ

D′

n .
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Since Fy is non-expansive, by the telescoping argument (B.11), we have

∥∥∥FD′

yi
(x(0))− FD′

yi,W
(x(0))

∥∥∥
2
≤

D′∑
j=1

‖Fyi,W

(
F j−1
yi,W

(x(0))
)
− Fyi

(
F j−1
yi,W

(x(0))
)
‖2,

≤ D′ sup
x∈Rdx , ‖x‖2≤R

′
0

‖Fyi,W (x)− Fyi(x)‖2,

≤ D′ sup
x∈Rdx , ‖x‖2≤R

′′
0

‖HW (x)− ProxγR(x)‖2,

where the last two inequalities use Assumption 5-(2)-(3), for constants R′0 and R
′′
0 .

The result follows by taking the max over i.

Lemma 32. Assume Assumption 5, Assumption 6, and let {gW , W ∈ W} be as in

(3.11). For any η > 0, and any W,W ′ ∈ W, such that max(‖W‖2, ‖W ′‖2) ≤ η, we

have

max
1≤i≤n

‖gW (yi)− gW ′(yi)‖2 ≤ L(η)‖W −W ′‖2,

where

L(η)
def
= R

′′

0

(
1 +

η2

D

)D(D′+1)

.

Proof. We recall that the convexity of x 7→ f(y|x) assumed in Assumption 5 implies

that the function x 7→ x−γ∇xf(y|x) is non-expansive on Rdx . First, we apply (B.12)

to obtain that for all x1,x2 ∈ Rdx ,

‖HW (x1)−HW (x2)‖2 ≤ λW‖x1 − x2‖2, where λW
def
=

D∏
`=1

‖W`‖op ∨ 1.

It follows that for all y ∈ Y, x1,x2 ∈ Rdx ,

‖Fy,W (x1)− Fy,W (x2)‖2

≤ λW‖x1 − x2 − γ (∇xf(y|x1))−∇xf(y|x2)) ‖2 ≤ λW‖x1 − x2‖2. (B.14)

Using (B.14), and the telescoping identity (B.11), we obtain

‖gW (y)− gW ′(y)‖2 ≤
D′∑
j=1

λD
′−j

W

∥∥Fy,W

(
F j−1
y,W ′(x

(0))
)
− Fy,W ′

(
F j−1
y,W ′(x

(0)
)∥∥

2
. (B.15)
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We set Gγ,y(x)
def
= x − γ∇f(y|x). We apply (B.12) with x2 = 0 and the non-

expansiveness of Gγ,y to write that for all x ∈ Rdx

‖Fy,W (x)‖2 = ‖HW (Gγ,y(x))‖2 ≤ λW‖Gγ,y(x)−Gγ,y(x(0)) +Gγ,y(x(0))‖2

≤ λW
(
‖x‖2 + ‖x(0)‖2 + ‖Gγ,y(x(0))‖2

)
.

By iterating this inequality we obtain that for all for all x ∈ Rdx

‖F j
y,W (x(0))‖2 ≤

(
j∑
`=1

λ`W

)(
‖x(0)‖2 + ‖Gγ,y(x(0))‖2

)
. (B.16)

Setting λW,W ′
def
=
√
DλWλW ′‖W −W ′‖2, we then apply (B.13) to write that for all

x ∈ Rdx

∥∥Fy,W

(
F j−1
y,W ′(x

(0))
)
− Fy,W ′

(
F j−1
y,W ′(x

(0)
)∥∥

2

=
∥∥HW ◦Gγ,y

(
F j−1
y,W ′(x

(0))
)
−HW ′ ◦Gγ,y

(
F j−1
y,W ′(x

(0)
)∥∥

2

≤ λW,W ′‖Gγ,y

(
F j−1
y,W ′(x

(0))
)
‖2

≤ λW,W ′
(
‖F j−1

y,W ′(x
(0))‖2 + ‖x(0)‖2 + ‖Gγ,y(x(0)‖2

)
≤ λW,W ′

(
j−1∑
`=0

λ`W ′

)(
‖x(0)‖2 + ‖Gγ,y(x(0))‖2

)
.

The last display together with (B.15) yields,

max
1≤i≤n

‖gW (yi)− gW ′(yi)‖2 ≤ Rn

√
DλWλW ′‖W −W ′‖2

(
D′∑
j=1

j−1∑
`=0

λD
′−j

W λ`W ′

)
, (B.17)

whereRn = ‖x(0)‖2+max1≤i≤n ‖Gγ,yi(x
(0))‖2 as introduced in H5. Since the geometric

mean is never larger than the arithmetic mean, we have

λW
def
=

D∏
j=1

1 ∨ ‖Wj‖op ≤

(
1

D

D∑
j=1

1 ∨ ‖Wj‖2
op

)D/2

≤
(

1 +
‖W‖2

2

D

)D/2
.



116

Hence, if max(‖W‖2, ‖W ′‖2) ≤ η, then we can conclude from that

‖gW (yi)−gW ′(yi)‖2 ≤ R
′′

0

√
DλWλW ′‖W−W ′‖2

D′−1∑
j=0

λjW ≤ L(η) ‖W−W ′‖2, (B.18)

where

L(η)
def
= R

′′

0D
′
√
D

(
1 +

η2

D

)D(D′+1)/2

≤ R
′′

0

(
1 +

η2

D

)D(D′+1)

,

using the fact that Ax ≥ x for all x ≥ 1, and A ≥ 1.

Proof of Theorem 8

Proof. We recall the notation a . b means that a ≤ cb, for some constant c that does

not depend on the sample size n. Fix

$? = log(n)
√
dx

(
log(q)

n

) 1
2+β2

, and
log
(

2R0

$?

)
− log(ρ)

≤ D′ ≤ n.

By Assumption 6, and Lemma 31, by taking a deep neural network function HW , with

depth D = D0 log(2D′
√
dx/$?), layer size (p0, . . . , pD) all at most N0(2D′

√
dx/$?)

β1 ,

and W ∈ W with sparsity at most s? = s0(2D′
√
dx/$?)

β2 , and we achieve

max
1≤i≤n

‖gW (yi)− g(yi)‖2 ≤ R0ρ
D′

+D′ sup
x: ‖x‖2≤R′0

‖HW (x)− ProxγR(x)‖2

≤ R0
$?

2R0

+D′
$?

2D′
= $?.

Then by Lemma 32, the term L? in Theorem 10 scales like

L? = L(2s1/2
? ) = R

′′

0

(
1 +

4s?
D

)D(D′+1)

.

It follows that

log L?
log(q)

. DD′ . D′ log(n), and s? = s0

(
2D′
√
dx

$?

)β2

.

(
D′

log(n)

)β2
(

n

log(q)

) β2
2+β2

,
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and the term s in Theorem 10 is of order

s =
1

u
+ s?

(
1 +

5

u
+

log(n)

u log(q)
+

log(L?)

u log(q)

)
+

4n$2
?

σ2u log(q)

.

[
(1 +D′ log(n))

(
D′

log(n)

)β2

+ (log(n))2

](
n

log(q)

) β2
2+β2

. (D′)
1+β2 log(n)

(
n

log(q)

) β2
2+β2

.

Therefore the term Ls in Theorem 10 scales like

Ls = L(s1/2bs) = R′0(D + sb2
s)
DD′ ,

which gives,

log(s1/2bsLs) . log(Ls) . DD′ log(n) . D′(log(n))2.

Noting that

s

n
. (D′)

1+β2

(
log(q)

n

) 2
2+β2 log(n)

log(q)
,

we deduce that the conclusion of Theorem 10 holds with a rate

r = σ̄

√
s log(n) + s log(q) + s log(s1/2bsLs)

n

. σ̄ (D′)
1+β2/2 (log(n))3/2

(
log(q)

n

) 1
2+β2

.
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Atchadé, Y. and Rosenthal, J. (2005). On adaptive markov chain monte carlo algo-
rithms. Bernoulli, 11.
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