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Run, rabbit, run
Dig that hole, forget the sun
And when at last the work is done
Don’t sit down it’s time to dig another one

For long you’ll live, and high you’ll fly
But only if you ride the tide
And balanced on the biggest wave
You race towards an early grave

Dark Side of the Moon, Pink Floyd
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ABSTRACT

Many systems are characterized by emergent macroscopic phenomena which can-

not be elucidated from microscopic dynamics. Emergent collective activity such as

avalanches are ubiquitous in complex systems. Examples of such phenomena in-

clude earthquakes, neural avalanches, and the Barkhausen effect, which describes

the collective flipping of magnetic domains due to an applied external field. These

macroscopic phenomena exhibit universal traits such as scale-invariant distribution

functions and universal firing rates, which appear to be independent of the underlying

microscopic details. Understanding the mechanism behind these emergent behavior

is also of practical importance to researchers in seismology and is an important step

to understanding the function of neural avalanches in the brain.

In this thesis, we present a generalization of the Fisher-Stauffer cluster scaling

theory, which was originally developed for the study of percolation models and equi-

librium thermal systems, such as the Ising model. We apply the generalized Fisher-

Stauffer scaling theory to study avalanches in integrate-and-fire systems, which have

been used to model earthquakes and networks of neurons. By using the Fisher-Stauffer

scaling theory, we identify the critical point and the corresponding tuning parameters

in the Olami-Feder-Christensen (OFC) model, which is a discrete time integrate-and-

fire system. We also derive universal scaling functions and scaling identities, which

v



relate the critical exponents in the OFC model. Additionally, we study the scaling

behavior in the OFC model with spatial disorder to model earthquake phenomenol-

ogy, such as Gutenberg-Richter scaling and Omori’s law, which characterize temporal

clustering of earthquakes. Lastly, we extend our scaling analysis to a simple model

of neurons and discuss how the scaling laws for neural avalanches may be verified in

future experiments.

vi



Contents

1 Introduction 1

1.1 Power Laws and critical phenomena . . . . . . . . . . . . . . . . . . . 2

1.2 Scale invariance and ‘Self-organized’ Criticality . . . . . . . . . . . . 4

1.3 The Olami-Feder-Christensen Model . . . . . . . . . . . . . . . . . . 5

1.4 Structure of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Effective ergodicity breaking phase transition in a driven-dissipative

system 11

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2 Breakdown of Effective Ergodicity . . . . . . . . . . . . . . . . . . . . 14

2.3 Recurrence Plots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.4 Cluster Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 Long-Range stress transfer . . . . . . . . . . . . . . . . . . . . . . . 22

2.6 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Scaling theory of avalanches in the Olami-Feder-Christensen Model 26

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.2 Olami-Feder-Christensen Model . . . . . . . . . . . . . . . . . . . . . 29

3.3 Fisher-Stauffer Scaling Theory . . . . . . . . . . . . . . . . . . . . . 32

3.4 Scaling when η > ηE . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.4.1 Scale Invariant Avalanche Distribution at the Critical point . 34

3.4.2 Finite Size Scaling . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4.3 Response Function . . . . . . . . . . . . . . . . . . . . . . . . 39

vii



3.5 Order parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.5.1 Scaling Laws . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.5.2 Gap Exponent . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.5.3 Conditional distribution function relating avalanche size, area

and lifetime . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.5.4 Universal Firing Rates . . . . . . . . . . . . . . . . . . . . . . 46

3.6 Scaling in the deterministic OFC model . . . . . . . . . . . . . . . . . 48

3.6.1 Generic Scale Invariant Avalanche Distribution . . . . . . . . 48

3.6.2 Multifractal distribution . . . . . . . . . . . . . . . . . . . . . 49

3.7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

4 Stability of Foreshocks and Aftershocks in the Long-Range Olami-

Feder-Christen model 53

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

4.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Scaling of causal neural avalanches in a neutral model 59

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

5.3 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.4 Scale-free avalanche distribution . . . . . . . . . . . . . . . . . . . . . 68

5.5 Divergent Response Functions . . . . . . . . . . . . . . . . . . . . . . 73

5.6 Scaling Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.7 Size-Duration scaling of avalanches . . . . . . . . . . . . . . . . . . . 75

5.8 Universal Avalanche Profile . . . . . . . . . . . . . . . . . . . . . . . 76

5.9 Critical Slowing down . . . . . . . . . . . . . . . . . . . . . . . . . . 78

viii



5.10 Relaxation Dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 79

5.11 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6 Scaling theory of Random Walk Return times in Arbitrary Dimen-

sions 85

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

6.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6.3 Scaling Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

6.4 Measured Values of Critical Exponents . . . . . . . . . . . . . . . . . 89

6.5 Return times for one dimensional walker . . . . . . . . . . . . . . . . 89

6.6 Divergence Response Function . . . . . . . . . . . . . . . . . . . . . . 93

6.7 Discussion and Future work . . . . . . . . . . . . . . . . . . . . . . . 96

7 Conclusions and Future Work 98

References 101

Curriculum Vitae 114

ix



List of Tables

6.1 Measures values of τ , σ, and γ critical exponents for random walk

return times in D = 1, 2, 3, 4. . . . . . . . . . . . . . . . . . . . . . . 89

x



List of Figures

2·1 The normalized inverse stress fluctuation metric as a function of time

shows the breakdown of effective ergodicity at the critical noise. (a)For

η = 0.06 < ηc the inverse metric is flat, indicating that the system is

not ergodic. (b) For η = ηc ≈ 0.071, Ω(0)/Ω(t) is initially flat, but

becomes approximately linear during the observation time. (c) For

η = 0.08 > ηc, Ω(0)/Ω(t) is linear, and the system is effectively ergodic. 14

2·2 As the noise η approaches the critical noise ηc there is a rapid increase

in the mixing time τM. . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2·3 The dynamics of the stress on a site transitions from recurrent to

stochastic as the noise η is increased past the critical noise ηc. The

time series of the stress σ(t) on a given site and the corresponding re-

currence map is shown in the top and bottom rows, respectively. The

dark points in the recurrence map corresponds to the recurrences. (a)

For η < ηc the dynamics is strongly recurrent, and the values of the

stress on the site are confined to a small subset of the possible val-

ues. (b) For η ≈ ηc, shown in the middle column, the dynamics is

quasi-stationary. (c) If η > ηc, the dynamics is stochastic. . . . . . . . 17

2·4 The recurrence fraction fR as a function of η shows a transition from

recurrent to stochastic dynamics for η near ηc. . . . . . . . . . . . . 18

2·5 The critical exponent γ determined from the power law behavior of the

mean cluster size, χ, is estimated to be ≈ 2.01± 0.14. . . . . . . . . 20

xi



2·6 The critical exponent ν characterizes the divergence of the connected-

ness length,ξ, and is estimated to be ≈ 1.20± 0.13. . . . . . . . . . . 21

2·7 The measured value of Fisher exponents τ and σ is consistent with the

hyperscaling laws. The number of clusters of size s, ns, can be fitted to

Eq. (2.6) to estimate the exponents τ and σ. (a) We find τ ≈ 1.04±0.14

for η = 0.071. (b) For η = 0.08 we estimate σ = 0.43± 0.03. . . . . . 22

2·8 The measured value of the fractal dimension df is consistent with pre-

dictions of hyperscaling. (a) The cluster of failed sites appears to be a

fractal. (b) The fractal dimension was computed using a box-counting

method. The number of boxes needed to cover the cluster is N(δ),

where δ is the box length. In the limit, that the box length δ → 0,

the slope of ln [N(δ)/δ] corresponds to the fractal dimension. The es-

timated fractal dimension is df = 1.79± 0.03. . . . . . . . . . . . . . 23

2·9 The critical noise, ηc, in the OFC model decreases as the range of stress

transfer is increased. . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

3·1 The distribution of avalanche size s, area a and lifetime l is a

power law at only at the critical point at λ = 0. Large avalanches

are exponentially suppressed for finite dissipation λ > 0. The measured

exponents are τs = 1.26±0.02, τa = 1.23±0.02 and τℓ = 1.37±0.06. In-

sets show data collapse when we plot in terms of the rescaled variables

nu

[
λ− τu

σu

]
∼

[
uλ1/σu

]−τu
exp

(
−uλ1/σu

)
for u = s, a, ℓ respectively. . . 35

3·2 The characteristic size sc, area ac and lifetime ℓc diverges as the

the critical point is approached λ → 0. The sc, ac and ℓc are found

by fitting the avalanche distributions using Eq. (3.4). The numerical

estimates of the critical exponents are σs = 0.75±0.03, σa = 0.97±0.07

and σℓ = 1.39± 0.06. . . . . . . . . . . . . . . . . . . . . . . . . . . 36

xii



3·3 The characteristic size sc, area ac and lifetime ℓc diverges with

the system length L at the critical point. For λ = 0, uc ∼ L1/(σuν)

for u = s, a, ℓ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3·4 The distributions for avalanche size, area and lifetime are con-

sistent with finite size scaling. Data collapse in the inset when the

rescaled variables in Eq. (3.14) are plotted. . . . . . . . . . . . . . . 38

3·5 The response functions for avalanche size, area and lifetime,

defined in Eq. (3.15), diverge as the critical point is approached.

The estimated critical exponents are γs = 1.26±0.04, γa = 1.02±0.06,

and γℓ = 0.69± 0.02. . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3·6 The response functions diverges with the system length L at

the critical point. For λ = 0, χ ∼ Lγu/ν for u = s, a, ℓ. . . . . . . . 40

3·7 The distribution functions for avalanche size, area and lifetime

are characterized by constant gap exponents as λ → 0 for

η > ηE. Ru(k), defined in Eq. (3.26), diverges with as power laws

Ru(k) ∼ λ− 1
σu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3·8 The conditional distribution functions relating avalanche size,

area and lifetimes are power laws at the critical point. The size-

area conditional distribution function scales as S(a) ∼ aζ , where ζ =

1.38 ± 0.07. The size-lifetime conditional distribution function scales

as S(ℓ) ∼ ℓκ, where κ = 1.35 ± 0.07. The area-lifetime conditional

distribution function scales as A(ℓ) ∼ ℓµ, where µ = 1.77± 0.07. . . 45

3·9 The OFC model exhibits universal avalanche profiles at the

critical point when η > ηE. The rescaled firing rate Fl1−κ and

rescaled first firing rate G1−µ as a function of the rescaled time t/l

show data collapse in Panels a and b respectively. . . . . . . . . . . 47

xiii



3·10 The avalanche size distribution exhibits generic scale invari-

ance in the deterministic OFC model. The exponent τs character-

izes the avalanche size distribution and is non-monotonic as a function

of the dissipation λ in the OFC model when η = 0, in contrast to the

Fisher-Stauffer scaling forms observed when η > ηE. . . . . . . . . . 49

3·11 The distribution functions for avalanche size, area and life-

time are not characterized by constant gap exponents in the

deterministic OFC model. Ru(k), defined in Eq. 3.26, does not

diverge as power laws when λ → 0 for η = 0. The rate of divergence

of Ru(k) depends on k. . . . . . . . . . . . . . . . . . . . . . . . . . 50

4·1 The two-dimensional OFC model with long-range stress trans-

fer and asperities is consistent with Gutenberg Richter scaling

in Ref. (Serino et al., 2011). After the system was initialized, the

first T ×106 events were discarded, and the distribution for the follow-

ing 106 earthquakes is plotted. The distribution of event sizes follows

a power-law with the exponent τ = 3/2. The system size is L = 300

with stress tranfer range R = 10, 5% of the sites are asperities with

a failure threshold V A = 12.0, and noise is η = 0.10. Our parameters

values are similar to Ref. (Kazemian et al., 2015). . . . . . . . . . . . 56

xiv



4·2 The long-range OFC model with asperities exhibits strong

temporal clustering of events with foreshocks and aftershocks.

The system size is L = 300, 5% of the sites are asperities with a failure

threshold V A = 12.0, and noise η = 0.10 is used. The different panels

correspond to the time series of the earthquakes recorded after different

transients since the initialization of the system. The transient in (a),

(b) and (c) are 106, 5× 106 and 107 events respectively. The temporal

clustering is non-stationary. The foreshocks and aftershocks becomes

less pronounced over time. . . . . . . . . . . . . . . . . . . . . . . . 57

4·3 Weakening temporal clustering of earthquakes in the OFC

model is due to desynchronization of the stress on the asperity

sites. (a) and (b) correspond to a transient of 106 events. The sharp

temporal clustering in (a) may be due to the large fraction of asperities

that fail during the main shock as seen in (b). (c) and (d) correspond a

transient of 107 events. (c) shows weaker temporal clustering compared

to (a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

xv



5·1 Neutral theory describes the dynamics of causal neural avalanches.

The boxes correspond to neurons and each column to the right is the

system at a later time step. Different colors correspond to different

causal avalanches. The rates for the dynamics are identical for all

avalanches. A new avalanche is triggered at the driving rate ϵ and is

marked with a star. An active neuron can trigger an inactive neuron

anywhere in the system at the propagation rate λ. Both neurons share

the same label as they are causally connected. An active neuron be-

comes inactive at the decay rate µ. For the neural avalanche labeled

by black, the size S = 2 is the total number of activated neurons and

the duration D = 2 is the time elapsed between the first activation

until all the black neurons become inactive. . . . . . . . . . . . . . . 63

5·2 The distribution of avalanche sizes and durations follows a

power law at the critical point, ∆ = 0 and ϵ = 0. There is

exponential suppression of large avalanches for ∆ > 0 and ϵ > 0.

The various exponents are the same for both tuning parameters. The

inset shows data-collapse for the causal avalanche distributions. In

the top row, ∆ = 0 and ϵ is varied. (A) The exponents for the

avalanche size distribution τ = 1.53±0.05. (B) The avalanche duration

distribution is characterized by τD = 1.92±0.11. In the bottom row,

∆ is varied for ϵ = 0. (C) The corresponding exponent τ = 1.51±0.05.

(D)τD = 1.93± 0.11 is the critical exponent for the avalanche duration

distribution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

xvi



5·3 The characteristic avalanche size Sc and duration Dc diverge

as the critical point is approached. For each value of ∆ or ϵ,

we fit the avalanche size and duration distributions to Eq. 5.10 and

Eq. 5.11 to obtain Sc and Dc respectively. In the top row, ϵ is varied

at fixed ∆ = 0. (A) The characteristic avalanche size Sc diverges with

critical exponent σ = 0.54 ± 0.07. (B) The characteristic duration

Dc diverges with critical exponent σD = 0.95 ± 0.06. In the bottom

row, ∆ is varied at fixed ϵ = 0. (C) The measured exponent for Sc

is σ = 0.52 ± 0.08. (D) The characteristic duration diverges with the

exponent σD = 1.02± 0.09. . . . . . . . . . . . . . . . . . . . . . . . . 72

5·4 The response function χ diverges as the system approaches

the critical point. The exponent γ characterizes the divergence and

is the same when the critical point is approached at constant driving

ϵ = 0 or ∆ = 0. (A) For ϵ = 0, when ∆ is varied the exponent

is γ = 2.00 ± 0.02 (B) Varying the driving rate ϵ, the exponent is

γ = 1.97± 0.04 for ∆ = 0. . . . . . . . . . . . . . . . . . . . . . . . 73

5·5 The scaling of the average avalanche size as a function of the

duration at the critical point is consistent with the scaling

laws. At the critical point the scaling is ⟨S(D)⟩ ∼ D1/σνz. The nu-

merical estimate of 1
σνz

= 1.96± 0.03 is consistent with Eq. 5.28. . . 76

5·6 Neural avalanches have a universal avalanche profile at the

critical point. The firing rate scaled by D1−1/(σνz) as a function of

the rescaled time t/D shows data collapse for avalanches of different

durations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

xvii



5·7 The equilibration time TE diverges as the system approaches

the critical point ϵ → 0 with ∆ = 0. TE is the the time for U(t) to

reach a steady-state value when the neutral contact process is initiated

with a single active neuron. We find TE ∼ ϵ−νz. The measured value,

νz = 0.95± 0.04, is consistent with scaling arguments. . . . . . . . . 79

5·8 The number of unique causal neural avalanches U(t) decays

as a power law, U(t) ∼ t−α, at the critical point. The measured

critical exponent α = 0.99 ± 0.04 matches mean-field value αMF = 1.

(A) For ϵ > 0 and critical propensity ∆ = 0, U(t) reaches a fluctuating

state. (B) For sub-critical propensity ∆ > 0 and ϵ = 0, U(t) decays

exponentially to the absorbing state. Inset plots show data collapse

for the rescaled variables. . . . . . . . . . . . . . . . . . . . . . . . . 80

xviii



1

Chapter 1

Introduction

Methods from statistical mechanics such as scaling theory and renomralization group

have been used to study how macroscopic collective phenomena emerges from complex

interactions between microscopic dynamics(Stanley, 1999; Stanley, 1971; Klein et al.,

2007; Klein et al., 1997; Serino et al., 2011; Matin et al., 2020; Sethna et al., 2001;

Zapperi et al., 1998). Although very few systems such as the two-dimensional Ising

model (Onsager, 1944) can be solved exactly, scaling theory can be used to under-

stand emergent universal behavior commonly observed near phase transitions (Stan-

ley, 1999; Stauffer, 1979; Stauffer and Aharony, 2018; Matin et al., 2021; Sethna

et al., 2001; Zapperi et al., 1998). The focus of this thesis is on developing and

applying scaling techniques to integrate-and-fire systems, which have been used to

model earthquakes (Olami et al., 1992; Klein and Rundle, 1993; Serino et al., 2011;

Matin et al., 2020; Kazemian et al., 2015; Hergarten and Neugebauer, 2002), and

neural systems (Hopfield and Herz, 1995; Millman et al., 2010a; Martinello et al.,

2017; Matin et al., 2021).

We will generalize the cluster scaling techniques developed in study of percolation

models (Stauffer, 1979; Stauffer and Aharony, 2018) to study the cascades of activ-

ity, also known as avalanches, in integrate-and-fire model (Olami et al., 1992; Matin

et al., 2020; Millman et al., 2010a). Avalanches have been observed in many disparate

systems (Serino et al., 2011; Zierenberg et al., 2018a; de Carvalho and Prado, 2000;

Fontenele et al., 2019a; Sethna et al., 2001; Matin et al., 2021; Gleeson and Durrett,
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2017). There is strong evidence of universal behavior such as power law distribu-

tions (Serino et al., 2011; Zierenberg et al., 2018a; de Carvalho and Prado, 2000)

and universal firing rates (Fontenele et al., 2019a; Sethna et al., 2001; Matin et al.,

2021; Gleeson and Durrett, 2017). A deeper theoretical understanding of avalanches

is of great practical importance to researchers in seismology (Kawamura et al., 2012;

Serino et al., 2011), and also is an important step to understanding the function of

neural avalanches for brain function (Muñoz, 2018a; Fontenele et al., 2019a; Beggs

and Plenz, 2003; Chialvo, 2010).

1.1 Power Laws and critical phenomena

Many-body physical systems often exhibit scale invariant behaviors(Stanley, 1971;

Stanley, 1999). To illustrate the physics processes we consider the example of the

ordinary bar magnet, discussed in Ref. (Stanley, 1999), as an example of critical

phenomena in everyday life. A bar magnet is ferromagnetic at room temperatures,

and is capable of picking up objects that can be magnetized, such as thumb tacks.

However, if we heat a bar magnet to a sufficiently high temperature, all thumb tacks

will eventually fall to the ground as the bar magnetic has now lost its ferromagnetic

properties and becomes a paramagnet (Stanley, 1999). For the bar magnet, the order

parameter is the magnetization m, which goes continuously to zero at some critical

temperature Tc (Stanley, 1999; Stanley, 1971). In fact, the order parameter behaves

as a power-law at the critical point (Stanley, 1971),

m ∼ (T − Tc)
β (1.1)
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where β is a critical exponent. Near the critical point, response functions such as

magnetic susceptibility χ and the heat capacity C diverge as power laws,

χ ∼ |T − Tc|−γ (1.2)

C ∼ |T − Tc|−α (1.3)

The divergent response functions are related to emergent fluctuations at all length

scales (Stanley, 1999). These critical exponents can be related by scaling laws (Stan-

ley, 1971) and determine the universality class of a system.

We can also study the statistics of magnetic domain (neighboring spins aligned

in the same direction) to understand the transition between paramagnetic and ferro-

magnetic phases. At the critical point, the magnetic domain sizes s are described by

power-law distributions (Stauffer and Aharony, 2018; Klein et al., 2007),

ns(s) ∼ s−τ (1.4)

where τ is yet another critical exponent. A system is scale-free or scale-invariant

when the distribution follows a power law, ns ∼ s−τ (Matin et al., 2021). We can

plot ns = N0s
−τs on log-log scaled plot to find a straight line with slope τ (Stauffer

and Aharony, 2018; Matin et al., 2021).

For critical phenomena, the scale-invariant behavior requires fine tuning (Stanley,

1999; Stanley, 1971; Stauffer, 1979; Stauffer and Aharony, 2018). In the case of mag-

netic systems, the temperature has to be tuned to the critical value, T → Tc (Stanley,

1971). The emergent scaling behavior in magnetic systems depends on the relevant

scaling field T−Tc

Tc
.

In this thesis, we will apply techniques from statistical mechanics and critical

phenomena to understand to models of earthquake faults (Olami et al., 1992; Serino

et al., 2011; Matin et al., 2020), and neural systems (Millman et al., 2010a; Matin
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et al., 2021).

1.2 Scale invariance and ‘Self-organized’ Criticality

Interest in the scaling theory of collective activity or avalanches saw an explosive

growth after the introduction of self-organized criticality(SOC) (Bak et al., 1987).

SOC claims to describe systems which exhibit scale-invariant or power-law distributed

avalanches, similar to critical points in statistical mechanical systems without the fine

tuning of any external parameters (Bak et al., 1987). The original publication (Bak

et al., 1987) has 9579 citations (at the time of writing), and has been applied to fields

such as earthquakes (Hergarten and Neugebauer, 2002; Smyth et al., 2019; Sornette

and Sornette, 1989) and neuroscience (Millman et al., 2010a; Muñoz, 2018a).

The two initial paradigmatic examples of SOC were the Bak-Tang-Wiesenfeld (Bak

et al., 1987) model and the Manna model (Manna, 1991). Both models consist of a

two-dimensional lattice of sites which can carry a certain number of blocks. During

the loading stage, blocks are added randomly to different sites. When the number of

blocks on a single site reaches some predefined threshold, then the site ’topples’ or

fires and the blocks are transferred to the neighbors. For the BTW model, the top-

pling threshold is 4, and each of the neighboring site receive one block each. For the

Manna model, the height threshold is 2, and two of the neighbors randomly receive

one block each. The neighbors that receive the blocks may also exceed the threshold

and thereby also topple. The cascade toppling of sites is an avalanche. In the BTW

and Manna models, the avalanches exhibit power-law distributions (Manna, 1991;

Bak et al., 1987), analogous to the distributions of clusters in Ising and percolation

models near their respective critical points (Stanley, 1971; Stanley, 1999; Stauffer

and Aharony, 2018). In BTW and Manna models, the blocks leave the system only

when sites near the edge of the lattice topple and the blocks are removed from the
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system due to the open boundary conditions. In the original models, there is no

dissipation in the bulk. Zero bulk dissipation was suggested as a possible necessary

requirement for SOC. This suggestion raised the question whether a system could

exhibit self-organized criticality in the presence of bulk dissipation.

1.3 The Olami-Feder-Christensen Model

The Olami-Feder-Christen(OFC) model (Olami et al., 1992) was originally introduced

to study how dissipation affects self-organized criticality (Bak et al., 1987). The OFC

model was inspired by spring-block models such as Burridge-Knopoff model (Bur-

ridge and Knopoff, 1967) and the Rundle-Jackson-Brown model (Rundle and Jackson,

1977). Different variations of the OFC model have been introduced with long-range

interactions, and disorder has also been used to model earthquakes (Serino et al.,

2011; Kazemian et al., 2015; Klein et al., 2007; Dominguez et al., 2013; Klein et al.,

1997; Peixoto and Prado, 2006; Peixoto and Davidsen, 2008; Kotani et al., 2008;

Li and Wang, 2018; Duan-Ming et al., 2006). The OFC model is the slow driving

limit of integrate-and-fire oscillators, and shares many similarities with the Hopfield

models (Hopfield and Herz, 1995; Herz and Hopfield, 1995) of neural systems.

The OFC model consists of sites on a lattice (Olami et al., 1992) or a graph (Lise

and Jensen, 1996), where each site holds some stress. Stress is added uniformly, until

one site reaches a threshold when it fires. The firing site is reset to some residual

stress (with noise in later variants of the OFC model (Serino et al., 2011; Kazemian

et al., 2015; Matin et al., 2020)) and the fraction of the stress, that is not dissipated,

is transferred to its connected neighbors, which then may also fire. The OFC model

is described in more detail in Chapter 2.

Reference. (Olami et al., 1992) introduced and analyzed the deterministic OFC

model with open boundary conditions. The OFC model exhibited some unusual
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results such as power law distribution of avalanche sizes even for finite dissipa-

tion (Olami et al., 1992). The power law exponent which characterizes the avalanche

distribution depends on the dissipation (Olami et al., 1992; Christensen and Olami,

1992; Boulter and Miller, 2003; Christensen et al., 1992; Middleton and Tang, 1995).

This phenomena is in contrast to the equilibrium thermodynamic models such as the

Ising model (Stanley, 1971; Klein et al., 2007) and percolation models (Stauffer and

Aharony, 2018; Stauffer, 1979). Additionally, the finite size scaling analysis of the

OFC model by the original authors (Olami et al., 1992) yielded some controversial

results, namely that characteristic avalanche size with the system length as sc ∼ LB,

where B ∼ 2.7 for finite dissipation (λ > 0). However, this result was shown to be

nonphysical in Ref. (Klein and Rundle, 1993), which argued that the original OFC

paper (Olami et al., 1992) did not use sufficiently large system sizes to observe the

true scaling behavior. Reference (Grassberger, 1993) studied the 2D NN OFC model

for larger system sizes than Ref. (Olami et al., 1992) and suggested that the finite

size scaling may not apply to the OFC model, similar to the behavior in the Abelian

Sandpile model (Kadanoff et al., 1989; Tebaldi et al., 1999). References (Lise and

Paczuski, 2001b; Boulter and Miller, 2003) suggested a mutlifractal function to be a

better fit than the standard finite size scaling form. Controversy around the numerical

values of the power law exponent persisted. Early work indicated that better algo-

rithms are needed to explore larger system sizes and longer simulation times(Klein

and Rundle, 1993; Christensen, 1993).

The numerical analysis of the OFC model took a major leap, when Ref. (Grass-

berger, 1993) introduced an efficient algorithm to simulate the model. Reference. (Grass-

berger, 1993) showed that the boundary conditions (open or closed) can affect the

dynamics and scaling of the deterministic OFC model. The deterministic OFC model

with periodic boundary conditions exhibits periodic dynamics, and for sufficiently
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high dissipation only avalanches with a single failing site occur (Grassberger, 1993;

Miller and Boulter, 2003). The open boundary condition in the OFC model intro-

duces a spatial inhomogeneity, which leads to the non-periodic scale invariant dis-

tribution of avalanches (Grassberger, 1993; Middleton and Tang, 1995; Wissel and

Drossel, 2006; Boulter and Miller, 2003; Ramos et al., 2006). Other forms of spatial

inhomogeneity such as non-uniform thresholds (Torvund and Frøyland, 1995) or dissi-

pation (Mousseau, 1996) strongly affect the dynamics as well. The deterministic OFC

model with open boundaries exhibits intricate spatiotemporal correlations (Middleton

and Tang, 1995; Lise and Paczuski, 2001b; Lise and Paczuski, 2001a; Ramos et al.,

2006; Drossel, 2002; Hergarten and Neugebauer, 2002). One striking example is par-

tially synchronized stress domains, which appear as patches of identical on-site stress

when we plot a snapshot of the system (Middleton and Tang, 1995; Lise and Paczuski,

2001b; Lise and Jensen, 1996). The domains originate at the edges and invade the

bulk (Middleton and Tang, 1995; Lise and Paczuski, 2001b; Wissel and Drossel, 2006;

Drossel, 2002). The transient time can be defined as the time taken for the invasion

to reach the center (Middleton and Tang, 1995; Lise and Paczuski, 2001b; Ceva, 1998;

Wissel and Drossel, 2006). The transient time and the characteristic radius of the

stress domains depends on the dissipation (Middleton and Tang, 1995; Wissel and

Drossel, 2006; Lise and Paczuski, 2001b). Numerical evidence suggests that the scal-

ing exponents of edge and bulk events may be different (Lise and Paczuski, 2001a).

The presence of the spatiotemporal correlations and very long transient times makes

it difficult to analyze true scaling behavior of the deterministic OFC model (Lise and

Paczuski, 2001b; Wissel and Drossel, 2006; Middleton and Tang, 1995; Ceva, 1998;

Lise, 2002).

Due to the numerical and mathematical difficulties associated with studying the

2D deterministic OFC model, focus shifted to the Annealed Random Neighbor (ARN)
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OFC model (Lise and Jensen, 1996; Kinouchi et al., 1998; Bröker and Grassberger,

1997), which is believed to be the mean-field limit. When a site fires the stress is trans-

ferred to four neighbors randomly chosen from the entire system (Lise and Jensen,

1996; Bröker and Grassberger, 1997; Kinouchi et al., 1998; Bröker and Grassberger,

1997). The ARN OFC model is stochastic as the neighbors are randomly chosen

each time a site fires. In the ARN OFC model, the exponent which characterizes the

avalanche size distribution,is independent of the dissipation (Lise and Jensen, 1996;

Chabanol and Hakim, 1997; Bröker and Grassberger, 1997; Kinouchi et al., 1998; Eu-

rich et al., 2002) in contrast to the deterministic OFC model. Early results suggested

the ARN OFC model may exhibit scale invariant behavior for finite dissipation (Lise

and Jensen, 1996). However, larger simulations using the branching ratio and an-

alytic work showed that the ARN OFC model exhibits scale invariance only in the

conservative limit (Chabanol and Hakim, 1997; Bröker and Grassberger, 1997; Miller

and Boulter, 2002). Furthermore, the analysis of the fully connected Rundle-Jackson

model (which is isomomorphic to the OFC model) (Rundle and Jackson, 1977; Brown

et al., 1991) reveals that the scale invariant distribution of avalanches is related to

an underlying spinodal critical point (Klein et al., 1997; Klein et al., 2007). The

majority of this thesis focuses on analyzing different aspects of the OFC model. We

present a systematic study of noise, dissipation and disorder in the two-dimensional

OFC model in Chapters 2, 3, and 4 respectively.

1.4 Structure of the Thesis

In this thesis, we apply a generalization of the Fisher-Stauffer scaling theory to analyze

avalanches or collective activity in integrate-and-fire models. These tools are initially

applied to different variations of the OFC model (Olami et al., 1992) in Chapters 2,

3 and 4. Then, we extend our analysis to a simple neural model (Martinello et al.,
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2017) as well as the return times of random walks.

In Chapter 2, we perform a systematic study of the noise in the two-dimensional

OFC Model with nearest neighbor interactions. We show that the model undergoes

a phase transition as a function of the noise. We analyze this phase transition using

tools from statistical mechanics such as the Fisher-Stauffer scaling theory (Stauffer,

1979; Stauffer and Aharony, 2018) as well as techniques such as recurrence plots (Eck-

mann et al., 1995; Marwan et al., 2007), which are commonly used in the study of

nonlinear dynamical systems. Lastly, we discuss possible criteria for which tools

from equilibrium statistical mechanics may be used to study nonequilibrium phase

transitions (Matin et al., 2020).

In Chapter 3, we analyze scaling of avalanches in the OFC model as the bulk

dissipation is varied. When the model has sufficiently high noise, the bulk dissipation

is the relevant scaling field. Our results indicate that the stochastic two-dimensional

OFC model is not consistent with self-organized criticality. The deterministic OFC

model exhibits drastically different behavior such as multi-fractal scaling. Our work

raises questions about the relation between multi-fractal scaling and apparent self-

organized criticality in the deterministic OFC model.

In Chapter 5, we study the OFC model with long-range stress transfer and spatial

inhomogeniety, which can lead to temporal clustering of avalanches. We use this

variant of the OFC model to simulate foreshocks and aftershocks, which are observed

in certain earthquake fault systems (Kazemian et al., 2015).

In Chapter 6, we apply the cluster scaling techniques to study neural avalanches in

the model proposed in Ref. (Martinello et al., 2017). Unlike the OFC model, multiple

concurrent avalanches can propagate in the system due to the constant bombardment

of stimuli. We derive scaling laws for neural system and discuss how these scaling

laws may be experimentally verified (Matin et al., 2021; Zierenberg et al., 2018a).
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In Chapter 7, we look at the scaling theory of biased random walks return times.

Although random walk return times are a well studied problem (Redner, 2001), our

scaling analysis suggests that the biased random walk return times exhibits a critical

point where the order depends on the dimension of the problem.

Finally, we discuss the impact of our work and outline future research directions

in Chapter 8.
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Chapter 2

Effective ergodicity breaking phase

transition in a driven-dissipative system

This thesis chapter and accompanying appendix was published as the following re-

search article:

Sakib Matin, Chon-Kit Pun, Harvey Gould, and W. Klein, “Effective ergodicity

breaking phase transition in a driven-dissipative system,” Phys. Rev. E 101, 022103

(2020).

Abstract

We show that the Olami-Feder-Christensen model exhibits an effective ergodicity

breaking transition as the noise is varied. Above the critical noise, the system is

effectively ergodic because the time-averaged stress on each site converges to the

global spatial average. In contrast, below the critical noise, the stress on individual

sites becomes trapped in different limit cycles, and the system is not ergodic. To

characterize this transition, we use ideas from the study of dynamical systems and

compute recurrence plots and the recurrence rate. The order parameter is identified

as the recurrence rate averaged over all sites and exhibits a jump at the critical noise.

We also use ideas from percolation theory and analyze the clusters of failed sites to

find numerical evidence that the transition, when approached from above, can be

characterized by exponents that are consistent with hyperscaling.
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2.1 Introduction

The Fermi-Pasta-Ulam-Tsingou model (Berman and Izrailev, 2005) is a well known

example of a systeam that exhibits broken ergodicity. The model exhibits quasi-

regular dynamics below the critical energy threshold and reaches equipartition above

the threshold. Understanding the nature of this type of transition may help extend the

tools of equilibrium statistical mechanics to driven-dissipative systems (Olami et al.,

1992), active matter (Vicsek et al., 1995), and other non-equilibrium phenomena.

In this paper we consider the nearest-neighbor Olami-Feder-Christensen (OFC)

model (Olami et al., 1992). This model is a driven dissipative system that has been

of particular interest in the context of the study of earthquakes. We simulate the

OFC model on a square lattice of length L with N = L2 sites and periodic boundary

conditions. Each site i is initially assigned a stress σi = σR ± 0.25r, where r is a

uniform random number between ±1. At each time step or plate update the initiating

site, which is the site with the maximum stress, is ecound. The stress on all sites

is increased by the same amount such that the stress on the initiating site equals

σF . This procedure corresponds to the zero velocity limit of the loading plate in the

Rundle-Jackson model (Rundle and Jackson, 1977). When site i fails, its stress is

reset to the residual stress σR,i = σR + rη and the stress (1 − λ)[(σi − σR,i)/4] is

transferred to its four nearest neighbors. The magnitude of the noise is η. The value

of the dissipation parameter, λ, is 0 ≤ λ < 1. Sites fail when the stress is greater than

or equal to σF. The failure of a site may cause neighboring sites to fail, triggering an

avalanche. The stress is redistributed until the stress on all sites is less than σF. This

process concludes one plate update.

Grassberger (Grassberger, 1994) showed that the OFCmodel with periodic bound-

ary conditions is deterministic for zero noise and that the dynamics appears to be

stochastic for sufficiently high values of the noise. However, the transition between
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the two types of behavior was not explored.

In this chapter, we show that there is a effective ergodicity breaking transition in

the nearest-neighbor OFC model as the noise is varied. In Sec. 2.2 we show that the

OFC model is effectively ergodic (Thirumalai et al., 1989; Thirumalai and Mountain,

1990; Thirumalai and Mountain, 1993) for η > ηc, but is not effectively ergodic which

implies not ergodic for η < ηc, where ηc is the critical noise. In Sec. 2.3, we characterize

the high and low noise phases using recurrence plots, which are commonly used in

nonlinear dynamics (Eckmann et al., 1995). From the recurrence plots of the stress

on given sites, we calculate the recurrence rate (Marwan et al., 2007) and define the

recurrence fraction, fR, as the recurrence rate averaged over all sites. The recurrence

fraction acts as a order parameter and differentiates the high and low noise phases.

We also use ideas from percolation theory to examine the critical behavior as the

critical noise is approached from above. In Sec. 2.4 we treat all sites that fail in a

plate update as part of the same cluster and determine the mean cluster size χ and

the mean radius of gyration RG (Stauffer, 1979). We determine the exponents γ and

ν associated with the divergence of χ and RG respectively as η → ηc (Stauffer, 1979).

We also measure the Fisher exponents τ and σ for the cluster distribution near the

critical noise (Fisher, 1967; Stauffer, 1979). Our measured exponents are consistent

with hyperscaling.

The numerical results reported in the following are for σF = 2.0 and σR = 1.0,

λ = 0.01, and L = 500. Our results for λ ∈ [0.005, 0.1] are qualitatively similar. For

all our runs, we discarded at least the first 5 × 106 plate updates before recording

data for 3× 106 plate updates.
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2.2 Breakdown of Effective Ergodicity

For systems with many degrees of freedom, it is difficult to verify if a system is ergodic

and ergodicity can be checked rigorously for only a few simple systems (Sinai, 1963).

Instead, we use the stress fluctuation metric (Thirumalai et al., 1989; Thirumalai

and Mountain, 1990; Thirumalai and Mountain, 1993) to determine if the system is

effectively ergodic and to study the transition between phases that are not necessar-

ily in equilibrium. The stress fluctuation metric describes how the spatial variance

of the time-averaged stress on each site behaves for very long times. A spatially

homogeneous system is effectively ergodic if the time average of the stress on each

site approaches the same value. An analysis of the temporal properties of the met-

ric can be found in Refs. (Thirumalai et al., 1989; Thirumalai and Mountain, 1990;

Thirumalai and Mountain, 1993).
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Figure 2·1: The normalized inverse stress fluctuation metric as a func-
tion of time shows the breakdown of effective ergodicity at the critical
noise. (a)For η = 0.06 < ηc the inverse metric is flat, indicating that
the system is not ergodic. (b) For η = ηc ≈ 0.071, Ω(0)/Ω(t) is initially
flat, but becomes approximately linear during the observation time.
(c) For η = 0.08 > ηc, Ω(0)/Ω(t) is linear, and the system is effectively
ergodic.
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We define the time average of the stress at site i, up to time t, as

σi(t) =
1

t

t∑
t′=1

σi(t
′), (2.1)

where t represents the number of plate updates. The spatial average of the time-

averaged stress on all sites is

<σ(t)> =
1

N

N∑
i=1

σi(t). (2.2)

The stress fluctuation metric is defined as

Ω(t) =
1

N

N∑
i=1

[σi(t)−<σ(t)>]2. (2.3)

If the system is effectively ergodic, Ω(t) approaches zero as 1/t (Thirumalai et al.,

1989; Thirumalai and Mountain, 1990; Thirumalai and Mountain, 1993). The system

is not effectively ergodic during the observation time if the metric reaches a finite

value, or does not increase linearly. The fluctuation metric provides a necessary but

not sufficient condition for ergodicity.

As shown in Fig. 2·1, the inverse metric increases linearly and the system is ef-

fectively ergodic for η > ηc ≈ 0.071. For η ≈ ηc, the inverse metric is initially flat

for some time before showing a slow linear increase. For η < ηc, the inverse metric

reaches a plateau, implying that the system is no longer effectively ergodic during

our observation time. As the noise is increased past the critical noise, the system

transitions from a phase that is not effectively ergodic during the observation time to

one that is effectively ergodic.

We can define the mixing time τM from the linear behavior of the inverse of

the metric for η > ηc as Ω(0)/Ω(t) = t/τM . The mixing time is a measure of the

how quickly the differences between the time-averaged stress on each site vanishes.
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Figure 2·3: The dynamics of the stress on a site transitions from re-
current to stochastic as the noise η is increased past the critical noise
ηc. The time series of the stress σ(t) on a given site and the correspond-
ing recurrence map is shown in the top and bottom rows, respectively.
The dark points in the recurrence map corresponds to the recurrences.
(a) For η < ηc the dynamics is strongly recurrent, and the values of
the stress on the site are confined to a small subset of the possible
values. (b) For η ≈ ηc, shown in the middle column, the dynamics is
quasi-stationary. (c) If η > ηc, the dynamics is stochastic.

A common choice for the threshold ϵ is 10% of the range of values that the states can

take (Marwan et al., 2007), which in our case is one, leading to the choice ϵ = 0.1. We

will show results only for ϵ = 0.1, but our results for other values of ϵ are consistent.

The top row in Fig. 2·3 shows the time series of the stress on a given site and the

bottom row shows the corresponding recurrence plot. For η < ηc in Fig. 2·3(a), the

time series of the stress is confined to a narrow set of values. The recurrence plot

confirms that the trajectory is strongly recurrent. For η ≈ ηc in Fig. 2·3(b), the time

series is quasi-stationary, and the recurrence map shows alternating black and white

bands. The dynamics is stochastic for η > ηc, as shown by the time series and the

corresponding recurrence map in Fig. 2·3(c). We conclude from the recurrent plots

that the dynamics of the stress on a given site undergoes a significant change as the

noise is varied from η < ηc to η > ηc.
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in Fig. 2·4 appears to show a discontinuous jump at ηc. However, we are limited by

the rapid increase of the mixing time near η ≈ ηc in determining if there is an actual

jump in the order parameter. The rapid change in fR as the noise is varied implies a

divergence in the fluctuations, which we will explore using the cluster analysis of the

failed sites.

2.4 Cluster Analysis

In equilibrium statistical mechanics, we can learn about the nature of a transition

from the geometric properties of the fluctuations (Coniglio and Klein, 1980; Klein

et al., 2007) for certain systems. We map the failed sites onto a percolation problem

by assuming that an event of s sites corresponds to a percolation cluster (Serino

et al., 2011; Coniglio and Klein, 1980; Dominguez et al., 2013; Fisher, 1967). When

the noise is greater than ηc, the system is effectively ergodic and the distribution of

the clusters can be fit to a power law with an exponential cutoff as

ns ∼ s−τ exp(−(η − ηc)s
σ), (2.6)

where ns is the number of clusters with s failed sites and τ and σ are the Fisher

exponents. From Fig. 2·7 these exponents are estimated to be τ ≈ 1.04 ± 0.14, and

σ = 0.43± 0.03.

We measure the mean event size (analogous to the susceptibility in thermal sys-

tems) χ and the connectedness length (analogous to the correlation length) ξ, which

are defined as (Stauffer, 1979)

χ =

∑
s s

2ns∑
s sns

(2.7)

and

ξ =

∑
s sR

2
G(s)ns∑

s sns

, (2.8)
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Figure 2·7: The measured value of Fisher exponents τ and σ is con-
sistent with the hyperscaling laws. The number of clusters of size s,
ns, can be fitted to Eq. (2.6) to estimate the exponents τ and σ. (a)
We find τ ≈ 1.04 ± 0.14 for η = 0.071. (b) For η = 0.08 we estimate
σ = 0.43± 0.03.

2.5 Long-Range stress transfer

Our results for the nearest-neighbor OFC model also apply to long-range stress trans-

fer. In this case, a failing site distributes its stress equally to all sites within a circle of

radius, R, the stress transfer range. The nearest neighbor case corresponds to R = 1.

Figure 2·9 shows that the value of the critical noise decreases as the range of stress

transfer increases. For each value of the range R, the jump in the recurrence fraction

fR, the divergence in the mixing time τM and the mean cluster size χ occur at the

same value of the noise.
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Figure 2·8: The measured value of the fractal dimension df is con-
sistent with predictions of hyperscaling. (a) The cluster of failed sites
appears to be a fractal. (b) The fractal dimension was computed using
a box-counting method. The number of boxes needed to cover the clus-
ter is N(δ), where δ is the box length. In the limit, that the box length
δ → 0, the slope of ln [N(δ)/δ] corresponds to the fractal dimension.
The estimated fractal dimension is df = 1.79± 0.03.

2.6 Discussion

We have found a novel phase transition in the OFC model as the noise is varied for all

stress transfer ranges studied. Below the critical noise ηc , the system is not ergodic

and the stress on the sites appears to evolve via limit cycles. In contrast, for η > ηc

the system is effectively ergodic and the dynamics is stochastic . For η < ηc recurrence

plots show that individual sites are trapped in limit cycles with long lifetimes. As η

approaches η−c , the limit cycles become unstable, and the trajectories of individual

sites show deviations from limit cycle behavior. Larger values of η disrupt the limit

cycles and for η > ηc the trajectories appear random. We find that the recurrence

fraction, fR, is a convenient choice of the order parameter and describes the transition

from limit cycle to stochastic behavior. The fR appears to exhibit a discontinuous

jump at η = ηc.
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Figure 2·9: The critical noise, ηc, in the OFC model decreases as the
range of stress transfer is increased.

We also investigated the transition for η → η+c using a cluster analysis to study

properties such as the mean cluster size, the connectedness length, and the Fisher

exponents. Our measured numerical values of the exponents are consistent with hy-

perscaling within statistical error. An unusual feature of this “percolation” descrip-

tion of the transition is that there is no “infinite cluster” or avalanche for η above

or below ηc. Hence the percolation exponent β associated with how the probabil-

ity that a site selected at random belongs to the infinite cluster goes to zero as the

transition is approached cannot be measured directly. However, a measurement of

the fractal dimension df = d − β/ν yields a value of β consistent with the relation

γ + 2β = dν. Our measured critical exponents do not belong to the two-dimensional

random percolation universality class. In the OFC model, the sites that fail are corre-

lated. In contrast, the probability of a site being occupied in random site percolation

is independent. The critical exponents of correlated models are often different from

uncorrelated models such as random percolation (Stauffer, 1979).

Our results indicate that the effect of noise in non-equilibrium phase transitions is
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more subtle than was previously suspected and that noise may play a significant role in

transitions in systems such as Kuramoto model (Acebrón et al., 2005) and neural sys-

tems modeled by integrate-and-fire neurons (Hopfield and Herz, 1995). Of particular

interest is the role of noise in the behavior of earthquake faults. The OFC model(and

the virtually identical Rundle-Jackson model) with long-range stress transfer has been

used to study earthquake fault systems (Serino et al., 2011; Dominguez et al., 2013),

where the stress transfer occurs over large distances due to elastic forces. Figure 2·9

shows that the critical noise ηc decreases as the stress transfer range is increased. The

noise in real earthquake fault systems is believed to be small (Vasarhelyi and Ván,

2006), so it is possible that earthquake faults operate near the critical noise. There-

fore, small changes in the noise due to variations in water content of rocks or changes

in the density of microcrack could drive the fault system into a different phase where

the dynamics are considerably different. Our results suggest one possible mechanism

by which a fault may change its behavior from quasi-periodic to scale-free distribution

of events consistent with Gutenberg-Richter scaling (Wesnousky, 1994).
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Chapter 3

Scaling theory of avalanches in the

Olami-Feder-Christensen Model

This thesis chapter is slated for publication as the following research article:

Sakib Matin, Thomas Tenzin, W. Klein, and Harvey Gould.“Scaling theory of

avalanches in the Olami-Feder-Christensen model” (manuscript in preparation).

Abstract

Scale invariant avalanches or collective activity are ubiquitous in complex systems.

Power-law distributed collective activity such as earthquakes and neural avalanches

are striking examples of emergent macroscopic behavior in certain many body sys-

tems. Here, we study the avalanches or collective firings of sites in the two-dimensional

Olami-Feder-Christensen(OFC) model using the generalized Fisher-Stauffer scaling

theory, which was originally developed to study critical fluctuations in thermody-

namic systems. Recently work indicates that the strength of the noise in the OFC

model can lead to markedly different dynamics. An effective-ergodicity noise thresh-

old separates the two qualitatively different dynamical regimes. We show that when

the noise is higher than the effective ergodicity noise threshold, the scale invariant

avalanches are observed only at the critical point, which corresponds to dissipation

approaching zero. Our work indicates that relevant scaling field is a function of the

dissipation. We derive universal scaling functions for avalanche statistics and dynam-

ics. The measured critical exponents are also consistent with the derived scaling laws.
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In contrast, we find that the deterministic OFC model exhibits scale invariance for

a range of dissipation rates. This generic scale invariance is typically interpreted as

self-organized criticality(SOC). We show that the avalanche distributions functions in

the deterministic OFC model are consistent with multifractal scaling, which manifests

as a set of non-universal scaling exponents. Our work indicates that the strength of

the noise strongly affects the scaling in the OFC model. An important question is

whether certain systems exhibit apparent SOC behavior because the relevant scaling

field is simply tuned to the critical value in the model definition.

3.1 Introduction

Cascades of activity, also known as avalanches, are ubiquitous in nature (Stanley,

1971; Serino et al., 2011; Zierenberg et al., 2018a; Martinello et al., 2017; Pak and

Hayakawa, 2011; Fontenele et al., 2019a; Kawamura et al., 2012; Sethna et al., 2001;

Beggs and Plenz, 2003; Chialvo, 2010; Herz and Hopfield, 1995; Matin et al., 2021;

Matin et al., 2021; Ding and Lu, 1993; Zapperi et al., 1998; Gleeson and Durrett,

2017). Well known examples of avalanches include earthquakes (Serino et al., 2011;

Kawamura et al., 2012), collective firings of neurons (neural avalanches) (Zierenberg

et al., 2018a; Martinello et al., 2017; Fontenele et al., 2019a; Matin et al., 2021; Beggs

and Plenz, 2003), collective flipping of magnetic domains under a driving field (Bau-

rkausen effect) (Sethna et al., 2001; Zapperi et al., 1998) and the growth dynamics

of economic systems (Stanley et al., 1996; Frey et al., 2019). In a given system,

avalanches may span many spatial and temporal scales (Serino et al., 2011; Zieren-

berg et al., 2018a; de Carvalho and Prado, 2000; Sethna et al., 2001; Zapperi et al.,

1998; Fontenele et al., 2019a; Bonachela and Munoz, 2009; Muñoz et al., 1999b). Al-

though avalanches appear in many disparate systems, certain universal traits such as

power law distributions (Serino et al., 2011; Zierenberg et al., 2018a; de Carvalho and
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Prado, 2000) and universal firing rates (Fontenele et al., 2019a; Sethna et al., 2001;

Matin et al., 2021; Gleeson and Durrett, 2017) appear to be independent of the un-

derlying microscopic details (Stanley, 1999; Stauffer, 1979). A deeper understanding

of avalanches is also of practical importance to researchers in siesmology (Kawamura

et al., 2012; Serino et al., 2011) and is an important step toward understanding the

function of neural avalanches (Muñoz, 2018a; Fontenele et al., 2019a; Beggs and

Plenz, 2003; Chialvo, 2010).

We focus on scale invariant or power law distributed avalanches where there is

no characteristic scale in the system and avalanches of an arbitrary large size are

possible (Stanley, 1971; Stauffer and Aharony, 2018). An open question is whether

scale invariant avalanches are related to an underlying critical point (Matin et al.,

2021; Matin et al., 2020; Dickman et al., 1998; Hwa and Kardar, 1989; Perković et al.,

1995; Vespignani and Zapperi, 1997; Mohanty and Dhar, 2002), similar to equilibrium

thermal systems such as the Ising model (Stanley, 1971; Stauffer, 1979; Stauffer and

Aharony, 2018). Any deviation from the critical point sets a characteristic scale in the

system (Stanley, 1971; Stauffer and Aharony, 2018; Stauffer, 1979). Different physical

observeables, which depend on the characteristic scale, diverge as the critical point

is approached (Stanley, 1971; Stauffer and Aharony, 2018; Matin et al., 2021). For

example, the magnetic domains in the Ising model are power law distributed when

the temperature is tuned to its critical value (Stauffer, 1979; Stauffer and Aharony,

2018; Klein et al., 2007). The relevant scaling field in the Ising model is (T − Tc)/Tc,

where Tc is the critical temperature (Stanley, 1971; Klein et al., 2007). In contrast,

an alternate explanation of power-law distributions may be due to self organized

criticality(SOC) (Bak et al., 1987; Olami et al., 1992; Turcotte, 1999), which claims

to describe systems that exhibit scale-invariance without any apparent fine tuning.

The clearest way to rule out SOC in a system is to identify the relevant scaling field
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that must be fine tuned to observe scale invariant behavior (Stanley, 1971; Stauffer,

1979; Dickman et al., 1998; Perković et al., 1995).

We present a phenomenological scaling theory of avalanches by generalizing the

Fisher-Stauffer cluster scaling theory, which was originally developed in the study

of critical phenomena (Fisher, 1967) and percolation models (Stauffer and Aharony,

2018; Stauffer, 1979) and equilibrium thermal models (Coniglio and Klein, 1980).

Here, we analyze avalanches in the two-dimensional Olami-Feder-Christensen model

(Olami et al., 1992) with nearest neighbor interactions. The OFC model is defined

in Sec. 3.2 and we review the results of previous studies of the model and discuss

a recent finding that there is an effective ergodicity noise threshold for the 2D OFC

model (Matin et al., 2020). Reference (”Klein et al., b) show that the two-dimensional

OFC model is in thermal equilibrium when the model has sufficiently high noise to

be effectively erogdic (Matin et al., 2020). Section 3.3 provides a brief pedagogical

introduction to the Fisher-Stauffer scaling theory. We analyze the avalanches using

the Fisher-Stauffer scaling theory for noise greater than the effective ergodicity noise

threshold in Sec. 3.4. Our results indicate that the scale invariance is caused by an

underlying critical point. We show that the avalanches in the deterministic OFC

model exhibits multifractal scaling in Sec. 3.6. Lastly, we discuss the implications

of our work for other models such as the Bak-Tang-Wiesenfield sandpile (Bak et al.,

1987) and the Manna model (Manna, 1991) in Sec. 3.7.

3.2 Olami-Feder-Christensen Model

The OFC model was originally introduced to understand how dissipation affects self

organized criticality (Bak et al., 1987) and has been used to model earthquakes (Serino

et al., 2011; Kazemian et al., 2015; Klein et al., 2007; Dominguez et al., 2013; Klein

et al., 1997; Peixoto and Prado, 2006; Peixoto and Davidsen, 2008; Kotani et al., 2008;
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Li and Wang, 2018; Duan-Ming et al., 2006). The OFC model is the slow driving

limit of integrate-and-fire oscillators, and shares many similarities with the Hopfield

models (Hopfield and Herz, 1995; Herz and Hopfield, 1995) of neural systems.

We study the two-dimensional OFC model defined on a square lattice with nearest

neighbor stress-transfer and open boundary conditions. Each site can hold some stress

denoted by Vi,j. The system is initialized with all sites having stress randomly assigned

between the residual stress V R and the failure threshold V F. The OFC model is driven

uniformly until one site has stress equal to V F. When the stress on the site equals

V F, it fires and is reset to V R + ηr, where r is a random uniform number between

[−1, 1] and η is the strength of the noise. The stress (1− λ)
[
V F −

(
V R + ηr

)]
/4

is transferred to the four nearest neighbors, where λ is the dissipation rate. The

remainder of the stress is dissipated. When a site near the edge fails, more stress is

transferred out of the system due to the open boundary conditions. The neighboring

sites receive stress from the firing site and fire if the stress exceeds V F. This cascade

of firings is called an avalanche. We record the size s of the avalanche (number of

times sites fire), the area a of the avalanche (number of sites that fire at least once)

and lifetime ℓ(time between the first and last firing site). No stress is added while an

avalanche propagating. This large separation of timescales between the slow driving

and fast relaxation gives us well defined local avalanches.

The two-dimensional OFC with nearest-neighbor stress-transfer exhibits remark-

ably different phenomena when noise is added (Matin et al., 2020). The OFC model

undergoes an effective ergodicity (Thirumalai et al., 1989; Thirumalai and Mountain,

1990; Thirumalai and Mountain, 1993; Palmer, 1982) breaking transition at effective

ergodicity noise threshold ηE ≈ 0.07 (Matin et al., 2020). When the OFC model has

noise η ≥ ηE, the system can be characterized by cluster scaling methods (Matin et al.,

2020). Similar cluster scaling methods have been applied to Barkhausen noise (Sethna
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et al., 2001; Zapperi et al., 1998) and neural avalanches (Matin et al., 2021; Martinello

et al., 2017; Fontenele et al., 2019a; Friedman et al., 2012).

In this paper, we will study the scaling behavior of the 2D nearest neighbor OFC

model for η > ηE and contrast the behavior with the deterministic 2D nearest neigh-

bor OFC model. The parameters used for our simulations are V R = 1.0 and V F = 2.0.

Linear system size L = 500 is used for most simulations. We discard the first 108

avalanches before collecting data for a run.
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3.3 Fisher-Stauffer Scaling Theory

Universal scaling behavior across disparate systems has lead to the scaling hypoth-

esis (Stanley, 1971), which was later justified using renormalization group meth-

ods (Wilson, 1983). Certain scaling techniques originally developed in study of critical

phenomena (Fisher, 1967) and then applied to percolation models (Stauffer, 1979;

Stauffer and Aharony, 2018). We can use the Fisher-Stauffer scaling theory to analyze

the critical point in a system by studying the statistics properties of the fluctuations or

clusters in the system (Stauffer and Aharony, 2018; Klein et al., 2007; Stanley, 1971).

References (Stauffer, 1979; Stauffer and Aharony, 2018) provides detailed discussion

of cluster scaling in percolation theory.

Near the critical point, the asymptotic behavior of avalanche or cluster distribu-

tions are characterized by power laws (Stanley, 1971; Matin et al., 2020; Stauffer and

Aharony, 2018; ”Klein et al., a). We can obtain thermal quantities from the size

distribution ns (Stauffer and Aharony, 2018). As the system approaches its critical

point, the distribution for s ≫ 1 is

ns ∼ s−τsG

(
s

sc

)
, (3.1)

where τs is a critical exponent that characterizes the power law distribution at the

critical point. The characteristic size sc diverges as sc ∼ h−1/σs , where h is a relevant

scaling field. The critical point corresponds to h = 0. At the critical point the

avalanche distribution functions become ns ∼ s−τs . A system is scale-free or scale-

invariant when the avalanche distributions follows a power law, ns ∼ s−τs (Matin

et al., 2021). We can plot ns = N0s
−τs on log-log scaled plot to find a straight line

with slope τs (Stauffer and Aharony, 2018; Matin et al., 2021). When the system

is not at the critical point, there are deviations from the power law (Stanley, 1971;

Stauffer and Aharony, 2018; Matin et al., 2021; Klein et al., 2007). We use the
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Fisher ansatz (Fisher, 1967; Stauffer, 1979; Stauffer and Aharony, 2018), G(x) =

exp(−x), which has been applied to the percolation (Stauffer and Aharony, 2018)

and thermal systems (Klein et al., 2007). The exponential cutoff appears as a “knee”

or “bend” in the log-log plot (Stauffer and Aharony, 2018; Matin et al., 2021; Matin

et al., 2020). Distributions with a cut-off at some characteristic value are not scale-

invariant (Stanley, 1999; Matin et al., 2021; Stauffer, 1979; Stauffer and Aharony,

2018; Stumpf and Porter, 2012).

We use scaling arguments to relate the power laws near the critical point. The

characteristic size sc can be related to the correlation length ξ, which diverges as

ξ ∼ h−ν =⇒ ξ−
1
ν ∼ h. (3.2)

The characteristic size scales as

sc ∼ h−1/σs ∼
[
ξ−

1
ν

]−1/σs

∼ ξ1/(σsν). (3.3)

We will use similar scaling arguments to derive new scaling laws for the OFC model.

Although, the Fisher-Stauffer scaling techniques originated as an equilibrium method

(Stauffer, 1979; Stauffer and Aharony, 2018; Fisher, 1967), they appear to be valid in

the OFC model when the noise is greater than ηE (Matin et al., 2020).

3.4 Scaling when η > ηE

We use the generalized Fisher-Stauffer scaling theory to analyze avalanches in the

two-dimensional OFC model with nearest neighbor connections and open boundary

conditions as the dissipation goes to zero, λ → 0 for η > ηE. We find that the scaling

of the avalanches can be related to the critical point at λ = 0. In this section, we

consider the OFC model when η = 0.15 > ηE, where ηE = 0.071± 0.02 (Matin et al.,

2020).
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3.4.1 Scale Invariant Avalanche Distribution at the Critical point

We analyze the avalanche size s, area a and lifetime l near the critical point. As

λ → 0, the distribution of avalanche size s, area a and lifetime l are characterized by

the following scaling forms

nu ∼ u−τu exp

(
− u

uc

)
for u = s, a, ℓ, (3.4)

where, sc, ac and ℓc are the characteristic size, area and lifetime respectively. Note

that Eq. (3.4) corresponds to the Fisher-Stauffer scaling form (Stauffer and Aharony,

2018). When the system approaches the critical point λ → 0 the characteristic values

scale as

uc ∼ λ−1/σu for u = s, a, ℓ. (3.5)

Figure. 3·1 shows that the avalanche distributions for size, area and lifetime follow

power laws only at the critical point. The critical exponents, which characterizes the

power laws, are estimated to be τs = 1.26±0.02, τa = 1.23±0.02 and τℓ = 1.37±0.06.

For finite dissipation, the cutoffs are observed at the smaller values of the size, area

and lifetimes when η > ηE. The exponential cutoffs correspond to characteristic size,

area and lifetimes which diverge with the critical exponents σs = 0.75 ± 0.04, σa =

0.97± 0.07 and σℓ = 1.39± 0.06 as λ → 0, as seen in Fig. 3·2.

Universal scaling functions are a remarkable property of systems near a critical

point and are obtained via data collapse where curves for different values of the

tuning parameter collapse onto a single line after appropriate rescaling (Stanley, 1971;

Stauffer and Aharony, 2018; Sethna et al., 2001; Matin et al., 2021). We start with

the distribution functions, and using Eq. (3.5) we write

nu ∼ u−τu exp

(
− u

uc

)
∼ u−τu exp

(
−uλ1/σu

)
. (3.6)
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Figure 3·2: The characteristic size sc, area ac and lifetime ℓc
diverges as the the critical point is approached λ → 0. The
sc, ac and ℓc are found by fitting the avalanche distributions using
Eq. (3.4). The numerical estimates of the critical exponents are σs =
0.75± 0.03, σa = 0.97± 0.07 and σℓ = 1.39± 0.06.

1971; Stauffer and Aharony, 2018). Unfortunately, simulations can be performed at

finite system lengths, which sets a cut-off for the avalanche distributions (Stanley,

1971; Stauffer and Aharony, 2018). Finite size scaling seeks to exploit this apparent

limitation by systematically studying how the cut-off (set by the lattice size) scales

with the system length L (Stanley, 1971; Stauffer and Aharony, 2018).

In Eq. (3.3), we showed that the characteristic size scales as sc ∼ ξ1/(σsν). We can

extend this scaling to the avalanche area and lifetime as well,

uc ∼ ξ1/(σuν), for u = s, a, l. (3.9)

At the critical point the correlation diverges and the scaling in Eq. (3.9) is valid up

to the system length, and the scaling relation becomes

uc ∼ L1/(σuν) for u = s, a, ℓ. (3.10)
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λ > 0, the OFC model is in the disordered phase where all the avalanches are finite.

For λ < 0, the system appears to be in the ordered phase, characterized by infinite

avalanches in the thermodynamic limit.

Our choice of the order parameter for the OFC model is the motivated by work

in percolation (Stauffer, 1979; Stauffer and Aharony, 2018) and directed percola-

tion (Henkel et al., 2008). We choose as our order parameter the fraction of avalanches

that are spanning Pspan. A spanning avalanche is when there is at least one firing site

along each of the four edges in the lattice. The order parameter scales as

Pspan ∼ λβ, for λ < 0. (3.18)

By using finite size scaling arguments and Eq. (3.9), we show that the order parameter

scales with the system size as

Pspan ∼ L−β
ν . (3.19)

Our numerical estimates indicate that β
ν
≈ 0, i.e. β ≈ 0 as ν > 0 in our prior

estimates. The scaling law relating the order parameter exponent to the response

functions β + γu = 1
σu

(Stanley, 1971) is consistent with our numerical estimate of γu

in Fig. 3·5 and σu in Fig. 3·2.

3.5.1 Scaling Laws

Near the critical point, the response function can be described by a generalized ho-

mogeneous function (Stanley, 1971; Stauffer and Aharony, 2018; Matin et al., 2021;

Hankey and Stanley, 1972). We drop the subscripts on the critical exponents for the

following derivation to improve readability. For u ≫ 1, the response functions can be
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written as

χu =

∑
u≥1 u2 ns∑
u≥0 u nu

≈
∫∞
1

u2−τG(u/uc) du∫∞
1

u1−τG(u/uc) du
. (3.20)

We use the Fisher ansatz G(u) = exp(−u) and the change of variables y = u/uc. to

find

χ ≈
u3−τ
c

∫∞
1/uc

y2−τ exp(−y)dy

u2−τ
c

∫∞
1/uc

y1−τ exp(−y)dy
, (3.21)

In the limit, λ → 0, the characteristic values uc diverges. When evaluating the first

and second moment, the argument of the exponential can be taken to be zero between

up to λsσ ∼ 1 (Stauffer and Aharony, 2018), so the integrals can be replaced by the

gamma functions Γ (Arfken and Weber, 1999),

≈ uc
Γ(3− τ)

Γ(2− τ)
, as λ → 0. (3.22)

The response function for the avalanche size, area and lifetime scales as

χs ∼ uc for u = s, a, ℓ. (3.23)

By using Eq. (3.5) and Eq. (3.23), we find the scaling laws

γu =
1

σu

for u = s, a, ℓ. (3.24)

The estimated critical exponents in Fig. 3·2 and Fig. 3·5 show that the OFC model

is consistent with the derived scaling in Eq.(3.24) law when η > ηE. Our derivation

is similar to percolation theory (Stauffer and Aharony, 2018; Chen and Lin, 2009),

except that for the OFC model the first moment of the avalanche distributions also

contribute to the divergence.
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3.5.2 Gap Exponent

Systems near the critical point are characterized by an emergent scale which is pa-

rameterized by a fractal dimension (Stanley, 1971). The existence of a single fractal

dimension implies a constant gap exponent (Stauffer and Aharony, 2018; Stanley,

1971; Kadanoff et al., 1989), which characterizes how the ratio of the moments of the

avalanche distribution functions,

Ru(k) =

∑
u uk+1 nu∑
u uk nu

foru = s, a, ℓ, (3.25)

diverges for k ≥ 1. Near the critical point, we can write Ru(k) as

Ru(k) =

∫∞
1

uk+1−τu exp(−u)du∫∞
1

uk−τu exp(−u)du
(3.26)

By using similar scaling arguments as in Sec. 3.5.1, we show that Ru(k) scales

Ru(k) ∼ λ−1/σu for u = s, a, ℓ. (3.27)

In Fig. 3·7, we see that there are constant constant gap exponents for avalanche

size, area and lifetime distributions as λ → 0 for η > ηE.

3.5.3 Conditional distribution function relating avalanche size, area and

lifetime

We can use conditional distribution functions, S(a), A(ℓ) and S(ℓ), to relate the

avalanche size, area and lifetime. S(a) is the expected size for avalanche of area a,

A(ℓ) is the expected area for an avalanche of lifetime ℓ, and S(ℓ) is the expected size

for an avalanche of lifetime ℓ. S(a), A(ℓ) and S(ℓ) can be written as a generalized

homogeneous function near the critical point (Stanley, 1971; Hankey and Stanley,

1972; Matin et al., 2021). Uni-variate generalized homogeneous functions are power

laws (Stanley, 1971; Hankey and Stanley, 1972). The conditional distribution func-
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Figure 3·8: The conditional distribution functions relating
avalanche size, area and lifetimes are power laws at the crit-
ical point. The size-area conditional distribution function scales as
S(a) ∼ aζ , where ζ = 1.38 ± 0.07. The size-lifetime conditional distri-
bution function scales as S(ℓ) ∼ ℓκ, where κ = 1.35 ± 0.07. The area-
lifetime conditional distribution function scales as A(ℓ) ∼ ℓµ, where
µ = 1.77± 0.07.

we can write

S(a) ∼ sc, (3.32)

∼ ξ1/(σsν), (3.33)

∼ a(σaν)/(σsν)
c , (3.34)

∼ aσa/σs . (3.35)

By using similar arguments, we can derive similar relations for S(l) and A(l), which

are

S(l) ∼ lσℓ/σs , (3.36)

A(l) ∼ lσℓ/σa . (3.37)
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We obtain the following scaling identities

ζ =
σa

σℓ

, (3.38)

µ =
σℓ

σa

, (3.39)

κ =
σℓ

σs

, (3.40)

which are consistent with the numerical estimates from Figs. 3·1, 3·2, and 3·8.

3.5.4 Universal Firing Rates

The avalanches dynamics in the OFC model are described by a universal scaling

function when η > ηE at the critical point (Matin et al., 2021; Sethna et al., 2001;

Fontenele et al., 2019a). F (t, ℓ) is the mean firing rate at time t for avalanches of

lifetime ℓ. For λ = 0, the firing rate can be described by a multivariate generalized

homogeneous function (Matin et al., 2021; Sethna et al., 2001),

F (t, l) = ϕ−bV (ϕt, ϕl), (3.41)

where ϕ is an arbitrary constant. We set ϕ = 1/ℓ to find

F (t, ℓ) = ℓbF (t/ℓ, 1) . (3.42)

The right side of Eq. 3.42 is only a function of the ratio t/ℓ, therefore we can introduce

an appropriate uni-variate function,

F (t, ℓ) = ℓbf(t/ℓ). (3.43)

We express b in terms of the other critical exponents. The average avalanche size
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the first firing rates when we plot the rescaled variables G(t, ℓ)ℓµ−1 as a function of

the rescaled time t/ℓ in Fig 3·9(b).

The existence of universal scaling functions for the dynamics of the avalanches

are a strict criteria for criticality and can be observed only sufficiently close to the

critical point (Matin et al., 2021; Fontenele et al., 2019a; Sethna et al., 2001).

3.6 Scaling in the deterministic OFC model

We analyze the avalanche distributions for the deterministic (η = 0) OFC model and

show that the scaling behavior is in stark contrast to the η > ηE case. The determin-

istic OFC model is characterized by very long transients (Middleton and Tang, 1995;

Wissel and Drossel, 2006; Grassberger, 1994). For all the deterministic runs reported

here, we first run the system until the transient has ended. The deterministic OFC

model exhibits partially synchronized stress domains, which appear as patches of iden-

tical on-site stress when we plot a snapshot of the system (Middleton and Tang, 1995;

Lise and Paczuski, 2001b; Lise and Jensen, 1996). These domains domains originate

at the edges of the lattice and slowly invade the bulk toward the center (Middleton

and Tang, 1995; Lise and Paczuski, 2001b; Wissel and Drossel, 2006; Drossel, 2002).

The transient time is defined as the time taken for the invasion to reach the center of

the lattice (Middleton and Tang, 1995; Lise and Paczuski, 2001b; Ceva, 1998; Wissel

and Drossel, 2006).

3.6.1 Generic Scale Invariant Avalanche Distribution

The avalanche size distribution exhibits generic scale invariance (power-law distributed

avalanches for a range of λ values) in the deterministic OFC model. Figure 3·10 shows

that the exponent τs which characterizes the power-law and varies with the dissipa-

tion λ, in contrast to the Fisher-Stauffer scaling form. This is consistent with results

in Refs. (Olami et al., 1992; Olami and Christensen, 1992; Christensen and Olami,
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with self-organized criticality for η > ηE and that the relevant scaling field is a

function of λ. On the other hand, the deterministic OFC model exhibits generic

scale invariance for a large range of dissipation values. A continuous spectrum of

τs and τa exponents parameterize the avalanche distribution functions, which are

consistent with multifractal scaling. Refs. (Olami et al., 1992; Olami and Christensen,

1992; Christensen and Olami, 1992; Boulter and Miller, 2003; Christensen et al.,

1992; Middleton and Tang, 1995) have interpreted this behavior as an example self-

organized criticality for finite dissipation. Additionally, our work sheds light on the

unusual scaling behavior of systems with multifractal scaling and supports the idea

that there may an important connection to self-organized criticality (Kadanoff et al.,

1989; Tebaldi et al., 1999; Olami and Christensen, 1992; Stella and De Menech, 2001).

Our finding that the relevant scaling field in the OFC model for η > ηE is a

function of the bulk dissipation rate has important implications for the BTW sandpile

model (Bak et al., 1987) and the Manna model (Manna, 1991) which have been

argued to be examples of self-organized criticality. An important question is whether

certain systems exhibit apparent SOC behavior because the relevant scaling field in

the problem is simply tuned to the critical value in the model definition. Additionally,

we hypothesize that the multifractal scaling in the BTW sandpile (Kadanoff et al.,

1989; Tebaldi et al., 1999) and the finite size scaling in the Manna (Manna, 1991;

Chen and Lin, 2009) may be due to the fact that the avalanche dynamics in the

BTW model are deterministic (Bak et al., 1987), and the Manna model has stochastic

dynamics (Manna, 1991).

The characterization of the scaling behavior of avalanches in the OFC model may

also be of interest in other fields such as neuroscience (Matin et al., 2021; Muñoz,

2018a; Fontenele et al., 2019a; Friedman et al., 2012; Friedman et al., 2012). The

OFC model is the slow-driving limit of an integrate and fire system, which models
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neural systems (Hopfield and Herz, 1995; Herz and Hopfield, 1995; Millman et al.,

2010b; Martinello et al., 2017). The role of scale invariant neural avalanches in vivo

and in vitro in brain function are an open question (Martinello et al., 2017; Fontenele

et al., 2019a; Muñoz, 2018a; Friedman et al., 2012; Beggs and Plenz, 2003; Matin

et al., 2021). The generalized Fisher-Stauffer scaling theory may a useful tool to

analyze neural avalanches in simulations (Matin et al., 2021; Millman et al., 2010b;

Martinello et al., 2017) and experiments (Zierenberg et al., 2018a; Friedman et al.,

2012; Fontenele et al., 2019a; Beggs and Plenz, 2003).
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Chapter 4

Stability of Foreshocks and Aftershocks in

the Long-Range Olami-Feder-Christen

model

4.1 Introduction

Earthquake fault systems are characterized by spatial inhomogenieties across many

scales (Rundle et al., 2021). These spatial inhomogenieties are affected by short term

properties such as water content in rocks (Vasarhelyi and Ván, 2006) and the long

term geological activity of the fault itself (Rundle et al., 2021; Kazemian et al., 2015).

The role of spatial inhomogenieties in temporal dynamics of earthquakes is not well

understood (Kazemian et al., 2015).

To obtain a deeper understanding of earthquake phenomenology, investigators

have studied simple models such as the OFC model (Olami et al., 1992; Serino et al.,

2011; Hergarten and Neugebauer, 2002; Kazemian et al., 2015; Dominguez et al.,

2013). Early works (Olami et al., 1992; Hergarten and Neugebauer, 2002) focused

on the OFC model with nearest-neighbor stress transfer to study the distribution

of earthquakes (or avalanches). These studies qualitatively captured the Gutenberg-

Richter law (Wesnousky, 1994; Olami et al., 1992), which describes the magnitude

frequency distribution of earthquakes. Reference. (Hergarten and Neugebauer, 2002)

showed that the deterministic OFC model with nearest-neighbor stress transfer is

qualitatively consistent with Omori’s Law (Davidsen et al., 2015), which characterizes
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the distribution of foreshocks and aftershocks preceding and following a main shock.

Real earthquake fault systems have long-range elastic stress transfer (Rundle and

Klein, 1993; Klein et al., 1997; Serino et al., 2011). Reference (Serino et al., 2011)

studied the OFC model with long-range stress transfer to model earthquake fault

systems. Aggregate statistics from different fault systems are consistent with the

Gutenberg-Richter scaling law, even though single earthquake faults generally are are

not consistent with the Gutenberg-Richter scaling law (Serino et al., 2011). Refer-

ence. (Serino et al., 2011) showed that long-range OFC models with different levels of

spatial disorder can lead to quantitative agreement with the Gutenberg-Richter scal-

ing similar to real earthquake fault systems. Additionally, the scaling distribution

was shown to be related to an underlying spinodal critical point (Serino et al., 2011).

Certain earthquake fault systems exhibit temporal regularity on both short time

scales (Davidsen et al., 2015) and long time scales (Veedu and Barbot, 2016). One

of the most well known examples is the Parkfield fault system where a magnitude

6 or greater earthquake has occurred roughly every 22 years since 1857 (Veedu and

Barbot, 2016). The latest recorded earthquake in the Parkfield fault was in 2004

showed significant deviation from the historical trend (Bakun et al., 2005). To better

understand the mechanisms behind earthquake periodicity, Ref. (Kazemian et al.,

2015) studied the long-range OFC model and showed that spatial disorder such as

asperities can lead to temporal clustering of earthquakes in the form of foreshocks

and aftershocks. The simulation results using the OFC model were compared to

similar clustering in the north Iceland, southern Eyjafjaröaráll graben fault systems

between August 20, 2012 through March 25, 2013 (Kazemian et al., 2015), which also

exhibited temporal clustering of earthquakes.

Our work builds on the study of foreshocks and aftershocks in the OFC model in

Ref. (Kazemian et al., 2015). We analyze the long time stability of temporal clustering
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of earthquakes and discuss the implications on forecasting.

4.2 Model

We study the two dimensional OFC model defined on a square lattice with stress-

transfer range R and periodic boundary conditions. Each site can hold stress denoted

by Vi,j. The system is initialized with all sites having stress randomly assigned be-

tween the residual stress V R = 1.0 and the failure threshold V F = 2.0. A fraction

of the sites are asperities with a much higher failure threshold V F = 12.0. The OFC

model is driven uniformly until one site has stress equal to its failure threshold (V F)

When the stress on the site equals the failure threshold, it topples and is reset to

V R + ηr, where r is a random uniform number between [−1, 1] and η is the strength

of the noise. The stress (1− λ)
[
V F −

(
V R + ηr

)]
is distributed evenly to the all

neighbors within an a distance R, where λ is the dissipation rate. The remaning

stress is dissipated. The sites within in the stress transfer range receive stress from

the firing site and may fire if the stress exceeds the failure threshold. We call this

cascade of firings an earthquake in the OFC model. No stress is added when an earth-

quake is in progress. This large separation of timescales between the slow driving and

fast relaxation is consistent with the fact that earthquakes occur at time scales much

shorter than geological scales typically associated with fault systems (Serino et al.,

2011). We record the size s of the earthquake (number of times sites fire).

4.3 Results

We find that Gutenberg-Richter scaling (power-law distribution characterizing the

magnitude-frequency relation of earthquakes) can coexist even with foreshocks and

aftershocks. In Fig. 4·1, the measured value of exponent τ is consistent with theo-

retical value of 3/2 (Serino et al., 2011). We measured ns(s) by averaging over a set
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of 106 earthquakes. The distribution was fit to ns ∼ s−τexp(s/sc), where sc is the

characteristic size.

Figure 4·1: The two-dimensional OFC model with long-range
stress transfer and asperities is consistent with Gutenberg
Richter scaling in Ref. (Serino et al., 2011). After the system
was initialized, the first T × 106 events were discarded, and the distri-
bution for the following 106 earthquakes is plotted. The distribution of
event sizes follows a power-law with the exponent τ = 3/2. The system
size is L = 300 with stress tranfer range R = 10, 5% of the sites are
asperities with a failure threshold V A = 12.0, and noise is η = 0.10.
Our parameters values are similar to Ref. (Kazemian et al., 2015).

To study the non-stationary behavior in the OFC model, we analyzed different

sequences of earthquakes. For a given sequence, we first discarded T×106 events after

the system was initialized. Figure 4·2 shows the temporal clustering of earthquakes.

Foreshocks precede a large earthquake called the main shock, which is followed by a

series of aftershocks. The temporal clustering of earthquakes in the OFC model is

non-stationary. Figure 4·2 shows that the over time the temporal clustering becomes

less pronounced over time. We repeated our analysis for different values of the noise

η and system sizes. For higher noise, the temporal clustering disappears faster. Our

finite size scaling analysis reveals that for large system sizes the temporal clustering

decays at a much slower rate.
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Figure 4·2: The long-range OFC model with asperities ex-
hibits strong temporal clustering of events with foreshocks
and aftershocks. The system size is L = 300, 5% of the sites are as-
perities with a failure threshold V A = 12.0, and noise η = 0.10 is used.
The different panels correspond to the time series of the earthquakes
recorded after different transients since the initialization of the system.
The transient in (a), (b) and (c) are 106, 5×106 and 107 events respec-
tively. The temporal clustering is non-stationary. The foreshocks and
aftershocks becomes less pronounced over time.

Our analysis reveals that the foreshocks and aftershocks are due to collective

firings of the asperity sites. Figure 4·3 shows that the weakening of the temporal

clustering is accompanied by the smaller fraction of asperity sites failing during an

event. Due to the presence of noise in the system, over time the asperities no longer

fail collectively. Therefore, the foreshocks and aftershocks in the system becomes less

pronounced.

4.4 Discussion

We showed that the temporal clustering of earthquakes in the long-range OFC model

with asperities exhibit non-stationary behavior. In future works, we plan to use

extend our to to model aging in earthquake fault systems (Rubin and Ampuero,

2005). Additionally, our work has important implications for the field of earthquake

predictions (Rundle et al., 2021; Pun et al., 2020). The non-stationary behavior of

earthquakes suggests that algorithms trained on a past data set may not be able to
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Figure 4·3: Weakening temporal clustering of earthquakes in
the OFC model is due to desynchronization of the stress on
the asperity sites. (a) and (b) correspond to a transient of 106 events.
The sharp temporal clustering in (a) may be due to the large fraction
of asperities that fail during the main shock as seen in (b). (c) and
(d) correspond a transient of 107 events. (c) shows weaker temporal
clustering compared to (a).

correctly predict future events. Therefore, methods that use spatial information for

prediction (Pun et al., 2020) may prove useful for short-time earthquake forecasting.
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Chapter 5

Scaling of causal neural avalanches in a

neutral model

This thesis chapter and accompanying appendix was published as the following re-

search article:

Sakib Matin, Thomas Tenzin, and W. Klein. “Scaling of causal neural avalanches

in a neutral model.” Physical Review Research, 3.1 (2021): 013107.

Abstract

Neural avalanches are collective firings of neurons that exhibit emergent scale-free

behavior. Understanding the nature and distribution of these avalanches is an im-

portant element in understanding how the brain functions. We study a model of

neural avalanches for which the dynamics are governed by neutral theory. The neu-

ral avalanches are defined using causal connections between the firing neurons. We

analyze the scaling of causal neural avalanches as the critical point is approached

from the absorbing phase. By using cluster analysis tools from percolation theory, we

characterize the critical properties of the neural avalanches. We identify the tuning

parameters consistent with experiments. The scaling hypothesis provides a unified

explanation of the power laws which characterize the critical point. The critical ex-

ponents characterizing the avalanche distributions and divergence of the response

functions are consistent with the predictions of the scaling hypothesis. We use a

universal scaling function for the avalanche profile to find that the firing rates for



60

avalanches of different durations show data collapse after appropriate rescaling. We

also find data collapse for the avalanche distribution functions, which is stronger ev-

idence of criticality than just the existence of power laws. Critical slowing-down and

power law relaxation of avalanches is observed as the system is tuned to its critical

point. We discuss how our results motivate future empirical studies of criticality in

the brain.

5.1 Introduction

Systems with many interacting units can exhibit phenomena at macroscopic scales

which cannot be elucidated from their microscopic behavior (Stanley, 1971; Wilson,

1979). For a system at its critical point, emergent phenomena occur at all length

scales and can be understood using concepts such as scaling and universality (Stanley,

1971; Stanley, 1999; Klein et al., 2007). There is a growing interest in the question of

whether certain biological systems operate near a critical point (Muñoz, 2018b; Mora

and Bialek, 2011; Hyman et al., 2014; Vicsek et al., 1995; Lo et al., 2004). A question

that has received much attention is the question of whether the brain operates near

a critical point (Muñoz, 2018b; Chialvo, 2010; Van Kessenich et al., 2016; Hahn

et al., 2017; Dalla Porta and Copelli, 2019; Petermann et al., 2009; Priesemann et al.,

2014; Shriki et al., 2013; Scarpetta and de Candia, 2014; Haimovici et al., 2013;

Millman et al., 2010a; Das and Levina, 2019), commonly referred to as the criticality

hypothesis (Muñoz, 2018b). Experiments have shown that neural avalanches in vivo

and in vitro can exhibit scale-free behavior similar to thermal systems near the critical

point (Lo et al., 2002; Beggs and Plenz, 2003; Zierenberg et al., 2018b; Friedman

et al., 2012; Fontenele et al., 2019b; Clement et al., 2008). The interest in the

criticality hypothesis has been amplified by arguments that criticality in the brain

may benefit memory storage and information processing (Langton, 1990; Bertschinger
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and Natschläger, 2004; Stoop and Gomez, 2016; Muñoz, 2018b; Honey et al., 2012;

Gautam et al., 2015; Massobrio et al., 2015; Haldeman and Beggs, 2005; Shew et al.,

2015; Kinouchi and Copelli, 2006; Boedecker et al., 2012).

The temporal-proximity binning method of defining neural avalanches (Beggs and

Plenz, 2003; Zierenberg et al., 2018b; Friedman et al., 2012; Fontenele et al., 2019b;

Clement et al., 2008; Ribeiro et al., 2014; Levina and Priesemann, 2017) can show dis-

crepancies from the true behavior of avalanches especially when multiple avalanches

propagate through the system (Martinello et al., 2017; Villegas et al., 2019). Mar-

tinello et al. (Martinello et al., 2017) partly addressed this issue by defining avalanches

using causal-connections between firing neurons. Additionally, Martinello et al. (Mar-

tinello et al., 2017), studied a minimal model of neural avalanches, which is the con-

tact process (Hinrichsen, 2000) where multiple neutral causally connected avalanches

can propagate concurrently. We also study this neutral contact process here. The

avalanche distributions in the active phase of the neutral contact process were studied

in Ref. (Martinello et al., 2017). In this chapter, we study the scaling of causal neural

avalanches as the critical point is approached from the absorbing phase, where there

are no infinite avalanches. Our analysis reveals the relevant scaling fields or tuning

parameters in the absorbing phase. We show that the causal neural avalanches are

consistent with the scaling hypothesis. Additionally, we discuss how our analysis can

motivate future experiments.

The remainder of the chapter is structured as follows. In Sec. 5.2, we outline

the neutral contact process and discuss the connections to experimental studies of

criticality in neural systems. We provide a brief pedagogical introduction to clus-

ter scaling methods in Sec. 5.3. In Sec. 5.4, we measure the critical exponents τ

and σ which characterize the scale-free causal avalanche distributions at the critical

point. We approach the critical point from the absorbing phase. We find data col-
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lapse of the distributions of avalanche size and duration near the critical point. In

Sec. 5.5 we study how the response function diverges as a power law as the critical

point is approached. We show that our measured critical exponents are consistent

with the scaling hypothesis in Sec. 5.6. We find that the relevant scaling field in

the neutral contact process are consistent with the different tuning parameters in

experiments (Zierenberg et al., 2018b; Shew et al., 2009; Beggs and Plenz, 2003; Poil

et al., 2012). In Sec.5.7, we analyze the scaling relation between the avalanche size

and duration. In Sec. 5.8, we use scaling arguments to derive the universal avalanche

profile and show data collapse for the firing rates for avalanches of different durations.

Critical slowing down is analyzed in Sec. 5.9. In Sec. 5.10, we analyze the universal

relaxation dynamics in the neutral contact process near the critical point. Lastly,

in Sec. 5.11 we discuss our results, which indicate that the neutral contact process

is consistent with the predictions of the scaling hypothesis. Additionally, we discuss

how our results may inform future empirical studies of neural systems.

5.2 Model

The brain is a complex system consisting of many interacting neurons. In the resting

state, neurons have intrinsic voltages which fluctuate around some residual value. A

neuron, triggered by some stimuli (endogenous or external), sends its action potential

or spikes to its connected neighbors. A recipient neuron may also fire and send its

spike to the connected neighbors thereby resulting in an avalanche. The firing neurons

in this avalanche are causally connected. Martinello et al. (Martinello et al., 2017),

defined neural avalanches in the neutral contact process using causal-connections

and showed that this definition of neural avalanches does not suffer the ambiguities

commonly found in the temporal-proximity binning method (Villegas et al., 2019).

Multiple neural avalanches can propagate concurrently in the neutral contact process
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because of the causally connected definition. The avalanches are neutral (Martinello

et al., 2017; Kimura, 1991; Azaele et al., 2016) or symmetric because the rates that

describe the dynamics of the avalanches are the same for all labels, which distinguish

the different avalanches.

Figure 5·1: Neutral theory describes the dynamics of causal
neural avalanches. The boxes correspond to neurons and each col-
umn to the right is the system at a later time step. Different colors
correspond to different causal avalanches. The rates for the dynamics
are identical for all avalanches. A new avalanche is triggered at the
driving rate ϵ and is marked with a star. An active neuron can trigger
an inactive neuron anywhere in the system at the propagation rate λ.
Both neurons share the same label as they are causally connected. An
active neuron becomes inactive at the decay rate µ. For the neural
avalanche labeled by black, the size S = 2 is the total number of acti-
vated neurons and the duration D = 2 is the time elapsed between the
first activation until all the black neurons become inactive.

The neutral contact process consists of N neurons which are fully connected. Ev-
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ery neuron interacts with every other neuron. A neuron is either inactive, I, or active

Ak, where the index k denotes the avalanche label. In Fig. 5·1, different colors corre-

spond to different causal neural avalanches. The stochastic dynamics of the avalanches

are described by rate equations. A new avalanche with a new label is triggered at the

driving rate ϵ. An avalanche increases in size at the propagation rate λ as inactive

neurons are triggered by active neurons. Active neurons become inactive at the decay

rate µ. The rate equations describing the neutral contact process (Martinello et al.,

2017) are

I
ϵ→ Amax[k]+1 (5.1)

I + Ak
λ→ Ak + Ak (5.2)

Ak
µ→ I (5.3)

An avalanche ends when all neurons with a given label k become inactive. The

size S of the causal neural avalanche is the number of activations and the avalanche

duration D is the time between the activation of the first neuron with label k to when

all neurons with index k become inactive, as shown in Fig. 5·1.

The neutral contact process captures many of the salient biological mechanisms

relevant to neural avalanches. In neural systems, the ratio of inhibitory to excita-

tory neurons (Shew et al., 2009; Beggs and Plenz, 2003; Poil et al., 2012) and the

spontaneous triggering rate (Zierenberg et al., 2018b; Priesemann et al., 2013) affect

the statistics of neural avalanches. In the neutral contact process, we can tune the

propagation rate, λ, and the decay rate, µ, to achieve an analogous result to varying

the ratio of inhibitory and excitatory neurons in experiments. In addition, the driv-

ing rate ϵ in the neutral contact process is analogous to the spontaneous triggering

of neurons (Zierenberg et al., 2018b; Meisel et al., 2013). For these reasons, we can

explore the criticality of neural avalanches in the neutral contact process in a way
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that is comparable to experiments.

We only study causal neural avalanches in the absorbing phase of the neutral

contact process, where µ ≥ λ and ϵ ≥ 0. We simulate the model using a discrete-time

asynchronous random update (Hinrichsen, 2000; Henkel et al., 2008). We discuss

how the code is implemented. A neuron is randomly chosen at each time step. If

the neuron is inactive, then a new causal avalanche is triggered with probability ϵ. If

the neuron is active, then it becomes inactive with probability µ; otherwise, another

inactive site becomes part of the same causal avalanche. All our simulations are run

at N = 104, similar to Ref. (Martinello et al., 2017). The simulations were repeated

for different systems sizes up to N = 105 to ensure that the measured values had

converged. Additionally, we confirmed that the system is effectively ergodic using

the Thrimulai-Mountain metric (Thirumalai et al., 1989; Thirumalai and Mountain,

1990; Thirumalai and Mountain, 1993). We collected data on time scales much larger

than the mixing time (the time needed for the system to reach effective ergodicity).

5.3 Theory

Different physical systems exhibit universal properties near the critical point (Stan-

ley, 1999). We can understand the nature of a critical point by analyzing the sta-

tistical properties of fluctuations or clusters in the system (Stanley, 1971; Stauffer

and Aharony, 2018; Serino et al., 2011). By using real-space renormalization group

techniques (Coniglio and Klein, 1980; Klein et al., 2007), we can map domains in

magnetic systems undergoing a thermodynamic phase transition to clusters in per-

colation models undergoing a geometric phase transition. Cluster analysis methods

from percolation theory have even been used to study non-equilibrium phase tran-

sitions in integrate-and-fire systems (Matin et al., 2020). Reference (Stauffer, 1979)

provides a summary of scaling in percolation theory. We will use similar cluster anal-
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ysis methods to study the scaling of causal avalanches in the absorbing phase of the

neutral contact process.

We can obtain thermal quantities from the the avalanche number density, nS(S)

which characterizes the probability of an avalanche of size S. Near the critical point,

the number density for S ≫ 1 is

nS ∼ S−τG

(
S

Sc

)
. (5.4)

The τ exponent characterizes the power law distribution at the critical point. The

characteristic size Sc diverges as the system approaches the critical point, and the

avalanche number density becomes a power law, nS ∼ S−τ . The Fisher ansatz (Fisher,

1967; Stauffer, 1975) assumes that the scaling function G(x) is given by G(x) =

exp(−x). Equation. 5.4 and the Fisher ansatz has been applied to many systems (Matin

et al., 2020; Serino et al., 2011) and we will show that it is consistent with the neutral

contact process.

A system is said to be scale-free when the avalanche distribution follows a true

power law, nS ∼ s−τ . In the scale-free case, we can plot nS = N0s
−τ on a log-log plot

to find a straight line with slope −τ . Deviations from the power law occur when the

system is not at the critical point. The exponential cutoff corresponds to G(x) and

appears as a “knee” in the log-log plot (Matin et al., 2020). Distributions with a cut-

off at some characteristic scale are not scale-free. The finite lattice size in simulations

also sets a cut-off.

The scaling hypothesis was originally introduced to explain the universal behavior

across disparate thermodynamic systems (Stanley, 1971). According to the scaling

hypothesis, the asymptotic behavior of various thermodynamic functions follow power

laws characterized by critical exponents. The power laws are interconnected because

they are caused by the same underlying mechanism. The predictions of the scaling
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hypothesis have been verified in both experiments and numerical models (Stanley,

1971). Later, renormalization group methods have been used to justify the scaling

hypothesis (Stanley, 1999).

We review the scaling of thermodynamic quantities and introduce critical expo-

nents from statistical mechanics. Response functions quantify the change in macro-

scopic behavior caused by changes in intensive parameters (Stanley, 1971). Our defi-

nition of the response function χ is the same as in percolation theory (Stauffer, 1979;

Stauffer and Aharony, 2018; Sahini and Sahimi, 1994), namely

χ =

∑
S S2 nS∑
S S nS

. (5.5)

The response function χ is analogous to the magnetic susceptibility in the Ising

model (Stanley, 1971). The response function diverges (Stanley, 1971) as

χ ∼ h−γ, as h → 0, (5.6)

where h is the difference between the tuning parameter and its critical value. Di-

vergent response functions are hallmarks of a system near its critical point (Stan-

ley, 1971). The characteristic avalanche size Sc scales (Stanley, 1971; Stauffer and

Aharony, 2018) as

Sc ∼ h−1/σ. (5.7)

We use scaling arguments to relate the asymptotic behavior of thermodynamic

quantities near a critical point. The scaling of the characteristic avalanche size Sc

as a function the correlation length serves as a good pedagogical example. The

correlation length ξ scales as

ξ ∼ h−ν =⇒ ξ−1/ν ∼ h. (5.8)
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The characteristic avalanche size scales as

Sc ∼ h−1/σ ∼
[
ξ−1/ν

]−1/σ ∼ ξ1/σν . (5.9)

We will show that similar scaling arguments hold for the causal avalanches in the

neutral contact process.

5.4 Scale-free avalanche distribution

In this section, we study the causal avalanche size and duration distributions in the

absorbing phase of the neutral contact process where µ ≥ λ and ϵ ≥ 0.

One of the challenges of the criticality hypothesis is that the tuning parameters

in real neural systems are not known. Different experiments have suggested different

tuning parameters (Zierenberg et al., 2018b; Shew et al., 2009; Poil et al., 2012). In

Ref. (Zierenberg et al., 2018b), the experiments in vitro and in vivo show that the

spontaneous triggering rate of neurons may be interpreted as a tuning parameter.

This parameter corresponds to ϵ in the neutral contact process. The experiments

reported in Ref. (Shew et al., 2009; Beggs and Plenz, 2003; Poil et al., 2012) use

pharmacological means to alter the excitation-inhibition ratio to alter the proximity

to the critical point. We can achieve similar results by varying the rates λ and µ. Our

analysis shows that the relevant scaling fields for the neutral contact process depends

on ϵ and propensity ∆ = µ− λ, which are consistent with the different experimental

results (Zierenberg et al., 2018b; Shew et al., 2009; Beggs and Plenz, 2003; Poil et al.,

2012). We find that the critical point for the neutral contact process is ∆ = µ−λ = 0

and ϵ = 0. We find that the distributions of avalanche sizes and durations follows

power laws for ∆ = 0 and ϵ = 0. Larger avalanches are suppressed for ϵ > 0 and

∆ > 0.

In Fig. 5·2 we observe that the distribution of the avalanche sizes nS and duration
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nD satisfy a power law at the critical point with the exponents τ and τD. As we tune

the system away from the critical point by increasing the driving ϵ or the propensity ∆,

we find exponential suppression of the large avalanches characterized by the exponents

σ and σD for the size and duration respectively. The distribution functions for the

avalanche size and duration are

nS ∼ S−τ exp[− S

Sc

], (5.10)

nD ∼ D−τD exp

[
− D

Dc

]
, (5.11)

where, Sc is the characteristic avalanche size and Dc is the characteristic duration

size (Fisher, 1967; Stauffer, 1979; Stauffer and Aharony, 2018). For critical propensity

∆ = 0, the characteristic avalanche size scales as Sc ∼ ϵ−1/σ and the characteristic

duration scales as Dc ∼ ϵ−1/σD . When ϵ = 0 the scaling for the characteristic size

and duration are Sc ∼ ∆−1/σ and Dc ∼ ∆−1/σD respectively.

Our measured value of τ and τD in Fig. 5·2 are consistent with the theoretical

mean-field values, τMF = 1.5 and τMF
D = 2 (Muñoz, 2018b) and experimentally re-

ported values (Zierenberg et al., 2018b). In Fig. 5·3 we fit the exponents, σ and

σD which characterize the exponential suppression of large avalanches. The critical

exponents σ and σD for neural systems have not been reported in experiments.

A remarkable consequence of the scaling hypothesis is the existence of universal

scaling functions which are usually obtained via data collapse (Stanley, 1971; Stanley,

1999; Sethna et al., 2001), where results for different values of the control parameters

collapse on to a single curve after appropriate rescaling. In Fig. 5·2, the insets show

data collapse for the distributions of the causal avalanches. In Fig. 5·2A, the causal

avalanche size distribution for different values of ϵ is plotted. The scaling form is

nS ∼ S−τ exp

(
− S

Sc

)
∼ S−τ exp

(
−Sϵ1/σ

)
. (5.12)
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We multiply both sides by ϵ−τ/σ,

nSϵ
−τ/σ ∼ ϵ−τ/σS−τ exp

(
−Sϵ1/σ

)
(5.13)

nSϵ
−τ/σ ∼

(
Sϵ1/σ

)−τ
exp

(
−Sϵ1/σ

)
. (5.14)

In the inset of Fig. 5·2A, we plot nSϵ
−τ/σ as a function of the rescaled avalanche size

Sϵ1/σ to find data-collapse. The exact same scaling arguments can be used to derive

the rescaled scaled variables in Fig. 5·2B, 5·2C and 5·2D, which are as follows

nDϵ
−τD/σD ∼

(
Dϵ1/σD

)−τD
exp

(
−Dϵ1/σD

)
(5.15)

nS∆
−τ/σ ∼

(
S∆1/σ

)−τ
exp

(
−S∆1/σ

)
(5.16)

nD∆
−τD/σD ∼

(
D∆1/σD

)−τD
exp

(
−D∆1/σD

)
. (5.17)

The data collapse of the causal avalanche distributions in the insets of Fig. 5·2 is

compelling evidence relevant scaling fields or tuning parameters in the absorbing

phase depends on ϵ and ∆. The results may be similar to the spinodal critical point

in the Ising, where the scaling field is a linear combination of the magnetic field and

temperature (Klein et al., 2007).
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Figure 5·3: The characteristic avalanche size Sc and duration
Dc diverge as the critical point is approached. For each value of
∆ or ϵ, we fit the avalanche size and duration distributions to Eq. 5.10
and Eq. 5.11 to obtain Sc and Dc respectively. In the top row, ϵ is
varied at fixed ∆ = 0. (A) The characteristic avalanche size Sc diverges
with critical exponent σ = 0.54± 0.07. (B) The characteristic duration
Dc diverges with critical exponent σD = 0.95 ± 0.06. In the bottom
row, ∆ is varied at fixed ϵ = 0. (C) The measured exponent for Sc

is σ = 0.52 ± 0.08. (D) The characteristic duration diverges with the
exponent σD = 1.02± 0.09.
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5.5 Divergent Response Functions

Divergent response functions are hallmarks of critical points (Stanley, 1971). We

consider response function χ, which is from percolation theory, is given by (Stauffer,

1979; Matin et al., 2020)

χ =

∑
S S

2 nS∑
S S nS

. (5.18)

In Fig. 5·4, the exponent γ is found to be the same whether the critical point is

approached by decreasing ∆ at ϵ = 0 or by decreasing ϵ at ∆ = 0. When we vary ∆

we measured γ = 2.00± 0.02 and when we vary ϵ the exponent is γ = 1.97± 0.04.
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Figure 5·4: The response function χ diverges as the system
approaches the critical point. The exponent γ characterizes the
divergence and is the same when the critical point is approached at
constant driving ϵ = 0 or ∆ = 0. (A) For ϵ = 0, when ∆ is varied
the exponent is γ = 2.00 ± 0.02 (B) Varying the driving rate ϵ, the
exponent is γ = 1.97± 0.04 for ∆ = 0.

Our results indicate that the response function in the neutral contact process

diverges as we vary ϵ or ∆ in the absorbing phase.
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5.6 Scaling Relations

The scale-free behavior at critical points can be attributed to underlying singularities

in thermodynamic functions (Fisher, 1967; Stanley, 1971). We use scaling theory to

relate the different critical exponents in the neutral contact process.

According to the scaling hypothesis, the response functions can be described by

generalized homogeneous functions near the critical point (Stanley, 1971). We can

write χ in Eq. 5.18 as

χ =

∑
S S

2nS∑
S SnS

, (5.19)

=

∫∞
1

S2−τ G(S/Sc) dS∫∞
1

S1−τ G(S/Sc) dS
. (5.20)

We make change of variables u = S/Sc to find

χ =
S3−τ
c

∫∞
1/Sc

u2−τ G(u) du

S2−τ
c

∫∞
1/Sc

u1−τ G(u) du
, (5.21)

and set G(u) = exp(−u) (Fisher, 1967). As we approach the critical point, 1/Sc → 0.

When evaluating the first and second moment, the argument of the exponential can

be taken to be zero between up to ϵSσ ∼ 1 (Stauffer and Aharony, 2018), so the

integrals can be replaced by the gamma function Γ (Arfken and Weber, 1999), and

we can express χ as

χ ∼ Sc
Γ(3− τ)

Γ(2− τ)
. (5.22)

Near the critical point, we find that the response function scales as χ ∼ Sc, where

the characteristic size Sc scales as ϵ−1/σ. The scaling relation between the critical

exponents are

ϵ−1/σ ∼ ϵ−γ =⇒ γ = 1/σ. (5.23)
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Our measured exponents in Figs. 5·3 and 5·4 are consistent with Eq. (5.23). The

results are the same when we vary ∆ at ϵ = 0. Our derivation is similar to scaling

arguments used in percolation theory (Stauffer, 1979), except that the denominator

of the response function also contributes to the divergence.

5.7 Size-Duration scaling of avalanches

We can relate the size of the causal avalanches to their duration using scaling ar-

guments similar to Ref. (Sethna et al., 2001). The critical point is approached by

varying ϵ for ∆ = 0. The average avalanche size follows the same scaling as the

characteristic avalanche size, ⟨S(D)⟩ ∼ ϵ−1/σ[-Reference equation 5.22 after fixing].

The correlation length scales as ξ ∼ ϵ−ν . The dynamic critical exponent z relates the

duration D to ξ (Muñoz et al., 1999a; Roli et al., 2018). The scaling of D is

D ∼ ξz ∼ ϵ−νz, (5.24)

D−1/νz ∼ ϵ. (5.25)

Now we can relate the average size ⟨S(D)⟩ to the duration as

⟨S(D)⟩ ∼ ϵ−1/σ ∼
[
D−1/νz

]−1/σ
, (5.26)

∼ D1/(σνz). (5.27)

The same scaling arguments can be used when ∆ is varied for ϵ = 0.

The critical exponents for the distribution of avalanche size and duration can be

related to the exponent σνz, by the identity (Sethna et al., 2001)

τD − 1

τ − 1
=

1

σνz
. (5.28)

We measure the exponents on the left and right side of Eq. 5.28 independently. From
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experiments (Friedman et al., 2012; Yu et al., 2013; Fontenele et al., 2019b), where

the avalanches are defined using the temporal proximity binning method. Our result

shows that causal avalanches in the absorbing phase of the neutral contact process

follow similar scaling behavior.

5.9 Critical Slowing down

A well-known consequence of criticality is a time scale that diverges as the critical

point is approached (Hohenberg and Halperin, 1977b). This phenomenon is known

as critical slowing down. Here, we analyze how the time to reach a stationary state

diverges as the system is tuned to the critical point.

We study the equilibration time for neutral contact process after initializing with

a single active neuron. We analyze the dynamics of U(t), which is the number of

unique causal avalanches at time t. U(t) is a population level quantity because it is

computed using information from the entire system at a particular instance in time.

We determine that the system has reached a stationary state when U(t) reaches a

constant rolling time average. In Fig. 5·7 we plot the time for U(t) to reach a steady

state TE as a function of the driving rate ϵ at ∆ = 0. We can use scaling arguments to

relate the dynamic exponent z to the other critical exponents; the correlation length

and time scale as ξ ∼ ϵ−ν and t ∼ ξz respectively. In Fig. 5·7 as the system approaches

the critical point, TE diverges as

TE ∼ ξz ∼ ϵ−νz. (5.30)

Our measured dynamic critical exponent νz = 0.95 ± 0.04 is consistent with

Eq. 5.28 and 1/(σνz), where σ is determined in Fig. 5·3. The measured exponent

remains the same when we repeat the analysis using the total activity, ρ, instead of

U . Hence, the neutral contact process exhibits a divergent time scale characteristic
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of critical systems and is consistent with the scaling hypothesis.

Figure 5·7: The equilibration time TE diverges as the system
approaches the critical point ϵ → 0 with ∆ = 0. TE is the the
time for U(t) to reach a steady-state value when the neutral contact
process is initiated with a single active neuron. We find TE ∼ ϵ−νz. The
measured value, νz = 0.95±0.04, is consistent with scaling arguments.

5.10 Relaxation Dynamics

Power law temporal relaxation is a hallmark of critical systems (Hohenberg and

Halperin, 1977b). We initialize the neutral contact process with every neuron ac-

tive and belonging to a unique causal avalanche and analyze the relaxation to either

a fluctuating state or to an absorbing (inactive) state. In Fig. 5·8A, we vary ϵ for

∆ = 0 and analyze how the system decays to a fluctuating state. In Fig. 5·8B the

system decays to an absorbing state as we have set the driving rate ϵ = 0. We find

that the number of unique avalanches, U(t), decays as a power law for the critical

value ∆ = 0, and exponentially for ∆ > 0. The critical exponent α characterizes

the power law relaxation. Our measured value is α = 0.99 ± 0.04 in Fig. 5·8 and

is consistent with the mean-field value αMF = 1 (Hinrichsen, 2000). Inset plots in
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istic power laws at the critical point. Furthermore, the data collapse for the decay of

U(t) highlights the universal dynamics in the neutral contact process near the critical

point.

5.11 Discussion

Scale-free neural avalanches in vivo and in vitro are a remarkable emergent phenom-

ena which have intrigued physicists (Muñoz, 2018b) and neuroscientists (Beggs and

Timme, 2012; Clawson et al., 2017; Shew and Plenz, 2013). The theory of critical

phenomena is a promising explanation of the scale-free behavior (Friedman et al.,

2012; Fontenele et al., 2019b; Levina et al., 2009), and is further motivated by the

arguments that criticality in the brain may have functional advantages (Shew and

Plenz, 2013).

We have analyzed the scaling of causal neural avalanches in the absorbing phase

of the neutral contact process. As we allow the different parameters to approach

their critical values, the response function exhibits a power law divergence, similar

to thermal systems (Stanley, 1971). Additionally, the causal neural avalanches show

scale-free distributions for ∆ = 0 and ϵ = 0. Large causal neural avalanches are

exponentially suppressed when ϵ > 0 and ∆ > 0. The values of the critical exponents

τ and τD in Ref. (Martinello et al., 2017) are consistent with our measured values. We

used cluster analysis techniques to study the causal avalanches and measure critical

exponents, σ, σD, γ and νz. Our measured exponents obey scaling laws in Eq. 5.23.

We use scaling arguments to relate the average avalanche size to the duration and

numerically verify the result.

We construct a strict criteria for criticality in the neutral contact process using the

scaling hypothesis. A striking prediction of the scaling hypothesis is the existence of

universal scaling functions. In the neutral contact process, the avalanche profile shows
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data collapse after appropriate rescaling. Similar data collapse has been observed in

experiments (Friedman et al., 2012). We also find data collapse for the avalanche

size and duration distribution. We showed that the dynamics of population level

observables in the neutral contact process are also consistent with criticality. When we

initialize the system with a single active neuron, the steady state is reached after some

characteristic time. As the critical point is approached, we find there is a divergent

time scale. The dynamic critical exponent is consistent with scaling arguments. We

analyze how the system relaxes from a maximally diverse state. We find deviations

from power law decay depend on the distance from the critical point. By using scaling

arguments, we find data collapse for the relaxation dynamics.

Our analysis of the neutral contact process shows that the relevant scaling field

in in the absorbing phase depends on ϵ and ∆. The results of Ref. (Martinello et al.,

2017) suggest that relevant scaling field depends only on ϵ in the active phase of the

neutral contact process, where ∆ < 0. An important question is about the correspon-

dence between the tuning parameters in experiments and those in the neutral contact

process. The experiments in Ref. (Zierenberg et al., 2018b) imply that the control

parameter may be the spontaneous triggering rate, which corresponds to the driving

rate ϵ in the neutral contact process. In separate experiments (Shew et al., 2009;

Beggs and Plenz, 2003; Poil et al., 2012), the excitation-inhibition ratio was varied

to tune the system toward criticality, which we achieved by varying the propensity,

∆ in the neutral contact process. However, in experiments the neural avalanches are

defined using a temporal proximity binning method which can be different from the

causal avalanche definition used in this work and in Ref. (Martinello et al., 2017).

Our results emphasize the need to incorporate causal connections in future experi-

ments studying neural avalanches as pointed out by Ref. (Martinello et al., 2017).

Inferring causal information in real neural systems remains an open problem. Refer-
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ences (Williams-Garćıa et al., 2017; Stavroglou et al., 2020) provide promising steps

to to address this issue. Additionally, Ref. (Zierenberg et al., 2020) has studied how

coalescence in the microscopic dynamics can affect the macroscopic observeables in

the branching process.

Our results may motivate future experimental studies of neural avalanches. The

divergence of the response function can be used to identify the critical point in real

neural systems. We outline a possible way to experimentally verify the scaling relation

γ = 1/σ. In an experiment, neural avalanches are recorded for different values of

the tuning parameter f . The avalanche distribution function can be fit to nS ∼

S−τ exp [−S/Sc(f)], where Sc(f) is the characteristic avalanche size for a given value

of f . Additionally, the response function χ(f) can also be computed. We rescale the

tuning parameter f → f such that the log-log scaled plot of Sc against f gives a

straight line. Similarly, we can plot the response function χ against f on a log-log

scaled plot. The measured slopes for the two graphs will be the same if the γ = 1/σ

scaling law is obeyed. We would find better data collapse for firing rates from data

sets where Sc and χ are large, as the data collapse indicates that the experimental

system is near the critical point. Some of predictions of our scaling may even be

verified using existing neural data as the effects of coalescence is expected to be small

near the critical point. Experiments in Ref. (Friedman et al., 2012) reported data

collapse for the avalanche profile in certain samples.

Numerous studies (Langton, 1990; Beggs and Plenz, 2003; Bertschinger and Natschläger,

2004; Muñoz, 2018b; Kinouchi and Copelli, 2006) have discussed the possible func-

tional benefits of criticality in the brain. Ref. (Beggs and Plenz, 2003) showed that

information transmission is maximized for critical neural avalanches. Our results

raise the important question of if there are similar benefits associated with causal

neural avalanches near the critical point. Spike-timing-dependent plasticity(STDP)
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is a biological learning mechanism which uses causal information about firing neu-

rons (Martinello et al., 2017; Stepp et al., 2015) to update synaptic weights between

neurons. STDP has been shown to be responsible for maintaining stable retrievable

firing patterns (Stepp et al., 2015). We have shown that the causal neural avalanches

of all scales occur at the critical point. We plan to address the question of whether

criticality enhances the number or stability of STDP firing patterns by studying causal

neural avalanches in integrate and fire models of neurons.

Our work sheds new light on the scaling of causal neural avalanches. Our results

indicate that the relevant scaling field in the absorbing phase of the neutral contact

process is consistent with experiments (Zierenberg et al., 2018b; Beggs and Plenz,

2003). Our results motivate questions for future studies and provide a promising

path to a unified theory of neural avalanches.
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Chapter 6

Scaling theory of Random Walk Return

times in Arbitrary Dimensions

6.1 Introduction

Non-equilibrium phenomena such as stochastic dynamical systems are believed to be

profoundly different from equilibrium thermodynamic processes which rely on highly

restrictive assumptions such as detailed balance and ergodicity (Stanley, 1971; Sethna,

2021). Random walks are one of the earliest and well studied problems in statistics

and are often used to model many non-equilibrium dynamical processes (Redner,

2001; Zwanzig, 2001) in finance (Peters and Klein, 2013; Smidt, 1968), biology (Birzu

et al., 2019; Dalla Porta and Copelli, 2019; Azaele et al., 2016) and physics (Redner,

2001). Random walks g go by colorful names such the drunkard’s walk (Mlodinow,

2009). Despite their deceptive simplicity, random walks are known to exhibit intricate

mathematical properties (Mlodinow, 2009; Redner, 2001).

We study the scaling behavior of trapping or return of biased random walkers.

The trapping time is the number of steps taken for by a walker to reach an absorbing

boundary condition. We will focus on random walks where the traps are set adja-

cent to the initial conditions. This is sometimes referred to as the return time of

random walks (Redner, 2001). We show that vanishing bias (drift towards the ab-

sorbing boundary) corresponds to the critical point, where the distribution of return

times can be described by a Fisher-Stauffer theory similar to percolation (Stauffer,

85
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1979; Stauffer and Aharony, 2018). Our work suggest that certain non-equilibrium

problems may be analyzed using scaling theories originally developed for the study

of equilibrium systems (Stanley, 1971).

6.2 Model

We consider a D-dimensional discrete time unit step size random walker X. The

dynamics along each of the dimensions are independent. Therefore, we can write

X = (x1, x2, . . . , xD), where the components x1, x2, . . . , xD are independent one-

dimensional random walkers. At each time step xi will increase by 1 with probability

p = 1/2−∆ and decrease by 1 according to probability q = 1/2 +∆, where ∆ is the

bias parameter.

We place traps or an absorbing boundary condition at the origin for each of our

component random walkers. The random walk X ends when any of the component

walkers hit the trap. The size s ofX is incremented by 1, when each of the components

takes a step without hitting the trap. We analyze the the statistics of the s the random

walks that reach the trap at the origin.

We can visualize this model in an Euclidean coordinate system. For D = 1, the

system is a one-dimensional random walker with a trap at the origin and the walker

is constrained to the positive half of the x-axis. For D = 2, the walker is constrained

to the positive quadrant and the traps are placed placed along the x and y axis. For

D = 3, the traps are placed along the x, y and z axis and the walker is constrained

to the positive octant. Although we are not able to visualize higher dimensions for

arbitrary D dimension, the walker is constrained to the positive orthant with traps

along each of the axes.
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6.3 Scaling Theory

We can understanding the nature of a critical point by studying the statistics of

fluctuations or clusters (Stauffer and Aharony, 2018; Stanley, 1971; Klein et al.,

2007; Serino et al., 2011; Fisher, 1967). Our main tool is cluster analysis, which

is synonymous with percolation theory (Stauffer and Aharony, 2018; Stauffer, 1979)

and has been applied to magnetic systems (Klein et al., 2007; Sethna et al., 2001),

non-equilibrium phase transitions (Matin et al., 2020) and neural systems (Matin

et al., 2021; Martinello et al., 2017; Fontenele et al., 2019b; Beggs and Plenz, 2003;

Lo et al., 2002)

We briefly review the Fisher-Stauffer scaling theory in the context of our random

walk model. The size (number of steps taken before hitting an absorbing boundary)

distribution satisfies the Fisher-Stauffer form,

ns ∼ s−τ exp

(
− s

sc

)
(6.1)

The characteristic size sc diverges (Stauffer, 1979; Stauffer and Aharony, 2018) as the

tuning parameter approaches the critical value

sc ∼ ∆−1/σ (6.2)

The exponents τ and σ are the Fisher exponents. At the critical point, the distribution

follows a power law and the system is said to be scale free (Matin et al., 2021; Stanley,

1999). As the system deviates from the critical point, the avalanche distribution is

described by the power law with an exponential cut off. The exponential cut off

appears as a ‘knee’ in a log-log scaled plot (Serino et al., 2011; Matin et al., 2021).

One of the most striking features of systems near a critical point is the existence

of universal scaling functions which are obtained via data collapse, where plots for
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different parameters collapse onto a single curve after appropriate rescaling. We

rewrite the size distribution function from Eq. (6.1) as

ns ∼ s−τ exp
(
−s∆1/σ

)
(6.3)

by using Eq. (6.2). We multiply both sides by ∆−τ/σ, and regroup the terms, to find

∆−τ/σns ∼
[
∆1/σs

]−τ
exp

(
−s∆1/σ

)
. (6.4)

From our simulations, we find that the rescaled distribution function ∆−τ/σns as a

function of the rescaled size s∆1/σ exhibits data collapse for different dimensions.

Data collapse of the size distribution function is further evidence of criticality and

that ∆ is the relevant scaling field in this problem.

Critical exponents characterize the singular behavior of thermodynamic functions

near the critical point. These critical exponents are related because they are all as-

sociated with the singular behavior at the critical point (Stanley, 1971). We can

define thermodynamic functions using moments of the avalanche distribution func-

tion (Stauffer and Aharony, 2018; Klein et al., 2007; Reynolds et al., 1977). The

response function, analogous to susceptibility in magnetic systems (Stanley, 1971), is

defined as the ratio of the second moment of the distribution function to the first,

χ =

∑
s s2 nu∑
s s ns

(6.5)

Divergent response functions are hallmarks of systems near the critical point (Stanley,

1971; Stanley, 1999). The response function diverges (Stanley, 1971) as

χ ∼ ∆−γ (6.6)
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D τ σ γ

1 1.52± 0.057 0.49± 0.07 2.01± 0.01
2 2.03± 0.04 0.51± 0.11 1.90± 0.17 (log-corrections)
3 2.55± 0.08 0.56± 0.08 1.06± 0.08
4 2.94± 0.14 0.45± 0.09 log-divergence

Table 6.1: Measures values of τ , σ, and γ critical exponents for ran-
dom walk return times in D = 1, 2, 3, 4.

6.4 Measured Values of Critical Exponents

From our simulations, we have measured the τ , σ and γ exponents for D = 1, 2, 3, 4,

as listed in Table. 6.1

Our simulations suggest indicates the exponent τ exponent depends on the di-

mension τ = 1 + D/2. We find that the measured value of σ is consistent with

1/2.

6.5 Return times for one dimensional walker

Without loss of generality, we consider only the discrete-time unit step size random

walks which start at the origin. The probability that the random walker is at the origin

after exactly 2n steps is the occupation probability g2n in Eq. 6.7. The probability

that the random walker returns to the origin for the first time at exactly 2n steps is

first return probability f2n in Eq. 6.28. The first return probability and the occupation

probability are related by the convolution (Redner, 2001),

g2n =
2m∑
k=0

fkg2m−k. (6.7)
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We introduce the generating functions for f2n and g2n respectively,

F (z) =
∞∑

m=0

f2mz
m (6.8)

G(z) =
∞∑

m=0

g2mz
m (6.9)

We can use the generating functions to show that the convolution relations in

Eq. 6.7, becomes a product, which can be simplified as

F (z)G(z) =

[
∞∑

m=0

f2mz
m

][
∞∑
k=0

u2kz
k

]
. (6.10)

We introduce the change of variables n = m + k for the summation indices, and use

f2n−2k = 0 for k > n to write

F (z)G(z) =
∞∑
n=0

n∑
k=0

f2n−2kg2kz
n (6.11)

=
∞∑
n=0

g2nz
n (6.12)

= G(z)− 1 (6.13)

F (z) = 1− 1

G(z)
(6.14)

(6.15)

Note that these relations hold for any finite bias and D.

For the one dimensional unbiased random walk, the occupation probabilities cor-
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respond to the binomial distribution (Redner, 2001),

g2n =

(
2n
n

)
2−2n (6.16)

=
(2n)!

(n!)2
2−2n (6.17)

=
(2n− 1)!!2n

n!
2−2n (6.18)

= 22n(−1)n
(
−1

2

n

)
2−2n (6.19)

= (−1)n
(
−1

2

n

)
(6.20)

The generating function for the occupation probability is given by

G(z) =
∞∑
n=0

g2nz
n (6.21)

=
∞∑
n=0

g2nz
n(−1)n

(
−1

2

n

)
(6.22)

G(z) = (1− z)−
1
2 (6.23)

By using Eq. 6.23 and Eq. 6.20 we can write the generating function of the first

return probability

F (z) = 1−
∞∑
n=0

(
1
2

n

)
(−z)n (6.24)

=
∞∑
n=1

(
1
2

n

)
(−1)n−1zn (6.25)

The probability for first return in 2n steps can be written as

f2n = (−1)n−1

(
1
2

n

)
(6.26)

=
(−1)n

2n− 1

(
−1

2

n

)
(6.27)

f2n =
g2n

2n− 1
(6.28)
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Now, the random walker is biased to move away from the trap. The probability

to step away from the trap is 1/2−∆.

The occupation probability at 2n step is given by

u2n =

(
2n
n

)[
1

2
−∆

]2 [
1

2
+ ∆

]2
(6.29)

=

(
2n
n

)[
1

4
−∆2

]n
(6.30)

=

(
2n
n

)
p2n (6.31)

The generating function for the biased one dimensional random walker is given by

U(z) =
∑
n=0

(
2n
n

)
p2nzn (6.32)

=
∑
n=0

(
−1

2

n

)
22np2n(−1)nzn (6.33)

=
∑
n=0

(
−1

2

n

)(
4p2

)n
(−z)n (6.34)

=
[
1− 4p2z

]− 1
2 (6.35)

The generating function for the first return probability for the biased one dimen-

sional walker is

F (z) = 1− 1

G(z)
(6.36)

= 1−
∑
n=0

(
−1

2

n

)(
4p2

)n
(−z)n (6.37)

=
∑
n=1

(
−1

2

n

)(
4p2

)n
(−1)n−1zn (6.38)
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Therefore, the first return probability in 2n steps is given by

f2n =

(
1
2

n

)
(−1)n−1(4p2)n (6.39)

=
[−1]n

2n− 1

(
−1

2

n

)
(4p2)n (6.40)

f2n =
u2n

2n− 1
(6.41)

6.6 Divergence Response Function

We present some preliminary work on analytically verifying the our numerical esti-

mates of the critical exponent γ using the measured values of τ and σ forD = 1, 2, 3, 4.

The response function χ is the ratio of the second moment of the size distribution

function to the first moment. We reproduce the expression here for convenience.

χ =
M2

M1

. (6.42)

We look at the response function for D = 1, 2, 3, 4.

We are interested in the limit s ≫ 1 where the moment can be written as

Mk =
∞∑
s=1

skns (6.43)

≃
∞∫
1

sk ns ds (6.44)

=

∞∫
1

sk−τ exp

(
− s

sc

)
ds (6.45)

where s is now treated as quasi-continuous variable. We use the change of variable

y = −s/sc to rewrite the integral,

Mk =

∞∫
1/sc

sk+1−τ(T )
c sk−τ(T ) exp(−y)dy (6.46)
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where τ(D) = 1 +D/2.

The response function χ is

χ ≃

∫∞
1/sc

s3−τ
c y2−τ exp(−y)dy∫∞

1/sc
s2−τ
c y1−τ exp(−y)dy

(6.47)

In the following derivation we suppress the argument of τ(D) to simplify our

notation.

D = 1

The Fisher exponent is τ = 3/2 and we find both M2 and M1 diverge for T = 1.

Equation 6.47 can be evaluated as follows

χ ≃ sc
Γ(3− τ)

Γ(2− τ)
as sc → ∞ (6.48)

= scτ =
3

2
sc. (6.49)

We have used the definition of the Gamma-function

Γ(z) =

∞∫
0

e−ttz−1dt (6.50)

and the idenity,

Γ(z + 1) = zΓ(z) (6.51)

The response function χ scales as the gap exponent, namely

χ =
M2

M1

∼ sc ∼ ∆−1/σ. (6.52)

Threfore, γ = 2 from our calculations, which is consistent with our numerical simu-

lations for D = 1.
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D = 2

We start from the Eq. 6.47 and use τ(2) = 2 to find

χ ≃
sc
∫∞
1/sc

exp(−y)dy

s0c
∫∞
1/sc

exp(−y)
y

d
(6.53)

=
sc exp(− 1

sc
)

E1(1/sc)
(6.54)

The denominator has been expressed as the exponential function E1(1/sc). The

Puisuex series expansion for the Exponential Integral function (Arfken and Weber,

1999),

E1(z) ≃ −µ− ln(z) (6.55)

where µ is the Euler-Mascheroni constant.

When D = 2, the response function scales as

χ ∼ sc
ln(sc)

(6.56)

∼ ∆−1/σ

− ln(∆)
(6.57)

Therefore, the exponent γ = 2+log-corrections, which we have numerically verified.

D = 3

We show that only M2 diverges for D = 3, where τ = 5/2. Equation 6.47 can be

written as

χ ≃
√
scπErfc

[
1√
sc

]
[
2 exp

(
− 1

sc

)
− 2

√
πErfc(s

−1/2
c )

] (6.58)
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We take the limit sc → ∞ to find that the denominator approaches 2 and the asymp-

totic scaling of the numerator determines the scaling of the response function,

χ ∼
√
sc ∼ ∆−1 (6.59)

We show that the response function satisfies the equilibrium scaling law γ =

τ−3
σ

(Stanley, 1971). We start from Eq. 6.47, and consider only the scaling of the

second moment

χ ∼
∞∫

1/sc

s3−τ
c y2−τ exp(−y)dy (6.60)

∼ s3−τ
c ∼ ∆

τ−3
σ , (6.61)

to find γ = (3− τ)/σ.

D = 4

We show that the response function diverges logarithmically for T = 4, where τ = 3.

We start with Eq. 6.47,

χ ≃ E1(1/sc)

exp (−1/sc)− Γ(0, 1/sc)/sc
. (6.62)

We consider the limit sc → ∞, the denominator approaches 1 and the numerator

diverges as a log as seen in Eq. 6.55. Therefore χ scales as

χ ∼ ln(sc) (6.63)

6.7 Discussion and Future work

We have presented some preliminary work on the scaling behavior of trapping times

for random walkers. Our work highlights interesting behavior such as the fact that
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the exponents τ and γ strongly depend on the dimension. Additionally, the dimension

controls the lowest order moment that diverges and therefore it determines the order

of the phase transition (Stanley, 1971).



Chapter 7

Conclusions and Future Work

We have applied the generalized the Fisher-Stauffer scaling, originally developed in

percolation theory (Stauffer, 1979; Stauffer and Aharony, 2018), to study scale in-

variant avalanches in a simple model of earthquakes (Matin et al., 2020) and system

of neurons (Martinello et al., 2017; Matin et al., 2021).

We show that Fisher-Stauffer scaling can be used to study noise-driven dynam-

ical phase transition in the two-dimension OFC model with nearest-neighbor stress

transfer (Matin et al., 2020). We plan to extend the Fisher-Stauffer scaling theory

to the other noise driven transitions such as the synchronization-desynchronization

transition in the Kuramoto model (Acebrón et al., 2005).

Our analysis of the two-dimensional OFC model with nearest-neighbor stress

transfer shows that the bulk dissipation is the relevant scaling field, thereby rul-

ing out self-organized criticality in the 2D OFC model. This work raises an impor-

tant question about the BTW sandpile model (Bak et al., 1987) and the Manna

model (Manna, 1991), which have been argued to be examples of self-organized criti-

cality. Our hypothesis is that certain systems exhibit apparent SOC behavior because

the relevant scaling field in the problem is simply tuned to the critical value in the

model definition. We plan to apply the generalized Fisher-Stauffer scaling theory to

the BTW (Bak et al., 1987) model and the Manna model (Manna, 1991) to analyze

how the bulk dissipation affects the observed scaling behavior.

The 2D OFC model with long range stress transfer and spatial inhomogeniety

98
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can capture interesting earthquake phenomenology such as Gutenberg-Richter scal-

ing (Serino et al., 2011) and Omori’s law (Kazemian et al., 2015; Hergarten and

Neugebauer, 2002), which describes the temporal clustering of earthquakes. Our

analysis reveals that the temporal clustering of earthquakes in the OFC model ex-

hibits strong non-stationary behavior. We intend to study how the non-stationary

behavior of earthquakes affects our ability to forecast using machine learning algo-

rithms such as Recurrent Neural Networks and Echo-State network (Mehta et al.,

2019; LeCun et al., 2015), which learn from past data to make predictions about the

future.

We have applied the Fisher-Stauffer scaling to a simple model of neurons (Mar-

tinello et al., 2017) and discussed how our derived scaling relations may be ver-

ified in future experiments (Langton, 1990; Beggs and Plenz, 2003; Bertschinger

and Natschläger, 2004; Muñoz, 2018b; Kinouchi and Copelli, 2006). There is grow-

ing interest in the question of functional benefits of criticality in the brain (Muñoz,

2018a). Reference. (Beggs and Plenz, 2003) showed that information transmission

is maximized for power-law distributed neural avalanches. Our results raise the

important question of whether similar benefits are associated with causal neural

avalanches (Matin et al., 2020) near the critical point. To address this question, we

will apply the Fisher-Stauffer scaling to a neural system with spike-timing-dependent

plasticity(STDP), which is a biological learning mechanism which uses causal infor-

mation about firing neurons (Martinello et al., 2017; Stepp et al., 2015) to update

synaptic weights between neurons. STDP has been shown to be responsible for main-

taining stable retrievable firing patterns (Stepp et al., 2015). We plan to address

the question of whether criticality enhances the number or stability of STDP firing

patterns by studying causal neural avalanches in integrate and fire models of neurons.

We applied Fisher-Stauffer scaling to the return times of random walkers in ar-
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bitrary dimensions and found that the dimension controls the different critical expo-

nents and the order of the phase transition. We intend to study the random walk

return times problem using the Parisi-Sourlas method (Parisi and Sourlas, 1979) to

understand the thermodynamic properties of random walks.

Our work highlights the unreasonable effectiveness of scaling theory for models of

earthquakes (Serino et al., 2011; Matin et al., 2020; Klein et al., 1997) and neural

systems (Martinello et al., 2017; Fontenele et al., 2019b; Matin et al., 2021). The

Fisher-Stauffer can be used to analyze the emergent scale invariant avalanches (Matin

et al., 2020; Matin et al., 2021; Pun et al., 2020; Serino et al., 2011), which may be

related to an underlying critical point (Serino et al., 2011; Matin et al., 2020; Matin

et al., 2021; Pun et al., 2020). The successful application of the Fisher-Stauffer

scaling theory to interdisciplinary problems also raises questions about necessary and

sufficient conditions for using equilibrium tools for inter-disciplinary models (Matin

et al., 2020). Our on-going work (”Klein et al., b), indicates that the one-dimensional

OFC model can be reformulated as a equilibrium thermodynamic problem. We intend

to explore whether certain models of earthquakes (Olami et al., 1992; Rundle and

Jackson, 1977) and neural systems (Hopfield and Herz, 1995; Millman et al., 2010a;

Martinello et al., 2017) may also be in thermal equilibrium.
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Muñoz, M. A. (2018a). Colloquium: Criticality and dynamical scaling in living
systems. Rev. Mod. Phys., 90:031001.
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